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Abstract: In this paper the interest is to estimate the dependence between
two variables conditionally upon a covariate, through copula modelling. In
recent literature nonparametric estimators for conditional copula functions
in case of a univariate covariate have been proposed. The aim of this paper is
to nonparametrically estimate a conditional copula when the covariate takes
on values in more complex spaces. We consider multivariate covariates and
functional covariates. We establish weak convergence, and bias and variance
properties of the proposed nonparametric estimators. We also briefly discuss
nonparametric estimation of conditional association measures such as a
conditional Kendall’s tau. The case of functional covariates is of particular
interest and challenge, both from theoretical as well as practical point of
view. For this setting we provide an illustration with a real data example in
which the covariates are spectral curves. A simulation study investigating
the finite-sample performances of the discussed estimators is provided.
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1. Introduction

Assume that (X1, Y11,Y51),. .., (X, Yin, Ya,) is a sample of n independent and
identically distributed triples of random variables. The random variables Y3,
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and Yo; are real and the X;’s are random elements with values in a space £ that
will be specified later.

Researchers are often interested in the dependence structure of the bivariate
outcome (Y7,Y5)" when the value of the covariate is fixed at a given level, say
X = x. Consider the following example in the food industry. Spectral analysis
is used to obtain information on chemical components in a sample of food,
for example in meat. Apart from the spectral curves one also measures the
percentages of, for example, fat, protein and water. One of the points of interest
is to find out how the percentages of fat and protein relate to each other and
how strong they are related. The interest in this paper is to discover how this
dependency changes with the form of the spectral curve. This is an example of
a situation in which X is of a functional type. See Section 6 for a more detailed
description and for the analysis of a real data example using the methodology
developed in this paper.

Suppose that the conditional distribution of (Y7, Y5)" given X = x exists and
denote the corresponding conditional joint distribution function by

Hy(y1,y2) =P (Y1 <y, Ya <y | X =%).
If the marginals of Hy denoted as
Fiy(1)) =P (Y1 <y | X =%), Fox(y2) =P (Y2 <y | X =%),

are continuous, then according to Sklar’s theorem (see e.g. Nelsen, 2006 [15])
there exists a unique copula Cy which equals

Cx(u1,uz) = Hy (Fi (u1), iy (u2)),

where fol (u) = inf{y : F1y(y) > u} is the conditional quantile function of Y3
given X = x and FQ;(l is the conditional quantile function of Y5 given X = x.
The conditional copula Cy fully describes the conditional dependence structure
of (Y1,Y2)T given X = x.

The estimation of Cy, is the subject of the current research. Gijbels et al. (2011)
[12] and Veraverbeke et al. (2011) [19] investigated nonparametric estimation
of Cy when the covariate is real, that is £ = R. Semiparametric estimation of
conditional copulas in this case has been studied in Hafner and Reznikova (2010)
[13], Acar et al. (2011) [2] and Abegaz et al. (2012) [1]. In this paper we introduce
a nonparametric estimator of Cy when the covariate space is more complex.

The estimators are of a similar type as these in Gijbels et al. (2011) [12], but
their theoretical study and practical use can be quite different depending on the
complexity of the covariate space. See Sections 3—6. An estimator of the joint
conditional distribution function Hy is

Hyn(y1,92) = ani(X7 hn) {Y1i < y1, Yo; < o},
=1

where {wn;(X,hn)} is a sequence of weights that smooth over the covariate
space & and h = {h, > 0} is a bandwidth sequence tending to zero as the
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sample size increases. Then analogously as in Gijbels et al. (2011) [12] one can
suggest the following empirical estimator of the copula Cy

Cyn(u1,uz) = Hyp, (Fg(lh(ul),Fg;i(uz)) ; 0<wui,ux <1, (1)

where Fiyp, and Foyp, are the corresponding marginal distribution functions of
Hyp, ie., Fiyn(11) = Hyn(yr, +00) and Foyp(y2) = Hyn(400,y2). As demon-
strated by Gijbels et al. (2011) [12] and Veraverbeke et al. (2011) [19] it is often
advisable to remove the influence of the covariate on the marginal distributions
before the estimation of Cy. This can be done in various ways. One can for
instance assume a regression model linking the covariate & with the response
Y7 (Y2) and then replace the original observations (Y3, Ya;) with the estimated
residuals.

Gijbels et al. (2011) [12] suggested a very general way of removing the influ-
ence of the covariate on the marginal distributions which can be described as fol-
lows. First, estimate the unobserved marginally uniform observations (Uy;, Us;) T
= (Fix, (Y1), Fox, (Ya:))" with

~ o~ T
(Ui, U2i) " = (Fixyg, (Y1i), Far,gy (Yai)) . i=1,....n, (2)

where g1 = {g1,} \ 0 and g2 = {g2,} \( 0. Second, use the transformed obser-
vations (Uy;, Uz;)T in a similar way as the original observations and construct

O, uz) = G (Gl (w1). Gl (w2) ) (3)
where

Gn (u1,uz) anz (X hn) I{ U1 < ua, Ui < up},

and élxh and ngh are the corresponding marginals: élxh(ul) = Gyn(u,1)
and Goyn (u2) = Gyn (1, us2).

In case of a univariate real-valued covariate a thorough study comparing the
performances of the two types of estimators Cy; and Cy, defined in respectively
(1) and (3), can be found in Gijbels et al. (2011) [12] revealing the following
practical recommendation: the estimator Cyj, is generally preferable when the
covariate does not influence the marginal distributions; in the opposite situation,
it is safer to use the estimator Cyj. None of the two estimators is however
uniformly (in all situations) outperforming the other one. Moreover, the effect
of the covariate on the marginal distributions and/or on the conditional copula
itself is often unknown. It is therefore worthwhile to study both estimators.

In this paper we establish weak convergence results of the processes associated
with the estimators Cy, and Cyy,, for a multivariate covariate (in Section 2) and
for a functional covariate (in Section 3). Nonparametric estimators of conditional
association measures are very briefly discussed in Section 4. In a simulation
study in Section 5 the finite-sample performances of the estimators, in both
the multivariate and functional covariate case, are investigated. In Section 6 the
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discussed methods are used to analyze a real dataset with a functional covariate.
Some further discussions are provided in Section 7. The proofs and technical
details are given in the Appendix.

2. Multivariate covariate — £ = R4

Assume that (X, Y1;, Ya;) is a sample of i.i.d. triples, where X; = (X1, ..., Xiq)"
is a d-dimensional continuous covariate with a density fx. Analogously as in Ve-
raverbeke et al. (2011) [19] one can consider also a fixed design, but then one
should think of fx as a design density.

As & = R? the role of the x is now played by x = (z1,...,24)". A common
system of weights {w,;} is based on the quantity |B|~*/2Kg(X; — x), where
K is a d-variate kernel, B is the bandwidth matrix with determinant |B|, and
Kg(y) = K(B_l/Qy). For simplicity of presentation we will suppose that B =
h2 1,4, where I, is the d-dimensional identity matrix. Then for example the
Nadaraya-Watson weights are defined as

KB (Xl — X)

Wi (X, hy) = =5 , t=1,...,n. 4
( ) Zj:l Kp(X; —x) @

The definition of local linear weights can be found in e.g. Ruppert and Wand
(1994) [16].

In this paper we consider only pointwise convergence. Therefore, let x = x
be a fixed element in & = R?, and define the empirical copula processes

= ynnt (Co-0x).  CR=\nnd (Ca-ca). ()

Denote by C’,((l), C’,(f) the partial derivatives of the copula function Cx with
respect to u; and us respectively. In order to establish the weak convergence
results for the processes in (5) we need some regularity conditions, which we
discuss first.

2.1. Regularity assumptions

Regularity conditions needed for the following theorems can be formulated in
an analogous way as in Veraverbeke et al. (2011) [19]. Technically speaking,
the extension from the univariate to the multivariate covariate case is rather
straightforward, and therefore we only very briefly discuss this case. Generally
speaking, one has to replace h,, with h¢ and take into consideration that the
covariate is now a vector. The complete list of conditions is to be found in
Appendix A.

Similarly as it was argued in Veraverbeke et al. (2011) [19] the assumptions
about the weights are satisfied for the Nadaraya-Watson weighting scheme pro-
vided that fx(x) > 0 and 9x(2) i continuous in the neighbourhood of the

Oz
point x. For local linear weights the latter assumption can even be omitted.
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When dealing with the d > 1 covariate case however, smoothing operations
are needed over the d-dimensional space. This implies that the estimation pro-
cedure suffers from the curse of dimensionality, as any nonparametric smoothing
technique would do in this case. For a further discussion, see Section 7.

2.2. Results for the estimator Cyy of type (1)

Suppose that
hy, = O(n~Y/(F4)), nhd = co. (6)

Theorem 1. Assume (6), (R1)-(R2) and (W1). Then the following linear
asymptotic representation

Clér(ur,uz) = \/nhid > wni(x, ha) &(ur, uz) + op(1), (7)
i=1

holds uniformly in (u1,uz) € [0, 1], where

&l un) = Vi < Pl (), Yoy < F(uz)} — Culur, u2)
— M (us, uz) [I{v1; < Frl(ui)} — w1 (8)
— CP (ur, u) [{Ya; < Frl (u2)} — ua) .

With the help of the asymptotic representation (7) it is usually possible to
describe the limiting process of (Cgf,),

The choice of the weights has some impact on the variance-covariance struc-
ture of the limiting process, through the asymptotic behaviour of the quantity
nhd 3" w2, (x,hy). Thanks to assumptions (W1) there typically exists, in
commonly-used weight systems, a finite positive constant V' such that

nhd Zwii(x, hy) =V*+o0p(1). 9)
i=1

For example, for Nadaraya-Watson weights defined in (4), V? = ux/fx(x),
where pg = [p. K?(u)du.

In order to derive the asymptotic bias of the normalized empirical process,
we need to study the expectation of the leading term in the linear asymptotic
representation in (7). Suppose that there exists H such that nhitd — H?2
with H > 0, using Taylor expansion and assumption (R1) one can find that
(uniformly in (uy,us))

n hi Z Wi (X, ) E & (ur, ug)

=1

= H [DECie(ur, uz) + tr {BE Be(ur,w)}] +o0p(1), (10)
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with Dy being a vector and Ex being a matrix of constants depending on
the chosen system of weights {w,;} and on the type of the design (see the
Assumptions (W3) in the Appendix) and

By (ur,u2) = Hy(Fr(u1), Foyl (u2)) — CM (u, ua) Fix (Frid (ur))
— C,(f (u1,us2) Fox (F{x1 (ug))
= Cx(u1,uz) +2CW (uy, ug) le(Fl;l(ul))T
+2 03 (ur, uz) Fox (Foy (us
+ C(l 1 Up, Ug) Fix (Fl_l

(

( X (11)
0(2 2)(

(

(
Uy, ug) Fox (F2;1(
C'(l 2) Uy, Ug) Fix (lel(ul
+ CE (ur, un) Foxe (Fiy (u2)) Fr (Fi! (un

where a dot indicates a derivative with respect to the covariate x, e.g. Fj(u1) =
aazF (u1), C, (ug,ug) = 8z882zT Cy(u1,ug); the symbol (@) 1nd1cates a derivative

Wlthrespecttoul,egc ’J)(u ug) = %g;;”) and O (ul,uQ) %g;:”),

which is a mixture of the above notational rules. Finally, the product E g Bx
in (10) is a matrix product.

We are now ready to state the weak convergence result for the process <C§E,Z
in (5).

Corollary 1. If (9), nhitd — H? (W3) and the assumptions of Theorem 1

hold, then the process Cx, converges in distribution to a Gaussian process Zy
Zx(ul, u2) = V{Wx(ul, u2) — C,((l)(ul,ug)Wx(ul, 1) — 0(2) (ul U2)Wx(1, U2)}
+Rx(ulau2)7 (12)

where V' is a constant depending on the asymptotic properties of the weights {wn,;},
as defined in (9), Wy is a bivariate Brownian bridge on [0,1]? with covariance
function

E [Wx(ul, UQ)WX(’Ul, 1)2)] = Ox(u1 A V1, U2 A ’UQ) — Cx(ul, UQ)CX(Ul, ’UQ),

and where Ry(uy,us) is the (deterministic) mean function

Ry (ui,u2) = [DKC’ (ug,us) —l—tr{ 5 ul,u2)}}. (13)

2.3. Results for the estimator Cxn of type (3)

For this estimator we need to specify the relation of the three bandwidths that
are used. In the following we suppose that for j = 1,2

nhd an =0(1 ghTZ =0(1), nY?min(hn,, gin, gon) = o0. (14)
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The next theorem establishes a linear asymptotic representation for the nor-
malized empirical copula process in (5) and subsequently the weak convergence

result for ((NIS,)L

Theorem 2. Assume (14), (W1)-(W3) and (R1)-(R3), then uniformly in
(u1,u2) € 0,1

ul,u2 =4/nhd Zwm x, ) 51 (u1,uz) + op(1),

where

gi(ulau2) = Ui < u1,Usz < ug} — Cx(ur, u2)
—C{M (ug, u2) [[{U1; < ur} — ] (15)
_C;((Q)(ulv ug) [[{Us; < ua} — uo]

and (Uti, Us;) = (Fix, (Y1i), Fox, (Yai))-

Moreover, if (9) holds and (n hi*?) — H?, then the process C&) also converges
in distribution to a Gaussian process Zx, as in (12), but now with the (deter-
ministic) mean function equal to

Ry(uy,us) = H |DL Coe(ur, us) + tr {TK Cre(un, UQ)H . (16)

Similarly as in Veraverbeke et al. (2011) [19] one can see from Corollary 1
and Theorem 2 that both estimators of the conditional copula have the same
asymptotic variances (provided the same bandwidth h,, is used), but that the
bias of the estimator 5xh does not involve terms coming from the dependence

of the marginal distributions on the covariate. See expressions (11), (12), (13)
and (16).

3. Functional covariate X

In this section we study the weak convergence of the, properly normalized,
empirical copula processes in case of a functional covariate.

Assume now that (X;,Y7;,Ys;) is a sample of i.i.d. triples, where the X;s are
random elements with values in a functional space &, equipped with a semi-
metric d. Very commonly € = L5([a, b]), where L2([a,b]) is the class of square-

integrable functions on the interval [a, b] with d(x,x’) \/ f )2 dt.
In the following we will take £ to be a separable Banach space endowed w1th a
norm || - ||. As argued in Ferraty et al. (2007) [10] the space is still very general
and the separability avoids measurability problems.

Also here we first introduce some notations and state some primary regularity
conditions.
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3.1. Notations and regularity conditions

Let us consider the Nadaraya-Watson weights
[l X —xll
Wni (X, hn) = nK( hﬁb/y,._)xn ,oi=1...m, (17)
Zj:l K ( o )
where K is a given (univariate) kernel. Another system of weights that natu-
rally extends to the functional covariate case is that of the k-nearest neighbour
weights; see Burba et al. (2009) [7]. On the other hand there is no unique gen-
eralization of local linear weights to the functional covariate case. For possible
suggestions see e.g. Baillo and Grané (2009) [3], Barrientos-Marin et al. (2010)
[4] and Berlinet et al. (2011) [5]. For simplicity we concentrate only on Nadaraya-
Watson weights in the following, but with some further effort it might be shown
that the results also hold for k-nearest neighbour weights as defined in Burba
et al. (2009) [7].
Analogously as in Ferraty et al. (2007) [10] define

dx'(5) = Ex [Fjx(y) — Fix(y) | 11X — x| = 5] ,

Note that the function (bfzjy quantifies the expected difference F,x (y) — Fix(y)
when X is forced to be at a distance s from the point x.
In an analogous way define

)I;I,yl,yg(s) = E-X I:HX(ylva) - HX(ylva) | ||X _XH = S} )

and similarly for ¢)€,u1,u2'
A very important role is played by the so called small ball probability function

ox(h) =P ([[X = x|l <h).
Further, for s € [0, 1] put

renls) = 2 P (X —xl <sh|IX=x] <B).  (8)

In this functional covariate case the appropriate normalization factor for the
empirical processes turns out to be \/n gy (hy,). We consider the normalized
empirical processes

(C§<Er)1 = \/nex(hn) (th - Cx)v (6)(?7)1 = /7 ox(hn) (th - Cx)a (19)

which is in analogy with (5). Indeed, note that this normalization factor is
consistent with that in Section 2 as for & = R? one gets (see e.g. Ferraty and
Vieu, 2002 [9], Chapter 13).

7Td/2hd

m fx(x) + o(h?), where T'(+) is the gamma function,

px(h) =

and hence the order of the normalization factor /n ¢y (hy,) in (19) coincides

with that of \/nhd in (5).

We now state the weak convergence results for the processes in (19).
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3.2. Results for the estimator Cyy of type (1)

The following theorem is proved in Appendix B.

Theorem 3. Assume (F0)—(F4) and (R2) of Appendixz B. Then (Cgf,)I has a
linear asymptotic representation

(C ’LLl,'LLQ \/ TL(PX anl X7 gl uy, u?) + OP(l)

with & (u1,uz) as defined in (8) (with X replacing x).

Moreover if npy (hn,)h2? — H?, then the process (Cgf,)l, defined in (19), con-
verges in distribution to a Gaussian process Zy, as defined in (12) but now with
V =/Ms/M; and the mean function Ry given by

Ry(ui,u2) = %f (19H(F1;1(u1)7F2;1(U2)) — CM (ur, u2) ¥ (Fiy (ur), 00)

— CP (w1, uz) I (00, Py (u2))) . (20)

The quantities My, Ma and MB are defined in respectively (B2), (B6) and (B5)
in Appendiz B.

If npy (hn)h2? — 0 then the asymptotic bias given by the function R, di-
minishes. On the other hand if nepy (h,)h2? — oo, then the bias dominates the
variance. Thus the assumption nepy (h,)h2? = O(1) gives the optimal rate of
convergence. But it should be said that the practical impact of such a result
appears as rather limited given the current state-of-the-art of the research area.
The general problem is that a random element with values in a functional space
is generally a very complex object and it is not clear yet what are reasonable
assumptions about its distribution.

To be more explicit, it is already well-understood that the variability of kernel
estimators with functional covariate depends on the behaviour of the small ball
probability function ¢y (h) near zero. For many standard processes, see e.g.
Ferraty and Vieu (2006) [11], Ferraty et al. (2007) [10], and Hall et al. (2009) [14],
one gets py (h) = o(h?), where d might be arbitrarily high. Roughly speaking this
means that such a process is near x more sparse than a continuous multivariate
covariate of arbitrarily high dimension near a point with a positive density.
This somehow violates the philosophy of functional data analysis, which states
that switching from multivariate to functional variables helps to deal with the
curse of dimensionality. In fact the small ball probability function ¢y (h) is
directly linked with the concentration properties of a functional variable X.
Obviously this small ball probability depends on the choice of the semi-metric
(and consequently norm). Appropriate choices of semi-metrics can thus lead to
an increase in the concentration properties of the functional variable X. The
co-called projection type semi-metrics are of this type, and a general procedure
for construction can be found in Lemma 13.6 of Ferraty and Vieu (2006) [11].
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Next, the lack of sense what is reasonable to assume about the distribution
of X also affects our ability to check assumption (F3) in Appendix B about the
behaviour of the function ¢, . (s) near zero. Note that if £ = R then

O ()~ 3 (Haoos(y1,y2) — Ha(y1,42)) + 5 (Hars(y1,42) — Ho(y1,12))

2
~ %Hm(ylqu)a

thus one would expect that 8 = 2 is a reasonable assumption. On the other hand
in nonparametric regression with a functional covariate Ferraty et al. (2007) [10]
and (2010) [8] explicitly assume (when translating to the context of estimation
of distribution functions) that d¢X . (s)/ds at s = 0 is non-vanishing and
finite, which corresponds to the case § = 1.

As it is usually rather difficult to find the highest possible 8 in (F3) even
if the model is specified, researchers often assume Lipschitz continuity in the
covariate of the quantity of interest. Let us suppose that there exists v > 0 such
that

Jo<ooVxree  sup [Hy (y1,y2) — Hy(y1,y2)| < Cld(x, X))

Y1,Y2

Then we can arrive at Theorem 3 with Ry (u1,u2) = 0 provided that

n @y (hn) h27 — 0, asn — oo.

3.3. Results for the estimator 6’xh of type (3)

Similarly as in the case of a univariate covariate, it seems to be advisable to try
to remove the effect of the covariate on the marginal distributions.

To guarantee an analogous result as stated in Theorem 2 we need regular-
ity assumptions, listed in Appendix B. Most of them just guarantee that the
assumptions made in the previous section hold in some sense uniformly on a
neighbourhood of the point of interest.

Note that assumption (FS) in Appendix B is specific for a functional co-
variate, as for a univariate or multivariate covariate it is satisfied. Somebody
may find this assumption rather restrictive as the unit ball in a Banach space is
totally bounded if and only if the space has a finite dimension. But on the other
hand, there are many interesting sets of functions that satisfy this assumption.
For instance all the sets of functions for which we can find finite covering or
bracketing numbers (see e.g. van der Vaart and Wellner (1996) [18]) are to-
tally bounded. Note that a condition similar to (F5) is also assumed in Ferraty
et al. (2010) [8]. Their assumption (C7) (together with (C6)) implies that for
a given € > 0 for all sufficiently large n there exists a finite cover such that
the diameter of each element of the cover is at most ¢ for each of the sets
B(x/hn,1) = {x" € & [IX' = Xx/hnl < 1}.

The next theorem states the weak convergence result for the second normal-
ized empirical process in (19).
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Theorem 4. Assume (FO), (F1)-(F5) and (R2) of Appendiz B. Then the
linear asymptotic representation

((N: a(u,ug) = /noy(h anz Xs hn) & (ur, us) + op(1),

holds, with 51 as in (15) (with x replacing x).

If moreover npy (hy,)h2? — H?, then the process (C;E,Z, defined in (19), con-
verges in distribution to a Gaussian process Zy, as defined in (12) with V =
VMo /My and the drift function Ry given by

M,
Rx(ul, UQ) = ﬁf 190(11,1, UQ).

Remark 1. Comparing Theorems 3 and Theorems 4 one can see that asymp-
totic variances of both estimators are the same. The comparison of the bi-
ases is less straightforward here than for a univariate or multivariate covari-

ate. To get some insight into the problem, recall that ng) = 0Cx/0u; and
C’g’]) = 0*Cx /Ou;0u;. Further suppose that for j = 1,2 uniformly in (u1,us)

B [(CF (w1, uz) = O (ur,u2) ) (Fjae (Fjl () = w5) [ = x| = s

= S6190(3')Fj (u17u2) + 0(56)5

B |CY7 (ur,uz) (Fiae (Fi (w3)) = ;) |12 = x| = s]

= Sﬂ/(gc(j,j)pf (ul,UQ) + O(SB)

)

and finally

E [CE,(LQ) (ul,u2) (FlX (fol(ul)) — ul) (FQX (FQ;(I(UQ)) - U2) ’ HX _XH = S}

= 8'6190(1,2)}:1}?2 (Ula U2) + 0(86)

)

where the functions 19C<j>Fj (u1,u2), ﬁc(j,joz and Yo,z g g, are continuous.
Then one can derive that the function R, of (20) can be expressed as

M,
RX = ﬁf (190 + 190(1)}71 + 190(2)}72 + % 190(1,1)};&2 + 190(1,2)F1F2 + % 190(2,2)}722) .

Thus similarly as for a univariate or multivariate covariate one can see that the
bias structure of the estimator Cy; is much simpler as it does not include the
several terms coming from the effect of the covariate on the marginal distribu-
tions. That is why we generally recommend trying to reduce the effect of the
covariate on the marginal distributions.
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Remark 2. We can get rid of assumption (F4) if we slightly undersmooth.
More precisely instead of (F4) suppose that:

(f‘4’) There exists 7 > 0 such that the bandwidths h,,, g,1 and g2 satisfy

hyn)(log )7 1oy (gjn) iﬁ
exthallosn) ! g teie) sl _ 01) npy(ha) = oo, (21)

Then it can be proved that Theorem 4 holds with R, = 0.
Note however that (21) implies n ¢, (h,)h2? = o(1). Hence, this means that
no optimal bandwidth, as in (B3), can be used.

4. Conditional association measures derived from the conditional
copulas

Similar to the unconditional case, we can measure the association between Y;
and Ys, given X = x by the conditional Kendall’s tau

v, v2(X) = 4 / Cyx (u1,ug) dCy (ur,uz) — 1,

and the conditional Spearman’s rho

PY1,Y> x) = 12// Ox(u17u2) duy dug — 3,

expressed with the help of the conditional copula C.
With the nonparametric estimators of the conditional copula as defined in
Section 1 we can estimate the conditional Kendall’s tau by

4 n n
:A ZZ Wni (X ) Wi (X hn) I{Y1s < Y15, Y2 < Ya5} — 1, (22)

where A(x) = 1 — Y7, w?,(x,hy) and the (Yi;,Y2;) can be replaced with
(ﬁli, (721-) defined in (2) if the relationship could be blurred with the effect of the
covariate on the marginal distribution. We will denote this estimator as 7, (x).
The use of the conditional Kendall’s tau estimators 7,(x) and 7,(x) will be
illustrated in the simulation section (Section 5) and in the real data application
(Section 6).

In a similar fashion a nonparametric estimator for the conditional Spearman’s
rho is

X) = 12// th(ul,u2) dul dUQ—?) =12 Zwm(x, hn)(l—Uli)(l—Ugi)—?),

with Uli = leh(yli) and Ugi = ngh(yvgi).



Complex covariates and conditional copulas 1285
5. Simulation study

To complement the theoretical results we provide here a simulation study to
illustrate the finite-sample performance of the estimator Cy; of (1) and the
estimator éxh of (3). We include also the ‘benchmark’ estimator that corre-
sponds to the estimator Cy; calculated from the (unobserved) (Uis, Uy)T =
(Fix,(Y1:), Fax, (Ya;))T. This estimator corresponds to the situations when con-
ditional marginal distributions are known and/or the covariate does not affect
the marginal distributions.

For brevity of presentation while addressing various aspects of the studied
problem, we focus on estimation of the conditional copula at some fixed covariate
value for the multivariate covariate case, and on estimation on the conditional
Kendall’s tau function for the functional covariate case.

5.1. Multivariate covariate

In this section we are interested in estimation of a conditional copula for a two- or
three-dimensional covariate at a given point x = (x1,...,24)". The performance
of the estimators is evaluated using the average (over all simulations) of the
integrated squared error

1 1 . 2
/ / {th(ulv ug) — Cx(u1,u2)| dui dusg ,
o Jo

where th stands for an estimator of a conditional copula.

The model for the marginals is given by Y7 = p1(X) + &1 and Y = po(X) +
g9, where the covariates X = (X1,...,X,4)" are supposed to be independent
standard normal variables, and with (for d = 2 of 3)

/J,l(X) = X1 —X2 — (d— 2)X3, /,LQ(X) = COS(X2 — 1) —sin(X1 - 1) + (d— 2)X3

Further, 1 and &5 are standard normal random variables with the joint condi-
tional distribution function for X = x (with x = (z1,...,24)) given by

P (51 <er, g2 <eg |X = X) = Cp(x)(P(e1), P(e2)),

where @ is the distribution function of a standard normal random variable and
Ch(x) is a Frank copula with the copula parameter depending on the point x
and given by

— 1 1
9(x) =5+7 (1+cxp{2x%74x17x2+(d72)(z371)271} - 5) :

To calculate the estimators we use B = h2 I; and a multiplicative kernel
K(y) = H?Zl k(y;) with k being a triweight kernel function k(z) = 23 (1 —
22)31{|z| < 1}. The local linear weights of Ruppert and Wand (1994) [16] are
used.
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Fic 2. Copula estimation for d = 3.

We estimate the conditional copula at the point x = (1, 1), for d = 2, and at
the point x = (1,1,1) for d = 3. Results based on 1000 simulated samples of
size n = 300 are in Figures 1 and 2 respectively, where we present (from left to
right) the average of the integrated squared bias (AISB), the average of the in-
tegrated variance (AIV) and the average of the integrated squared error (AISE),
plotted as functions of the bandwidth h. The dotted-dashed curve shows the re-
sult for the estimator Cyj, of (1), the solid curve for the estimator Cy;, with g1 =
g2 = 2 h and finally the dashed curve stands for the benchmark estimator (where
we use the information on the marginals to transform these). Using the same
line types we depict as horizontal lines the values of AISB, ATV and AISE when
a plug-in bandwidth choice (mimicking the procedure described in Section 2.3
of Gijbels et al. (2011) [12]) is applied for each of the three displayed estimators.

Note that in the considered simulation models the marginals clearly depend
on the covariates (through regression models) and hence in this situation ad-
justing for the effect of the covariates on the marginals is quite crucial to obtain
a good performing estimator. Once the effect of the covariates is removed from
the marginals, the curves of the integrated squared error of the estimator Cyxp,
and of the benchmark estimator become flat and even large bandwidths give
still very reasonable results. So by removing the effect of the covariates on the
marginals, the choice of the bandwidth seems to have a lesser impact for the
estimator Cyxp, as compared to the estimator Cyy,.
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Note that the estimator éxh is quite close to the benchmark estimator. The
results of Cxp could be further slightly improved when one uses more specific
models instead of the general approach given in (2) to adjust the marginals for
the effect of the covariate. For instance additive models would be completely
appropriate for this purpose in this setting. See also Section 7.

The results for d = 2 and d = 3 are similar, with somewhat larger errors for
the d = 3 case, and the estimator C,j that is not so close to the benchmark
estimator as for d = 2. With increasing dimension of the covariate it is more
difficult to adjust the marginals for the effect of the covariate.

5.2. Functional covariate

In this section we consider the following general model:

Vi=m(X)+e,  Yo=p(X)+eo,

where €1 and e are standard normal random variables with the joint conditional
distribution function of (e1,e2) for X = x given by

P(e1 <erea <ea| X =%) = Cyiyy (P(er), B(e2)),

where Cy(y) is a Frank copula with the parameter () depending on the func-
tional covariate X(t) that is observed at the equispaced points 0 = tg < t1 <
-+« < t1go0 = w. Further elements of the different simulation models are listed
in Table 1. Herein, the random variables A;,A5, As and A4 are independent
random variables uniformly distributed on [0, 1].

The aim of this section is also to provide illustrations of various aspects of
the application in Section 6. We therefore focus on estimation of the conditional

TABLE 1
Simulation models for the functional covariate case
X(t) = A1 cos(2t) + Az sin(4t)
+As(t2 — 7t + %) +Aqm
pi(X) = [Tt cos(t) [X(8)]? dt
n2(X) = [T sin(t) (X (1) dt

functional covariate

A | (X)) and pa(X)

1/2

copula parameter function

6(x) =2 (Jfy X0 dt)

functional covariate
p1(X) and po(X)
real-valued covariates

copula parameter function

as in Model A
as in Model A

1
X, = [TX(t)dt and Xs= ( I [X’(t)]zdt)
as in Model A

/2

functional covariate
p1(X) and po(X)
real-valued covariates
copula parameter function

as in Model A

ui(X) =2 sin(% X2) and
X1 and X5 as in Model B
as in Model A

p2(X) =0

functional covariate
p1(X) and po(X)
real-valued covariates

copula parameter function

X(t) = A1 cos(2t) + Az sin(2¢) + Az
ui(X) =2 sin(% Xo) and  p2(X) =2 cos(% X2)
X1 and X5 as in Model B

o) = 4 (f7 o) ar)?
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Kendall’s tau at all points of the sample. We measure the performance of an
estimator 7(x) of 7(x) via the ‘integrated squared error’

ISE = /g (700 = T2 dFu (0 = = D7 [Fx) = 7)) (23)

where F, stands for the empirical distribution of the functional covariate in a

given sample. The quantity ISE in (23) is then further averaged across all 1 000

simulations. Note that ISE can be decomposed into the ‘squared integrated bias’
2

SIB_US(%(X) (X)) dF(x } [%zn:%xl zn:T —[F-7)?

3|'—‘

=1 =1

and the ‘integrated variance’

v = [ [0 = 700 = (= A dE 00 = 1 3 o) = rlx) = (F =7

=1

An estimator for the conditional Kendall’s tau is given in (22).

5.2.1. Simulation results for Model A

Simulation model A is inspired by the data generation process used in Ferraty
et al. (2010) [8]. In a typical sample from this model the conditional Kendall’s
tau ranges from 0.1 to 0.6 with the average value of 0.4.

We consider the following four estimators:

e orig.: The original observations (Y1;,Y2;) are used in (22);

unif.: The pseudo-observations (Us;, Us;) of (2) are used in (22);
nonp.regr.: The residuals from the nonparametric regression of Y7 and Ys
on X are used in (22);

bench.: The unobserved (1, e2) are used in (22).

To calculate the estimators, a triweight kernel function given by k(z) =
33 (1 — 22)3I{|2| < 1} and Nadaraya-Watson weights (17) as well as k-nearest
neighbour weights, as in Burba et al. (2009) [7], are used.

As distance function we consider the Lo-norm of a difference of observed
functions (denoted by dz) and the Lo-norm of a difference of the first derivatives

of observed functions (denoted by dgl)). Note that the latter seems to be more
appropriate here taking into account the structure of Model A.

For the nonparametric regression fit needed for the estimator nonp.regr.
we use the R software functions funopare.kernel.cv (for the NW-weight system)
and funopare.knn.gcv (for the k-nearest neighbour weights) that are available at
the website http://www.math.univ-toulouse.fr /staph/npfda/. Finally, the band-
widths returned by the function funopare.kernel.cv are used as g,1 and g2 in
the calculation of the estimator unif. based on (Uy;, Us;).
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F1c 3. Conditional Kendall’s tau estimators for a functional covariate when the La-norm of
the first derivative is used.

In the top (respectively bottom) panel of Figure 3, the simulation results
for sample size n = 200 using the distance function based on the first deriva-
tive (dél)), are presented for the NW-weights (respectively the k-nearest neigh-

bour weights; where o = %) The results for the two type of weights are very
similar. Note also the similarity with the results for a multivariate covariate.
The estimators unif. and nonp.regr. are both very close to the benchmark
estimator. The estimator nonp.regr. is doing slightly better than the estimator
unif., as nonparametric regression is, for this model, the appropriate method
to adjust the marginals for the effect of the covariate.

The results for the standard Lo-distance dy are summarized in Figure 4. In
this case, both estimators unif. and nonp.regr. are doing considerable worse
than the benchmark estimator. The reason is that the distance ds is not so
well suited as dél) for adjusting the marginals for the effect of the covariate.
A closer inspection of the results also reveals that the benchmark estimator is
doing worse for the distance ds than for the (more appropriate) dgl).

5.2.2. Conditioning on a functional covariate or on a summarizing real-valued
covariate

When dealing with a complex covariate one might wonder whether it is not pos-
sible to replace the covariate with a simpler quantity that is easier to handle. The
success of this strategy depends on how well this simpler quantity substitutes
the complex covariate.
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Fic 4. Conditional Kendall’s tau estimators for a functional covariate when the La-norm is
used.

To illustrate this we consider Models B and C, which go back to Model A,
but where now we define two scalar summaries X; and X5 of the functional
covariate X (from Model A). For a real-valued covariate, one can simply use the
approach of Gijbels et al. (2011) [12] and Veraverbeke et al. (2011) [19].

When calculating the estimator of the conditional Kendall’s tau based either
on X; or X, we take Nadaraya-Watson (or k-nearest neighbour) weights based
on the same kernel as for the other estimators. For brevity we only present
results for the C-type estimators, and for nearest neighbour weights.

Note that in Models A and B the dependence of the copula parameter on the
functional covariate is fully described through X5 (but not at all through X3),
but that this is not the case for the dependence of the marginals on the functional
covariate. This is in contrast with Models C and D where the dependence of the
marginals and the copula parameter is fully captured through the real-valued
covariate Xo. These models can thus be used to investigate how much we loose
if the conditioning is done upon a functional covariate whereas it could have
been done simply via a real-valued covariate. Also for Model D the conditional
Kendall’s tau ranges from 0.1 to 0.6 with the average value of 0.4.

The results for Model B are presented in Figure 5. The dotted-dashed curve is
the result for the estimator based on X7 and the dotted curve for the estimator
based on X5. As in Figures 3 and 4 the solid curve represents the estimator Cy,

and the dashed curve stands for the benchmark estimator (both based on dél)).
From Figure 5 it is seen that the X;-based estimator is performing very bad,
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Fic 5. Conditional Kendall’s tau estimators for Model B, when conditioning on the scalars
X1 or Xa, or on the functional covariate.
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Fic 6. Conditional Kendall’s tau estimators, for Model C, when conditioning on the scalars
X1 or Xa, or on the functional covariate.

due to the enormous bias of the estimator. The Xs-based estimator is doing
much better, but also does not really have a satisfactory performance. In this
model none of the two real-valued covariates can fully describe the dependence
structure.

Figure 6 shows the results for Model C. Note that the Xo-based estimator is
slightly preferable to the unif. estimator (as well as to the benchmark estima-
tor) only for small a. With increasing « the differences between the estimators
diminishes. The reason behind this is that for larger values of «, the covariates
with similar values of X» are also close when the distance is measured by dél)
for the functional covariate.

In contrast to this, for Model D, similar values of X5 can be given by curves of
the functional covariate that are far away when measured by the distance dgl).
The results for Model D are in Figure 7. Note that the Xs-based estimator is
doing even slightly better than the benchmark estimator. Although in this case,
conditioning on the functional covariate is not necessary, we see that by doing
so the conditional Kendall’s tau estimator still behaves reasonably well, and
little harm has been done by considering the functional covariate instead of the
real-valued covariate Xs.
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Fic 7. Conditional Kendall’s tau estimators, for Model D, when conditioning on the scalars
X1 or Xa, or on the functional covariate.

6. Application to real data

The tecator dataset contains 215 spectra of light absorbance as functions of
the wavelength, observed on finely chopped pieces of meat. These data were first
studied by Borggaard and Thodberg (1992) [6]. The original data come from
a quality control problem in the food industry and can be found at website
http://lib.stat.cmu.edu/datasets/tecator. For each finely chopped pure meat
sample a 100 channel spectrum of absorbances (—log10 of the transmittance
measured by a spectrometer) and the contents of moisture (water), fat and pro-
tein were measured. The 215 spectral curves (100 discretely observed values
each; over a common grid of wavelength points) are presented in Figure 8(a).
To each spectral curve corresponds a three-dimensional vector — percentage of
(fat, protein, water) in each piece of meat. In this analysis we concentrate on
the relationship between fat and protein.

For simplicity we summarize the degree of dependence by the conditional
Kendall’s tau (see Section 4). To calculate the estimator in (22) we use Nadaraya-
Watson weights defined by (17). The kernel function is chosen to be K (u) =
1 —wu? for u € [0, 1] and zero otherwise. For a given x the bandwidth h,, is taken
to be such that the ball of radius h,, contains 60 observations (note that this
corresponds to a k-nearest neighbour type of bandwidth; see Burba et al. (2009)
[7]). For calculating (1711-, [721) defined in (2) we set gn1 = gn2 such that ball of
radius g,1 contains 30 observations.

We consider two distance functions on the covariate space, denoted by do
and d§2). While, the first one is the standard Lo-norm of a difference between
two spectral curves, the second one is the Lo-norm based on a difference of the
second derivatives of two spectral curves. We include the distance function déQ)
as it is often used in the functional data framework analysis of this data set, see
e.g. Ferraty and Vieu (2002) [9], (2006) [11], Ferraty et al. (2007) [10], (2010)
[8] and Burba et al. (2009) [7] among others.

In Figure 9(a) a scatterplot of the percentages of fat and of protein for the 215
meat samples are plotted. This reveals that there is a strong negative relation-
ship between protein and fat percentage with Kendall’s tau equal to —0.69. In
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(a) Original data (b) Second derivatives
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Fic 8. The spectrometric curves data (a), and the second derivatives of these curves (b),
with indication of two particular curves: with the smallest (respectively largest) estimated
conditional Kendall’s tau: dotted-dashed (respectively solid) curves.

Figure 9(b) we plot (nLJr1 1 (Y1), nLHan(Ygi)), where Fy,, (Fb,) are the (un-
conditional) empirical distribution functions of the Y;1’s (Yi2’s) observations, i.e.
the original data transformed in an unconditional way to uniform margins. Fig-
ures 9(a) and (b) reveal a similar strong negative relationship between protein
and fat percentage. A question that rises is: How different is this relationship for
different (types of) spectral curves? Or also: How does this relationship change
when conditioning on spectral curves that are close in the sense of one of the
two considered semi-metrics? Answering these questions can help in identifying
clusters of food with a similar dependence between fat and protein.

We first consider the distance function ds (based on the standard Lo-norm).
For each of the spectral curves X; we estimate the conditional Kendall’s tau
Tn (X)) (T (X)) by formula (22). Further, we take the minimal envelope (that is
the pointwise minimum) of the spectral curves as the reference curve. This seems
to be an appropriate reference curve in this example given the somewhat layered
appearance of the spectral curves. In Figure 10(a) the conditional Kendall’s tau
estimates (7,,(x;) and 75, (x;)) are depicted, as a function of the distance from the
minimal envelope (reference) curve. The dashed horizontal line represents the
standard (unconditional) Kendall’s tau (—0.69) measuring the global association
between fat and protein.

Note that both estimates 7,, and 7,, are very close (although 7, is for most
of the data points slightly more negative) which indicates that the marginal
distributions are almost unaffected by the covariate when the Lo-norm is con-
sidered. This is also confirmed by Figure 9(c) where the adjusted observations
(Ui, Us;) (defined in (2)) are plotted. The relationships of the original observa-
tions (Figures 9(a) and (b)) and of the adjusted data (conditionally transformed
margins) in Figure 9(c), seem to follow a very similar pattern. Finally, the main
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Fi1c 9. Protein vs. Fat: (a) Original observations; (b) Original data (unconditionally) trans-
formed to uniform margins; Transformed data (Uy;,Usz;), defined in (2), when da is used —
(c); when déQ) s used — (d).

message of this analysis is that (see Figure 10(a)) the conditional Kendall’s tau
drops (from about —0.6 to about —0.8) when moving from the minimal envelope
to the curves with distances slightly above one and then comes back to about
—0.65. When focusing for example on the 7,, estimated values one can see that
the conditional Kendall’s tau ranges from —0.80 to —0.55, where the curves that
correspond to these extreme values are indicated in Figure 8(a) as bold solid
and dotted-dashed curves. One can think of these as spectra for meat in which
the (negative) relationship between fat and protein is most (respectively less)
pronounced.

Now, let us switch to the distance function d§2) that is based on the La-norm
of the second derivatives. The zero function is used here as a reference function.
Thus in Figure 10(b) the estimates of the conditional Kendall’s tau (7, and
Tn) are plotted against the Lo-norm of the second derivative of a given spectral
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Fic 10. Conditional Kendall’s tau when do is used — (a); when déQ) s used — (b).

curve. Although the message of Figure 10(b) is not so clear as the message
of Figure 10(a) there are several interesting things to note. First, the estimates

of the conditional Kendall’s tau are much closer to zero for déQ) than for dy. This
indicates that the second derivative of a spectral curve explains a significant part
of the dependence of protein and fat. In Figure 8(b) we depict the (discrete)
second-order derivatives of the original spectra. In this figure we indicate the
two curves for which the estimator 7,, achieves the minimal and maximal value
(respectively —0.51 and 0.12). One can think of these as (derivative) spectra
for meat in which the relationship between fat and protein is largest negative,
respectively largest positive.

Further analysis reveals that the adjusted estimator 7,, is for approximately
74 percent of the observations higher than 7,,, with the difference being as high
as 0.45. Tt is also interesting to look at Figure 9(d) that depicts the adjusted
observations (Ui, Us;) (based on the distance function déz)). When comparing
Figures 9(c) and (d) one can see that when adjusting for the effect of the covari-
ate on the marginal distributions using déz), there is no longer such an obvious
pattern of negative relationship between fat and protein as in the case when
ds is used. This finding points in the same direction: the second derivative of a
spectral curve explains a significant part of the dependence of protein and fat.

In conclusion, the Ls-distance based on the second derivative of the spectral
curves proves to be more informative than the standard Ls-distance not only
when fitting marginal distributions of either fat or protein (cfr previous analyses
in the literature), but also when one is interested in the relationship between fat
and protein. Focusing on the spectral curves that are close in ds-sense, results
in estimates of the conditional Kendall’s tau ranging from —0.5 to —0.8 with
the average value 2 3" | #,(x;) = —0.69 (or 23" | 7, (x;) = —0.62). When

(2)

focusing on the spectral curves that are close in d22 -sense estimates of the
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() Tn(x)

—— Lowess smoother
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F1c 11. For each given spectral curve X;, estimates of 7n(X;) based on the distance function

da plotted versus 7n(X;) based on the distance function déQ). right panel: similar plot but for
the estimator Tn(+).

conditional Kendall’s tau range for 7,, from —0.61 to 0 (with the average value
—0.33) and for 7,, from —0.51 to 0.12 (with the average value —0.23).

A referee pointed out that the need for having to choose a reference (spec-
tral) curve in the above analysis might, in other examples, be less evident. One
can avoid the choice of reference curves, by simply presenting estimates of the
conditional Kendall’s tau for given X = X; (for each of the i = 215 spectral
curves). For the two distance functions (dy and d§2)) this leads to two estimated
values for each given spectral curve. Plotting these two numbers against each
other for all spectral curves results into Figure 11. The left panel shows the
results for the estimator 7, and the right one for the estimator 7,. For a visual
impression we also include the Lowess smoother on each scatter plot.

7. Further discussion

In this paper we introduced estimators of a conditional copula function when the
covariate is either a multivariate vector or a functional covariate. From these,
estimators of conditional association measures can then be easily obtained.
The proposed estimators are defined in terms of kernel weights, requiring
the choice of a bandwidth parameter. A study of theoretical optimal choices
of bandwidths would start from the theoretical bias and variance properties
of the estimators. These would then induce a discussion on practical choices
of bandwidth parameters, such as plug-in type of bandwidths. In Section 5 we
illustrate the impact of the choice of a bandwidth parameter on the performance
of the estimators in the current context. We also implemented a plug-in type of
bandwidth selector. However, a detailed study on optimal choices of bandwidth
parameters in (conditional) copula estimation, is mostly lacking so far.



Complex covariates and conditional copulas 1297

When dealing with multivariate covariates of dimension d, one needs to
smooth in d dimensions. This involves working with local neighbourhoods in
higher dimensions, and hence one cannot avoid to face the problem of curse
of dimensionality (large sample sizes are needed in high dimensions). The pre-
sented methods lead to good results for moderate sample sizes (a few hundred)
for dimensions up to 3. In multivariate nonparametric regression the curse of
dimensionality problem is dealt with by restricting the class of models to for
example additive models or single-index models. This could be done in the cur-
rent setting by assuming that the multivariate covariate influences Y7 as well as
Y5 through an additive regression model, or via a single-index model. Modeling
the conditional copula function could then be done in a semiparametric way
(see e.g. Abegaz et al. (2012) [1]), restricting the copula parameter function to
be modelled also in an additive way. This is the subject of future research.

In case of a functional covariate, there is also the issue of the choice of dis-
tance function (or norm) to measure the distance between two curves. In the
application in Section 6 we worked out analysis for two different distance func-
tions, revealing that: (i) a comparison between the analyses based on different
distances can lead to interesting findings; and (ii) some distance functions might
appear more natural than others in a given study.
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Appendix A: Multivariate covariate
Regularity assumptions for Theorems 1 and 2

The regularity assumptions needed in Theorems 1 and 2 are as follows.

Let us denote b, = max{hy, g1n, g2n }, I,((") = {i: wpi(x,b,) # 0} and J,((") =
Conv{X,,i € I,((n)} where Conv stands for the convex hull. Let ¢, stand for a
sequence of positive constants such that n ¢, — oo and ¢, = O(n~Y@+d) The
following is a listing of assumptions on the system of weights {wy;; i = 1,...,n}
in random design. The conditions for a fixed design, may be derived easily by
replacing X; by x; and omitting the symbol P in the index.
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Assumptions (W1)

Let A\g be the d-dimensional Lebesgue measure. Assume that )\d(J,(cn)) = op(1)
and

max |wm(xh)|=0p( hd) Zmeh :OP( hd>7

r) Dt )52 =0r ().

Zw (%, hy) (

Assumptions (W2)

Let w);(z,gjn) denote the derivative with respect to z, || - || stands for the
Euclidean norm and ®2? stands for the outer product (that is x®2 = xxT).
Assume that

= op (ggn) )

Zwm z,gn) — 1

=1

iwnxx,hn)(& x)®2 0p< ﬁ)

n n
sup 3 funi(2:950)]* = O (53-) + sup. 3 uwny(a i) = O (—)
Jin an

zeJ{M i—1 zeJ{M i—1

> |wni(x,hn)| = Op(1),  sup

zEJ(n)

Assumptions (W3)

Jocoo P [ sup  max |wn;(z, ha) I{||X; — zl| > Chy }| > 0] = o(l),
(n) 1<i<n
eJd
n
D erd, |Dx || <00 Ve SUP Zwm'(z,cn)(xi —z)—c,Dk| = op(c),
ze g |im1
n
HEKGRdxdy”EK”<OO Ve, su(p) Wi (2, cn) (X — z)®2 _ ci Ex| = op (ci) .
zeJy" |i=1

Assumptions about conditional distributions

We require the conditional copula C, and the conditional marginal distribution

functions Fi, and Fb, to satisfy:

(R1) The functions H,(F ! (u1), Foy' (ug)) and Hy, (Ft (uy), Foyl (ug)) are uni-
formly continuous in (z,u1,us), where z takes Value in a neighbourhood
of x.
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(R2) For j = 1,2, the jth first-order partial derivative of Cx (i.e. derivative
with respect to u;) exists and is continuous on the set {(u1,us) € [0,1]%:
0 <u; <1}

(]::{1) CZ(Ul,UQ) = %OZ(U,l,UQ), C’z(ul,uQ) = %C’z(ul,m) exist and are
continuous as functions of (z,u1, us), where z takes value in a neighbour-
hood of x.

(f{2) For j = 1,2, the j-th first-order partial derivative of C, exists and is
continuous on the set U(x) x {(u1,uz2) € [0,1]? : 0 < u; < 1}, where U(x)
is a neighbourhood of the point x.

(R3) For j = 1,2: sz(Fjgl(u)), Fip(F M), Fj,(F:, (u)) are continuous

jz jz :
as functions of (z,u) for z in a neighbourhood of x, where Fj,(y) =

2 Fin(y)s Eja(y) = gomr Fia(y)-

Appendix B: Functional covariate

We first state the regularity assumptions needed in Theorems 3 and 4 respec-
tively.

Regularity assumptions for Theorem 3

(F0) The functional H, is continuous at the point x uniformly in (y1,y2), that
is

sup  sup |Hyysx (y1,42) — Hy(y1,42)| = 0, asd — 0.
X' €E,IX/IIST Y192

(F1) It is assumed that
Vs € [0,1], Ty.n(s) = 7,0(s), ash— 0. (B1)

(F2) Suppose that the (univariate) kernel K is supported on [0,1] and has a
continuous derivative on [0,1), K'(s) < 0 and

1
My = <K(1) _ / K’(S)TX,O(s)ds) > 0. (B2)
0
(F3) The function ¢ satisfies uniformly in (y1,y2)

s (8) =87 0 (yr,m2) +0(s”),  ass — 04,

for some 5 > 0, where ¥y (fol (u1), ngl(uQ)), viewed as a function of the
arguments (ug,us), is continuous on [0, 1]2.

(F4) The bandwidth h,, satisfies

n @y (hy) — 00, noy (hy) h,zf =0(1). (B3)
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As K'(s) <0, assumption (B2) might seem at first sight superfluous. But as
reviewed e.g. in Ferraty et al. (2007) [10] for a broad class of processes X the
small ball probability function is of order

oy (h) ~ Ch=e /M wwhere a > 0, v > 0. (B4)

This further implies that 7, o equals the Dirac mass at 1, which gives

1
/ K'(s)7¢,0(s)ds = 0.
0

Thus in order to guarantee that M; > 0 the assumption K (1) > 0 is usually
explicitly stated. As noted in Ferraty and Vieu (2006) [11] when the small ball
probability function is of order (B4), the rate of convergence of the nonpara-
metric estimator is only logarithmic which compromises the whole estimating
procedure.

Next to M it is useful to define the following constants

(K(l) - /01 (s° K(S))/Tx,o(s)drS) ) (B5)

Mg

M, = (K2(1)- 1(K2(s))l7’x70(s)ds . (B6)
(- )

Regularity assumptions for Theorem

(Fl) There exists an open neighbourhood U (x) of X such that sup, gy %((:))
is a bounded function of ¢ in a neighbourhood of 0. Moreover the func-
tions 7y, (s) and 7y o(s) defined in (18) and (B1) satisfy

sup  sup |1y on(s) — 7 0(s)| = o(1), for h — 0.
x'€U(x) 0<s<1

(F2) Suppose that the (univariate) kernel K is supported on [0, 1], has a con-
tinuous derivative on [0,1), K'(s) < 0 and there exists an open neigh-
bourhood U (x) of the point x such that

1
inf My >0, where Myy = (K(l) —/ KI(S)TX/)Q(S)CZS> :
X'€U(x) 0

(F3) There exists an open neighbourhood U(x) of the point x such that the
functional (bg’,ul,uz satisfies uniformly in (X', w1, uz)

(bg/’ulm (s) = 5P Yo (X u1,uz) + 0(55), as s — 04,
for some 3 > 0, where d¢o (X', u1, uz), viewed as a function of (x’, u1,uz),
is continuous on U(x) x [0,1]2. Analogously for j = 1,2 uniformly in y

ot (s) =" Ip (X,y) +o(s”),  ass— 0,

where 9p, (X', F J;(} (u)), viewed as a function of (x’,u), is continuous on
U(x) > [0,1].
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(F4) The bandwidths hy,, g, and g, satisfy

nex(hn) gin = O(1), 22 =0(1), npy(min(hn, gin, g2n)) = o0

(F5) The set B(0,1) = {x’ € &, |[x/|| < 1} is totally bounded (that is, for
every € > 0, there exists a finite cover such that the diameter of each
element of the cover is at most ¢.).

Estimation of a conditional marginal distribution

It will be useful to summarize (and in some aspects slightly extend) some of the
results about nonparametric estimation of a conditional distributional function
in this functional covariate setting.

Assume for this purpose that (X;,Y;) is a sample of i.i.d. pairs and Fy,(y) is
an estimator of the conditional distribution of Y given X = x, defined as

R (y
Fyn(y) = R;E)’
with
1 - .
R, _ K (1Xi=xI) 1 Y; < B7
) = o () iy <) (B7)
and
1 = .
Ruz = Roa(o0) = s ST (L= (B8)
=1

Then by a standard decomposition

Fay) = 2 — e (Ron(y) ~ BRs(0)
R (y)

By the same arguments as will be given later in Step 1 one can show that
the following process

Rot(y) = y/nx(ha) [Ru(y) —ERu(y)], v €R,
where

Run(o) = 3 K (M52 10y <),

is asymptotically tight. This tightness together with assumption (FO0) also im-
plies

Rus = BRuo +0p(1) = 5y BE (1524) 1 0p(1) = M, +0p(1). - (BL0)
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where M; was defined in (B2). For the last equation see the calculations done in
the proofs of Lemma 1 and Lemma 2 of Ferraty et al. (2007) [10]. Analogously
one can derive with the help of an analogy to assumption (F3) that

sy BK (1820 1y, < ) - Rw))] =0().  (B11)

Finally, the asymptotic tightness of R,i, (B7), (B8), (B9), (B10) and (B11)
imply that

_ — 1 B
sup [Py () = Bey)| = Or sy ) +0 (h2) (B12)

Thus by a similar argument as in Veraverbeke et al. (2011) [19] one can show
that for each € > 0
lim P |F Yu—e) < F;hl(u) < Fx_l(u—i—s),u e o, 1]} =1. (B13)

n—oo

B.1. Proof of Theorem 3

Although the structure of the proof follows that of the proof of Theorem 1 in
Veraverbeke et al. (2011) [19], contrary to that proof it is no longer useful to
condition on the value of the covariate. The issue is that such conditioning would
require tools as a Taylor expansion in the neighbourhood of x that is no longer
straightforwardly available in this functional context.

For (u1,uz) € [0,1]? put

Rp3(uy,ug) =

WX Z (nza X||)}1{YM Pl (u1), Yoy < Fy ) (u2) },

and note that
Ryps(uy,u2)

Cyn(ur,uz) = R, (B14)
where R,2 was defined in (BS).
Process R,3
Let us decompose the process R,3 as
n @y (hn) Rus = Alm + Bl + Cl, (B15)

where Aln = D' — EDI'» | with

Dh (u17u2) mZK(Hx X”) |:]I{lel 1xh( )71/21 FQXh( )}

— I{Y1i < Fi}}(w), Ya; < FQ_Xl(UQ)}:| )
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and
Bl (ur,us) =

= = > K () 1y < B ), Yo < Bl (w)} - (B16)
AT =1

CZ" (ul, u2) = EDZ” (’U,l,’u,z) (B17)
n X —_ —_ —
sty B (1520) [y < Fd(un), Yor < By ()}

~I{¥1; < fol(ul),ym < F{;(w)}} } .

In the following two steps: 1. We show that the term A”» is asymptotically
negligible uniformly in (u1, us); 2. We find the asymptotic representation of the
processes C'». Together with (B16) this will give us the asymptotic represen-
tation for the process R,3.

Step 1 — Asymptotic negligibility of AZ"

The process A" can be viewed as an empirical process Z,, indexed by the family
of functions from &€ x R? to R given by

— -1 -1
Fo= {(x',wl,wg) o s K () T < G ) wa < Gy ()
(u1,us) € [0,1]*, G1, G2 : R — [0, 1] nondecreasing} .

Thus each function f € F,, may be formally identified by (u1,u2, G1,G2). The
introduction of the process Z,, is motivated by the fact that

DZ” (ur,u2) = Zn(fn) — Zun(f),

where
fn = (u1,u2, Fixn, Foxn), f= (u1,u2, Fiy, Fay).

Finally, let us equip the index set F,, with a semimetric p defined as
P I = | Fix(GT (un)) = Fin (G (0h)) | + | Pax (G (u2) — P (G ()
and note that the semimetric space (F,, p) is totally bounded.

Note that by Lemma 2.6.18(vi) of van der Vaart and Wellner (1996) [18] the
set F, is a VC-class (Vapnik—Chervonenkis class) of functions with VC-index

independent of n and the envelope F,, = 7 1(h ) K( ”X;;XH) which satisfies
Pxin "

EF}=0(1), Vo E[FI{F,>nvn}] =0, as n — oo. (B18)
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Further with the help of (FO0) and the identity EY = E{E[Y|X]} one can for
a given sequence {d,} of positive numbers going to zero estimate

sup B (f(Xy, Va1, Yia) — f/(&1, Y1, Yi2))”
p(f,f)<om

< b oty B (52 [|Fu (G ) = Fioe (617 ()
p(f,f")<én

+|Fox, (G5 ' (ug)) — szl(G,{l(Ulz))”

<0(1) swp [|Fin(Gr () = Fi(GL7 (uh)
p(f,f)<0n

| P (G (12) = P (G~ ()] + (1)
=0(1) (o(1) +6) =0, asn — oo. (B19)

Now thanks to (B18) and (B19) one can apply Theorem 2.11.22 of van der Vaart
and Wellner (1996) [18] which yields the asymptotic uniform p-equicontinuity of
the empirical process indexed by the functions from F,,. Further with the help
of (B12) one can mimic the corresponding computation done in Veraverbeke
et al. (2011) [19] and show that uniformly in (u1, us)

p? ((u1,u2, Fixn, Faxn), (w1, uz, Fiy, Fay)) = op(1),

which further implies the asymptotic negligibility of the process A"~

Step 2 — Asymptotic representation of Cz"

Similarly as in the proofs of Lemma 1 and Lemma 2 of Ferraty et al. (2007) [10]
one can make use of (B13) and assumption (F3) and derive

CZ” (u1,uz) = @x?hn) EK (HX;z:X”) {Hxl (Fl;(lfl(ul)vF&lh(uZ))
— Ha, (Fi (wn), Fy (u2) |
oy BK (HXZ:X”) [HX(F&Z(Ul)an;lh(W))

—Hy (Fiy (wn), Fy (u2) | + \/n () o(h).  (B20)

With the help of (F4) the last term on the right-hand side of (B20) is of order
o(1). Further, thanks to the last equation in (B10) it is sufficient to dealt with
the process

”<Px(hn) {Cx (le (Fl;lh(ul))7F2X (F2;1;1(U2))) - Ox(ulv U2)} . (B21)

Substituting 1 for uy (or uz) in decomposition (B15) together with the asymp-
totic negligibility of the process A and (B21) yields (uniformly in w; for
j=12)
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1
Miy/n () |y (i (u5)) =

g m)zn:K(HX X”) [{Yji < Fjl(ug)} —us] +op(1). (B22)

i=1

Denote by Y, the process on the right-hand side of equation (B13). This process
is asymptotically p-equicontinuous with p?(u,v) = |u — v| and the expectation
of this process can be made arbitrarily small by taking u close to either 0 or

1 and n sufficiently large. Thus a straightforward application of the results of
Section 3 of Segers (2012) [17], (B20), (B21) and (B22) imply

CZ” (’U,l, UQ) = —C>((1) (ul, UQ)Yln (ul) - C>((2) (ul, UQ)YQn(’U,Q) + Op(l). (B23)

Now, combining Step 1 and Step 2 yields the representation
1@y (hn) Ruz = Bl — M Yy, — O Yy, + 0p(1) (B24)

Thus (B10), (B14), (B16), and (B24) implies

n hy) Ry,

n Yy (hn) Ry

=T (Bh = O Vi = O Yan - X\/moxmnmw)ﬂp(l),

which together with (B8) finally gives the statement of Theorem 3 about the
asymptotic representation of the process (Cgf%

Proof of Theorem /

The proof differs from the proof of Theorem 2 in Veraverbeke et al. (2011) [19]
in an analogous way as the proof of Theorem 3 of this paper differs from the
proof of Theorem 1 in Veraverbeke et al. (2011) [19]. The details are omitted
for the reason of brevity of the paper.
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