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1. Introduction and main results

This paper deals with the simple linear model
Yi=p +0&, i=1,2,...,n, (1)

where £ is a standard white Gaussian noise, i.e. & are Gaussian i.i.d. random
variables with E¢; = 0 and E¢? = 1. For the sake of simplicity it is assumed
that the noise level o > 0 is known.
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in Predictive Modeling, MIPT, RF Government grant, ag. 11.G34.31.0073; and RFBR research
projects 13-01-12447 and 13-07-12111.
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The goal is to estimate an unknown vector p € R™ based on the data ¥ =
(Y1,...,Y,)". In this paper, u is recovered with the help of the following family
of linear estimates

A (Y) = hiY;, heH, 2)
where H is a finite set of vectors in R™ which will be described later on.

In what follows, the risk of an estimate i(Y) = (f1(Y), ..., fin(Y)) T is mea-
sured by

R(ft, 1) = By | a(Y) = pll?,
where E, is the expectation with respect to the measure P, generated by the
observations from (1) and || - ||, (-,-) stand for the standard norm and inner

product in R™
n n
||9C||2 = ZIZQ, (,y) = leyz
i=1 i=1

One can check very easily that the mean square risk of 4" (Y) is given by
R(i", ) = (L= h) - | + o®|| ]|,

where x-y denotes the coordinate-wise product of vectors x,y € R", i.e. z = x-y,
means that z; = z;4;, i = 1,...,n. So, R(4", 1) depends on h € H and one can
minimize it choosing properly h € H. Very often the minimal risk
H _ in R ~h
7 (u) = min (A%, )
is called the oracle risk.
Obviously, the oracle estimate
p*(Y)=h*-Y, where h* = argmin R(i", n),
heH

cannot be used since it depends on the unknown vector u. However, one could
try to construct an estimate i**(Y’) based on the family of linear estimates
A" (Y), h € H, the risk of which is close to the oracle risk. This means that the
risk of 7 (Y") might be bounded from above by the so-called oracle inequality

R(i™, p) < v (p) + A% (),

which holds uniformly in g € R™. Heuristically, this inequality assumes that
the remainder term A™(p) is negligible with respect to the oracle risk for all
1 € R™. In general, such an estimator doesn’t exist, but for certain statistical
models one can construct an estimator ji*(Y') (see, e.g., Theorem 1 below) such
that:

o é”(u) < Cr*(p) for all 4 € R”, where C' > 1 is a constant.
o A(u) < r*(u) for all u such that r*(u) > o2,

It is also well-known that one can find an estimator with the above properties
provided that #H is not very rich. In particular, as shown in [12], this can be
done for the so-called ordered smoothers. This is why this paper deals with H
containing solely ordered multipliers defined as follows:
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Definition 1. H is a set of ordered multipliers if the following properties hold

e contracting property: h; € [0,1], i =1,...,n for all h € H,

e decreasing property: h;41 < h;, i =1,...,n for all h € H,

e totally ordered property: if for some integer k and some h, g € H, hix < gx,
then h; < g; foralli=1,...,n.

The totally ordered property means that vectors in H may be naturally or-
dered, since for any h,g € H there are only two possibilities h; < g; or h; > g;
for all i = 1,...,n. Therefore the estimators defined by (2), where # is a set of
ordered multipliers, are often called ordered smoothers [12].

Note that ordered smoothers are common in statistics. Below we give two
basic examples, where these smoothers appear naturally.

Smoothing splines. They are usually used in recovering smooth regression
functions f(z), = € [0, 1], given the noisy observations Z = (Z1,...,Z,)"

Z’L:f(XZ)_FEglv 7’:157”5 (3)

where the design points X; belong to (0,1) and ¢ is a standard white Gaussian
noise. It is well known that smoothing spline of order 2m — 1 is defined by

A 1 & 1
fol2. X, 2) = argmfin{g > Zi— f(X)P+a / [0 (w))? du}, z €[0,1], (4)

i=1 0

where f(") (+) denotes the derivative of order m and o > 0 is a smoothing param-
eter which is usually chosen with the help of the Generalized Cross Validation
(see, e.g., [23]).

In order to show that the regression estimation with the help of the smoothing
splines is equivalent to the sequence space model (1), consider the Demmler-
Reinsch basis [6] ¢, (z), = € [0,1], £k =1,...,n having double orthogonality

1
(ks Vi)n = Ok, /w,i’”’<w)wlm>(x)dx=6m, ki=1,...n, (5
0

where 6y = 1 if k = [, and dx; = 0 otherwise. Here and below (u,v),, stands for
the inner product

1
(u, v)n = — z;u(xi)u(xi).
i=
Let us assume for definiteness that the eigenvalues A\, are sorted in ascending
order A\; < --- < \,.
With this basis, representing the underlying regression function as follows:

fl@) = vnlw)ms, (6)
k=1
we get from (3) and (5)

1 n
Vim0 Do Zan(X) = et =6 @)
i=1
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where pr = (f, V), and £ is a standard white Gaussian noise. So, substituting
(6) in (4) and using (5), we arrive at

fa(vav Z) = Zﬂkwk(I%
k=1

where . .
fi = argm;n{Z[Yk’ —m)* +a Z /\kﬂi}-
k=1 k=1
It can be seen easily that
.y
Hi = 1+ Oé/\k
and thus the model (3)—(4) is equivalent to (1)—(2) with o = ¢/4/n and

aERJr}. (8)

If we are interested in minimax regression estimates on Sobolev’s classes, they
can be easily constructed using the statistics from (7) and the following set of
ordered multipliers

H=1{h: hp=max(l —al\,0), a € RT}.

See [17] and [20] for details.

Note that the Demmler-Reinsch basis is a very useful tool for statistical
analysis of spline methods. However, in constructing statistical estimates, this
basis is rarely used since there are very fast algorithms for computing smoothing
splines (see, e.g., [10] and [23]).

=<h: hf = ———
7 { F 14+ a\;’

Spectral regularizations of large linear models. Very often in linear
models, we are interested in estimating X6 € R™ based on the observations

Z = X0+ o€, 9)

where X is a known n X p-matrix, § € RP is an unknown vector, and ¢ is
a standard white Gaussian noise. It is well known that if XX has a large

condition number or p is large, then the standard maximum likelihood estimate
X0°(Z), where

0°(2) = argmin || Z X0 =(X"X)"'XTZz
may result in a large risk. In particular, if X "X > 0, then
E|X60 - X6°)? = o%p.

When p is large, this risk may be improved with the help of a regularization
term. For instance, one can use the Phillps-Tikhonov regularization [22] (often
called ridge regression in statistics)

6°(7) = argmin{|1Z — X0|* + a}6]2 |,
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where o > 0 is a smoothing parameter. It can be seen easily that
0(Z) = [I + (X T X)"11710%(2).

This formula is a particular case of the so-called spectral regularizations de-
fined as follows (see, e.g., [7]):

0°(Z) = H*(X " X)6°(2), (10)

where H%(X " X) is a matrix depending on a smoothing parameter o € Rt and
X TX and admitting the following representation

p
YXTX) = h*(Ar)erey ,
k=1

where e, k=1,...,pand A\ < A < --- < )\, are eigenvectors and eigenvalues
of XTX, and h®(-) is a function RT — [0, 1].

The standard way to construct an equivalent model for the spectral regular-
ization method is to make use of the SVD. Note that

e = \/—)\_k, k=1,...,p
is an orthonormal system in R™. Therefore the observations Z (see (9)) admit
the following equivalent representation
Y, = (e}, Z) = (e}, X0) + 0, k=1,...,p, (11)
where £’ is a standard white Gaussian noise. Noticing that
X0%(Z)=XHYX"X)(XTX)"'X"Z,

we have
. P
(X0%(Z),e5) =D YUXH(XTX)(XTX)'X el ef)
s=1
P
=3 VIM(H(XTX)(XTX) eq,ex) = B (MY
s=1
Therefore from this equation and (11) we see that the spectral regularization
(10) of (9) is equivalent to the statistical model defined by (1)-(2) with H =
{h : h =h*(\g), a € R*}.
Note that for the Phillps-Tikhonov method we have
1
1+ a/A

he(\) =

and it is clear that the corresponding # is a set of ordered multipliers. Along
with this regularization method, the spectral cut-off method and Landweber’s
iterations (see, e.g., [7] for details) are typical examples of ordered smoothers.
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Nowadays, there are a lot of approaches aimed to construct estimates mimick-
ing the oracle risk. At the best of our knowledge, the principal idea in obtaining
such estimates goes back to [3, 15] and is related to the method of the unbiased
risk estimation [21]. The literature on this approach is so vast that it would be
impractical to cite it here. We mention solely the following result by Kneip [12]
since it plays an important role in our presentation. Denote by

o~k def X -
7Y, o) = ||Y—uh(Y)||2+2U2Zhi —a’n, (12)
i=1

the unbiased risk estimate of /().
Theorem 1. Let

h= in 7 (Y, i
arg min (Y, i)

be a minimizer of the unbiased risk estimate. Then uniformly in p € R™,

()

EullhY — pl® < v () + Ko*\[1+ —=,

(13)

where K is a generic constant.

Another famous idea to construct a good estimator based on the family
f", h € H is to aggregate the estimates within this family using a held-out
sample. Apparently, this approach was firstly developed by Nemirovsky in [16]
(see also [11]) and independently by Catoni (see [4] for a summary). Later, the
method was extended to several statistical models (see, e.g., [24, 18, 13, 19]).

To overcome drawbacks of sample splitting, one would like to make use of the
same observations for constructing estimators and performing the aggregation.
This can be done, for instance, with the help of the exponential weighting. The
motivation of this method is related to the problem of functional aggregation, see
[19]. Tt has been shown that this method yields rather good oracle inequalities
for certain statistical models [14, 5, 19, 1, 2].

In the considered statistical model, the exponential weighting estimate is

defined as follows:
A(Y) =Y wa(Y)a"(Y), (14)
heH
where

) = s exp | I /5 e P

2802 = 2802

7(Y, i) is the unbiased risk estimate of 4"(Y") defined by (12), and a priori
weights {7y, h € H} are non-negative and such that ), _, 7, > 0. Recall that
for simplicity, it is assumed here and in what follows that #H is discrete and
finite.

It has been shown in [5] that for this method the following oracle inequalities
hold.
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Theorem 2. Assume that ), ., mn = 1. If 3 > 4, then uniformly in p € R™

R(ji, 1) < min { Z MR(A", p) + 202 BIC(A, w)},

T OAR>0: A [1=1
h ! heH (15)

1
R(fi, ;1) < min< R(" 20°Blog —
(u,u)_hmelg{ (A", p) + oﬁogwh},

where K(-,+) is the Kullback-Leibler divergence and || - |1 stands for ¢1-norm,
i.e.,
An
K = _— = )
(A7) =Y Anlog g A= 1l
heH heH

Note that for projection methods (hy € {0,1}) this theorem holds for 5 > 2,
see [14].

It is clear that if we want to derive from (15) an oracle inequality similar
0 (13), then we have to chose 7, = 1/(#H), where #M denotes the cardinality
of H, and thus we arrive at

R(jt, p) < () + 20° Blog(#H).

This oracle inequality is good only when the cardinality of H is not very large.
If we deal with H having a very large cardinality like those related to smoothing
splines, this inequality is not good. To some extent, this situation may be im-
proved, see Proposition 2 in [5]. However, looking at the oracle inequality in this
proposition, one cannot say, unfortunately, that it is always better than (13).

The main goal in this paper is to show that for the exponential weighting
method one can obtain an oracle inequality with a smaller remainder term than
the one in Theorem 1, Equation (13).

In order to attain this goal and to cover ‘H with both small and large cardi-
nality, we make use of the special prior weights defined as follows:

+ _
Th dffl—exp{—7|h |1B ”hHl} (16)

Here
ht =min{g € H:g > h}

and mpmax = 1, where h™?* is the maximal multiplier in H.
Along with these weights we will need also the following condition:

Condition 1. There exists a constant K, € (0,00) such that

121 = llgl* = Ko (IR ]x = llgll1) (17)

for all h > g from H.

The next theorem, yielding an upper bound for the mean square risk of a(Y)
defined by (14), is the main result of this paper.
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Theorem 3. Assume that H is a set of ordered multipliers, 5 > 4, and Condi-
tion 1 holds. Then, uniformly in p € R™,
()
Y
o

Here and in what follows C = C(K,, ) denotes strictly positive and bounded
constants depending on Ko, 3.

E, | (Y) — > < v (1) + 2807 log [0(

We finish this section with some remarks regarding this theorem.

Remark 1. The condition 5 > 4 may be improved when hy, k=1,...,n take
only two values 0 and 1. In this case it is sufficient to assume that 8 > 2 (see [9]).

Remark 2. Usually Condition 1 may be checked easily. For instance, for smooth-
ing splines with the equidistant design, the set of ordered multipliers is given
by (8) and this condition follows from the well-known asymptotic formula \;, =
(mk)®™, k > 1 (see [6] for details). Heuristically, for small a and large n we
have

- 1 - 1
ha 2 — _— ) I —
1A kZ:J: (1+ a)g)? z:: 1+ a(wk)Qm]

dx

7ra1/(2m / 1+x2m

and

n

1A%l = Zl—l—ou\k Z

k=1 (19)

o /°° L
~ 7-‘-oél/(%n) 0 1+ :L-2m

With these equations Condition 1 becomes obvious. A rigorous proof of (17)
is based on a non-asymptotic version of these arguments. It is technical but
unfortunately cumbersome and therefore, in order not to overload the paper,
we omit it.

For spectral regularizations Condition 1 is obvious for the spectral cut-off
method. For the Phillps-Tikhonov method the proof is more involved but similar
to the one for splines. Note, however, that in this case the following condition

As > Ks?, for some ¢ > 1
is required.
Remark 3. In practice, the multipliers in H are often chosen so that
1Bl = (1 +€)llRllx

with some small € > 0 and the initial condition ||h™"[|; = 1, where h™® is the
minimal multiplier in . In this case one may choose the a priori weights m;, = 1
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since 7, from (16) are strictly bounded from below and it can be checked very
easily that Lemma 1 holds true for 7w, = 1. This means in particular that if
the smoothing parameter a in (4) takes values {(1+¢)72™* k=0,1,...}, then
7, = 1 may be used in the exponential weighting (see (19)).

Remark 4. In contrast to Proposition 2 in [5], the remainder term in (18) does
depend neither on the cardinality of 7 nor n. It has the same structure as the
one in the Kneip oracle inequality in Theorem 1.

Remark 5. Comparing (18) with (13), we see that when

then the remainder terms in (13) and (18) have the same order, namely, o2.
However, when

r(w)
o2

> 1,

we get

H H
2ﬁo210g[0(1+r (QM)>]<<K02 14+ = (2”),
o o
thus showing that the upper bound for the remainder term in the oracle inequal-
ity related to the exponential weighting is better than the one in Theorem 1.

Remark 6. To compare the actual remainder terms in (18) and (13) and to find
out what [ is good from a practical viewpoint, a numerical experiment has been
carried out. The goal in this experiment is to compare the exponential weighting
methods for 8 = {0,1,2,4} combined with the cubic smoothing splines for the
equidistant design. In order to simulate these splines, the following family of
ordered multipliers was used

1
T+ ok~ D a>0}'

The motivation of this family is due to the well-known asymptotic formula
e < (k)4 k> 1.

HZ{h:hk:

The simulations are organized as follows. For given A € [0,300], 100000
replications of the observations

Yk:,uk(A)—l—ﬁk, k=1,...,400

are generated. Here ;(A4) € R*% is a Gaussian vector with independent compo-
nents and

k2
Eju(4) =0, By (A) = Aexp(—ﬁ)
Next, the mean oracle risk

PH(A) = Emin{|[(1 = h) - u(A)|* + [[n]*}
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Fic 1. Mean excess risks AB(FH) (left panel ¥ = 5; right panel ¥ = 50).

and the mean excess risk
Ag(A) = E|u(A) — p(Y)||* — 7 (A),

were computed with the help of the Monte-Carlo method. Finally, the data
{F"(A), Ag(A), A €[0,300]} are plotted on Figure 1 to illustrate graphically
the remainder term Ag(r*t) = E,||g — pl|* — r*(u).

Looking at this picture we see that there is no universal 8 minimizing the
excess risk uniformly in . However, it seems to us that a reasonable choice is
B ~ 1, but unfortunately, good oracle inequalities are not available in this case.
Note also that the exponential weighting can provide only a moderate improve-
ment of the risk compared to the classical unbiased risk estimation (5 = 0). All
methods demonstrate almost similar statistical performance. However, when
7 (u)/o? is not large, the exponential weighting works usually better.

2. Proofs

The proof of Theorem 3 is based on a combination of methods for deriving oracle
inequalities proposed in [14] and [9]. We indicate here solely the main steps in
the proof, all details are given below. With the help of Stein’s formula for the
unbiased risk estimate it can be shown similar to [14] that for g > 4

Eulli— pul? <E, D wi(Y)F(Y, ")

heH
< TH (N) + 2502E# }LEZH Wh, (Y) 10g w:(hY) (20)
— 2602EM log{ Z T exp [_ (Y, i) — Z(K /lh)} }7
heH 2p0

where h = argminyey 7(Y, o).
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To control the right-hand side at this equation, we make use of the ordering
property of estimates /i, h € H. First, we check using (20) that if 7, is defined
by (16), then

FY, i) — 7(Y, F(Y, ph) — (Y, it
ZﬁheXp{ ‘LL;BO,Q i } Zﬁhexp[ ﬂ;ﬁﬁ( i) >1,
heH h>h

and so, the last term in Equation (20) is always negative.
The most difficult and delicate part of the proof is related to the average
Kullback-Leibler divergence

Z wp (Y log (Y)

heH Th

To compute a good lower bound for this term, we follow the approach pro-
posed in [9]. The main idea here is to make use of the following property of the

unbiased risk estimate: for any sufficiently small e < 1, there exists he depending
on Y such that with probability 1, for all h > h€

(Y, i) — 7(Y, i) > 280%€[||h]| — ||7]]%] + 260>,

This equation means that wy, (YY) are exponentially decreasing for large h. With
this property we obtain the following entropy bound (see Lemma 3 below)

5 a1 < o 5+ Comn(€)].

heH h<h¢

The rest of the proof is routine. It follows from (17) and (16) (see Lemma 1

below) that
15|

Z?Thgl—I—K—oﬁ.

h<he

A more cumbersome probabilistic technique is required to prove the following
upper bound (see Lemma 5):

\/1—|—2
E h€ 2 <
” I \/ 266 02 1—28¢ \/_

Finally, combining the above equations, we arrive at (18).

2.1. Awuxiliary facts

The next lemma collects some useful facts about a priori weights defined by (16).
Let
={geH:|hllh <lgl <Al +1}.
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Lemma 1. Under Condition 1, for any h € H, the following assertions hold:

quex{ ”%'1} exp{—%}, (21)

g>h
1]

<1+ — (22)
5o
S omp <1+ 1, (23)
geDh 2
Z Ty > iexp<—l>. (24)
geDh T 26 A

Proof. Denote for brevity

B Srres eI L)

g>h

Then we have

S(h)_s(m)—ﬂh—l—exp{—M}

B
|9||1—|h+|1} { |9||1—|h+||1}
X s exp{—i — TgeXpy ———m————
g§+ ’ 2 g>zh:+ ’ p
= {1 gL ]V

Therefore in view of the definition of 7, it is clear that if S(h™?*) = 1, then
S(h) = S(h'), thus proving (21).
To prove (22), note that

g™l = llgll
oS (25)

This inequality follows from (16) and from the inequality 1 — exp(—z) < x.
Hence, by Condition (17) we obtain

1
ngg 14 Z Ty < 1+B Z [HQJFHI_HQHJ

g<h g<h~ g<h~—
h _ hmin h 2 _ hmin 2
Holl = B2y PP =

R S o B

where h™" is the minimal element in .
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The same arguments can be used in proving (23).
In order to check (24), denote by g5, be the maximal element in D". Then
there are two possibilities

® llgnlly < |pllr+1/2,
® llgnlly > [[2lly +1/2.

In the first case, |g;" |1 — |lgnll1 > 1/2, and thus by

|, —
Z Ty > Tg, > 1— exp(——”gh I 3 thHl) >1- exp(—%). (26)

geDn

In the second case, where ||h]l1 + 1/2 < [lgnll1 < ||h]l1 + 1, we obtain by a
Taylor expansion that for any g < gy,

+ _ —lh + _ 1
> g™ 1l = [lgllx exp(_|9h||1 [ |1> > g™ 1l — llglla exp(__),
B B B B

and thus

—||h
e M) i 3)

geDh

This equation together with (26) ensures (24) since it can be checked with a
simple algebra that

1 1 1
%exp<—g> <1- exp(—%>7 5> 0.

The following lemma is a cornerstone in the proof of Theorem 3.

Lemma 2. For > 4 the risk of a(Y') is bounded from above as follows:

Eul5(Y) = pl®> <E, Y wn(YV)F(Y, 4").
heH

Proof. Tt is based essentially on the method proposed in [14]. Unfortunately, we
cannot use directly Corollary 2 in [14] because it holds only for hy, k =1,...,n
taking values 0 and 1. In the case of ordered smoothers hj belongs to the interval
[0,1] and we will see below that this fact results in the condition 5 > 4.
Recall that the unbiased risk estimates for fi;(Y) and ji?(Y) are computed
as follows (see, e.g. [21])
o (Y
F(Yio i) = (V) = Vi + 2022000 _ 2
Y,
(Y, i) = [ (V) = Yi* + 20hi — 0.

(27)
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Since ),y wn = 1, we have

[m(Y) = Yi* = Y wn(V)[m(Y) - Yi?

heH
= > wn() (V) = @ (V) + il (V) - Vi)

heH
= wn(V)[E(Y) = (V)P + Y wn (V) [ (V) = Vi)
heH heH
£2 3 wn () a(Y) = YY) - Vi 8)
heM
=Y oM (Y) = g (V)P + D wn (V[ (V) = Vi?
heH heH
+2 Z wa(V)[:(Y) = i WA (Y) = (YY) + s (Y) = i
heM
==Y wnM) (V) = g+ D wn (V)] (V) = Vi),
heH heH

From the definition of i(Y") we obviously get

om¥) DRLY) o Dun(Y)
oy, Z wp(Y) Y, + Z Y, i (Y)
heM heM

and combining this equation with (28) (see also (27)), we arrive at

(Y, fis) = [ (Y) = Yi]? + 202 alg}(}/) _ g2

oh
- Z wh(Y){[ﬂ?(Y) —-YiJ? +2023;j;7(}/) — 02

heH Y;
(Y — (V)] + 202 2108l () ﬂhm}

aY; *
= w(Y)F(Y;, i)+

heH (29)
3w ~ltv) - b + 202 2B )|
heH ‘
= X e i) + 3 )] () - )
heH heH
Dlogfun(Y)

+ 202

~h _
(YY) — (YY) ».
sty - vl
In deriving the above equation it was used that ), -, w,(Y) = 1 and hence

owp(Y) dlogwn(Y)
heH heH
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To control the second sum at the right hand side of (29) we make use of the
following equation

oglw :_*(Yﬂ) og(m 0 g €X (Y, %)
Therefore
S un(y 8log81;)/h(Y) ) — 3]
heM
- 2502 araLYM[ul (V) — (V).
heH

Substituting in the above equation (see (12))

7877%/;[1?) =2(1 — h;)?Y;,
we obtain
01 Y
5 w0 2B ) )
heH ¢
1 (31)
= _W 12 th( )[h - 1] [h _hl]v
heH
where

Next noticing that

(1—hi)?> = (1= Nhi)? + (hi — hi)? +2(1 = hy) (hi — hy),

we have
=V2Y wn(Y)(hi = 1)*(hi — hi) = Y21 = hi)®> > wp(Y) (hi — hs)
heH heH
HY2D wa(Y) hi)*(hi — hi +2 — 2h;)
heH

_2g2zwh(Y>(ﬁi—hi>2<1—m%ﬁi)

Combining this equation with (28)—(31), we finish the proof. O
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Lemma 3. Suppose {qn < 1, h € H} is a nonnegative sequence such that for
allh > h

an < exp{=1[Ihll = |AlL] =1}, 7 >o0.
Let

~1
Wh = mhan [Z 7Tg‘]g]

geEH
and G be a subset in H. Then

HVm) Y Wilog 7 < g S -+ expl ()|

heH h<h

where
2 s

R(v) = log {— + Z wh} + [Z thh:| [— + Z wh] . (32)
e i heg Ve i

Proof. Decompose H onto two subsets
Q={hzh}ug, P=H\Q

and denote for brevity
P=> man, Q=Y mhn

heP heQ

By convexity of log(x) we obtain

P g, (P+Q)/P
H(W,w)_PJrQ};) 5 log iz

Q Thgn , (P +Q)/Q
FFa 2 Q

P P+Q Q P+Q P ( )
< 1 " ] " 1
SPrQ %P "PrQ®TQ "PrQ ® };}ﬁh

(33)

1 1
—+ m |:Z Thqh log q—h + QIOg(Q)] .

heQ

Next, note that f(z) = xlog(1/z) is an increasing function, when z € (0,e~1],
and maxge,1] f(2) = e~ L. Therefore, if

an < exp[—y(|[hlly — (A1) — 1],

then

1 - -
anlog - < exp[—y(lhllx = I2ll) = 1] [v(llAll = [I2]1) + 1],
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and we get
ththog—< Z?UH— Zﬂ'heXP (IRl = 112]11)]
heQ heg h>h

x [y(Ill = l1Allx) +1].

We continue this equation with (25) as follows:

> Wthlog— < - Z ™+ 5o ZGXP (hllx = N1Al)]

heo € sk (34)
X [V(Hh”l — A1) + 1] (1A F ]l = [IAll2).

In order to bound from above the right-hand side at this equation, let us
index the elements in {h € H : h > h} denoting them as {hx, k > 0}, so that
|hk+1ll1 > [|hkll1 and ho = h. Then, denoting for brevity

Si = [lhallr — 17l

we can rewrite the sum at the right hand side in (34) as follows:

> exp[=y(lhly = IRID] [y(IBll = I1Al1) + 1 (IR [ = 1)

h2h (35)

= Z exp [_’751’] [’YSZ' + 1} (Sit1 = Si).

i>0

To bound from above the right hand side at this equation, let us check that

max Zexp —7Si] (Si+1 — Si) <

Jnax (36)

<|w

where max is computed over all nondecreasing sequences. Solving the equation

65 ZGXP —7Si][Six1 — Sil4+ =0,
>0
we obtain with a simple algebra
exp [”Y(Sk — Sk,l)] -1
5 .

Sk+1 — Sk =

Hence

_exp(—=ySk-_1) — exp(—7Sk)
Sk) = S

and summing up these equations, we arrive at (36). Next notice that for any
z >0 we have (1+x) < zexp(z/z). With this inequality and (36) we obtain for

exp(—=7Sk) (Sk+1 —
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any z > 1
1
D exp(=1S) (7S; + 1)(Sit1 = 8i) < 2 exp {—7<1 - —)Sz} (Si+1—Si)
i>0 i>0 z
- 222
T (-1

It can be seen easily that the minimun of the right hand side at this equation
is attained at z = 2. So, we obtain

8
ZeXP(_'YSi) (vSi +1)(Sig1 — Si) < —. (37)
i>0 v
With Equations (34)—(37) we get
1 8 1
ththog—gﬁ—i-ngh (38)
heQ &7 heg
and similarly
2
Q:ZWthS%'FZWh- (39)
heQ TPe - heg
Therefore )
log(@Q) < log[— + wh]. 40
@ <tog| -+ > (10)
Next, denoting for brevity
_ Q@
P+Q’
and using (38) and (40), we arrive at
H(W,n) < m[%)il{—xlog(:r) — (1 —2)log(1l—x)
xe|0,
(41)
+(1—2) 1og(z wh) + a:p},
heP
where
def 1 1
p = log(Q) + = Z Thqn log —
heQ an
2 s
< log[% + Z 7Th:| + [Z thh} [% + Z 7Th:| = R(7).
v heg heg v heg

It is seen easily that the minimizer z* of the right-hand side at (41) is a
solution to the following equation

1—z*

heP

log
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Tt = {1 + (hz;wh> exp(—p)}_l.

Therefore from (41) we get

H(W, ) < 1og(z wh) ~log(1 - 2*)

and thus

heP
— [log T f oo + log(z ﬂ'h) - p]
heP
= log(z wh) —log(1 —2*) =log [Z T + exp(p)}
heP heP
< log [Z T + exp(p)} . O
h<h

Lemma 4. Let & be i.i.d. N(0,1) and H be a set of ordered multipliers. Then
for any a € (0,1/4)

o K
2 2 2
— — — <_
Er}{leax{ lglh 2h;)(& — 1) Oé;lh}

Erhneaﬁ {Z(l — hy)2&ipi — a;(l — hi)*p } < g

i=1
where K is a generic constant.

Proof. Tt follows from Lemma 2 in [§]. O

Lemma 5. Let
e = max{h s [7(Y, ") fH(Y)} < 28e0®[||Bl|® — 1)) +280%},  (42)

where € € (0,1/(28)) and 7" (Y) = minpey 7(Y, i"). Then

e / ~/1+2
E ||h 12 < 26 02 1_2&\/_ (43)

Proof. By the definition of (Y, "), see also (12) and (42), we get

i = ma{ b 0= 1)l + 071 - 260 P

+2az 1—h uz§z+a2z h? —2h;) (2 — 1)

i=1
< H(l— ) pll* + o (1 = 28€)||Al|?

—I—ZUZ (1—h M§1+022 (h? — 2h;)(€? — 1) 4 280> }

=1
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Let us fix some 7,7’ > 0. Then we can rewrite the above equation as follows:
he = max{h co2(1—2Be — )|k + 202 (1 — hi)2pils + |(1 = h) - )2

+0% Y (k7 = 2)(&F — 1) + 707 ||1|)?
i=1

< @+ =h) - pl? + 0?1 = 28e+7)|A])?

+2021— 2ui€i =) (1 = ) -

£ 0232~ 2h) (€ — 1) — o + 2ﬂ02}-

i=1
Therefore

he < he max{h : o%(1 —2Be —7)||h|?

IV

+ min {20 (1—g:) &+ [|(1 —g) - H”Q]
geEH

=1

+ min |2

geEH

'M=

(6~ 20)(€2 — 1) + 702||g|2]
=1

< (L+ )1 = W)pl® + (1 = 28e +~)o?[| 7|2

|
+ max {202 (1—gi) uzéz Y1 —g)- ﬂ”z}
=1

geH

n

—i—max{azz —2g;)(& —1) — /02||g||2} +2ﬁ02}.

cH
g i=1

Next, bounding max and min in this equation with the help of Lemma 4, we
arrive at

- Ko? -
(1 —286)0”E,||h||? - TU — 7 E,||h¢|? - Ko®

CE (1= h) - pl2 + (1 — 286)02E, |32 + KT

Ko
+ YV Bull(1=h) -l + > ""YUQE,uHhHQ"'QﬁU

Maximizing the left-hand side in v € (0,1/4) and minimizing the right-hand
side in 7" € (0,1/4), we obtain with a simple algebra

o? {\/(1 — 286)B,||he|2 — (1 _K%e)l/z]Q
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2
2BeK o?
[\/E#|1— M||2+02E#|h|2+a\/_] %Jr@mma?

Combining this equation with ||2¢||2 < ||h€||? we arrive at
V(@ = 280E, 5| < o=\ /B, (1 = ) - ul]? + 0?E, [I3])?

VI 25 (44)
+7mﬁ+ V26 + K.

To control the expectation at the right-hand side in (44), we note that for
any given g € ‘H the following inequality

n

Z[1-Bi]21§2+2a2znf il—gl Y2+202Zgl
i=1 =1 i=1

i=1
holds. Denoting for brevity

def
p(h) = (L= h) - ull* + o],

we rewrite this equation as follows:

+2az (1—h MZ§Z+U2Z (h? — 2h;) (€2 — 1)
1=1

p(g) + 20 Z(l — gi) & +0° Z(Q? —2¢;)(&7 — 1)

i=1 i=1
So, for any v > 0, we get with this equation and Lemma 4

E,.p(h) < plg) +7E,.p(h)

+ 20E, max{ Z uzéz L Z(l - hi)Qﬂf}

=1 3
n

-1
+0’E, max [2[2]% — B —1) - 72 hf]

i=1 i=1
Ko? ~
< nplg) + — T VE,.p(h).
Next, minimizing the right-hand side in ¢ € H and v € (0,1/4), we obtain

1/2

Eup(h) < () + 20 [KE#p(;L)] + Ko?

or, equivalently,
{[E# (hy]"/* - \/_a} rH(p) + Ko,

This yields obviously

(B[l =Ryl + 7]} < G0 + 20V

Finally, substituting this inequality in (44), we get (43). O
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2.2. Proof of Theorem 3

By (30) we have by

Loy b
202[3T(Y’M )= 2023

_ 1Og{ S myexp {_ (Y, ﬂg; [;U’;(K [ﬁ)} }

geEH

log[wp, (Y)] = F(Y, i") + log 7,

where h = arg minsey 7(Y, i). Therefore

> wn (V)Y @) = 7Y, ) + 2807 Y wn (Y) log —
heH heH wi(Y)
PR o (45)
—2802 10 . ex _T(Yv /J"q) — T(Yv Mh)
2 1g{q§ pe|-HREEE]

We begin to control the right-hand side at (45) with the last term. Ordering
the elements in 7, we obtain by (21)

o 3 [ L) 00001

geEH

> log{; Ty €Xp [— Y, ﬂg;ﬂ‘gi(x ﬂﬁ)] }

- 1og{§7rg exp [_ 1(1—g)- Y”ZB_UQO —h) Y| (46)
- % :1 l9: = ;”]] } 2 log{;% exp[—% é[gi - fu]] } > 0.

Our next step is to bound from above the second term at the right-hand side
of Equation (45). Note that for all h > h€, where h€ is defined by (42),

[F(Y, i) = 74(Y)] > 2Be0?[|| 1)) — ||A]|?] + 2807 (47)
Let LYk ey
Qh—exp{—r( ,,u2)ﬁ;27" ( )]
and

G={ner:|hll <[l <A +1}.
By Condition (17) and (47) we have that for all h > he

202BKoe(||1 1 — ||7]1)
2802

an < oxp|— —1} — exp[- Koe(llhl A1) - 1]-
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So, we obtain with Lemma 3, Jensen’s inequality, and (22)

E, Z wp (V) log —— (Y) <E log{ Z T + exp[R(Koe)]}

heH h<he

” EHQ + exp[R(Koe)]}

<E1 1
Og{ tBK,

< log{l + E%”T| +E, exp[R(Koe)]}

E 211/2
S 210g{1 + {%] + {EH eXp[R(KOE)]}1/2}7

where R(-) is defined by (32).
Note that similar to (46) it can be checked easily that

qn > eXP(—%), heg

and thus it follows immediately from the definition of G and (23)-(24) that

S () g ool 2

heg heg
and hence o1 o
0€) < — + = —.
R(Koe) < 26—1—210g .

With this equation, bounding from above 1/E,,[h€||2 with the help of (43),
we get from (45)—(48)

)
VI—25¢ \| 028K,

\/1+2 c 1 C
1—2ﬁ \/_—l-exp % ilog: .

E, > wa(Y)r(Y,4") < E (V) + 480° log{

heM (49)

To finish the proof of the theorem, it remains to minimize the right hand side
at this equation in e. Assuming e < 1/(30), we obtain

1 ), VTT2P c 1, C
VI-25¢ UQﬂK 125 VR e p[2 §1°g?]

M (u) N 20 () \/1+2 \/—
028K, \/1—28¢ UQﬂK 1 —28€

1 c

C
+exp ﬂ—i_



2418 E. Chernousova et al.

M () r(p)
< e +3v/(1 + 2B)K + 43¢ BE,

2¢ €

/C C
\\ = i — — .
() ee[or,rlu/r(lw)] {m + € exp(2€>}

It is clear that W¥(0) is bounded from above. It is also easy to check with e =
4C' /log(x) that for any x > 2

c 1 C
+ exp —+§10g .

Let

4Cx xlog(x) Cx
< < .
V(@) < log(x) + 2 ~ log(z)

So, combining (49) and (50) with Lemma 2, we complete the proof of (18)
since E, 71 (Y) < 7% (p).

References

[1] ALQUIER, P. AND Lounicr, K. (2011). Pac-bayesian theorems for sparse
regression estimation with exponential weights. Electronic Journal of Statis-
tics 5 127-145. MR2786484

[2] ARrias-CasTRO, E. AND Lounicrt, K. Variable Selection with Exponential
Weights and £p-Penalization. arXiv:1208.2635.

[3] AKAIKE, H. (1973). Information theory and an extension of the maxi-
mum likelihood principle. Proc. 2nd Intern. Symp. Inf. Theory 267-281.
MR0483125

[4] CaToni, O. (2004). Statistical Learning Theory and Stochastic Optimiza-
tion. Lectures Notes in Math. 1851. Springer-Verlag, Berlin. MR2163920

[5] DALAYAN, A. AND SALMON, J. (2012). Sharp oracle inequalities for aggre-
gation of affine estimators. Ann. Statist. 40 2327-2355. MR3059085

[6] DEMMLER, A. AND REINSCH, C. (1975). Oscillation matrices with spline
smoothing. Numerische Mathematik 24 375-382. MR0395161

[7] ENcL, H. W., HANKE, M., AND NEUBAUER, A. (1996). Regularization of
Inverse Problems. Mathematics and its Applications 375. Kluwer Academic
Publishers Group, Dordrecht. MR 1408680

[8] GOLUBEV, YU. (2010). On universal oracle inequalities related to high di-
mensional linear models. Ann. Statist. 38 2751-2780. MR2722455

[9] GoLUBEv, G. (2012). Exponential weighting and oracle inequalities for pro-
jection estimates. Problems of Information Transmission 48 269-280.

[10] GREEN, P. J. AND SILVERMAN, B. W. (1994). Nonparametric Regression
and Generalized Linear Models. A Roughness Penalty Approach. Chapman
and Hall. MR1270012

[11] JupITsKY, A. AND NEMIROVSKI, A. (2000). Functional aggregation for
nonparametric regression. Ann. Statist. 28 681-712. MR1792783


http://www.ams.org/mathscinet-getitem?mr=2786484
http://arxiv.org/abs/1208.2635
http://www.ams.org/mathscinet-getitem?mr=0483125
http://www.ams.org/mathscinet-getitem?mr=2163920
http://www.ams.org/mathscinet-getitem?mr=3059085
http://www.ams.org/mathscinet-getitem?mr=0395161
http://www.ams.org/mathscinet-getitem?mr=1408680
http://www.ams.org/mathscinet-getitem?mr=2722455
http://www.ams.org/mathscinet-getitem?mr=1270012
http://www.ams.org/mathscinet-getitem?mr=1792783

Ordered Smoothers with Exponential Weighting 2419

[12] KNEIP, A. (1994). Ordered linear smoothers. Ann. Statist. 22 835-866.
MR1292543

[13] LECUE, G. (2007). Simultaneous adaptation to the margin and to com-
plexity in classification. Ann. Statist. 35 1698-1721. MR2351102

[14] LEUNG, G. AND BARRON, A. (2006). Information theory and mixing least-
squares regressions. IFEE Transactions on Information Theory 52 3396—
3410. MR2242356

[15] MaLLows, C. L. (1973). Some comments on C),. Technometrics 15 661—
675.

[16] NEMIROVSKI, A. (2000). Topics in Non-Parametric Statistics. Lectures
Notes in Math. 1738. Springer-Verlag, Berlin. MR1775640

[17] NussBauM, M. (1985). Spline smoothing in regression models and asymp-
totic efficiency in Lo. Ann. Statist. 13 984-997. MR0803753

[18] RIGOLLET, PH. AND TSYBAKOV, A. (2007). Linear and convex aggregation
of density estimators. Math. Methods Statist. 16 260-280. MR2356821

[19] RIGOLLET, PH. AND TSYBAKOV, A. (2012). Sparse estimation by expo-
nential weighting. Statist. Sci. 27 558-575. MR3025134

[20] SPECKMAN, P. (1985). Spline smoothing and optimal rates of convergence
in nonparametric regression. Ann. Statist. 13 970-983. MR0803752

[21] STEIN, C. (1981). Estimation of the mean of a multivariate normal distri-
bution. Ann. Statist. 9 1135-1151. MR0630098

[22] TikHONOV, A. N. AND ARSENIN, V. A. (1977). Solution of Ill-posed Prob-
lems. Translated from the Russian. Preface by translation editor Fritz John.
Scripta Series in Mathematics. V. H. Winston & Sons, Washington, D.C.:
John Wiley & Sons, New York. MR0455365

[23] WaAHBA, G. (1990). Spline Models for Observational Data. STAM, Philadel-
phia. MR1045442

[24] YANG, Y. (2000). Combining different procedures for adaptive regression.
J. Multivariate Anal. 74 135-161. MR1790617


http://www.ams.org/mathscinet-getitem?mr=1292543
http://www.ams.org/mathscinet-getitem?mr=2351102
http://www.ams.org/mathscinet-getitem?mr=2242356
http://www.ams.org/mathscinet-getitem?mr=1775640
http://www.ams.org/mathscinet-getitem?mr=0803753
http://www.ams.org/mathscinet-getitem?mr=2356821
http://www.ams.org/mathscinet-getitem?mr=3025134
http://www.ams.org/mathscinet-getitem?mr=0803752
http://www.ams.org/mathscinet-getitem?mr=0630098
http://www.ams.org/mathscinet-getitem?mr=0455365
http://www.ams.org/mathscinet-getitem?mr=1045442
http://www.ams.org/mathscinet-getitem?mr=1790617

	Introduction and main results
	Proofs
	Auxiliary facts
	Proof of Theorem 3

	References

