The Annals of Applied Probability

2006, Vol. 16, No. 1, 423447

DOI: 10.1214/105051605000000773

© Institute of Mathematical Statistics, 2006

SOME STRONG LIMIT THEOREMS FOR THE LARGEST
ENTRIES OF SAMPLE CORRELATION MATRICES

BY DELI Lll AND ANDREW ROSALSKY
Lakehead University and University of Florida

Let {Xg ;;i > 1,k > 1} be an array of ii.d. random variables and
let {pn;n > 1} be a sequence of positive integers such that n/p, is
bounded away from 0 and oco. For W, = maxj<;<j<p, |ZZ:1 Xi,i Xk,

and L, = max|<j<j<p, | ﬁi(n/)| where ,61.("/.) denotes the Pearson correlation

coefficient between (X1 ;,..., X, ;)" and (X1 j,..., X, ;). the limit laws
1) limy— 00 % =0as. (@ > 1/2), (i) limy0on'"@L, =0 as. (1/2 <
Wy
Jnlogn
a.s. are shown to hold under optimal sets of conditions. These results follow
from some general theorems proved for arrays of i.i.d. two-dimensional ran-
dom vectors. The converses of the limit laws (i) and (iii) are also established.
The current work was inspired by Jiang’s study of the asymptotic behavior of
the largest entries of sample correlation matrices.

o < 1), (i) limp— oo =2 as. and (iv) nmn%o(@)]/%n =2

1. Introduction. At the origin of the current investigation is the statistical
hypothesis testing problem studied by Jiang [7] using the asymptotic distribu-
tion of the largest entry of a sample correlation matrix. Jiang’s [7] work will
now be discussed. Consider a p-variate population (p > 2) represented by a
random vector X = (X1,..., X)) with unknown mean pu = (u1,..., ip), un-
known covariance matrix X and unknown correlation coefficient matrix R. Let
My, p = (Xk,i)1<k<n,1<i<p b€ an n x p matrix whose rows are an observed ran-
dom sample of size n from the X population; that is, the rows of M, , are indepen-
dent copies of X. Jiang [7] assumed that both n and p are large; more precisely,
Jiang [7] assumed that, for some 0 < y < 00, p = p, ~ yn as n — o0. In con-
tradistinction to classical multivariate data analysis wherein the dimension p is
fixed (see, e.g., Anderson [2]), in contemporary multivariate data analysis the di-
mension p can be very large and can vary with n and be comparable with n (see,
e.g., Donoho [5] and Johnstone [8] who fittingly illustrate this point with many
examples comprising a diversity of applications).

When both n and p are large, Jiang [7] considered the statistical test with
null hypothesis Hyp:R =1, where I is the p x p identity matrix. In general, this
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null hypothesis asserts that the components of X = (X1, ..., X)) are uncorrelated
whereas when X has a p-variate normal distribution, this null hypothesis asserts
that these components are independent.

Jiang’s [7] test statistic is extremely intuitive and will now be described. Let
n > 2. Set )_(l-(") =30y Xki/n,1 <i < p. Let XE") denote the ith column
of My p,1<i=<p,lete=(l,..., 1)) € R" and let || - || be the Euclidean norm
in R". Jiang’s [7] test is based on the test statistic

(1.1) L,= max |/31.(f1j)

I<i<j<p

’

where
s _ Sho Xk — XMy (Xej — X
Y Ke = X)L, (K — X2
X - Xy (X — X (Ve
IX” — XMe| - X" — Xe]

A(n) _

(1.2)

is the Pearson correlation coefficient between the ith and jth columns of M;, ;.

Jiang [7] proved the following two limit theorems concerning the test statis-
tic L, when p = p, and M = {Xy ;;i > 1,k > 1} is an array of independent and
identically distributed (i.i.d.) random variables. Theorem 1.1 provides a law of the
logarithm (LL) for L, and Theorem 1.2 establishes the asymptotic distribution
of L. The limiting distribution in Theorem 1.2 is a type-I extreme value distribu-
tion.

THEOREM 1.1 ([7]). Suppose that E|X11|" < oo for all 0 <r < 30. If
limy, ;00 ﬁ =1y € (0, 00), then

o \1/2
nlggo(logn) L,=2 almost surely (a.s.).

THEOREM 1.2 ([7]). Suppose that E|X11|" < oo for some r > 30. If
limy, 00 ﬁ =1y € (0, 00), then

1
. 2 _ 7]
nll)ngo P(nL;, —4logn +loglogn <t) _exp{ yzme },
—00 <t < 00.
LetR, = (/31-(3))1 <i,j<p, be the p, x p, sample correlation matrix obtained from

M, p, = (X<"), . Xg;)). As was discussed by Jiang [7], by shifting and scaling
each column Xl(n) of My, p,, the new data matrix and M,, p, have the same sample
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correlation matrix R,,. Thus if the population is p,-variate normal, under the null
hypothesis that the p, components of X are independent, the distribution of R,
is the same as that generated by a data matrix composed of i.i.d. N(0, 1) random
variables. Jiang [7] thus obtained the following corollary of Theorems 1.1 and 1.2.

COROLLARY 1.1 ([7]). Let M ={Xk ;i > 1,k > 1} be an array of indepen-
dent random variables where Xy ; ~ N (i, ol-z), i>1,k>1where 012 >0,i>1.
Let the sample correlation matrix R,, be obtained from M, ,, = {X};;1 <i <
Pn, 1 <k <n},n>1 where {p,; n > 1} is a sequence of positive integers satis-
fring lim,,_, o - o =V € (0, 00). Then the conclusions of Theorems 1.1 and 1.2
prevail.

In the current work, the main results are Kolmogorov—Marcinkiewicz—
Zygmund-type strong laws of large numbers (SLLNs) (Theorems 2.1 and 2.2)
as well as LLs (Theorems 2.3 and 2.4) for both {W,,;; n > 1} and {L,,; n > 1} where

ZthXk]

k=1

(1.3) W, = max

1<i<j<pn

, n>1.

Note that Y7 _; Xx ; X, ; is the (i, j)th entry of M;,pnd‘ln,pna 1<i,j<n,n>1.
In Theorems 2.1 and 2.3 the conditions are also shown to be necessary. (As in The-
orems 1.1 and 1.2, the array M = {X ;;i > 1,k > 1} is composed of i.i.d. random
variables.) We prove in Theorem 2.4 that Theorem 1.1 holds under substantially
weaker moment conditions and the condition lim,,_, oo - o =V € (0, 00) is weak-
ened as well. More specifically, the hypotheses of Theorem 2.4 will be satisfied
if E1X1, 118 < 00 and n / Pn 1s bounded away from 0 and oo; hm,,_>oo does not
need to exist.

The main tools employed by Jiang [7] in proving Theorem 1.1 are (i) a result
of Amosova [1] on probabilities of moderate deviations which sharpens a result
of Rubin and Sethuraman [12], and (ii) a special case of Theorem 1 of [3] which
is, in turn, a special case of the Chen—Stein Poisson approximation method. In the
current work, we use quite a few results from classical probability theory and a
recent generalization of the Hoffmann—Jgrgensen [6] inequalities due to Li and
Rosalsky [10].

The plan of the paper is as follows. Theorems 2.1-2.4 will be stated in Sec-
tion 2 but their proofs will be deferred until Section 4. In Section 3, three very
general results (Theorems 3.1-3.3) will be established concerning arrays of i.i.d.
two-dimensional random vectors. These results are of interest in their own right
but the last two of them will be used in Section 4 to prove Theorems 2.1-2.4.

2. The main results. Throughout, let M = {X} ;;i > 1,k > 1} be an array
of i.i.d. random variables, let {p,; n > 1} be a sequence of positive integers, and
for n > 1, consider the n x p, matrix M, ,, as defined in Section 1. Let ,0(") be
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defined asin (1.2), 1 <i,j <n,n>1.Let{L,;n >1}beasin (1.1) with p = p,
and let {W,;; n > 1} be as in (1.3).

The first theorem is a Kolmogorov—Marcinkiewicz—Zygmund-type SLLN for
{Wp;n > 1}

THEOREM 2.1. Suppose that n/p, is bounded away from 0 and oco. Let
o > 1/2. Then

. Wy

2.1 lim — =0 a.s.

n—oo po
if and only if

(e e]
2.2 P X;X:|>n*
o S ) <
and
EX|1=0 whenever o < 1.
Here and below X; = X1 ;,i > 1.
REMARK 2.1. Note that
P( max |X;X;| > n"> <n’P(|X1X2| = n%), n>1
1<i<j<n

and so (2.2) holds if

o
Y n?P(IX1X2| = n%) < 00

n=1

which is equivalent to E|X1X3|>/* < oo. Thus, (2.2) holds if E|X|3/* < co. Also
note that

P< max |X;X;| Zna> A gP(|X1X2| >n)

I<i<j<n

2P< max |X,-X[n/2]+,~|2na)

1<i<n/2
n
> 1 —eXP{—EP(IXlsz zn“)}, n>2

X

and hence since ] —e ™ ~xasx — 0,

o0
P| max |X;X 1>n%) < 0o
,,X::Q <]§i§n/2| ! [”/2]+1| > >
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if and only if

o0
Y nP(1X1X2| = n%) < o0

n=1

which is equivalent to E|X1X»|%/* < co. Thus E|X1|¥/% < oo if (2.2) holds.

The second theorem is a Kolmogorov—Marcinkiewicz—Zygmund-type SLLN
for {L,;n > 1}.

THEOREM 2.2. Suppose that n/ p, is bounded away from 0 and oo. Let 1/2 <
a < 1.1If X1,1 is nondegenerate and (2.2) holds, then

(2.3) lim 'L, =0 a.s.

n—oo

The third theorem establishes a LL for {W,,; n > 1}.

THEOREM 2.3. Suppose that n/ p,, is bounded away from 0 and co. Then

W
(2.4) lim ——— =2 as.
n—oo  /nlogn
if and only if
o0
— 2 _ e

(25 EX1=0,EX{=1 and zl P(lsrirlajxgn XX | > ,/nlogn> < 00.

REMARK 2.2. By an argument similar to that in Remark 2.1, the condition

o

2.6 P X;Xi|>,/nl
2.6) 3 (| max 10,1 = Jnlogn ) < o0

is weaker than the condition
X1X2)°0
2.7) E( (X1X2) 3><oo
(log(e + | X1X2[))
but stronger than the condition

(X1X2)* ) _
(log(e + 1 X1X2]))? '
Let h1(t) = E(X8I(1X1| < 1)) and ha(t) = E(X{1(1X1| < 1)),t > 0. Then, by

using Fubini’s theorem, we can see that (2.7) and (2.8) are, respectively, equivalent
to

(2.8) E <

E( XCh1(1X11) )
(log(e + |X11))3
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and

E( Xtha(1X11) )
(log(e + |X1]))2

REMARK 2.3. Note that

P<1§I}1<alj?<§n 1XiX;| > \/nlogn> =P(Zn:1Zy.2 > \/nlogn),

where Z,.1 and Z, ., are, respectively, the largest and the second largest of the

random variables | X 1], |X2|, ..., |Xy|. Thus (2.6) is equivalent to
o

(2.9) > P(Zn:1Zn:2 > \/nlogn) < o.
n=1

Clearly,

P(Zy:1Zn:2 = \/nlogn) > P(Zn ,>,/nlogn)
= P(Zp.2> (nlogm)Y),  n>1.
Let t, = P(|X1| > (nlogn)'/*), n > 1. Then (2.6) implies that

Z P(Zn:2 >(n logn)1/4)

n=1

=3 (1= (1= 1)" = nty (1= 1,)" ")
n=1
<

and hence (2.6) implies that nt,, = o(1). These two consequences of (2.6) entail

o
(2.10) > nity Zn (1X1] = (nlogn)'/4))* < oo
It follows from the Cauchy—Schwarz inequality and (2.10) that
nl/2 A
Z —  P(X| > nlogn)
log(n + 1)

n=1
00 1 1/2 / 5 1/2
2 1/4y)2
=< —_—— n“(P(|X1] > (nlogn) <00
(}; nlog?(n + 1)) (}; (P( )
and hence (2.6) ensures that

E|X1|ﬂ<oo forall 0 < 8 < 6.
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The fourth theorem establishes a LL for {L,,; n > 1}.

THEOREM 2.4. Suppose that n/ p, is bounded away from 0 and oo. If X is
nondegenerate and (2.6) holds, then
1/2
) L,=2 a.s.

2.11) lim (

3. Three general results. In this section three very general results will be
established. Theorems 3.2 and 3.3 will be used in Section 4 to prove the four
theorems in Section 2.

Let {(Uk,i, Vk.;);i = 1, k > 1} be an array of i.i.d. two-dimensional random vec-
tors. Let {p,;n > 1} be a sequence of positive integers and consider the n x p,
matrices

Ap = (Ur,i)1<k<n,1<i<py» = (Vk,i)1<k<n,1<i<pn» n>1.

Then A),B,, is a p, x p, matrix whose (i, j)th entry is >} _, Ui,iVi,j,n>1. Let

ZUlekJ

k=1

T, = max
1<i#j<pn

, n>1.

Let {Y,; n > 1} be a sequence of i.i.d. random variables where Y| has the same
distribution as Uy 1 V12 and set S, =) ¢ Yi,n > 1.

Theorem 3.1 may now be presented. It is a very general result wherein the as-
ymptotic fluctuation behavior of 7}, is governed by a Baum—Katz—Lai-type com-
plete convergence result. It is not assumed that n/p, is bounded away from
0 and oo.

THEOREM 3.1. Let {a,; n > 1} be a sequence of positive constants such that
a, 1 oo and

(3.1) lim lim sup 214 — 1,

cll n—oo ay
Suppose that the sequence {p,; n > 1} is nondecreasing. If

SnP

(3.2) — —0
dan
and
A P (150]
(3.3) Z—"P( >A><oo for some 0 < A < 00,
—n an
then
. 1,
34 limsup — <A a.s.

n—oo dp
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PROOF. Let$ > 0 be arbitrary. By (3.1), we can choose ¢ > 1 such that

3.5 aren) < (14 68)ay for all large n.
Note that for all large n
m
max 7T, = max max Z Ur,i Vi,
c—lam=<cen " lam<en 15i#j<pm =1
m
< max max Ur.iVi i
1<i#j<prenyc—l<m<ct I; o
=H, (say)

and hence for all large n

T,
P( max — > (1 +38)2A)
cn=

lem<en Ay

< P( A (1 +38)A> [by (3.5)]

afem]

| Sm|

< (pren) P max

Cn—l <m<c" a[C"]

> 1+ 38)A).

Note that (3.2) ensures that

lim min P(S, — Sk > —d6ra,) =1

n—oo 1§k§n
and

lim min P(S, — Sk <dra,) =1.

n—00 1 <k<n

It then follows from Theorem 2.3 of [11] that for all large n

Tn )
P max — > (1+38)“A
c—lem=<ct Ay

(3.6)

S n
< 2(10[cn])2P<M > 1+ 25)x).
aem)

Again recalling (3.2), for all large n and m € [[c"], [¢"t1]— 1], another application
of Theorem 2.3 of [11] yields

Spen
P (M > (1+ 25»\)
agem]

(o )
3.7 < P| max > (1426

[c"]<j<m a[cn]
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S|
afem]

§2P<(1 +8)1Sn|

a[cn+1]

<2P<| l >)»).
am

Since [¢"T1] — [¢"] ~ <L ([¢"+!] — 1), it follows from (3.6) and (3.7) that for all
large n

§2P< >(1+a)x)

-1+ a)x) [by (3.5)]

T,
P( max — > (1+ 38)2k)

Cnfl <m<ch am

X Pl fam > 1)
< 4(pren)

[C”'H] — [e"]
n+1
_ s )ZZEZ 1 PUSml/am > %)
= 1P [ent1]—1
[Cn+l] 1
Sm
< 3 pm1>(| | A).
c—1 meen] am

Then by (3.3) and the Borel-Cantelli lemma,
Ton 2. .
P max — > (14+38)"ri.0.(n)) =0
c"—lam=<c Ay

whence

. Ty 2

limsup — < (1 +38)“A a.s.

n—oo dp

Since § > 0 is arbitrary, the conclusion (3.4) is established. []

Consider the sequence of partial sums {S,; n > 1} defined prior to the statement
of Theorem 3.1. Let 8 > 0 and « > 1/2, and assume that EY] =0 if o« < 1. Ac-
cording to the celebrated theorem of Baum and Katz [4], the following are equiv-
alent:

Sn
Z 28— 1P(' |>s><oo forall € > 0,

Sm
anﬁ 1P( upu>8><oo for all ¢ > 0,

m>n m

(3.8) E|Y,|®AHD/e < o,
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Note that (3.8) is equivalent to

(3.9) E\U 1 |®PHD/% <00 and  E|Vy |#PHD/* < o0

and that £Y; =0 is equivalent to

(3.10) (EUL1)(EVL1) =0.

Combining Theorem 3.1 and the Baum—Katz [4] theorem yields the following.
COROLLARY 3.1. Let @ > 1/2 and B > 0. Suppose that (3.9) holds and if

o <1 that (3.10) holds. Then

. maxj<;£i<ph |ZZ:1 Uk,ivk,/'|
lim si#jsn — =0 a.s.
n—o00 n“

PROOF. Let a, = n® and p, = [nf],n > 1. Then (3.1) is immediate and
(3.3) holds for all A > 0 by the Baum—Katz [4] theorem. It follows from (3.8)
that £]Y1|'/% < oo whence by the Kolmogorov—Marcinkiewicz—Zygmund SLLN,
(3.2) holds. Thus (3.4) holds for all > > 0 by Theorem 3.1. Since A > 0 is arbitrary,
the corollary is proved. [

Again consider the sequence of partial sums {S,; n > 1} defined prior to the
statement of Theorem 3.1 and let 8 > 0. By a theorem of Lai [9],

Snl
E n?-1p < | >k)<oo for all » > 2,/B
/nlogn

if

|Y1|4,3+2
(log(e + |71 |)>2ﬂ+1) e

Combining Theorem 3.1 and Lai’s [9] theorem yields the following.

(3.11)  EY;=0, EY} =1 and E(

COROLLARY 3.2. Let B > 0 and suppose that

(EUI)(EV1) =0,  (EUL)EVE)=1

and

(3.12) E< U1 V1277 )<oo
' (log(e + |Uy,1 Vi 2]))2A+! '

Then

Max<;z;<,p P Uk i Vi
lim sup I<i#j<n |X:k_l )L 7J| 52\/3
n—oo «/nlogn

a.s.
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PROOF. Setaj =1, a, = /nlogn,n >2 and p, = [n?],n > 1. Then (3.1)
is immediate. Note that (3.12) and (3.11) are equivalent. The first two conditions
of (3.11) and Chebyshev’s inequality ensure that (3.2) holds. Now (3.3) holds for
all A > 2./B by Lai’s [9] theorem. Thus by Theorem 3.1,

T,
limsup ——— < A a.s. for all A > 2,/B.
n—o0o n logn

The conclusion follows by letting A | 2,/8. O

Throughout the rest of this section, it is not being assumed that {p,; n > 1} is
monotone.

THEOREM 3.2. Suppose that n/p, is bounded away from 0 and oo. Let
o > 1/2. Then

(3.13) lim — =0 a.s.
n—oo p¢
if and only if
o
3.14 P Ui Vil >n*
( ) ”2:1 (1<I}1721;(§n| 1,i l,jl_n ><OO
and

(EUL1)(EV11) =0 whenever a < 1.

THEOREM 3.3. Suppose that n/ py, is bounded away from 0 and oo. If
(EU1 )(EVi,) =0,  (EUf)(EVi)=1

and
o0
3.15 P Uy Ve o> ’
(3.15) > (,max 101Vl = nlogn) <0
then
(3.16) i L,
: msup ——— a.s.
noe Jnlogn —
Conversely, if
(3.17) I I
. msuyp ——— < o a.s.,
o /nlogn

then (EU1 1)(EVy,1) =0, (EU )(EVE,) < 00 and (3.15) holds.

For the proofs of Theorems 3.2 and 3.3 we need the following two lemmas.
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LEMMA 3.1. Let {a,;n > 1} be a nondecreasing sequence of positive con-
stants such that

nli)ngoanﬂ/an =1 and 1}113i0%f612n/an =be (1, o]

Then, for every ¢ > 0 and q > 1, the following statements are equivalent:

o0
3.18 P UiiViil > ,
( ) ,12::1 (151?7?]X§n| 1,i l,jl_an)<oo
o0
(3.19) P( max |U1,,'V1’j|2861n)<00 forall e > 0,
1<i#j<cn

n=l1

0
3.20 P UiV il > n I 0.
( ) ,; (1<rgza<an 15;’122})écm| m,i Vi, j| = €ayq ]> <00 forall ¢ >

PROOF. We only give the proof of the equivalence of (3.18) and (3.19) since
the proof of the equivalence of (3.18) and (3.20) is similar. To show that (3.19)
implies (3.18), note that

4
P( max |U17,‘V17j|28a”>§ ZP( max |U1,,~V17j|28a,,)
1<iskj <2en S \igjieljely
4 4
< ZP< max |U1,iV1,j|28an)
— 1<i#j<cn

I=1k=1

= 16P< max |Up;Vy | > 80,1),
1<i#j<cn

where Iy = {m; ((k —1)/2)cn <m < (k/2)cn}, k=1,2,3,4. Thus (3.19) implies

that

00
3.21 P UiiViil = 0% for all 0.
( ) nX::l <1§ir72?)§(2cn |U1,i l,jl = 8an> < orall € >

Let v be a positive integer such that 2Vc > 1. By repeating v — 1 times the above
procedure for arriving at (3.21), we get

o0

3.22 P Ui ;Viil> for all 0.
( ) ,; (l<i71?ja<x2“cn| LiVijl = ean) < 0 orall ¢ >
Thus the proof that (3.19) implies (3.18) is complete.

We now prove that (3.18) implies (3.19). Under (3.18), we can use the same
idea for arriving at (3.21) to get

00
3.23 P Ui iViil > .
( ) nXZ:I <1§glé2});2n| 1,i 1,]| _an> <00
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Let b1 € (1, b). Then since a,, < az,—1/b1 < az,/b; for all large n, it is easy to see
that (3.23) implies

o
ZP( max |U1,,-V1,j|z(1/b1)an><oo.
ot I<i#j=<n

By iterating this technique we get

o0
. . v —
(3.24) ngl P<1§r};2;(5n |U1,iV1,jl = (1/b1) an> < 00 forv=1,2,3,....
Since limy_, oo (1/b1)" = 0, (3.19) with ¢ = 1 follows from (3.24). Thus (3.22)

with ¢ = 1 and arbitrary v > 1 holds, and from this we get that (3.19) holds for
everyc>0. O

LEMMA 3.2. Suppose that n/p, is bounded away from 0 and oo. Let
{ay; n > 1} be as in Lemma 3.1. If

. T,
(3.25) limsup — < o0 a.s.,
n—oo dp

then (3.18) holds and (EU1,1)(EV1.1) = 0 whenever lim;,_, o a, /n = 0.

PROOF. Since n/p, is bounded away from O and oo, there exists a constant
¢>1suchthat ¢ !n < pn <cn,n > 1. Then it follows from (3.25) that

n
. max;<zj<c—1n | k=1 Uk,i Vi, jl
lim sup < 00 a.s.
n— 00 ay

Since limy,— 00 apt1/an =1,

+1
max]f[;éch*ln | ZZ:I Uk,i Vk,j|

lim sup < 00 a.s.
n—00 ay
Note that
n
max  |Upy1,i Vi1, < max Uk,i Vi,
I<i#j<c ln I<i#j<c™n|; 2
n+1
+ max Z Ui,i Vk,j|, n>1.
I<i#j<c™'n| ;2

We then have

: MaxX; iz j<c=1n | Un+1.i Vat 1|
lim sup < 00 a.s.
n— 00 ay




436 D. LI AND A. ROSALSKY

Then since the random vectors in the array {Uy;, Vk,;;i > 1,k > 1} are ii.d., it
follows from the Borel-Cantelli lemma that
0

ZP( max IU]JVL”E)\.GH) <0 for some A > 0.
ot I<i#j<c~ln

Using the same argument as in the proof of Lemma 3.1, we have

o0
ZP( max |U1,l-V1,j|Zén> < 00,
ot I<i#j<n

where a, = la,, n > 1. In view of Lemma 3.1, (3.18) follows. If
lim,,_, 5 @, /n = 0, then (3.25) implies that

n
V
lim > k=1 Uk, 1 Va2
n— 00 n
and hence by the Kolmogorov SLLN, (EU; 1)(EV1,1) = (EU1,1)(EV1,2) =0; the
proof of Lemma 3.2 is therefore complete. [J

=0 a.s.

PROOF OF THEOREM 3.2. In view of Lemma 3.2, we only need to give the
proof of the “if” part. Note that (3.14) implies that

o0
Pl max |U;;V 1>n%) < 00
,; (1§i§n/2| Li 1’["/2]4—1’ = )

which is equivalent to

o0

> nP(|Up1Vi2] = n®) < oo,

n=1
So it follows that E|U; Vi 2]|*% < oco. Setting S, = Y 41Uk 1Vi2,n>1 and
applying the Baum—Katz [4] theorem, we have

= |Sim|
ZP(sup—m>8)<oo forall e > 0
n=1 mzn me

which implies that

S
P(| nl >s>=o(n_1) foralle >0

nC{
and hence by Ottaviani’s inequality, it follows that
S .
(3.26) max P(M > 8) = o(n_l) for all £ > 0.
I<j<n n¢

Since n/ p,, is bounded away from 0 and oo, there exists a constant ¢ > 1 such that

cln< pn <cn,n > 1. Thus (3.13) follows if we can show that

(3.27) Ly M@K 1siz)j<en I > %=1 Uk,i Vi jl _

n—o00 n¢

0 a.s.
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For fixede > 0,setfor1 <k <2",1<i,j<c2",n>1,

1

Y= UkiVe I(1Uki Ve j| > (2/2%)2"),
2

Y i = UiVi i (Ui Ve j| < (£/2)2™).

Then, for 2"~ <m <2",n > 1,

m (D
max <izj<em | 24—y UkiVij| _ MaXi<izj<em| 2k=1Yini

= o
(3.28) " ) @
maxj<ij£j<cm | Z?:l Yk,n,i,jl

mCl

In view of (3.14), by applying Lemma 3.1, we have

(3.29) P ( max max

1<m<2" 1<iz#j<cm

=0 eventually) =1.
k=1

Clearly, recalling E|U; 1 V1,2|2/°‘ < o0, forall § > 0,

J (D
| 2 k=1 Yen1 2! )
—_— > 8

max max P (
mOt

=lam<2n 1<j<m
<2"P(|U1,1Vi2l > (8/2%)2™%)
=027
and this, together with (3.26), ensures that, for all § > 0,

J ()
(| 2i=1 Y2

(3.30) max  max P | > 8) =o0(27").
mOl

2=l opm<on 1<j<m
Write pp,n = Maxi<j<m Kjmn Where kj, , 1s a median of the random variable
|50 Y ol/me 1< j <m, 2" <m <2",n > 1. Note that (3.30) implies
that

lim max ., =0.
N=>00 on—1l <y <n

Applying Lemma 3.2 of [10] which is a generalization of the Hoffmann—
Jgrgensen [6] inequalities, it follows from (3.30) that for sufficiently large n and
every m € [2"~! 41,27,

m Y(Z)
P(|Zk_1 kon.1.2] - 108)

mC{

(2) 2
|2kt Yinanl 9
< P( max ]Yk(zrz Lol > sm“) +4(P<M > —g— Mm,,))

1<k<m mY 2
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m @ 2
54(P<|Zk_1 ak,n,l,2| >4e>)

m
m Y(Z) 4
g 64( P(M . g>)
mOl
=027,
Hence
00 maXxi<ij#£j<cm |ka:1 Yk(,zra,i,j|
Z Z P< o > 108)
n=12n-1p<on
-y ¥ szzp<% > 108)
n=12n—1 oy <on
(3.31) .
<> o™
n=1
< Q.

Taking into account (3.29) and (3.31), we conclude from (3.28) and the Borel-
Cantelli lemma that

10e a.s.

. maxi<ij<en | Yp—y Uk,i Vk,jl
lim sup sigjsen] Zk=1 LR <
n—o00 n“

Letting ¢ | 0, (3.27) follows. [

PROOF OF THEOREM 3.3. In view of Lemma 3.2, we only need to give the
proof of the first part. Note that (3.15) implies that

o0
’; P<1§I§1§i,)1(/2 ’UL,'VL[,,/Q]_H‘ > ,/nlogn) <0

which is equivalent to

00
ZHP(|U171V1,2| > ,/l’llOgl’l) < Q.
n=1

So it follows that
Ui, v
(3.32) E( L1712 2) < 0.
(log(e +|U1,1V1.2))
Let 6 > 0 be fixed. We choose 1 < g < 2 such that

(3.33) [gn]loglgn] < (1 4+ 8),/nlogn for all sufficiently large n.
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Forl <k <g",n>1,set

1
Z = UkiVe i 1(1Uki Ve i > (8/2)\/q" logq™).

2
Z2) = UkiVe i 1(@" < UiiVie j| < (6/2),/q" logq™),

70

imi = UkiVi jT1(Uki Vi jl < ¢"7).

n—1

Then, for ¢ <m<q*,n>1,

maxi <i#j<em | g1 Uk.i Vi j
/mlogm
1 1
_ MaXi<izj<em |ZZ1:1(ZIE,,)1,i,j —EZi) 1)l
- /mlogm

2 2
N maxi<izj<cm | Z?:l(z( I EZI(<,1)1,1,2)|

k.n,i,j

/mlogm
maxj<j; m (z®  _gz®
1<i#j<em | 25=1(Zg pi kon,1,2)]
/mlogm ’

where ¢ > 1 is a constant such that ¢~!'n < pn < cn,n > 1. Note that (3.32) en-
sures that

4E|Uy 1 V2|3

521 n —0 asn — oo.
0gq

max
qnfl <m<q"

(D)
Z EZi w10 =
k=1

So, in view of Lemma 3.1, condition (3.15) implies via the Borel-Cantelli lemma
that

1 1
maxi<izj<cm | Zzlzl(zlg,;)z,i,j - EZIEJ)LI,Z)l
P max < § eventually
qn71<m§qn A/ m logm
(3.34)
=1.

Using the Chebyshev inequality, it follows from (3.32) that for ¢"~ ' < m <

q",n>1lande >0, -

) ) ) 2
P(|Z?=1(Zk,n,1,2 —EZ; 310! - ) - mE(Z, | 5)

J/mlogm e2mlogm
(3.35) E|U; Vil
’ — &2q"/3logm

=o(g™"?).
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Thus, applying Lemma 3.2 of [10] and using the same argument as in the proof of
Theorem 3.2, we have that for sufficiently large n and every m € [[q”_l 14+1, [¢"]1,

2) 2)
P( | Zzlzl(zk,n,l,z —EZ; 10!

/mlogm

@) @
< P(1r<r}<a<xm Zina—EZ 10l > 8,/mlogm>

@) (2)
JmTogm

?2) ()
_ 4<P<| Y1 (Z 10— EZ,10)] - 225>>2
mlogm

2 2
(TR EEL g
B Jmlogm

2 2
<47 <P(| 2012~ EZE, 0 )] - 48)
B Jmlogm

@) )
< 415(P<| 2012 = EZi, 0 )] - 5) 16
B Jmlogm
=o(g=199")  [by (3.35)].

> 468)

Hence

2 2
i Z P<maxlsisﬁj5cm | kazl(zlg,r)z,i,j - EZIE,;)z,l,zﬂ

465
mlogm g )

n=1 qn—l <m§qn

2.2 k=1\“k,n,1,2 k.,n,1,2
< c“m*P > 466
=L 2 ( Jmlogm )

n=1 qn—l <m§qn

o0
< Z 0(q_(7/3)n)
n=1

< Q.

(3.36)

Taking into account (3.34) and (3.36), we conclude by the Borel-Cantelli lemma
that

m
(3.37) limsup max maxi sizj<on | Liz1 Hiniv )| <476 a.s.,

n—oo g"~l<m<q" mlogm
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1 1 2 2 .
where Hy i ;j = (Z,(C’,)l,l.’j — EZ,(”)L]’Z) + (Z,(C’,)l,l.’j — EZ,(C’,)M’Z). It is easy to see

that (EUIZJ)(EV%]) = 1 implies that for all ¢ > 0,

max

3) 3)
P(l Yk (Zi 12— EZ, 00l )
> &

qn—1<m5qn 4/m10gm
1
<5 0 as n — oo.
e~logg"~

Using the same argument as that used to obtain (3.6) in the proof of Theorem 3.1,
for all large n

3 3
Max1<ij<em | S0 (Z0) 5 — EZl(c,r)z,l,Z)l

k,n,i,j 2
P max >2(14+36 )
<q"1<m§q" Jmlogm ( )
q" ] (3) 3)
| —EZ )|
gzczqz”P< 21 Zinin k1,2 >2(1+25)).
V[qnllog[q”]
Note that
C 3) 3) 2 3) 3) 2
Z E(Zk n12 " EZk,n,],Z) = [qn]E(Zl,n,l,Z - EZl,n,l,z)
k=1
~q" asn — 0o,
max |Z(3) —EZ() |<2q”/3 n>1,
1<k< n
and
2(1+28)/q"Togq" 2q"") _

Then, applying Lemma 7.1 of [11] which is the classical Kolmogorov exponential
inequalities, we have that for all large n,

[q"]
P(

3 3
Z(Zlg,r)z,IZ EZ() )
k=1

< 2exp{—2(1 +8)logg"} = 24 2(1+on,

> 2(1 4 26),/[q™]1log[q™ ])

Hence

3 3
maxi<jj<cm |Z;<”:1(ZIE,1)1,i,j - EZIE,r)z,l,Z)l

P 2(1 352)
Z(»«nﬁiq JmTogm 721439

- 26
=3 07 <ox
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and another application of the Borel-Cantelli lemma gives

3 3
. Mmaxj<izj<cm |Z?=1(Zlg,i,i,j - EZIE,;)LI,Z)l
limsup max

n—o0o q"—1<m§q" «/mlogm
<2(1+38)> as.

(3.38)

Combining (3.37) and (3.38) and letting § |, 0, we get

. maxi<j£j<cn | Yjey Uk,i Vi, jl
s Mz zen |4 Ui Vis|

n—00 «/nlogn

The proof of Theorem 3.3 is therefore complete. [

2 a.s.

COROLLARY 3.3. Let {Xy ;s k > 1,i > 1} be an array of i.i.d. random vari-
ables. Suppose that n/ p, is bounded away from 0 and oo.

(1) Leta > 1/2. Then

n
L MaXi<izp, | 2 k=1 Xk.il

n—oo n%

=0 a.s.

if and only ifE|X1,1|2/°‘ < oo and EXy,1 =0 whenever a <1.
(i) If

X4
(339) EX;1=0, EX?, =1 and E( 11 2) o
7 (log(e + |X1.11))
then
1 maxlﬁiﬁpn |ZZ:1 Xk,il
3.40 lim su <5 B
(3.40) M Sup SiToan < s
Conversely, if
lim sup max<i<p, | 2 k=1 Xk.il s
n—00 W .S,
then
X4
EX1=0, EX%1<OO and E( 1,1 2)<OO.
’ (log(e + | X1.11)

PrROOF. Set Uy; = Xk, Vk.i =1,k >1,i > 1. Then parts (i) and (ii) follow,
respectively, from Theorems 3.2 and 3.3. [
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4. Proofs of the main results. We now give the proofs of the main results.

PROOF OF THEOREM 2.1. Theorem 2.1 follows directly from Theorem 3.2.
O

PROOF OF THEOREM 2.2. If 1/2 < « < 1, then, in view of Remark 2.1,
(2.2) implies that EXT | < 0o.Let u = EX1,1. Then 0 < 0 = E(X},1 —pn)? < 00
since X, is nondegenerate. Note that for 1 <i < p,

n n

3 (Xei = X = Y Kes — ) — (X = o)?
k=1 k=1

and for 1 <i, j < p,

n

> (Xi — X)) (X — XV)
k=1

= Xei — ) (Xij — ) —n(X = ) (X = ).
k=1

By Corollary 3.3, it is easy to see that

lim 7'~ max |)_(l.(") — =0 a.s.,
n—00 1<i<pp

lim n'™ max |)_(i(") — pL]\)_(;") —ul=0  as,

n—00 I<i<j=<pn
and

Y (Xpi — X2

liminf min
n—00 1<i<p, n
n_ X . 2 _
— liminf min (k=1 =K — (X" — p)?
n—00 |<i<p, n !

n X, — 2
= liminf min Li=1Xki = 11)

n— 00 151'517;1 n

n 2
Dokt Yi (D)
> liminf min =X=l ki
n—oo 1<i<p, n

maXi<;< n_ Y2~ b —EY2 b
ZEYﬁl(b)—llmSup I<i<p |Zk_1( /(,l( ) 1,1( ))|

n—oo n

=EY{ () s,
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where Y ; () = (Xi;i — I (| Xk — | <b),k>1,i>1,b> 0. Letting b 1 oo,
we get

S (Xei = X"

liminf min >0 a.s.
n—>00 1<i<p, n
We now show that
o0
4.1) ZP( max |(Xi—,u)(Xj—y,)|Zn“)<oo.
- I<i<j<n
Note that
o0
> p( | max 106 = 00X o) 207
I<i<j<n
n=1
0,0)
< X .| > 1 o
<27, iz
n=1
o
> 1,a
—1—22 P(llgajn |nXi| > n
n=1
o
+ > P(u? = 1n%).
n=1
Clearly,
o
P(u? > In%) < oo,
n=1

By (2.2) and Lemma 3.1,

o0
ZP( max |X;X;|> %n“) < 00.
n=1

I<i<j<n

Also

o0 o0

1 1
Zl P(gjﬂfxn Xl = zn"‘) < X;UP(WXH > 1n") <00
n= n=

since, by Remark 2.1, E|X{|*/% < oco. Thus (4.1) holds. Hence, applying Theo-
rem 2.1, we have

1 maxj<;<;i o Xki — )Xk i —
limsupnl_aLn < —zlimsup 1<i<j<pn |Zk_1( k,i w)( k,j Wl
n—00 0“ n—oo n“%

=0 a.s.

This completes the proof of Theorem 2.2. [
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PROOF OF THEOREM 2.3. We first prove that (2.5) implies (2.4). Clearly,
(2.4) follows from Theorem 3.3 if we can show that

Wy
4.2 liminf ——>2 a.s.
(42) o5 /nlogn —

To show this, for arbitrary b > 0 and k > 1,i > 1, set
Urki(b) = Xi,il (| Xk.il <b) — EX111(1X1.1] < D),
Vii(b) = Xk,il (| Xk il > D) — EX111(|1X1,1] > D).

Note that

W, > max
I<i#j<n/c

> Urib) Vi, ,-(b)‘

k=1

n
Uk,i(D)Uy,j(b)| —2 max
=l I<i#j=<n/c

> Vai(b) Vi j(b)

k=1

—  max
I<i#j=<n/c

’

where ¢ > 1 is a constant such that n/c < p, <cn,n > 1. Applying Lemma 3.1
of [7] (since n/[n/c] — ¢ € (0, 00)) and our Theorem 3.3, we have

maxi<ij<n/c | =1 Uk,i(B)Ux, j(D)]

W,
liminf ———— > liminf

n—oo /nlogn — n—o0 Vnlogn
it P Ui(D)Vy (b
_21imsupmaxlgz;ﬁj§n/c|2k:1 ki (D) k,j( )|
n— 00 «/nlogn
£ i P Vi)V i (b
~ limsup maxi<izj<n/c| 2g=1 Vr.i(®) Vi j (b)|
n—oo «/l’llOgI’l

>2EUT (b) — 4\/EU12’1(19)\/EV12’1(19) —2EVE (b))  as.
Letting b 1 oo, (4.2) follows since
Jim EU{ (b)=1 and Jim EV{, (b)=0.
We now show that (2.4) implies (2.5). In view of Lemma 3.2, Theorem 2.1 and

Remark 2.1, (2.4) implies that EX| =0, EX% =02 < 00 and (2.6) (with \/nlogn
replaced by o2/nTogn ) holds. Hence

W,
im —— =202 a.s.
n—oo  /nlogn

It follows that 202 = 2 and so EX% = 1. Thus (2.5) holds. [

PROOF OF THEOREM 2.4. In view of Remark 2.3, condition (2.6) implies
that EX‘tl <oo.Let u=FEX1 1. Then 0 < o= E(X11— ,u)2 < oo since X1
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is nondegenerate. Applying Corollary 3.3, one can see that

lim max |)_(l.(") —nl=0 a.s.,
n=00 1<i<p,

St (X —)? —o?)

lim max =0 a.s.
n— oo lflfpn n
and
1/2 B
limsup< ) max |Xl-(") —p| <2  as.
n— 00 logn 1<i<py

By an argument similar to that in the proof of (4.1), (2.6) and Lemma 3.1 ensure
that

o0
P Xi —w(X;— )| >0o2/nl .
’12::1 <1§I}1<aj?§5n|( i—mXj—wl=o \/@><oo

Since, for every i > 1 and j > 1,

n

n
3 (X — X)X — X;")) =Y Xk — ) (Xg,j — 1)
f=1 k=1

El

<n|X" — || X]" —

we get
lim max Li1 K i) —0 ‘:0 a.s.,
n—001<i<p, n
L MmAiicp, i<i<p, X" — w1 X — pl
imsu
n—>oop J/nlogn
_ 172 _
= lim max |X" — pu| x limsup<( ) max |X" — /1,|)
n—00 | <i<py n—oo \\logn 1<i<py,
=0 a.s.,

and it follows by Theorem 2.3 that

n 1/2
lim ( ) L,
n—oo logn

1 lim AX1<i<j=pn |0 (X — X)) (X j — )_(5.”))|
=— lim

o2 n=00 J/nlogn
— i lim maX]Sl‘</‘§pn | ZZ:I(XI(,Z - /L)(Xkyj - ,bL)|

o2 n=>00 Jnlogn
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Thus (2.11) has been established. [
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