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We consider a polymer, with monomer locations modeled by the trajec-
tory of a Markov chain, in the presence of a potential that interacts with the
polymer when it visits a particular site 0. Disorder is introduced by, for exam-
ple, having the interaction vary from one monomer to another, as a constant
u plus i.i.d. mean-0 randomness. There is a critical value of u above which
the polymer is pinned, placing a positive fraction of its monomers at 0 with
high probability. This critical point may differ for the quenched, annealed
and deterministic cases. We show that self-averaging occurs, meaning that
the quenched free energy and critical point are nonrandom, off a null set. We
evaluate the critical point for a deterministic interaction (x without added ran-
domness) and establish our main result that the critical point in the quenched
case is strictly smaller. We show that, for every fixed u € R, pinning occurs
at sufficiently low temperatures. If the excursion length distribution has poly-
nomial tails and the interaction does not have a finite exponential moment,
then pinning occurs for all # € R at arbitrary temperature. Our results apply
to other mathematically similar situations as well, such as a directed polymer
that interacts with a random potential located in a one-dimensional defect,
or an interface in two dimensions interacting with a random potential along
a wall.

1. Introduction. Consider the following physical problems.

PROBLEM 1.1. A polymer molecule in d dimensions is in the presence of
a potential well, at a single site, which attracts the monomers located there.
The configuration of the polymer—that is, the sequence of locations of the
monomers—follows the trajectory of a random walk. The polymer can config-
ure itself so that a positive fraction of all monomers are at the potential well, in
which case we say the polymer is pinned, but of course this involves a sacrifice
of entropy. For what values of potential depth and temperature will the polymer
be pinned? If there is a depinning transition, what are the critical exponents that
describe it? We can introduce disorder by allowing the polymer to be a heteropoly-
mer, meaning that the attraction to the potential well varies from one monomer to
another, perhaps being a repulsion for some monomers. This problem is examined
in [15].
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PROBLEM 1.2. Consider the two-dimensional Ising model below the critical
temperature in a square box with plus boundary condition on the bottom side (the
wall) and minus boundary condition on the other three sides. This forces the exis-
tence of an interface connecting the lower left and lower right corners of the box.
Suppose that the interaction between wall sites and adjacent box sites is weaker
than the bulk Ising interaction, say, (1 — u)J instead of J; this gives the interface
an energetic advantage for each location where it touches the wall. For what val-
ues of u and temperature will the interface be pinned to the wall? The absence
of pinning is called wetting; when there is a transition from pinning to wetting,
what critical exponents describe it? Again we can introduce disorder by allowing
the value of u to vary from site to site along the wall. This problem is examined
in [1, 5, 6, 8, 9]. To fit it in our present context, we must impose an solid-on-solid
(SOS) restriction, as discussed below.

PROBLEM 1.3. Consider a polymer in d 4 1 dimensions, directed in one co-
ordinate, in the presence of a wall that confines the polymer to a halfspace, and
suppose that a potential attracts those monomers that touch the wall. As with the
potential well, we may ask, when is the polymer pinned, and what is the nature
of the depinning transition, if any? Such questions arise in the study of adhesion.
Disorder may be introduced by considering heteropolymers or by allowing the po-
tential to vary randomly from site to site on the wall. This problem is considered
in [19, 20, 24].

PROBLEM 1.4. Consider a polymer in d + 1 dimensions, directed in the (d +
1)st coordinate, in the presence of a lower-dimensional defect, meaning a subspace
where a potential attracts those monomers located in it. We take the defect to be the
coordinate axis for the (d + 1)st coordinate. In superconducting materials, under
certain conditions, nearly all magnetic flux lines are confined to a small number of
random tubes, and the trajectories of these tubes are influenced by defects which
may attract them. The “polymer” here has been used to model such trajectories.
Superconducting properties are affected by whether the defects pin the flux tubes.
Again, disorder may be introduced by way of either a heteropolymer or site-to-site
variation in the defect; these are mathematically equivalent. In fact, if we view the
(d + 1)st coordinate as merely an index for the monomers of a polymer existing
in d dimensions, we see that Problem 1.1 is equivalent as well. This problem is
considered in [10, 11, 17].

All of these problems (with the exception of the randomly varying potential
in a wall in Problem 1.3, when d > 2) share the following mathematical setup.
There is an underlying Markov chain {X;,i > 0} representing the trajectories in
the absence of the potential; it is governed by a transition probability p(:, -) and
has a state space X. For convenience, we label the directed coordinate as “time”
so that the polymer trajectories become space—time trajectories of the chain, and
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assume the chain is irreducible and aperiodic. There is a unique site in X which we
call 0 where the potential is located; we consider trajectories of length n starting
from state 0 at time 0 and denote the corresponding measure P[)of,n]‘ The potential
at O at time i has form u + V;, where the V; are i.i.d. with mean zero; we refer to
{Vi:i > 1} as the disorder. For n and a realization {V;,i > 1} fixed, we attach a
Gibbs weight

n

(1.1) exp(ﬂ D+ v,-)a{xiZO}> P (xi, 0 <i <n})
i=1

to each trajectory {x; : 0 <i < n}. Here § 4 denotes the indicator of an event A. The

corresponding partition function and finite- volume Gibbs distribution on length-n

trajectories are denoted Z[o n](,B u) and K. n]{ , respectively. We omit the {V;}

when V; = 0. We write P a.b] for the distribution of (V,, V441,..., Vp) and PV for
the distribution of the full sequence {V;}. We use (-) to denote expected value, with
superscripts and subscripts corresponding to the measure, so that, for example,
(-)V denotes expectation under PV. Let

n
Ly =) _8(x=0)
i=1

For fixed B, u, we say the polymer is pinned at (8, u) if, for some § > 0,
. 3 5 Vl
lim o' (Lo > 8m) =1, Py -,

It is clear that if the polymer is pinned at (8, ), then it is pinned at (8, u’) for
all u’ > u. Therefore, there is a (possibly infinite) critical u.(8, {V;}) such that
the polymer is pinned for u > u.(8, {V;}) and not pinned for u < u.(8, {V;}). In
Theorem 3.1 we will establish that self-averaging holds for the free energy, which
implies that there is a nonrandom quenched critical point ul = ul(B) such that
uc(B, {V;}) = ul(B) with PY -probability one.

There are two other critical points to consider. The deterministic critical point
u? = ud(B) is the critical point for the deterministic model, which is the case
Vi = 0. The annealed model is obtained by averaging the Gibbs weight (1.1)
over the disorder; the annealed model at (8, u) is thus the same as the deter-
ministic model at (8, u + B -1 log My (B)), where My is the moment generating
function of Vi, and the corresponding annealed critical point is u® = ul(B) =
u‘ci(ﬁ) — B! log My (B). It is not hard to show that

d.
(1.2) ul <ul <uf;

in fact, once we establish the existence of the quenched free energy (Theorem 3.1),
the first inequality is an immediate consequence of Jensen’s inequality. It is the
strictness of the second inequality that is less obvious, and that we establish here
(Theorem 1.5).
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The relation between these critical points may be interpreted heuristically as
follows. Let E; denote the (possibly infinite) ith excursion length for the chain,
that is, the time between the (i — 1)st and ith visits to 0, with the visit at time 0
counted as the Oth visit. We consider for this heuristic the case in which PX(n <
E| < 00) does not decay exponentially, as the heuristics are somewhat different
for the alternative. For M € R and § € [0, 1], consider trajectory/disorder pairs
({x;}, {v;i}) for which the fraction of time at 0 is approximately &, and the average
random potential experienced there is approximately M:

1 n
L, ~én, —Zvi(S{xi:()}%M.
Ln i=1

The annealed partition function
n 14
Zih By =Y <eXp<ﬁ Y+ %)8{xi:0}>> P ({xi, 0 <i <n))
X}

walks {x; i=1 [1,n]

can be decomposed into contributions from various M and §. From basic large
deviation theory, the log of such a contribution is asymptotically

(ﬁ(u +M)—Iy(M) — 1E<é>>5n,

where Iy and Ig are large-deviation rate functions for V| and E, respectively:

o s (1
Iy(M) = —;%hyzlogﬁl’n](;;% e (M — ¢, M+8))
1=
= sup(rx — log(e*")V)
X

and
IE(7) lim li 11 pX liE et t+¢)
= —Ilimlim—lo — i — &, e) |,
E e i OB n = '

where the supremum is over all x with (e* Vi )V < 00. The annealed free energy
f(B, u) is then given by

1
BI(B,u) =lim ~ log Z{y , (B, u)
(1.3) n

= sup(ﬁ(u +M)—Iy(M) — IE(1)>3
M,$ 1)

Since the free energy associated to “unpinned” trajectories is 0 (see Theorem 2.1
for a precise statement), we expect pinning to occur precisely when the free energy



640 K. S. ALEXANDER AND V. SIDORAVICIUS

is positive, that is, when the contribution from some M, § outweighs the contribu-
tion from unpinned trajectories:

1
,8(u+M)—IV(M)—IE(g>>O for some M e R, § > 0.

(The jump from a free energy statement to a pathwise statement, i.e., pinning, is
not trivial here; see [3] for a rigorous derivation in a related context. Our derivation
in this introduction is heuristic only.) It is easy to see that, since we are assuming
E has no finite exponential moment, we have Ir(1/8) \( — log PX(E| < 00) as
8 — 0, while, from basic large deviation theory, we have

S}‘llp(ﬁM — Iy (M)) =log My (B).

Therefore,
ug(B) = —p~" (log My (B) +log PX(E| < 00)),
which in the deterministic case says that
ud(B) = —p og PX(E| < o0).

The reason the heuristic does not apply in the quenched case, meaning we need

not have ul = ué, is that, for a fixed realization {v;} of {V;}, the sample

{U,’ IX,' =0}

of potentials selected out of {v; : 1 <i < n} by the chain via its return times to 0 is
not an i.i.d. sample from P, so the large deviation rate Iy does not apply. For one
thing, in the annealed case, when the chain selects 6n potentials V; averaging to
some M > 0, it means that, with high probability, the overall disorder of n poten-
tials is very atypical, averaging about M § though its mean is 0. If instead we have
a “typical” disorder, averaging to near 0O, the cost is greater (i.e., the probability
is lower) to select a size §n sample with average M. Further, the chain selects the
sample from the realization without replacement, which again increases the cost
of large deviations. Overall, compared to an i.i.d. sample, the chain achieves large
deviation averages at greater, or at best equal, cost by its returns-to-0 sampling
procedure, for a “typical” fixed realization.

If we find a case in which uf = ul, then, we may interpret this as meaning that
the chain is “almost as efficient as an i.i.d. selection” in obtaining large-deviation
averages via its sampling procedure. Similarly, the weaker statement that u{ < u?
[i.e., strict inequality in (1.2)] means that the chain can obtain large-deviation av-
erages at low enough cost that when the mean of u 4 V; is slightly too small to
induce pinning, that is, u < uf , the chain can compensate, without excessive cost,
by returning to O at on-average-favorable times. Our main result here is that this
weaker statement is true in great generality. In the physics literature, the belief,
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based mainly on nonrigorous methods [5], analogous to periodic potentials [16]
and numerics [15], is that the stronger statement u¢ = u¢ is not always true.

In Problems 1.1 and 1.4 the underlying chain is a symmetric simple random
walk on Z4. For d = 1, 2, the deterministic critical point is well known to be 0, so
the conclusion u{ < 0 means that, even when the disorder is on average slightly
negative, the chain will be pinned. This result was obtained in [10] for a periodic
potential, which is frequently used in the physics literature as a surrogate for a
random one.

Fitting Problem 1.2, on the Ising interface, into our setup requires some tweak-
ing. First, we must impose the standard solid-on-solid (SOS) restriction, meaning
overhangs in the interface are prohibited. In a box [—L, L] x [0, 2L], the interface
is then described by a sequence of nonnegative integer heights x_z, ..., xz, with
Xx; = m meaning that the interface above site i is between m — 1 and m. Second,
we must consider only the energetic cost of the interface itself, which is twice
its length when the interaction is equal everywhere, and not consider the effect
of the interface on the partition functions for the regions above and below it. We
ignore horizontal bonds in calculating the length of an interface, since every al-
lowed interface has the same number 2L + 1 of them. Thus, the Gibbs weight of
an interface is

L L+1
exp<2,3< Z (u~+ Vi)dix,=0) — Z |xi —Xi—1|)>-

i=—L i=—L

Taking u = 0, V; = 0, we see that the underlying Markov chain is a random walk
with transition probability p(m, n) proportional to exp(—28|n — m|), conditioned
to stay nonnegative and to be 0 at times —L — 1 and L + 1.

The model (1.1), with symmetric simple random walk on Z¢ as the underlying
Markov chain, is also related to a special case of the Anderson model (on a lattice)
in which the potential is nonzero at just a single site. In the nonrandom case V; =0,
pinning in (1.1) corresponds to localization in the Anderson model. For a random
potential and discrete time, letting u 4 (1, x) denote the contribution to the partition
function ZE(;?ﬁ}] (B, u) from paths ending at x at time n, it is easily seen that u 4
satisfies

uan+1,x) —us(n, x) = %eﬁV”SO(x)AuA(n,x) + (eﬁv"‘s(’(x) —Dua(n, x),

where A denotes the discrete Laplacian in the space variable x. This is a discrete
time analog of the continuous-time equation seen in the corresponding case of the
Anderson model:

dua(t,x)=Auas(t,x)dt + Bua(t, x)do(x)dW (1),

where W is Brownian motion, meaning the disorder is a white noise in time, at 0.
See [4] and [12] for more on the Anderson model.



642 K. S. ALEXANDER AND V. SIDORAVICIUS

For a trajectory {x;,i > 0} € X°°, an excursion (from 0) is either a segment
{xi,s <i<t}withxy;=x;,=0,x; #0fors <i <t, orasegment {x;, s <i < 00}
with x; =0, x; # 0 fori > 5. The length of the excursion is r — s or co respectively,
and we write &; for the ith excursion and E; for its length, when L, > i. When
Lo =i, we further define E; to be oo.

Our main result is the following. The proof is in Section 4.

THEOREM 1.5. Let {X;} be an irreducible Markov chain with state space
containing a state 0, and let the potential {V;} at 0 be i.i.d. with mean 0, positive
variance and (¢''V'YV' < oo for some t > 0. Suppose uf(l) > —00. Then the pin-
ning critical points for the measures /JL/[SO”"n’]{V"} and /*‘1[30’,71] satisfy —oo < ul(B) <

uf (B) < oo forall B > 0. In particular, there is pinning at (8, uf(,@)).

From Theorem 2.1 below, to satisfy the condition u‘c’ (1) > —o0 in Theorem 1.5,
it is necessary and sufficient that either £ has no finite exponential moment, or
the interval where the moment generating function of E is finite includes its upper
endpoint.

Define

Gy(x)=P" (Vi <x),
Gy(x)=1-Gy(x),
G, (1) =sup{x = 0:Gy(x) =1},

with G,' (7) defined to be 0 if > Gy (0).

Theorem 1.5 says that the critical curve u = ul (B) in the (B, u) plane is strictly
below the curve u = uf(ﬂ). Further information about this curve is contained in
the following theorem. The theme here is that when the disorder distribution has a
sufficiently fat positive tail, pinning can occur by virtue of the chain returning to
0 at only those times when the disorder is exceptionally large. Related behavior is
considered in the physics literature in [22].

THEOREM 1.6. Let {X;} be an irreducible Markov chain with state space
containing a site 0, and let the potential {V;} at 0 be i.i.d. and nonconstant, with
mean 0:

(1) If V1 is unbounded, then, for each u € R, there is pinning at (8, u) for all
sufficiently large B.
(i) If there exists a subsequence k; — o0 satisfying

(1.4) min PX(E; =k) > e GV kD) 4 i s oo,
ko<k<k; -

then there is pinning at (B, u) forall > 0,u € R.
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COROLLARY 1.7. Let {X;} be an irreducible Markov chain with state space
containing a site 0, and let the potential {V;} at 0 be i.i.d. with mean 0:

() If PX(E1 =k) = Ck™ for all sufficiently large k for some C >0,y > 1,
and V does not have a finite exponential moment, then there is pinning at (8, u)
forall B >0,u eR.

(i) If PX(E1 =k) > Ce™** for all sufficiently large k for some C,a > 0, and
the positive part Vfr of Vi satisfies E V((V1+)9) = o0 for some 0 < 0 < 1, then
there is pinning at (8, u) forall 8 > 0,u € R.

(ii1)) More generally, if there exist a decreasing positive function p and an in-
creasing positive function w on [0, 00) satisfying
<1

(1.5 PX(E; =k > p(k) for all sufficiently large k, — <0
iz W)

and, letting £ (x) =log1/x,
(1.6) EV(Copow) H(eV,") =00  foralle >0,

then there is pinning at (B, u) for all B > 0,u € R. Here o denotes composition,
and ((opo w)~L(x) is defined to be 0 if x > ¢(p(w(0))).

Here (i) and (ii) are instances of (iii). For (i), we take p(x) = Cx~7 and
w(x) = x* for some A > 1, which makes (1.6) equivalent to the statement that
V1 does not have a finite exponential moment. For (ii), we take p(x) = Ce™** and
w(x) = x/? which makes (1.6) equivalent to the statement that £ v ((V1+)9) = 00.
In general, (1.6) says that the tails of both £ and V1+ are sufficiently fat. The fatter
the tails of E are, the less fat the tails of V| need to be.

2. The deterministic critical point. Before proving our main results, we
need to investigate how a nonrandom potential affects the Markov chain. Many
of the basic ideas we need for this already exist, at least when the underlying
Markov chain is simple random walk, either rigorously (see, e.g., [13]) or nearly
rigorously in the physics literature. But our Markov chain formulation allows an
arbitrary excursion-length distribution for the Markov chain, which brings in some
complications, so we must go through the details. Let 7o = 0 and for j > 1, let 7}
be the time of the jth return to O after time O, if such a return occurs; otherwise,
Tj =o0. Let

MEg (@) = ('F1)X;

this is not well defined at r = 0 if PX(E| = oo) > 0, so in that case we set
Mg (0) = PX(E; < 00), making Mg left-continuous at 0. Let

ap =ap(PX) =sup{t > 0: Mg(t) < 0o}, ap= ll}r;l (log Mg)'(1).
E
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It is easy to see that when E| < 0o a.s.,
(2.1) ag=sup{s>0: PX(E| =n) <e™*" for all sufficiently large n}.

We say that the state O is exponentially recurrent for {X;} if ag > 0. We write u‘ci
for u‘cl(l), which is all we need to consider since u‘ci(ﬂ) = ,B_lug(l). We write m g
for the mean of E, given E| < oo. Let

JE (1) = sup(tx — log Mg (x)).

Of course, if E1 < oo a.s., then Jg = [, but they do differ in one case: if PX(E; =
00) > 0and PX(n < E; < 00) decays exponentially in n, then, for all t > mg, we
have —log PX(E| < 00) = —log Mg (0) = Je(t) < IE(2).

We will show that there exists C = C (3, u) such that

L
lilgnufo’f;](f e(C—¢eCH+ 8)) =1 for all ¢ > 0;

we call C the contact fraction. The contact fraction is nondecreasing in u, and
equal to O for u < u?. The transition at u¢ is first order if C (B, -) is discontinuous
at u‘C" .

Throughout the paper, c, ¢y, c2, ... are unspecified constants; ¢ may take differ-
ent values at different appearances. Our main result in this section is the following.

THEOREM 2.1. Let {X;} be an irreducible Markov chain. If O is exponentially
recurrent for {X;}, then
ud = —log Mg (ag) € [—00,0),

the contact fraction exists for all B > 0,u € R and the transition at u‘ci is not first
order. If O is not exponentially recurrent for {X;}, then

ud = —log Mg (ag) = —log PX(E| < o0) € [0, 00),

the contact fraction exists for all B > 0 and u # u‘ci, and (when u‘ci is finite) the
transition is first order if and only if mg < 00. In both cases, provided uf is finite,
there exists ¢ (§) = 0(8) as § — 0 such that, for sufficiently small §, we have

L”? —o(n)
2.2) /,L[O’”](Ln <dén)=e asn — o0,
and for large n,
d
(2.3) o (L > 8m) = e,

Finally, the free energy f(B, u) is given by

1
Q4 BB =lim log Ziowm (B u) = sup (bus =37 D)}

which is equal to —ag for all u < uf, and is strictly greater than —ag for all
d
u>ul.
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For the proof we will need the following.

LEMMA 2.2. Let {X;} be an irreducible Markov chain. For x € (0, 1], define
gx)=xJp(x7").

Forall 0 <6 <n <1, we have

1
lim — log PX(n <L, <nn)=— inf g(x).
n n §<x<n

The reason that Jg and not /g appears in the definition of g in this lemma is
essentially the following. Suppose PX(E| = o) > 0, suppose PX(n < E| < 00)
decays exponentially in n, and suppose we condition on L, = dn for some § €
(0, mgl). With high probability, we will not see n excursions of average length
near 81, which would have a cost per excursion of /g (8 —1). Instead we will see
about dn excursions of average length near mgl (the last excursion thus ending
well before time n), followed by an escape to infinity, as this has a lower cost per
excursion of — log PX(E| < 00) = Jg(8~1). This is reflected in (2.7) in the proof.

PROOF OF LEMMA 2.2. Let b = —log PX(E| < 00). The sup in the expres-
sion

JE(t) = sup (xt —log Mg (x))

xX<ag
occurs for ¢ < al; at a unique point xo(f) < ag satisfying
Je®) =x0(t),  Je(t) —tJp(t) = —log Mg (xo(1)),
xo(t) > ag ast — o0,

and occurs uniquely at xo(f) = ag for t > a;. In addition, J is strictly decreasing
and strictly convex on [0, mgl], and convex and nondecreasing on [mgl, 00), with
JE(mEI) = b. Further,

JE(1)

(2.5)

— ag ast — oo.

Define g(0) = ag. We have
g8 =—logMp(xo(6™ "),  §>0,

which is nondecreasing, so g > 0 is convex, and g is strictly convex and strictly
increasing on [mEl, 1]. Further, g is continuous at 0 by (2.5), and

g (04) = —log Mg (ag).
Nowlet0 <8 <n<l1,r=|6n|+1,s=|nn] + 1, so that
(2.6) PX©n <L, <nn)=PX(T, <n<Ty).
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From here we consider the two cases in the theorem statement separately.
Case 1. Suppose that 0 is not exponentially recurrent for {X;}. We then have

ap =0, ap=mg, log Mg(ag) = —b,
Je(t)=0>b fort >mpg, Je(t) > b fort <mg
and
g(®)=bs  forde[0,mz'].

If mg = oo, then g’(8) > b forall § > 0. For 0 <6 Smgl and j = |On] + 1, we
have

1 1 .

(27) lim~log PX(T; <n) = lim ~ log PX(E| < o00) = —b = —g(0),
n n

while, for mgl <@ <1, we have

! x 1 x(Ti _n
lim —log P* (T} <n) =lim —log P (— < —.>
non non J J
(2.8) 1
=—01g(0 ) =—g(0).

Hence, if b > 0 (so that g is strictly increasing), we have

1 1 T,
lim — log PXGn <L, < nn) = lim — log PX<—r < E)
nn non r r

=—g(®)
=— inf g(x).
d<x<n
This also holds if b=0,8 > m ', soif b=0,8 <m' <, we have

1
0> lim ~log PX(sn <L, <nn)
n

1
> lim — log PX(m;'n < L, <nn)
nop

(2.9) .
=—g(img’)
=0,
and then
1
(2.10) lim—log PX(6n <L, <nn) =0=— inf g(x).
non S<x<ng

Finally, we consider b =0,8 <n < mEl. In that case, since ag = 0, there exists
a sequence g, — oo satisfying g, = o(n), log PX(E, = gn) = 0(qy), and we have
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using (2.10) with n replaced by 1 that

1
0 > lim ~ log PX(Sn < L, <nn)
n
1
> lilgn—logPX(Tj <n, Ejym=gqpforalll <m <n/qy,)
n

1 1
> lim — log PX(T; <n) + lim — log P*(E| = q)
n n n n

(2.11)
=lim — log PX(8n <L,<n)
n n

= — inf
6<x§lg<x>

=0,

so (2.10) again holds.
Case 2. Suppose that 0 is exponentially recurrent for {X;}. We then have

Jg =1, ag >0, logME(aE)>0, Je() >0 forallt #mg,
g strictly decreasing on [0, mg] and g’'(0+) = —log Mg (ag).

Ifé<n< mEl, then, using (2.6) and strict monotonicity of g,

1y
hr{n—P (bn < L, <nn)

n
1 T, T,
:1im—10g<PX<—s > E) — PX(—r > E))
A7) s s r r

(2.12)

=—g(mn)

=— inf g(x).

§<x<n

Similarly, if my' <8 < n, then

1
lign —log PX(Sn <L, <nn)
n
=limllog(PX<£ < E) - PX(E < ﬁ))
non rr s T s

=—g(d)

=— inf g(x).
§<x<n

(2.13)

Finally, if § < mgl < n, then PX(T, <n < T,) — 1, so, from (2.6),

1
lim—logPX((?n <L, 5nn)=0=—g(m£1)=— inf g(x). [l
n s<x<n
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Let Zjo,n)(B,u,8—) and Z[p (B, u, 6+) denote the contributions to the par-
tition function Zo ,1(B, u) from trajectories with L, < n and L, > én, respec-
tively.

PROOF OF THEOREM 2.1. Fix u. It suffices to consider 8§ = 1, since
Z10,m(B, u) = Zjo,n(1, Bu). Let b be as in the proof of Lemma 2.2 and let f(x) =
ux — g(x). It follows straightforwardly from Lemma 2.2 that, for § € (0, 1),

1
lim —log Zo,,(1,u, 6+) = sup f(x),
n n x€l[é,1]
(2.14)

lim l log Zio,n)(1,u,6—) = sup f(x).
non x€[0,8]

If 0 is not exponentially recurrent, then since g is convex with g’'(0+) =
—logME(ag) = b and g(§) = bd for 0 <§ < mgl, we see that sup,.c 17/ (x)
occurs uniquely at x =0 if ¥ < b and uniquely at some x > mgl if u > b, which
with (2.14) shows that uf = b and proves (2.2), (2.4), the existence of the contact
fraction and the first-order criterion.

If 0 is exponentially recurrent, then since g is strictly convex with g’(0+) =
—logMg(ag), we see that sup,po 1/ (x) occurs uniquely at x =0 if u <
—logME(ag), and uniquely at some x, > mgl if u > —logMg(ag), with
X, — 0 as u \y —log Mg (ag). With (2.14), this shows that u¢ = —log Mg (ag),
proves (2.2), (2.4) and the existence of the contact fraction, and (when u‘c’ is finite)
shows that the transition is not first order.

In both cases, at u = u¢, sup,cpo,17 f (x) occurs, not necessarily uniquely, at
x =0. We have f'(0+) =0, so that f(0) — sup,¢(5.1; S (x) = f(0) — f(8) =0(5)
as 6 — 0. With (2.14), this proves (2.3). U

For u < 0, one can interpret 1 — ¢ as a probability for the Markov chain to be
killed, each time it visits state O; ,u[lé’”n] then becomes the distribution of the chain
conditioned on its still being alive at time n. For u > 0, the killing instead occurs
at all states other than 0, with probability 1 — ¢™*. This turns the question of pin-
ning into a question about quasistationary distributions, which makes Theorem 2.1
closely related to results in [21].

Let r; < rp be the two smallest values in the set {k > 1: PX(E\=k) > 0} of
possible first-return times. We refer to (732, 73] as the jth block. We say the
Jthblock is good if Toj — T ;> = ry + r2, and bad otherwise, and define

pg = PX(block 1 is good) =2P* (E| = r) PX(E| = 1),
G,=1{j =1:T»; <n, block j is good}|,
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dg represents the “natural frequency” for returns to 0.
In proving our results for random potentials, we will be interested in probabili-
ties

/*l[go’,un](Gn > ¢1pedn|Ly = ky).

We observe that this probability does not depend on § or u, so we need only con-
sider u = 0, which makes ,u’[go’j‘n] = P[g’n]. In the exponentially recurrent case, if
8 > 0, and k, > én is much smaller than Sgn, the chain conditioned on L, =k,
may make a large number of unusually long excursions. The question is, under
such conditioning, could the chain also then typically have an unusually small
proportion of short excursions, and, consequently, G, be typically much smaller
than pgén? The next lemma shows that the answer is no, when ag < 0o and
M E (aE) < Q.

LEMMA 2.3. Let {X;} be an irreducible Markov chain with ap < oo and
ME(ag) < o0o. There exists c1 > 0 such that, for all § > 0 and all sequences {k;}
with én <k, < (1 — 8)r1_1n, we have

PX(anclpg5n|Ln:kn)—> 1 asn — oo.

PROOF. Fix § and {k,} as in the lemma statement. The returns to 0 form the
arrivals of a renewal process with interarrival times E;, so we may reformulate the
lemma as a statement about such a process. Thus, T denotes the time of the kth
renewal, and we let G,, denote the number of good blocks among the first |§n/2]
blocks, so that, given L, = k,, we have G, > Gn It follows easily from basic
large deviation theory that, for r; < b < min(r; /(1 — §), mg), we have

PX(Ty, <bky|L,=k,) =0  asn— oo.

Fix such a b and let y,, — oo with bk, < y, < n; it is thus sufficient to show that,
for all such {y,}, we have

(2.15) PX(Gy > c1pgdn|Ty, =yn) > 1 asn— oo.

We may assume that £1 < oo a.s. We tilt the distribution of E, defining the mea-
sures
<etE1 8{E1 6-}>X

0'0) =" 2%

whenever Mg (t) < 0o, and let v’ denote the distribution of the renewal process
with interarrival distribution Q'. We observe that the probability (2.15) is un-
changed if we replace PX (or, equivalently, v°) with v’, for arbitrary ¢ satisfying
ME(t) < oo. By considering subsequences, we may assume that y,/k, — « for
some « € [b,§7'].
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Since (logMg) (0—) =mg > b > r; = lim;—, _(logmpg)'(t), we can define
bE by
(log M) (bg) =D,
andlett € (bg,ag). We have
V[(Gn =< Clpgkn)
Vt(Tk,, = Yn)

(2.16) V' (Gn < 1 pgkn| Tk, = yn) <

and fori =1, 2,
" PX(Er=ri) _ " PX(E =1i)

t : =
Q) Mp(t)  —  Mg(ap)

SO

v (block j is good) =20 (r1) Q' (r2)

ebE”I 2
> 2( ) PX(E) =) PX(E) =)
ME(ag)

ebErl 2
(ME(aE)> 8

Thus, taking 0 < ¢ < %(eb”l/ME (ag))?, we get that, for some y > 0 depending
only on PX and c,

(2.17) VI(Gp <cipgdn) <e ¥ forallt € (bg,ag).

We now need to choose a t = t,, that gives a good lower bound on the denomina-
tor in (2.16). Consider first the case k < a}s. For large n, there exists t, € (bg,ag)
with (log M) (t,) = yu/kn, and, hence, under v, the E; have mean y, /k,. There
also exists too € [bg, ag) with (log Mg) (o) = k, and all moments (including ex-
ponential) of Q™ converge to those of Q<. The standard proof of the local central
limit theorem (see, e.g., [7]) carries over to this situation and shows that

1
V2T O

where 0 is the standard deviation of the measure Q<. With (2.16) and (2.17),
this proves (2.15).

Next we consider k > a}:. Here we cannot necessarily tilt the distribution of E
to change the mean to y,/k,. Instead we tilt to obtain a lower mean, and force
the average excursion length up to y,/k, using a small number of much longer
excursions. Specifically, let 0 < & < 8y/8, let m; be the mean of Q’, and take
t=ag —¢. Thenm; < a% <k som; < y,/ky for all sufficiently large n. By (2.1),
we have

(2.18) nV 20Ty, = y,) —

as n — 00,

0=sup{s > 0: Q(Ey =n) < e *" for all sufficiently large n},
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so we can choose g > « satisfying
QU (E1=q)ze ",
and we then have
(2.19) Q'(E1=q) = e .
Now let
Jn=min{j > 0: jm; + (kn — j)q < yn},
so that, for large n, for some 0 <1, < g —my,

. . n . .
0 < ju < kn, kn_Jnfg and  y, = jum; + (kn — ju)g + ln,

with j, — oo. Then using the local CLT again along with (2.19), for large n,
Vi (Tx, = yn) = V(Tj, = juins + L)V (Try—j, = qkn — jn))
> V!(T}, = jutits +1,) Q' (Ey = )l
o~V 8in/A+26q (kn—jun))

>
- 2\/ 27'[0—[

> e73y8n/4’

(2.20)

where o; denotes the standard deviation of Q'. With (2.17) and (2.16), this
proves (2.15). [

3. Self-averaging of the free energy and critical point. In this section
we establish the existence of a well-defined nonrandom quenched critical point.
Self-averaging of the free energy is established for other polymer models in
[18] and [23]. Let Z\'), (B, u,6—) and Z\'),(B, u, 6+) denote the contributions

to the partition function Z[{(;/",f] (B, u) from trajectories with L, < 4én and L, > dn,

respectively. As before, we omit the {V;} when V; =0.

THEOREM 3.1. Let {X;} be an irreducible Markov chain with state space
containing a state 0, and let the potential {V;} at O be i.i.d. with mean 0. Then for
B > 0,u € R, there exists a nonrandom constant f9(B, u) such that

1 :
lim ~ log Zg'yy (B.1) = Bf (). PV-as.

and for B > 0, there exists a constant ul(B) such that u.(B,{V;}) = ul(B),
PV -a.s. and

Bf1(B,u)=—ag  forallu <ul(p),
Bf1(B,u) > —ag forallu > ul(p).
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PROOF. Fix B8 > 0, u € R and define the random variables F1 (8, u) by
1
BF4(B, u) =limsup —log Z)h (8.,

BF_(B,u) = liminf log Z\o'), (B, ),
n n ’

Uo—mf{ueR hmsupuon] (L >8n)>0f0rsome<3>0}

Itis easy to see that F+ (8, u) and U are tail random variables of the sequence {V;},
so there exist qu: (B, u) and ug such that Fo (B, u) = fi(ﬂ, u) a.s. and Uyp = ug a.s.

Fix M > 0 to be specified and consider the truncated potential ‘7, =V, AM)vV
(—M). From (2.14) in the proof of Theorem 2.1, we have

1
—ag =—2¢"(0) = limlim —log Z ,u,0—).
ap =—g (0) = limlim -~ log Z(,n) (8. u. )
Observe that, forallu e R, § > 0,
{V;}

|10gZ[0n](,3 u,8— )_IOgZ[on](IB u,8— )| <,BZ|V|5{|V,|>M}
i=1

and hence
. 1 Vi 1 v,
lim sup ;longo,i](ﬂ,u’ﬁﬂ - ;10gZEo,,f](ﬂ,u,8—)‘
n
(3.1 y )
< B(IVilsgwy>my) PY-as.
Therefore,

BfL(B, u) >hm1nfrlllogZ[O (B u, 8-)

1
> lim inf — logZ[O n](,B u,— )—,3(|V1|5{|V1\>M}>V
3.2) "

1
> lim —log Zjo,n (. . 8=) = 8(lul + M) = B V113w -an))”

> —ag — 8(|ul + M) — BIVi18vy 1> m) -

We can take M large and then § small, so we get Bf%(B,u) > —ag. In the other
direction, for u < ug and § > 0, we have

1
3.3) ,BfJr (B, u)—hmsup—logZ[O n](,B u,8—),
so we obtain similarly to (3.2) that 8 f +(B,u) < —ag, and therefore,

1 :
(3.4) lirlln —log Z[{S/’,z] (B,u) =—ag a.s. for all u < uy.
n .
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It remains to consider u > ug. Defining
A — T Bu{Vi}
o(u) =supyé > 0.11msupu[0 7] (L, =6n)>0¢,
i :

we see as with Uy that there exists dg(u#) > 0 such that Ag(u) = 5o(u) a.s., and
8o(u) is an increasing function of u. Fix ug < v <u and 0 <1 < § < ép(v). Then

. 1 Vi) {V,
lim sup logZ[O (B, v, 0+) — —logZ (B v, 1—)
n

so, provided n and v — ug are small enough,

. 1 (Vi) 1 (Vi)
lim sup ;log Z[O’n](ﬂ, u,é6+) — ;log Z[o,n](ﬂ’ u,n—)

n

(3.5) >u—v)é—n)
3 )
> 4_1(” — up)d.

Arguing as in (3.2), we see that, for M sufficiently large and 7 sufficiently small,
it follows from (3.5) that

1
(3.6) limsup( log Z{V’ [(Bou, 5+) +aE) > 5~ up)s.
n

We would like to use superadditivity of the mean (log Z[o n](ﬁ u,8+))" to
help us conclude that the lim sup in (3.6) is actually a limit, but unfortunately
this sequence is not obviously superadditive unless we restrict to paths which
end at state O at time n. To circumvent this dlfﬁculty, we proceed as follows.

Let ZB/ ) (B u, 6+, k) denote the contribution to Z[0 n](,B u, §+) from trajecto-
ries with the last visit to O in [0, n] at time k. There exists k, > dn (depending on
{Vi}) such that, letting G g denote the distribution function of E| under PX,

Zl3 (Bou 8+, kn)(1 = GE(n — kn)) = Z1g1) (B u, 5+, k)

(3.7)
> [0 n](,B u,d+).
From (2.1) and (3.7), we obtain
! log Z[0 n](,B u,8+)
(3.8) < %log ZW (B, 54, ) + %log(l G — k) + 22"

1 (Vi) kn 1 2
leogZOk](,B u,5+, k)—( —;)aE—I-g(u—uo)(S .
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Combining (3.6), (3.7) and (3.8), we obtain
3.9 hmsupk log Z[Ok ](,B u,d8+, k) >—ag + - (u —up)s.

Analogously to [14], from Azuma’s inequality [2], we get that, for some K > 0
depending on M, for all § > 0,k > 1,

PV (|log Z¥2) (B, u, 6+, 10

(logZ[O LBu, 6+, 0) | > Kk logh) <k,

With the Borel-Cantelli lemma and (3.9), this shows that, for some determinis-
tic {k,},

; 1
(3.10) llmsupk (log Z{y ((Bou, 8+, k)" > —ag + 7 (u —u0)s.

n n

Therefore, we can choose a fixed m satisfying

(3.11) %(log Zégi,;](ﬂ, u,8+,m)) > —ag + i(u — ug)8.
Observe that the sequence
by =(log g/ (B s+ jm) . =1,
is superadditive, because, for j, k > 1,
{Vi}

Z[O,(j+k)m](/3’ u, 8+, (j +kym)

>Z[0 g (Bou. 8+, Jm)ZJm (atomy (Bs s 8+, (G +Hom),

where the last partition function is for trajectories {x;, jm <i < (j + k)m} with
Xjm = X(j+kym = 0 and at least n returns to 0. Therefore, the limit

1 bj
9B, u, s, M)_E lim —

j— o0 ]m
exists,and b;/jm < Bf9(B,u, s, M) for all j, so
(3.12) Bf4(B,u,8, M) > —ag + 5 (u— uo)s.

It follows easily from boundedness of V1 that in fact the convergence occurs for
the full sequence:

(3.13) hm (logZ[On](,B u, 8+, n)) =Bf1(B,u,8, M).
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For every choice of én <k, < n, we have by (2.1), the equality in (3.7) and (3.12)
that

) 1 7
lim sup ;(log Zf(;/,’n}] (B, u, 5+, kn))v
n

. ky 1 V)
§hmnsup( e —(log g Zyo (B u, 8+ k ))

(3.14)

ky 1
+ (1 — —> log PX(E, >n—kn)>
n/)n—k,
<BfI1(B.u,8, M),
which with (3.13) and the inequality in (3.7) shows that
(3.15) hm (logZ[On](,B u, 8+)> =Bf1(B,u,8, M),

for all § < §p(u). With § fixed, taking M sufficiently large and then 5 sufficiently
small, we obtain as in (3.2), using also (3.12), that

. 1 7.
lim sup ;<log ZE(X’”}] (B, u, n—))v
n
(3.16) < —ag + n(ul + M) + B(Vi 18y, 15 m)”
<Bf1B,u,8, M) <Bf1(B,u,n, M),
so that, using (3.16), (3.15) and (3.12),
o1
hlgn (logZ[O n](,B u)) —hm (logZ[On](ﬁ u, 17+))
(3.17) =Bf9(B,u,n, M)
1
> —ag + Z(M —u0)4,

meaning that f4(8,u,n, M) does not depend on (small) n, so we denote it
f9(B,u, M). Using Azuma’s inequality again and (3.17), we get

lim % log Z\Y') (B.u) = BF(B,u, M) > —ax + %(u —up)s  as.
for all M, and then from (3.1) with § = 1, there exists
FUBuy= Tim f9(BLu, M)
satisfying

1 , 1
(.18)  lim~log Zjg\) (B.w) = Bf(B.uw) = —ar + Z(u—ug)d  as.
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which establishes the existence of the quenched free energy.
From the definition of ug, there is no pinning at (8, u) for u < ug. For u > uy,
similarly to (3.16), we have for sufficiently small n that

1
(3.19) lim sup (log Z[0 n](ﬂ u,n— )) —ag + g(u —up)$,
which with another application of Azuma’s inequality yields
11msup —log Z[0 n](ﬂ u,n—)<-—ag+ - (u —up)é a.s.

This and (3.18) show that for u > uq there is pinning at (B, u). It follows that
uc(B.{Vi}) =upas. U

4. Proof of Theorem 1.5. We may assume the Markov chain is aperiodic.

We establish pinning by finding 0 < 6 < § and a set E of pinned trajectories
(more precisely, & C {L, > én}) with Gibbs weight exponentially greater than the
set {L,, < 6n}, which, roughly speaking, includes all unpinned trajectories.

As a shorthand we refer to the potentials V; as rewards and say that a reward
V; is received by a trajectory {x;} if x; = 0.

We begin by introducing some independence into the sampling done by the
Markov chain from the set {V;} by virtue of the times of its returns to 0. Recall
that r; < r are the two smallest values in the set {k > 1 : PX(E; = k) > 0} of
possible first-return times, and 7 is the time of the jth return to O after time 0,
if such a return occurs. Let W}“ = Toj_» + r1. We refer to Wj’-k as the jth target.
When the jth block is good we say the jth target is hit if T>;_1 = W7, and missed
otherwise; a missed target means that 751 = T2 + rp. Given tiiat a block is
good, the target is equally likely to be hit or missed, so

pn=PX(jth target is hit|block j is good) = 1/2.

We use the notation p; so that the reader may distinguish this probability from
other numerical factors that appear in the proof. Conditionally on {7>;, j > 1}, the
targets are hit or missed independently.

Fix 6 > 0 to be specified, fix n, let ¢ be as in Lemma 2.3, let

J* = Le1pgdn]
and define the event
g ={xjo., € 29" L, > 8n, G, = J*}.

We may assume ¢ < 1/4. For trajectories {x;} € &, we can define N = N ({x;})
by stating that the Nth block is the J*th good block. We then define

& =68"({x;}) ={j < N: block j is good},
6 =6{x;}) ={j < N: block j is good and target W]’.k is hit},
R =R({x;}) =1{i €[0,n]:x; =0},
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so that |6*| = J*, and define the random sequences
"W*:(W;-‘:jeQS*), W= (Trj—1:j€®), U=R\'W=R\W*.
For R C [0, n], we set
Sg=Sr({Vih) =D _Vi.

ieR
Let e, > 0 to be specified. The idea is to condition on the event E, on
15,1y, , ..., Trj+ and on the disorder {V;}; this makes
Sw=Y_ Viwsdiws is nig
jeB*

into an i.i.d. sum, and we consider large deviations for this sum in which the aver-
age value Sy /|W| is of order e. We will need to ensure that, for typical disorders,
the remaining rewards S — Sw received by the chain at “nontarget” returns to 0
are unlikely to cancel out a large-deviation value of S+. More precisely, a large de-
viation for S of size epg pydn/4 needs to imply with high probability a (slightly
smaller) large deviation for S®. We also need to ensure that the large-deviation
rate function for Sy under the above conditioning is (for typical disorders) not too
different from Iy . Under that conditioning, the log moment generating function of

Vi
VW;S{W; is hity 18 £(1) =log(1 + ph(et Vi — 1)), and we define the corresponding
mean

¥ (1) = (log(1 + pa(e™ — 1)))¥

and an analog of the rate function:
[(t) = —inf(y (x) — xt).
X
Let n > 0O to be specified, let u = uf — n and define the product measure

P= P[‘(in] X M’[SO’Z] on RO 5 5101

Let
A= (W,vw): W C[O0,n], vw ERW, Z V; — &C1pgprén <om},
ieW
A = {(vjo.n). Xj0.n) € RO x B: (W, Voy) € A},
~ 1
B = (W*, Uw*) : FIOgP(AH/V* = W*, Vs = UW*)

e [—1(pne) —a, —I(ppe) +al, Sw= € [—aJ*, aJ*]},

B = {(vjo.n). Xj0.n)) € RO x B: (W*, Vayr) € B},
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ec 8
3= 1PgPh ’
4
G = (U[O,n],x[O,n]) eROM 7. Z v; > —Ang.
ielU

Loosely speaking, B is the event that the rewards at the targets have a typical
degree of conduciveness to a large deviation of order €, A is the event that such a
large deviation actually occurs, and G is the event that this large deviation is not

canceled out by the rewards received at nontarget locations. We claim that there
exists v > 0 such that

4.1) P(G|ANB) <e 2V,

It suffices to show that, for every (W*, vy+) € A, for every U C [0, n] such that
UNW*=¢, for every W C W* such that R = W U U implies X ] € E, we
have

(4.2) P(G|B, W =W* W=W, Vy =vw, U=U) <e >"".

The only part of the conditioning in (4.2) that is relevant to G is U =U, W =W
with U, W disjoint, which ensures that, conditionally, Sy is just an i.i.d. sum of
|U| unconditioned variables V;. More precisely, for U as above, we have %Sn <
|U| < n, and the probability in (4.2) is

Pl (Su < —An) <e ",

which proves (4.1).

Let Y,,(6) denote the sum of the |On | largest values among | V1], ..., |V;,]|. Since
V1 has a finite exponential moment, there exist a(f) \ 0 as 8 \(0 and g(6) > 0
for all & > 0 such that

(4.3) PY(Y,(0) > a@)n) <e @™ for all sufficiently large n.
Define
g(v[0.01) =P(G N AN B|X[0,n] € E, Vio,n] = V[0,n])
ho (vio.n) = (P52 D5 o).
Q1 = {vjo.n) € RO g(vjg ) < eV~ PrE) =)
02 = {vjo.n € R P(B|X[0,0) € E, Vio,n) = vio.m1) = 3},

Q3 = 03(0) = {vjo,u1 € R kg (v 1) < "},

where 6 is to be specified. We need to show that P[)O(’ n](Ql N O, N O3) is close to
1, as disorder realizations {v;} € Q1 N Q2 N Q3 are to be considered “good.” We
will consider Q- later. For Q1, from the definition of B, we have

“4.4) e—(i(p;,s)—l—a)]* < P(A|B, Vion = v[o,,,]) for all V[0,n]»
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and
(4.5) P(A|B) < e~ (o)1=,
S0, using (4.1),

1% - —ovn—(I —o) J*
(4.6) <g(v[0’n])>[0’n] =P(GC NANB|X{on € r_u) <e 2vn—(I(ppe)—a)J*
Therefore,

5 o v -
(47) P[‘(;,n](Qi) Sevn—l—(l(l?hé?) a)J <g(v[0’n])>[0’n] <e vn.
For Q3, we have hg(V|o,n)) < ePYn(®) g0, by (4.3),
(4.8) P (05 <71,
For vp ] € Q2, we have by (4.4) that

(4.9) P(A N B|X{0.0] € E, Viou) = vjo,n)) = se” I PreIFe0 ",
Provided o < v/2, for vjp,,) € Q1 N Q2, we then have also
P(G°NAN B|X[0’n] ICR V[O,n] = U[o,n])

P(A N B|X{0.n] € E, Vio.n] = V[0.n])
—(v—2a)n

P(G|A N B, Vio.n] = vjon]) =
<2e

=

9

| =

which with (4.9) shows
(4.10)  P(GNANB|X[on € B, Vigu = vjo.n]) = Le o)/
We claim that, for ¢ sufficiently small,
(4.11) I(pre) <3pulv (o).
To prove this, recall that My (x) = (e* Vi)V oand let
J1(x0) =¥ (x) — prex,
f2(x) = prlog My (x) — prex,
so that

I(pne) = —inf f1(x),
pnly(e) = —inf f>(x).

The location s> (¢) of the infimum of f> satisfies

as ¢ — 0,

2
Frlsae)) ~ — L1

£
$208) ™~ vy 2var(Vy)
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and for small ¢,

3 2
t > £ implies fo(t) > &.
var(V7) 2var(Vy)

For fixed v, the function log(1 + pj(e'¥ — 1)) is the log moment generating func-
tion of v times a Bernoulli(py,) random variable, so it is convex in ; it follows
that ¥ and fj are convex. Since My is a moment generating function, f> is also
convex. Also

f1(0) = £2(0) =0,
f10) = £5(0) = —ppe.

It follows from all this that, to prove (4.11), it suffices to show that, for small ¢,

2
Phé€ 3¢ ]
> pploe M - forallx € |0, ———— |,
Y(x) = pulog My (x) 2var(Vy) oratx [ var(Vy)
and for this, in turn, it suffices to show
19 pre’ [ 3e ]
4.12 > —pplogM - forallx € |0, ———— |,
( w(x)_mph og My (x) Ivar(Vy) orall x var(Vy)
since, for small ¢,
1 phez
—pplog M < —\
poPrlog My () = 0 v

There exists ¢ such that, for all x,
xVil <c,  implies log(1+ pp(e™” — 1)) = Zpae* — D).
Define the event
Cy ={lxVil =2}
Then using the concavity of log, for x € [0, 3¢/ var(V7)],
¥ () = (8¢, log(1 + (e — 1)))"
+(scg log(1 + pa(e™” — 1)))"

Bonie"r = 1)V = Bpulsce eVt — )"

XV1)>V

%

+ (8¢ log(1 — pp + pre

%

%ph log My (x) — (5C§€XVI)V + phx<8c§ V])V.
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Since Vi has exponential tails, there exists ¢ such that, provided ¢ is small, for x
as above,

2
<5C(:eXV1>V < e C/* < L,
X 8 var(Vy)
2
Ph€
Sce V. < L/x _anr
|phx( s 1> | ¢ ~ 8var(Vy)’

and (4.12) follows, proving (4.11).
Let vjp,n) € Q1 N Q2 N Q3. From (4.11) and (4.10), provided « is small, since
we chose ¢; < 1/4 in the definition of J*, we have

(413) P(G NAN B|X[07n] (S E, V[O,n] = U[O,n]) > e—IV(S)pgpth'

We also have

e é
GﬂAC{SR>(8c1pgph8—a—k)n}C{ M }

2
which with (4.13) yields that, since vjo ] € O3,

oo (L < 0m)
fob;] UL, <6n)
B Mﬁ;fj;]{”’ (GNAN{X[.n € E}

_ (ePSRePULnsy, <om)*
(ePSRePuLn§GAAnximeE) Vi), )X

_ he (vjo,n)) (€P"En) X

= PP P /2 (ePuln§ G A xy ez (i), D)X

_ ho (v(0,n))
eﬂsclpgphén/z]p(x[o’n] e 2)P(GN A|X[o,n] €&, Vo= v[o’n])

(4.14)

A

s —\—1
Wl (X0 € E)

5
x exp<—(% — Iy (&) pgpnd — 2,39)n>.

Recall that u = u‘cl — 1. For ¢(§) from Theorem 2.1, provided n < ¢(§), we have
from that theorem that, for large n,

(4.15) Wt (Ly = 8n) = el ](L > Sn) > 20~ 2O
By Lemma 2.3, we have

M[On](G > J*|L, >én)— 1 asn — 0o.
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With this we have from (4.14) and (4.15) that, for large n, for vjp, € Q1 N
02N Q3,

ot (Lo < 6m)
(4.16)

< exp(— (B2 — 1y e pud — pa0) ~ 200) ).

Since Iy (¢) = O(g?) as ¢ — 0, we can choose &, then 8, then 6, n small enough

so that (4.16) implies that, for large n,

. € 8
whye "N (Ly < 0n) < exp<——/8 PP n)

4
forall {v;} € Q1N Q2N Q3.

4.17)

It remains to show that P[‘o/, n](Qg) is small. Let

&j = S{jth target is hit}-

Fix ¢ with |g] = J*, fix W* ={w;, j € } and condition on the event F =
F(g,W*) = {&* = ¢, W* = W*}. Thus, § contains the indices of the good
blocks, and W* contains the target locations for those blocks. The total reward
received at hit targets is

Sw= &Vu,.
jed
The (conditional) log moment generating function of S, given F, Vy«, normal-
ized by J*, is

Vi,

o 1
VIF, Vi) = — > log(1+ pa(e' ™ — 1),

jed
o)
(W t|F, V)Y =y ().
There exists ¢3 such that
W) <c3  forall |t < 3.
Let 51 = s1(¢) denote the location of the fj infimum, so that ¥'(s) = pe, let
ay =supf{t > 0: (') < o0}

and define the event
2

Dy = Dy(W*) = {vw* e

o o
fort =s1,5y — — and s + — ;.
8c3 8c3
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Provided &, o are small, we have s; < min(ay, 1/4) and s1 + «/8c3 < % When
vw* € D1, we have, using convexity of 1}(-|F, vw+), that

U (s1 4 (@/(Bc3)|F, vws) — P (s1|F, vws)

W' (51| F, vw) <

a/(8c3)
(4.18) < W (s1 4 (@/(8¢c3)) — W (s1) + a?/(64c3)
a/(8c3)

<Y1+

= 1 R
Similarly,
(419) l&/(S”F, UW*) > T/I/(Sl) _ %
Fix vy« € D1. Let

pheslij

S1Vw -

uj =
1 — pn+ pre™ ™
and define probability measures
m; =Ph5uwj + (1 = pn)do, mj = Mj5ij + (1 —u;)do.

Then m j is a tilted variant of m ;. If we change probabilities so that target w; is hit
with probability u (i.e., we consider {§;v,; : j € ¢} under the measure [ ;¢ g mj),
then the mean of (J*)~! S+ (conditional on g, W*) becomes ji given by

~ ~ o o
= (s1|F. o) € [phg & et Z]’

and the variance of S becomes

@ (o) =Y u;(1 —ujvy, .
j€d

Now since s1 < ay and uj(1 —u;) < ppe’ ™ /(1 — py),

(@ (Vo)) < LI (VRS I = e,
L —pn
‘We define
2
* o *\2
Dy = Dy(W™) = {vw* (D (vw+) < 5(1 ) }
Note that

(4.20) A" — ectpepndn| < ~J* +epp < < J*.
8 4 2
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For vy € D1 N D, from Chebyshev’s inequality, for large n,
1
4.21 ni |l |S nJ* _] Z
@421) (Hm,)(|w il G0) < 5.
jed
Also, from the definition of m ;, for any bounded A C R,
e(supA)le*
(4.22) (]_[ naj>(sweA)§A7<]"[ mj>(SweA).
, eV (stFop)J* \ -
jed jed
From (4.20)—(4.22),
1
5= <]—[m,)<|sw J* =7 % )
jed
oS (ta/H)T* (

< m; |(|Sw — ec Sn| <aJ®),
< oo 1 ,)u W = £c1pgpadn| < @)

j€d
and hence, for vy € Dy N Dy, provided « is small,

P(ISw — ec1pgprdn| < aJ*|F, Vyx = vyx)

= (H mj>(|SW —ec1pgprdn| <aJ¥)

j€d

P(I/Af(S1|F, o) J* —sl(,&Jr %)J*)

o2
(W(Sl) ~SIPRE ~ Tog —Slot)f*)

o
eXP( <1(Ph8)+ o +S1a>J*>
(

%

(4.23)

v

NIH l\)l»— l\.)l—*

128¢3
(pre) +a)J%),

where the second inequality uses (4.20). In the other direction, since s < 1/4,
provided « is small, using (4.20) again,

> exp(—

P(|Sw — ec1 pgprdn| < aJ*|F, Viyx = vyx)

< (H mj) (exp(s1Sw) > exp(si(ec1 pg ppdn —aJ™)))
Jj€d

(4.24) <exp(V (s1|F, vw)J* = s1(ect pg padn — o J ™)

2
fexp((l//(sl)—slphs—l— a +2s1a)1*)
128¢3
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> exp(—(I(pne) — ) J*).
Together (4.23) and (4.24) show that, for |W*| = J*,
(D (W*) N Dy(W*)) x F(§, W*) C B.
Therefore,
(P(B|X{0.] € . Vion)))"
=P(B|X[0,n] € E)

<D > PY(DI(WH U Dy(WH) PX(F (. WH)|E)
g wx

< max PY(Dy{(W*) U Dy(W*)),

(4.25)

where the sum and maximum are over |§| = J* and |[W*| = J*.
The random variables in the sum in the definition of ¥ (¢| F, V=) satisfy

(exp(alog(1+ pa(e” = 1)) <00 forlal <1, t| <ay,
and therefore there exists y1, p; > 0 such that
PY(Di(WH) <e /" <emrim,

Let

S1 ij

Pne
U] S1Vw

- . Y, =U;(1-Uj)V2.
1 —pp+ pre’ ™" !

Then 0 < Y; < c4 for some c4 = c4(pp, 5), so, for all ¢, we have (exp(tY,-))V <

Therefore, there exist y», po > 0 such that
PY(Dy(WH) e 7" < e,
and thus, by (4.25), for p = min(p1, p2),
(P(B€|X{0.0] € B, Vio.uy)) <2¢ "

Therefore, PV(QE) <d4e P,
With (4.7), (4.8) and (4.17), this shows that

s : 3 b)
Z PV(M?O,Z{]{VZ}(LH < 9”) > exp(_ﬁﬁ#ﬂ)) < 00,
n=1

665

Q.

which, by the Borel-Cantelli lemma, shows that the polymer is pinned at (8, u).
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5. Proofs of Theorem 1.6 and Corollary 1.7.

PROOF OF THEOREM 1.6. To prove (i), fix M > 0 and n > 1 to be specified,
and fix a disorder realization {v; }. We may assume the chain is aperiodic; there then
exists /o such that PX(E; =1) > Oforalll > ly. Letl; = |Gy (M)~ ]| and assume
M is large enough so [} > ly. Letip =0 and for j > 1,leti; =i;({v;}) = min{i €
[ij—1+1lo,ij—1+11):v; > M}if suchani exists, and i; =i;_| +/; otherwise. Let

Jy=Ji(vith,my={ij:j=1,ij <n,v; > M},
Jo=J_(u},n)={ij:j =1, <n, v <M},
J=J,UJ_, 6 =0(M)=min{PX(E,=1):1p <l <}
We consider the set T; of length-n trajectories which return to 0 exactly at the

times in J N [1, n], and show that their Gibbs weight alone is enough to make the
free energy positive. In fact, we have

n
zZyh = Y exp(ﬁ S+ v»a{x,.:m) PE q(xi,0<i <n))

{xiteYy i=1

zeXp<ﬂ<(u+M)|J+| - Z(u+v,->>>

iel_
(5.1)
/]

x [ PX(E\=i; —ix—1) - PX(E1 > ijgj41 — i)
k=1

= exp(ﬂ((u + M)|Jy| + Z (u +Ui)>>9|”+‘.
iel_

For fixed I, conditionally on {J_({V;}) = I}, the random variables {V;,i € I} are
i.i.d. with distribution PV (V; € -|V; < M). We may assume M is large enough so
that EY (Vi|Vi < M) > —1. Then the events

W, = :{vi}: Y v =(u— 1>|J_({vi},n>|}
ieJ-({vi},n)

satisfy PY({V;} e Wy i.0.) = 0. Also, the random variables i ; ({V;}) —i;_1({Vi}),
j>1,arei.i.d. with

PV (i;((Vi) e I_({Vi)) < PV (i;(AVi)) — ij1 (AVih) = 1)
=Gy (M)

1
<§,



PINNING OF POLYMERS 667

the last inequality holding provided /; is large. Therefore, the events

@, = {{vi}: 1J-({vi}, )| < [V {vi}, n)l}

satisfy PV ({V;} € ®¢ i.0.) = 0. Note that [J| 4+ 1 > n/[;; it follows that, for {v;} €
v, N ®,, provided M > 4|u| 4+ 2 and B is large enough, we have by (5.1) that

(52) Z) (B u) = exp(BQu+ M — 1)]J|/2)8V F! = 0(@PM/HVT > /1,

so that Bf9(8,u) > 1/11 > 0. It then follows from Theorem 3.1 that there is pin-
ning at (8, u), so (i) is proved.

For (ii), we modify the above as follows. Fix § > 0,n > 1. For ease of exposi-
tion, we suppose for now that Gy is continuous. Let

Iy = {1z ko: min PX(E =k = T 0D,
ko<k<l
which is infinite by assumption. Let lo be the smallest element of Ig, let /1 € Ig

to be specified, and let M = G (1 /11). Since Gy is continuous, we have [} =
Gy (M)~!. Then (5.1), still holds, and we have

0 > e PGV (I/1/8 — ,—BM/S,
As in (5.2), we have for {v;} € ¥, N ®,, that
Z5h (B u) = exp(BQu+ M — 1)]J1/2)8V 1+ > gePMII/E > gepMn/ioh,

and, provided [; is large, we have PV ({V;} € ®¢ U WS i0.) =0, so that the free
energy is again positive, and (ii) is proved.

In case Gy is not continuous, there need not exist M with Gy (M) = 1 /11, so
we introduce auxiliary randomization. Let {U;, i > 1} be i.i.d. random variables,
uniform in [0, 1] and independent of {V;}. We change J by requiring that either
vi; > M or both vi;, =M and U; < a, with a chosen so that

PV (Vi>M)+aPV(Vi=M)=1/1,.

Correspondingly, for J_, we require that either v;; < M or both v;; = M and
U; > a. The rest of the proof requires only trivial modifications. []

PROOF OF COROLLARY 1.7. From the remarks after the corollary statement,
it is enough to prove (iii), and for this, it suffices to show that (1.5) and (1.6) imply
that (1.4) holds for some {k}.

We may assume p and w are strictly monotone. Let ¢ > 0. We have by (1.6)
that

ZP (Copow) eV >k)=
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and, therefore, by (1.5), there exists a sequence {m ;} such that

<PY(¢opow) (V") >m;)

(5.3)

=Gv( 1ot sy

for all j. Then letting n; = [w(m;) |, we have

p(n;) > pw(m,)) > e~*Cv /) forall ;.

Since ¢ is arbitrary, this shows there is a sequence {k;} satisfying (1.4). [J
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