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1. Introduction

We consider a heteroscedastic linear regression model in which the response
variable Y is linked to a (one-dimensional) covariate X by the formula

Y =0"m(X) +e,

where # is an unknown vector in R?, m is a known measurable function from
R to R?, the error variable ¢ is conditionally centered, i.e., E[¢|X] = 0, and its
conditional variance 0?(X) = E[e?|X] is bounded and bounded away from zero.

We assume that the matrix

M = Efm(X)m" (X)
is well defined and positive definite. This identifies § as M1 E[m(X)Y] and
implies that E[||m(X)|?] is finite. The model contains as special cases,

1. regression through the origin: m(X) = X;
2. simple linear regression: m(X) = (1, X)";
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3. polynomial regression: m(X) = (1, X,..., X4 1)T;

4. linear regression with a change in the slope at a known point a: m(X) =
(1, X, max(0, X —a))"; and

5. linear regression with a change in intercept and slope at a known point a:
m(X)=(1[X <a],X1[X <a],1[X >a], X1[X >a])".

In the ideal situation one observes the pair (X,Y’). In real life data sets,
however, one frequently encounters missing values. Here we allow the response
to be missing. Then one observes (4, X, §Y") with § an indicator random variable.
The interpretation is that for § = 1 one observes the full pair (X,Y"), while for
0 = 0 one observes only the covariate X. We make the common assumption that
the response is missing at random. This means that the conditional probability
of § =1 given (X,Y) depends on X alone,

P =1|X,Y) =P =1|X).

Monographs on missing data are Little and Rubin (2002 [6]) and Tsiatis (2006
[17]). We assume throughout that the conditional probability 7(X) = P(6 =
11X) is bounded away from zero. This implies that E[d] is positive.

The data in our model are (§1, X1,01Y1),...(0n, Xn,0,Y,) which are inde-
pendent copies of the triple (0, X,0Y"). We denote the unobserved errors by

=Y, —0"'m(X;), j=1,...,n.

A possible estimator of the regression parameter 6 is the weighted least squares
estimator #,, which minimizes the weighted sum of squares

Qu(Y) = z": Sjw(X;)(Y; —9"m(X;))?, 9 €R?,

for some nonnegative measurable weight function w which we require to be
bounded and bounded away from zero. The ordinary least squares estimator
corresponds to the choice w = 1. It is easy to see that the estimator 0., satisfies
the stochastic expansion

R 1 &
O =0+ = M, 5;w(X;)m(X;)e; —1/2
+nj; w 0jw(X;)m(X;)e; +op(n )
with
M, = Ew(X)m(X)m" (X)] = E[r(X)w(X)m(X)m" (X)].
Note that this matrix is well defined and positive definite by the properties of

7, w and M. This implies that n'/ 2(éw —0) is asymptotically normal with mean
vector 0 and dispersion matrix D,, = M S, M ' with

Sw = E[0w?(X)e*m(X)m" (X)] = E[r(X)w?(X)o*(X)m(X)m " (X)].

With ¢ = dm(X)e/c?(X) and ¢ = dw(x)m(X)e, we can write M,, = E[¢¢T] and
S, = E[¢€T]. Tt follows from the Cauchy-Schwarz inequality that the difference
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E[¢¢"] — Dg' is nonnegative definite and equals the zero matrix for & = (.
This shows that the asymptotic dispersion matrix D,, is minimal for the choice
w = 1/02. Thus the (asymptotically) best estimator 6, in the class of weighted

least squares estimators minimizes the weighted sum of squares

S 5] Y 19T ( J))27 ﬁERd,

f X;)

J

and satisfies the stochastic expansion

0, =0+ = ZH 15;h(X;)e; + op(n~1/?)

] 1
with 1
h(X) = m(X) and H = E[0e*h(X)h" (X)].
o?(x)
This implies that n! ( —0) is asymptotically normal with mean vector 0 and
dispersion matrix H~'. Since ¢ is unknown, the best weighted least squares

estimator 6, is not avallable. For this reason we call . the oracle weighted least
squares estimator.

Since o2 is unknown, a natural approach is to minimize instead of Q(v) the
weighted sum of squares

o) =30 BO =TT

in which an estimator 42 replaces the unknown o2. What is the behavior of such
an estimator?

Carroll (1982 [1]) was the first to consider this problem. He treated the case
of simple linear regression and with the responses fully observed, i.e, the case
with d = 2, m(X) = (1,X)7, and § = 1. He used a regression kernel estimator
based on the squared residuals from a least squares fit and showed that the
resulting estimator 0 also satisfies the asymptotic expansion

>
||

3|}—‘

Z BT(X)) T h(X;)e; + op(n™?),

and hence is asymptotically equivalent to the oracle weighted least squares es-
timator 6, in the case § = 1. He proved this result under the assumptions that
the covariate X has a density which has compact support and is positive and
twice continuously differentiable on its support, that o2 is continuously differ-
entiable on this support, and that € has a finite sixth moment. Similar results
were obtained by Miiller and Stadtmiiller (1987 [7]), Robinson (1987 [15]) and
Schick (1987 [16]) for different estimators of 0 and under weaker conditions, all
for the case 6 = 1. By the transfer principle for asymptotically linear estimators
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of Koul, Miiller and Schick (2012 [5]) these results immediately carry to the
present case with responses missing at random and yield that a minimizer 6 of
Y — Q) satisfies the expansion

<b>
Sl*—‘

Zn: “15,h(X;)ej + op(n~1?). (1.1)

Miiller and Van Keilegom (2012 [8]) have demonstrated this expansion in the
present setting by a direct argument using a kernel estimator of 2. Their results
show that an estimator 0 that satisfies (1.1) is even semiparametrically efficient
in the sense of being a least dispersed regular estimator. This was already known
in the case without missing responses, see Chamberlain (1987 [2]).

The goal of this paper is to show that one can construct an estimator that is
asymptotically equivalent to the oracle weighted least squares estimator without
constructing an estimator of the variance function 0. Indeed such an estimator
can be constructed as a maximum empirical likelihood estimator of the empirical
likelihood introduced by Peng and Schick (2012a [12]) modified to allow for
missing responses. Let g, 1, ... denote the trigonometric basis of La(%) with
7 the uniform distribution on [0, 1] defined by ¢o(z) = 1 and

op(z) = V2cos(krz), zeRk=1,2,....

The modified version of the empirical likelihood of Peng and Schick (2012a [12])
is

,@n(ﬁ):sup{nmrj:m 20,...,7rn20,27rj =1,

Jj=1

Zw] (; —9Tm(X ))UW(G(Xj))zo}, 9 eR?,

where v, = (po, @1, -, can)T is the vector consisting of the first 1 + r, basis
functions, r, > d is an integer tending to infinity slowly with the sample size
n, and G is the empirical distribution function based on the covariates with
observed responses only, i.e.,

2i-10;1[X; < a]
Z?:1 0j 7

Note that G is an estimator of the conditional distribution function G; of X
given 6 = 1. The constraints in the above empirical likelihood try to capture
the model assumption E[e|X] = 0 which is equivalent to the linear constraints
Eldea(X)] = 0, a € La(G1). The latter is equivalent to the countably many
constraints E[dca;(X)] =0,7=0,1,2,..., with ag, a1, ... an orthonormal basis
of Ly(G1). If Gy is continuous, such a basis is given by {a; = ¢; 0o Gy, i =
0,1,2,...}. The above empirical likelihood uses the empirical versions of the

G(z) = x € R.
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first 1 + r,, linear constraints, with the unknown G replaced by the estimator
G. By our assumption on 7, the continuity of GG is equivalent to that of the
distribution function G of X.

To be precise, our estimator 0 is a guided maximum empirical likelihood
estimator defined as a maximizer of the restriction of %, to the random ball
centered at the least squares estimator 61, of radius C(logn/n)"/? for some
constant C,

0= arg max R (9).
nl/2|[9—0L||<Clog!/?n
Guided maximum empirical likelihood estimation was introduced and studied
by Peng and Schick (2012b [13]). We shall prove the following result.

Theorem 1. Suppose the distribution function G of X is continuous, the error
variable ¢ has a finite fourth moment, and r, satisfies r2 logn = o(n). Then the
guided mazimum empirical likelihood estimator 0 satisfies the expansion (1.1)
and hence is asymptotically efficient.

As demonstrated in Peng and Schick (2012b [13]), this result follows if one
shows that the local log-empirical likelihood ratio

R (0 + 1~ 1/21)

Zn(t) =log T (0) ,

t e R4,

satisfies the expansion

|Z(t) —t Ty, + (1/2)tT Ht|
sup
#]<2C log!/2 n (L [J¢]])?

- OP(l)v (12)

with
1 n
I‘nz—g 0ih(Xi)es.
\/ﬁjzl ih(X;)e;

Indeed, as I',, is asymptotically normal with mean vector zero and dispersion
matrix H, we obtain the desired result (1.1) as in Peng and Schick (2012b [13]).
Thus Theorem 1 is a consequence of the following result.

Theorem 2. Under the assumptions of Theorem 1, the uniform expansion (1.2)
holds for every C.

The empirical likelihood was introduced by Owen (1988 [9], 1990 [10]) to con-
struct nonparametric confidence regions and tests, see also Owen (2001 [11]). Its
scope has recently been extended. Hjort, McKeague and Van Keilegom (2009
[4]) treat constraints with nuisance parameters and also investigate the case
when the number of constraints goes to infinity, but without nuisance param-
eters. The latter case was also considered by Chen, Peng and Qin (2009 [3]).
Peng and Schick (2012a [12]) allow for nuisance parameters and for the number
of constraints to go to infinity. Maximum empirical likelihood estimation was
studied by Qin and Lawless (1994 [14]) and extended by Peng and Schick (2012b
[13]) to allow for irregular constraints and nuisance parameters.
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Remark 1. Fix 9 in R%. Set
Wi(0) = (Y; =0 Tm(X;))a(G(X;)), j=1,....n.
It follows from Owen’s work that %, (9) equals

n

1
W Eecrrnian

if there is a random vector ¢(¢9) for which 1+ ¢(9) " §;W;(9) is positive for every
7 and the identity

1 W)
Zl+<< W)

0T

holds, and equals zero otherwise. Moreover, such a random vector ((¢) exists
precisely on the event where the convex hull of the random vectors §, W1 (9), .. .,
0n Wy () contains the origin as an interior point. For a subset S of {1,.. n}
let S, denote the event that J; equals 1 for j in S and 0 for j not in S. On the
event Sy, Zn (V) equals

1
U —wm

if the convex hull of W;(¥J), j € S, contains the origin as interior point and
equals zero otherwise. Thus, on S,,, the empirical likelihood %, () equals

) = sup{H nmj ;> O,ij = 1,Z7TjW Y
Jjes JES jes
On the event Sy, we also have G(z) = 37, ¢ 1[X; < z]/card(S). This shows
that the present empirical likelihood is the complete case version (as defined in
Koul, Miiller and Schick (2012 [5])) of the empirical likelihood in Peng and Schick

(2012a [12]). Thus it can be calculated using the same program as in the case
0 = 1, but using only the fully observed data, i.e., the pairs (X, Y;) with §; = 1.

Remark 2. One can show that the conclusions of our theorems remain true if
we replace G by the empirical distribution function based on all the covariates.
However, simulations not reported here show that our estimator behaves better
in moderate sample sizes with the present choice G.

Remark 3. The conclusions of our theorems remain true for choices of v,, other
than v, = (¢o,...,¢,, )" . Indeed, in the proofs we rely only on the following
properties of v,,.

(C1) There are positive constants cg, ¢1, ¢2, cg such that the inequalities
lon(@)]* < corn,
v (x) = va (W) < errply — 2,
co < /(u—rvn)2 A < cs,

hold for all 2 and y in [0, 1] and all unit vectors u in R™*1.
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(C2) For every g in Lo(%),

inf (b"v, — g)*d% — 0.

beR™n+1

Thus any other choice of v,, with these properties can be used. One possible
choice is v, = (¥, 0+ Ur, v, )|, Where

Yri(z) = r'/?max(0,1 — |rz —i]), i=0,...,7, 0 <z <1.

For this choice, (C1) holds with ¢g = 1, ¢ = 2, ¢ = 1/6 and ¢35 = 1. For
example, to obtain the last inequality in (C1), we observe that [ 7, d% equals
1/3 for i = 0,7 and 2/3 for i = 1,...,r — 1, and [ ¢, 4, ;d% equals 1/6 for
|i — j| =1 and 0 for |i — j| > 1. From this we conclude the identity

rn—1 Tn

6/(uTvn)2 dU = uf+u;, + Z 2u? + Z(Ui—l +u;)?,
i=1 i=1
for any vector u = (ug,...,u,,)" in R+ and see that [(u'v,)?d% is
bounded from above by |u|? and from below by |u|?/6. Note that the func-
tions .0, ..., %, form a basis for the set of linear splines with knots at the
equidistant points 0/r,1/r,..., 1. We obtain (C2) because the continuous func-

tions are dense in Lo(%) and because for every continuous function g on [0, 1]
the inequality

inf
beRT+1

9(@) = Y bithri(@)| < sup{lg(y) — g(@)] : [y — al < 1/r}
=0

holds for all « in [0, 1]. To see the latter chose b; such that Y. b (z) = g(z)
holds for x =0,1/r,...,1.

As an illustration of our method we performed a small simulation study
using R and compared several estimators, the OLSE, the oracle WLSE, and
the GMELE for the choices r,, = 2,3, 4, which we denote by GS(2), GS(3) and
GS(3). We report the results for v, = (¥r, 0y---,%r, )| as they are slightly
better than those for the choice v,, = (o, ..., ¢, )" . Following Miiller and Van
Keilegom (2012 [8]), we took X uniformly distributed on (—1,1), m(X) = X,
0 =2 7(X)=1/(1+exp(—X)), and ¢ = o(X)Z, with Z standard normal
and independent of X. In addition to the choices (a) 6(X) = .6 —.5X and (b)
0?(X) = (X — .4)> + .1 used in Miiller and van Keilegom (2012 [8]), we also
looked at (c) 02(X) = exp(—2X). We took the constant C' in the definition of
the GMELE to be the product of (n/logn)'/?/(N/log N)'/? with N = > i1 0
and an estimator of the asymptotic standard deviation of the OLSE, namely

1 n ) 2 y2 1/2
(% 251 8505 - 6uX,)2X2)
%E?:l 5J'Xj2
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TABLE 1
Simulated Mean Square Errors
n OLSE WLSE GS(2) GS(3) GS(4)
(a) 50 0.0597 0.0342 0.0488 0.0520 0.0588
100 0.0284 0.0158 0.0186 0.0189 0.0201
200 0.0138 0.0075 0.0083 0.0082 0.0082
(b) 50 0.0796 0.0376 0.0523 0.0543 0.0638
100 0.0387 0.0183 0.0247 0.0223 0.0238
200 0.0187 0.0088 0.0114 0.0097 0.0100
(c) 50 0.2079 0.0396 0.0588 0.0655 0.0833
100 0.0980 0.0185 0.0208 0.0212 0.0224
200 0.0491 0.0093 0.0098 0.0098 0.0100

Each entry is the simulated mean square error of the corresponding estimator, for
three sample sizes and three choices of 02: (a) 02(X) = .6 — .5X; (b) 02(X) =
(X —.4)% + .1; (c) 02(X) = exp(—2X).

Table 1 reports the simulated mean square errors for the sample sizes n = 50,
n = 100 and n = 200 based on 10000 simulations. We observe that our proposed
estimator performs better than the OLSE in all cases considered. This is also
true for the estimator with v, = (¢o, ..., ¢y, ). The performance of our estima-
tor comes closer to that of the oracle WLSE as the sample sizes increases. As
expected, the performance is better for smaller r,, if the sample size is small. Our
results for the first two cases are similar to the ones reported by Miiller and van
Keilegom (2012 [8]). Case (c) shows that the improvements over the OLSE pro-
vided by the oracle WLSE estimator and our estimator can be quite dramatic.

2. Proof of Theorem 2

Let G; denote the conditional distribution function of X given § = 1. It has
density 7/E[d] with respect to G and is hence continuous. Since Y is missing
at random, the conditional distribution of Y given X and § = 1 equals the
conditional distribution of Y given X. Thus

Ele|X,0 =1] = E[e|X] =0 and E[*|X,6=1] = E[*|X] = o*(X).
For t € R?, we set

Zi(t) = 6;(Y; — (0 +n~2t) Tm(X;))on(G(X;))
= §6jun(G(X;)) — n~Y26,0,(G(X;))m T (X;)t, j=1,...,n,

We also set

1 n
U,=— dicivn(G1(X5)),
\/ﬁjgljj ( 1( J))

V, = E[0e%0,(G1(X))v,, (G1(X))] = E[60*(X)vn (G1(X))v, (G1(X))]
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and
An = El6va(G1(X))m T (X)] = Blde® v, (G1(X))h T (X))

The functions ¢g, ¢1, . .. form an orthonormal basis of L2 (%). By the continuity
of G1, the random variable G1(X) has conditional distribution % given 6 = 1.
This shows that the matrix E[6v,(G1(X))v,! (G1(X))] equals E[§]I1 4, , where
I,;, denotes the m x m identity matrix. Since 0%(X) is bounded and bounded
away from zero, there are constants 0 < k < K < oo such that ku' I, u <
u' Vou < Ku' I 4, u for u € R Thus we have

k< | iﬂlf w Vyu < sup u'Vou < K, (2.1)
ul[=1 [lu]|=1

i.e., the eigenvalues of V,, belong to [k, K], and V,, is invertible.
Let C,, = 2C logl/ 2n. We begin by proving that the desired result follows
from the following three statements.

||Un,t - Un + Ant” o

sup O, (r32n=1/2), (2.2)
II<Cn L+ [|¢] v
sup sup |uTVn7tu — uTVnu| =op(1/ry), (2.3)

[t <Cr [[ull=1

“up | — 21log % (6 +n~?t) — Ultf/n_’tlﬁnﬂ _
[¢]<Cn (1 +[[¢])?

In view of the inequalities E[||U,||?] = trace(V,,) < K(1 + r,) and

op(1). (2.4)

[u” Ant? < E[l|ou" v (G (X)) PE[lm(X)2)1¢17 < K [Jul® E[llm (O],

we have the rate

|Un — Ant|®
sup —————— = Op(ry). (2.5)
le<c,  (L+ 1)
This and (2.2) give the rate
1Unc]1”
sup ———— =Op(ry). (2.6)
le<c, (1+ 1)
From (2.1) and (2.3) we derive
sup  sup |uT‘A/nft1u —u" V| = 0,(1)10). (2.7)

I <Cr [[ull=1

The statements (2.6) and (2.7) imply

AT Y1 ST 17
|Un,tvn,t Un7t - Un,tVn Uﬂ1t|
sup

I1<Cn (1 + t])2 =op(1). (2.8)
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From (2.1), (2.2), (2.5) and (2.6) we derive

07 Vi Ut — (U — Ant) TV, LUy — Ayt)|
sup : : =op(1). (2.9)
I1<Cn (1+ [I£[1)?

The statements (2.4), (2.8) and (2.9) yield

“up | Lo (t) = tTAN VU, + (1 2)tTAN VT At
Itl1<Ca (L4 1t])?

op(1). (2.10)

Let g be in Ly(G1). Then goG ' belongs to Ly(%) where G is the left-inverse
of G;. Conditioning first on X and ¢ and then on § we find

E[(62b vn(G1 (X)) — 8eg(X)))?] < BE[5] / (b v, 0 Gy — g)? dGh.

Here B is a bound on ¢2. Since the functions g, @1, ... form an orthonormal
basis of Lo(% ), we have

. T _ 2 _ . T _ —1\2
beﬂlg}fﬂ (b' vy 0 Gy — g)°dGy beﬂl@r}fﬂ/(b vy, —go Gy ) du — 0.
This implies

il Bl 0 (G1(X)) = 629(X)))?) = 0.

The left hand side is minimized by b = V, 'E[§e?g(X)v,(G1(X))]. Thus we
obtain
E[||0e A, V,y v (G1(X)) — 6eh(X)||*] — 0.

From this we conclude A} V,71U,, =T, +0,(1) and A,} V,; 1 A,, — H and obtain
the desired result (1.2) in view of (2.10). This completes the proof that the
statements (2.2)—(2.4) imply the desired result.

Proof of (2.2). It is easy to check that ||v,||? < 1+ 27, and [|v/||?> < 27%73.
Let N =37 | 6;. We have E[0;/N] < 1/nfor j =1,...,n. Using this we obtain
the inequalities

B[5;a%(X,)(G(X) - G1(X,))?] < / a2dGi/n, j=1,...,n,

valid for a € La(G1). Indeed, conditioning on 61, ...,d, and X; we derive that
the left-hand side equals

B[5;a*(X;)[(1 - G1(X;))* + (N = §;)G1(X;)(1 - G1(X;))]/N?]
and is therefore bounded by E[d;a*(X;)/N] < [ a®dG1/n.

Using these inequalities we verify the statements

T = % 3 65€210n(G(X))) — va (CL (X)) P = O (3 /),
j=1
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- % Jz; 8¢ [UH(G(XJ-)) — 0, (G4 (Xj))} = 0,(r¥?n~1/?),
Tz = % zn:ajvn(G(Xj))mT(xj) — A, =0, (3?12,
Indeed, we find E[|T,2|2] = E[T,1] < 2722 [ 62dGy/n and
B(|Ts)?) < 28] 26 (X211 (G X)) = (G (X)) 2]
+ 28| g 5y0a (G (X)m T (X,) = Elbon(Ga(0m™ (O] ]
<l ilE[ajnm(Xj)n%G(Xj)) — Gi(X;))

= B[3]lm(X) 2 [lvn (G1 (X)) ]

< (47r27“,31+2+47‘n)/||m||2dG1/n.

Verify that U, ; — Uy, + Ant equals T}, 4 Tpat. Thus (2.2) follows from the bound

1Tt — Uy + Apnt||?
sup

lt<c (1 + ||t||)2 S 2||Tn2||2 + 2||Tn3||2 - Op(’l“?l/n)

Proof of (2.3). We verify (2.3) by establishing

sup |u' Vyu —u' Viyu| = Op(ran™4?) (2.11)
lull=1
and
sup  sup |u' Vpu—u' Vyu| = Op(r 32712 4 Orl/2n1/2) (2.12)
tI<Cn [lull=1
with

1 n
== EZZJZJT and Zj =6j€j’l)n(G1(Xj)).
j=1
We obtain (2.11) since its left-hand side is bounded by the euclidean norm
Vo — Vil of V,, = V,, and since we have the bound

Tn Tn

nE(|[Va = Val?l < 303 El6e* R (G1(X)wi (G1(X))]

k=0 1=0
= B0 |oa(G1(X))|I"] < (1 + 2r)?E[5e"] = O(r7).
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In view of the identity u' V,, u —u' Vyu = > [(uT Z;(t)? — (u" Z;)?], we
see that the left-hand side of (2.12) is bounded by 2(D,,L,)'/? 4+ D,, with

_ LI
L, = sup uTVnu and D, = sup - Z 12;(t) — ZJ'HQ-
lul=1 ltll<cn ™ 5

We have L,, = O,(1) by (2.1) and (2.11), and

2C2(1 + 2r,,) —
Dy < 2T + % D 5mXG)IP = Op(ris /) + Op(Crrn/n).

j=1
Thus (2.12) holds.

Proof of (2.4). To verify (2.4) we shall use the following result which is a
special case of Lemma 5.2 of Peng and Schick (2012a [12]).

Lemma 1. Let x1,...,x, be m-dimensional vectors. Set
n n n
_— E * 1 4 1 T
T == xj, = max |z;||, va=— E [lz;]|%, S=-— E Tz,
n < 1<j<n n < n <
Jj=1 Jj=1 Jj=1

and let A denote the smallest and A the largest eigenvalue of the matriz S. Then
the inequality A > 5|Z|z* implies

|~ 210g(%) - na" 52| < pllalP(hva) 2 _dnAz] vy

where

n

%:sup{ﬁmrj: 7T120,...,7rn20,iw:1,27rixi20}.
j=1

j=1 i=1
The bound (2.13) is derived from (5.7) in Peng and Schick (2012a [12]) and
the inequalities (¢(*)? < Az™ and naz™ <37 [la]|*.

Let j\n,t denote the smallest, and f\n,t the largest eigenvalue of \A/nﬁt. Let us
also set

An = inf A Ap= sup A,y and ZF = sup max ||Z;(t)].

n,ts

[t <Cn l[tlI<Cn tl|<C, 1SI<n
It follows from (2.1) and (2.3) that
P(A, >k/2) =1 and P(A, <2K)—1.

Since ¢ has a finite fourth moment and |[[m(X)|| has a finite second moment, we
have

M 121]a§(n|‘€]| op(n’") and My, 121;2(””7”()(])” op(n'’7)



944 A. Schick
and find
Z;; <(1+ 2Tn)1/2(Mnl + Cnnfl/zMng) = op(ri/2n1/4).

From (2.6) we obtain

n

H_ Z H =nl2 sup HUn;tH = Op(cnrvllmn_lﬂ)-
||t|\<C j=1 [t <Crn
The bound
~ Z 1,001 < 1+ 20022 3 (5] + Cun 2 m(x,)])
ltI<Cn ™ n ! !

j=1
yields T, = O,(r2). The above show that
P(Ay =526, > k/4) — 1

Thus the event {)\, > 5Z%¢,} has probability tending to 1. On this event the
left-hand side of (2.4) is bounded by

sup nel_ | &n(AnT)!/2 AT,
eiscn (L NED? [ (= €aZ5)8  A2(h - 6aZ2)*

which is of order Op(C,, /=12 4 C%r%/n) = op(1). This gives the desired
result (2.4).
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