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STOCHASTIC MAXIMAL L?-REGULARITY
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Karlsruhe Institute of Technology

In this article we prove a maximal LP-regularity result for stochastic
convolutions, which extends Krylov’s basic mixed L (L4)-inequality for the
Laplace operator on R4 to large classes of elliptic operators, both on R4 and
on bounded domains in R with various boundary conditions. Our method of
proof is based on McIntosh’s H®°-functional calculus, R-boundedness tech-
niques and sharp L? (L%)-square function estimates for stochastic integrals
in L9-spaces. Under an additional invertibility assumption on A, a maximal
space—time LP-regularity result is obtained as well.

1. Introduction. Let S = (S(¢));>0 denote the heat semigroup on L” (R%),

S f(x) = —m2 £ (y) dy,

1
—— | e
VQ2mt)d /Rd
and let H be a Hilbert space. Generalizing the classical Littlewood—Paley inequal-
ity, Krylov [27, 30, 31] proved that for p € [2, 00) and all G € L? (R4 x R?; H)

one has
o d .\
J /R</o IVS@ = $)G(s. )] ds) dx di
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and more generally, for p, g € [2,00) withg < p and G € LP(R,; L? (RY; H)),

> ! . ‘ 5 >4/2 )p/q
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In both (1.1) and (1.2) we implicitly use the extension of S(¢) to L? (R4; H)
and L(R?; H), respectively (see the remarks preceding Theorem 4.3). These
singular convolution estimates are the cornerstone of Krylov’s L7-theory of sto-
chastic PDEs [26-31]. The proofs of (1.1) and (1.2) rely heavily on techniques
from harmonic analysis, and their extension to bounded domains is a well-known
open problem. The aim of the present paper is to prove a far-reaching general-
ization of Krylov’s inequalities which, among other things, provides such an ex-
tension. Our approach is radically different from Krylov’s and uses H *°-calculus
estimates, developed by Mclntosh and coauthors, R-boundedness techniques and
sharp L?(L?)-square function estimates for stochastic integrals in L7-spaces.

In order to state the main result we need to introduce some terminology. Let
(2, o7, IP) be a probability space endowed with a filtration .# = (:%#;);>0, and let
(WH ())r>0 be a cylindrical . -Brownian motion on H (see Section 2.1). Further-
more let (O, X, u) be an arbitrary o -finite measure space.

THEOREM 1.1. Let g € [2, 00), suppose the operator A admits a bounded
H-calculus of angle less than /2 on L1(O), and let (S(t));>0 denote the
bounded analytic semigroup on L9(QO) generated by —A. For all ¥ -adapted
G e LP(Ry x Q; L9(O; H)) the stochastic convolution process

U(t):/(;t St —5)G(s)dWg(s), t>0,

is well defined in L1(QO), takes values in the fractional domain D(AY?) almost
surely and for all 2 < p < 00 we have the stochastic maximal LP-regularity esti-
mate

2
(1.3) EIAYUN] @, 100y < CPEIGI vy 190: 1)

with a constant C independent of G. For g = 2 this estimate also holds with p = 2.

Although U also belongs to L?((0, T) x 2; L1(0)) for all T € (0, 00), in gen-
eral it is false that U belongs to L” (R4 x ; L7(0)) unless one makes the addi-
tional assumption that A is invertible [see Theorem 1.2(1) with 6 = 0].

The limiting case p = 2 is not allowed in Theorem 1.1 (except if ¢ = 2); a coun-
terexample is presented in Section 6. This is rather surprising, since p =2 is usu-
ally the “easy” case. Theorem 1.1 is new even for ¢ =2 and p € (2, 00).

The convolution process U is the mild solution of the abstract stochastic PDE

dU@)+ AU@)dt =G(@t)dWg(t), t >0,

and therefore Theorem 1.1 can be interpreted as maximal L”-regularity results for
such equations. As is well known [8, 14, 29] (cf. Section 7), stochastic maximal
regularity estimates can be combined with fixed point arguments to obtain exis-
tence, uniqueness and regularity results for solutions to more general classes of
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nonlinear stochastic PDEs. This approach has proved very fruitful in the setting
of deterministic PDEs, as can be seen from the surveys [16, 32]. In order to keep
the present paper at a reasonable length, such applications to stochastic PDEs have
been worked out in a separate paper [46]. A generalization of estimate (1.1) to the
setting of stochastic integrodifferential equations has been obtained in [17]; our
approach seems to be applicable in this context as well.

Let us now briefly indicate how (1.1) and (1.2) follow from Theorem 1.1 and
how the corresponding estimates for bounded regular domains may be deduced.
First of all, by the It6 isomorphism for L9(Q)-valued stochastic integrals (see
Section 2.1), the estimate (1.3) can be rewritten as

00 t q/2 r/q
120, _ 2
E/O (/(9(/0 IIAY2S(t — )G (5. )]0 ds) dx) dt

(1.4) »
< CPEIGI} . 10(0:11))-

It is well known that the Laplace operator — % A admits a bounded H *°-calculus on
L9(R?), and D((—A)'/?) equals the Bessel potential space H L.g(R4) associated
with L4 (R%). As a result, (1.4) implies (1.2) without the restriction ¢ < p. By the
same token, the Dirichlet Laplacian A = —%ADir on a bounded regular domain

D C R? has a bounded H*-calculus on L9(D), and via complex interpolation
(cf. (2.3), [23], Lemma 9.7, and [40], Theorem 4.3.2.2) one has

s D(A'?) =[L9(D), D(A)]1/2 = [L9(D), H*9(D) N Hy " (D)11 2
' c H"(D)

with HyY(D) = {f € H“4(D): f = 0on 3D}. Noting that Apj is invertible,
(1.3) givesu € LP (R4 x ; D(AY?%)). Hence by (1.5) we obtain the estimate

p p

A similar estimate, but only on bounded time intervals, holds for Neumann Lapla-
cian (see the remarks following Theorem 1.1 and Remark 4.5).

The main advantage of our approach is that it uses estimates from the deter-
ministic theory of partial differential equations (e.g., the boundedness of the H°°-
calculus) directly as building blocks in the theory of stochastic partial differential
equations. The boundedness of the H>-calculus is not a very restrictive assump-
tion; elliptic operators typically satisfy this assumption on L9-spaces in the range
1 < g < oo (see Section 2.3 for a comprehensive list of examples). For second or-
der elliptic operators on bounded regular domains D, (1.6) holds again under mild
regularity assumptions (see Example 2.6).

Under the additional assumption that the operator A is invertible, Theorem 1.1
can be strengthened to a maximal space—time L”-regularity result; by a standard
interpolation argument this also gives a sharp maximal inequality.
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THEOREM 1.2. In addition to the assumptions of Theorem 1.1 suppose that
0ep(A).
(1) Space-time regularity. For all 6 € [0, %),
p p

E” U || HG,p(R+;D(AI/2—9)) E CPE” GllLP(R+;L‘1(O;H))'

(2) Maximal estimate.
E sup WUOND, 1 2-1/p.p) < CPEIGIL b, . La(0: 11y
telR4

where Dg(5 — =, p) i= s 1/2—1 1s the real interpolation space.
here Da(3 — 5, p) i= (L9(O0), D(A)1/2-1/p,p is the real i lati

In both cases the constant C is independent of G.

As far as we know, Theorem 1.2 is new even for the Laplace operator on
L2(RY).
The case 6 = 0 of part (1) easily generalizes to the more general estimate

p V4 14
(17) ]E”U”LI’(R+;D(A1/2+5)) S C E||G||LP(R+;D((A®IH)5))

for any § > 0. A similar estimate for § < 0 can be derived by using extrapolation
spaces, which is useful when dealing with space—time white noise.

A further advantage of our methods is that, with the aid of some additional tools
from functional analysis, Theorems 1.1 and 1.2 and their proofs extend to more
general function spaces, such as spaces which are isomorphic to closed subspaces
of L1(0) (e.g., Sobolev and Besov spaces).

1.1. Notation. Unless otherwise stated, all vector spaces are real. Arguments
involving spectral theory are carried out by passing to complexifications. Through-
out the paper, H is a Hilbert space, and (O, X, ) is a o-finite measure space. We
use the notation (r,),>1 for a Rademacher sequence, which is a sequence of in-
dependent random variables which take the values =1 with equal probability. We
write a <y b to express that there exists a constant ¢, only depending on k, such
that a < cbh. We write a <~y b to express that a <y b and b < a.

2. Preliminaries.

2.1. Stochastic integration. Let (2, o/,P) be a probability space endowed
with filtration .% = (%#;);>0. An .Z-cylindrical Brownian motion on H is a
bounded linear operator Wg :L2(R+; H) — L*(Q) such that:

(1) forallt >0 and h € H the random variable Wy (t)h :== Wy (10.,] ® h) is
centred Gaussian and .%;-measurable;
(i1) forall t1,tp >0 and hy, hp € H we have E(Wg (t)h1 - Wy (t)hy) =t A
©lhy, hal;
(ii1) for all t, > t; > 0 and h € H the random variable Wy (r)h — Wy (t1)h is
independent of .7, .
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It is easy to see that for all 2 € H the process (t,w) —> (Wg(t)h)(w) is an .%-
Brownian motion (which is standard if ||z|| = 1).

For 0 <a < b < 00, .%,-measurable sets F C Q, h € H, and f € LY(O) the
stochastic integral of the indicator process (t, @) = 14 p)xF(f, @) f ® h with re-
spect to Wy is defined as the L9((O)-valued random variable

t
/0 1(a’b]><p(f QRh)dWy = (WH(Z‘ AbYh — Wy (t /\a)h)lpf, t>0.

By linearity, this definition extends to adapted finite rank step processes G : R x
Q — LP(O; H), which we define as finite linear combinations of adapted indica-
tor processes of the above form. Recall that a process G: R4 x Q — L9(O; H) is
called .7 -adapted if for every t e Ry, w — G (¢, w) is .%;-measurable.

The next result is a special case of [43], Theorem 6.2.

PROPOSITION 2.1. Let p € (1,00) and g € (1,00) be fixed. For all 7 -
adapted finite rank step processes G:Ry x Q — L1(O; H) we have the “Itd
isomorphism”

o0
p p
BN 02wy = EHfO GdWn

p
<CPEIGI74 0. :
L4 (O) L4 (OaLZ(R+5H))

with constants 0 < ¢ < C < 00 independent of G.

By a standard density argument, these inequalities can be used to extend the sto-
chastic integral to the Banach space Lpg; (R; L1(O; LZ(R+; H))) of all .% -adapted
processes G : Ry x Q — L9(O; H) which belong to L?(2; L4(O; L*(Ry; H))).
In the remainder of this paper, all stochastic integrals are understood in the above
sense. By Doob’s inequality, the inequalities remain true if the middle term is re-
placed by the corresponding maximal norm. In this form, for p = g they follow
directly from the (real-valued) Burkholder—Davis—Gundy inequality.

By Minkowski’s inequality, for g € [2, 00) one has

ElGILoo:L2@:my SENGI 2@, :L00:1))-

In combination with Proposition 2.1, for p € (1, 00) and ¢g € [2, oo) this gives the
one-sided inequality

p

< CPE|G|I}

o
2.1 IEHfO GdWy L2(Ry;L4(O;H))

L4(0)

REMARK 2.2. For g €[1, 00) the space LY(O; H) is canonically isomorphic
to the space y (H, L1(0)) of y-radonifying operators from H to L(O) (see [45]
and the references given therein). Using this identification, Proposition 2.1 extends
to arbitrary UMD Banach spaces E (see [44], Theorems 5.9 and 5.12); this class
of Banach spaces includes the spaces L9(Q) with g € (1, co). For Hilbert spaces
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E one has the further identification y (H, E) = % (H, E), the space of Hilbert—
Schmidt operators from H to E.

The inequality (2.1) holds for arbitrary Banach spaces E with martingale type 2
(see [8, 9]); this class of Banach spaces includes the spaces LY (O) with g € [2, 00).

2.2. R-boundedness. Let E; and E, be Banach spaces, and let (r,),>1 be a
Rademacher sequence (see Section 1.1). A family .7 of bounded linear operators
from E; to E; is called R-bounded if there exists a constant C > 0 such that for
all finite sequences (x,,)fl\’:1 in E; and (Tn)flvz 1 in .7 we have

N N
ZrnTnxn Zrnxn
n=1 n=1

The least admissible constant C is called the R-bound of 7, notation R(7). For
Hilbert spaces £ and E;, R-boundedness is equivalent to uniform boundedness
and R(7) =sup,c & |IT . The notion of R-boundedness has played an important
role in recent progress in the regularity theory of (deterministic) parabolic evolu-
tion equations. For more information on R-boundedness and its applications we
refer the reader to [11, 16, 32].

In our applications, E; and E, will always be L9-spaces or mixed L?(L%)-
spaces (possibly with values in H). All such spaces are examples of Banach func-
tion spaces which are s-concave for some s < oo [for this purpose we identify H
with £2(I) over a suitable index set /]. For these spaces, Rademacher sums can be
evaluated, up to a constant, by means of square functions (see [34], Theorem 1.d.6)

N 2\ 12 N 1/2
<]E Zrnxn ) ~E (Z |xn|2>
n=1 E n=1

Below we shall need a continuous version of the right-hand side, for which we
need to introduce some notation. Let E be a Banach function space over (O, X, u).
For a Hilbert space H, let E(H) be the space of all strongly w-measurable
functions G : O — ‘H for which ||G(-)||% belongs to E. Typically we shall take
H = L?>(R,, v) with v a o-finite Borel measure on R

For E| = E; = L9(O) the next multiplier result is due to [47]; the version below
is included as a special case in a more general operator-theoretic formulation of this
result, valid for arbitrary Banach spaces E| and E», in [25] (a proof is reproduced
in [41]).

2

2
E <CE

E

PROPOSITION 2.3. Let E| and E, be Banach function spaces with finite co-
type, and let v be a o -finite Borel measure on Ry. Let M : Ry — £ (E1, E») be a
function with the following properties:

(1) for all x € E| the function t — M (t)x is strongly v-measurable in E;;
(2) the range M = {M(t):t € Ry} is R-bounded in £ (E1, E»).
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Then for all G:R, — E| which satisfy G € E{(L>*(Ry,v)) the function MG :
Ry — E» satisfies MG € Ez(LZ(R+, v)) and

IMGllgy2®, vy = RCOIGI g (2R, v)-

Conversely, this multiplier property characterizes R-bounded families. This fact
will not be needed here.

2.3. Operators with a bounded H*-calculus. The H-calculus was origi-
nally developed by Mclntosh and his collaborators [1, 6, 12, 36] in a line of re-
search which eventually culminated in the solution of the Kato square root prob-
lem [5]. Meanwhile, this technique has found widespread applications in harmonic
analysis and PDEs. For an in-depth treatment of the theory we refer to [21, 32, 48].

Let —A be the generator of a bounded strongly continuous analytic semi-
group of operators on a Banach space E. As is well known (see [3], Proposi-
tion I.1.4.1), the spectrum of A is contained in the closure of a sector X, 1= {z €

C\ {0} :]arg(z)| < a9} for some oy € (0, %n), and for all o € (09, ) one has

sup lz(z — A)~'|| < oo.
zeC\Z,
Let H*°(Z,) denote the Banach space of all bounded analytic functions ¢ : ¥, —
C endowed with the supremum norm, and let H3°(X,) be its linear subspace
consisting of all functions satisfying an estimate

Clz|?
lp(z)] < m

for some & > 0. For ¢ € Hj°(X,) and o’ € (0p, o) the Bochner integral
1 _
o= [ g@e-md
7Tl JOxX,,

converges absolutely and is independent of o’. We say that A has a bounded
H®(X)-calculus if there is a constant C > 0 such that

2.2) oA = Cllelloo, ¢ € Hy® (Xo).

The infimum of all o such that A admits a bounded H°° (X, )-calculus is called
the angle of the calculus.

In order to avoid unnecessary technicalities, from now on we shall always as-
sume that A is injective and has dense range. This hardly entails any loss of gen-
erality; as for generators —A of bounded analytic semigroups on reflexive Banach
spaces E one has a direct sum decomposition £ = N(A) @ R(A) into kernel and
closure of the range of A (see, e.g., [32]). In particular, such an operator is the
direct sum of a zero operator and an injective sectorial operator with dense range
(see Remark 4.5 for further discussion on this issue).
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If A has a bounded H°°(X,)-calculus, the mapping ¢ — ¢(A) has a unique
extension to a bounded homomorphism from H®(3,) to £ (E) which satisfies
(2.2) with the same constant C.

Even on Hilbert spaces E there exist generators —A of bounded strongly con-
tinuous analytic semigroups for which A does not admit a bounded H *°-calculus
(see [32], Example 10.17). Examples of operators which do admit such a calculus
are collected below.

We shall need a generalization, taken from [25] (see also [33]), of Mclntosh’s
square function characterization for the boundedness of H°°-calculi in Hilbert

spaces [36] (see also [12]). We use the notation of Proposition 2.3 with dv = %.

PROPOSITION 2.4, Let E = L1(O) with q € (1, 00). Assume that A has a
bounded H* (X )-calculus on E for some o € (0,7/2). For each ¢ € H;"(Z)
there exists a constant C > 0 such that

It = oAl p2@, aiym < Clixle,  x€E,

7 <P(IA*)X*||E*(L2(R+,d,/,)) < Cllx*| g, x* e E*.

Here, as before,

di\1/2
It = o Ax| g2y ,di/e) = H (/ ot A)x|? —>
Ry t E
and similarly for the expression involving A*. Proposition 2.4 actually can be ex-
tended to arbitrary angles o € (0, ), but we will not need this fact.

In the converse direction, if —A is a generator of a bounded strongly continu-
ous analytic semigroup on E = L7(0) and the above inequalities hold for some
nonzero ¢ € H3°(X,), then A has a bounded H>(X,)-calculus for all o' >0
[25].

We will also need the fact (combine [40], Theorem 1.15.3, and [21], Proposi-
tion 3.1.9) that if A has a bounded H*° (X, )-calculus for some o € (0, %JT), then
A has bounded imaginary powers and supgc_j |A®|| < oo. In particular this
implies, for all 6 € (0, 1),

2.3) [E,D(A)]p = D(Ae) with equivalent norms,
where [E, D(A)]p is the complex interpolation space of exponent 6.

2.3.1. Examples of operators with a bounded H*°-calculus. Many common
differential operators are known to admit a bounded H*°-calculus (see, e.g., the

lecture notes [16, 32] and the survey article [48]). In this paragraph we collect
some examples illustrating this point. We always take g € (1, 00).
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EXAMPLE 2.5. The most basic example is the Laplace operator A = — % A on
L4(R%), which has a bounded H*°-calculus of zero angle; this follows from an
application of the Mihlin multiplier theorem (see [32], Example 10.2b). For this
operator one has D(A'/?) = HV4(R?).

Also the Laplace operator with Dirichlet boundary conditions on L4 (D), where
D C R4 is a bounded domain with C 2-boundary, has a bounded H “°-calculus of
zero angle (see [15]). In this case one has D(AY%) c HY4(D) [with equality if
we replace H'9(D) by HOI"](D) ={f e H"(D): f =00n 3D} (see [2], Re-
mark 7.3, combined with [15], Theorem 2.3, for C2-domains)].

Similar results hold under different boundary conditions.

EXAMPLE 2.6. Let D C R? be a bounded domain with C2-boundary. Con-
sider the closed and densely defined operator A in L9(D) defined by

d d
—Af) =Y aij(x) dgx, f(X) + Y bj(x) 0y, f (x) +c(x) f (%)
i,j=1 j=1

on the domain D(A) = H>9(D) N Hol’q(D). We assume that the coefficient a;; =
aji and b;, ¢; are bounded and measurable and that — A is uniformly elliptic, that
is, there is a constant v > 0 such that

d
Y aij(0)&EE > v|EP,  xeD, £eRL

i, j=1

It is shown in [4, 15] that if the coefficients g;; are Holder conditions on D, then
w + A admits a bounded H *°-calculus of angle less than 77 /2 for all w € R large
enough, and one has D((w + A)l/z) c HYa (D). An analogous result holds for
D =R4; in this case one can weaken the Holder continuity assumption on a; jtoa
VMO assumption (see [18]).

Similar results hold for higher-order parameter-elliptic systems on smooth do-
mains satisfying the Lopatinksii—Shapiro conditions (see [15], Theorem 2.3, and
[23D).

EXAMPLE 2.7. Let D € R be a bounded domain with C?-boundary. An
important operator arising in the context of the Navier—Stokes equations is the
Stokes operator A = —P A, where P is the Helmholtz projection of [L4 (D)]¢ onto
the Helmholtz space LZ (D), with domain D(A) = [H24(D)}¢ N [Hy(D)}4 N
LL(D). The operator A has a bounded H>-calculus of angle less than /2 on
LI(D) (see [23], Theorem 9.17, and the references therein). For w € R large
enough D((w + A)/?) = [H(}’q(D)]d N LL(D).
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EXAMPLE 2.8. Let —A be an injective operator with dense range which gen-
erates a positive contraction semigroup S = (S(¢));>0 on L2(O). If S extends to
a bounded analytic semigroup on L7(Q), then A has a bounded H *°-calculus of
angle less than 7 /2 (see [24], Corollary 5.2).

Some of the above results have extensions to domains D with C!-!-boundary.
Further important examples of operators with a bounded H°°-calculus can be
obtained by considering kernels bounds (see [7] and the references therein). Fi-
nally, we note that also operators of Ornstein—Uhlenbeck type and operators of
Schrédinger type A = —A + V have a bounded H*°-calculus (see [23]).

3. R-boundedness of stochastic convolutions. In this section we will prove
the R-boundedness of a certain family of stochastic convolution operators. This
result plays a key role in the proofs of Theorems 1.1 and 1.2.

Fix p € [2,00) and ¢ € [2, o0) for the moment, and let /C be the set of all
absolutely continuous functions k: Ry — R such that lim;_, o, k(#) = 0 and

/OOO VIK (1)) dt <1.

For k € K and .%# -adapted finite rank step processes G : R4 x Q@ — L9(O; H)
we define the process 1 (k)G : R, x Q — L9(O) by

3.1 I1(k)G(t) = /Otk(t—s)G(s)dWH(s), t>0.

Since G is an % -adapted finite rank step process, the It6 isometry for scalar-

valued processes shows that these stochastic integrals are well defined for all

t > 0. From (2.1) it follows that I(k) extends to a bounded operator from

L7 (Ry x ; L9(O; H)) into LP(Ry. x Q; L9(0)), and that the family
T:={I(k):keK}

is uniformly bounded. Indeed, for any k£ € K we can write
oo
k(s) = —/ K'(rydr,s e R,.
)

Now, since G is an .%# -adapted finite rank step process, the stochastic Fubini theo-
rem may be applied (see [14, 42]), and for all # > 0 we have

1K)G () = — / k() / Tocs<tli—s<rG(s) AWy (s) dr
(3.2) Ooo 0
__ /O JAK (1) I ("G @) dr.

Here for r > 0 the process J(r)G : Ry x Q — L9(0O) is defined by

t

1
J(r)G(t) = ﬁ oo

GdWgy.
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By (2.1) the operators J(r) are bounded from LEZ(RJr x Q; L9(O; H)) to
LP (R4 x ©2; L1(0)), and the family

J={J@):r >0}

is uniformly bounded. Now the uniform boundedness of Z follows from (3.2).

THEOREM 3.1. Forall p € (2,00) and q € [2, o0) the family T is R-bounded
from L’:@(RJr x Q,L9(0; H)) to LP(R4 x @; L1(0)). The same result holds
when p=q = 2.

The case p = g = 2 follows from the general fact that a family of Hilbert spaces
is R-bounded if and only if it is uniformly bounded. In what follows we shall
concentrate ourselves on the cases p € (2, 00) and g € [2, 00).

By the same reasoning as before the problem of R-boundedness of Z can be
reduced to that of the family 7.

PROPOSITION 3.2. If J is R-bounded, then I is R-bounded and R(I) <
R(J).

PROOF. This follows from (3.2), convexity and density (see [32], Corol-
lary 2.14). [

The remainder of this section is devoted to the proof that 7 is R-bounded from
pr(RJr x Q; L1(O; H)) to LP(Ry x Q; L1(0)) for the indicated ranges of p
and q.

We begin with a duality lemma which is a straightforward generalization from
the scalar case presented in [35], Proposition 8.12. Here the absolute values are to
be taken in the pointwise sense.

LEMMA 3.3. Let (T(8))s=0 be a strongly continuous one-parameter family
of positive linear operators on L"(N'; L°(0)), where r,s € [1,00] and (N, v) is
another o -finite measure space, and suppose the maximal function

(3.3) T.(g) = sup 1T (6)gl

is measurable and L" (N; L* (O))-bounded by some constant C > 0. Let % + % =

1, %+ %f = 1. Then, for all N > 1, f1,..., fy € L" (N L* (0)) and 68, ...,
(SN>0,

N
Y1l

n=1

<C
L" (WL (0))

N
Y TGl fal

n=1

L" (N1 (0))
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For functions f € L"(Ry) we define the one-sided Hardy—Littlewood maximal
function M(f):Ry — [0, oo] by

1 pt+8
M@ = sup ¢ / f (D)l dr.

Similarly, for functions f € L"(R4; L*(O)) we define

- 1 pttd
(0@ =sup < / f@@ldr,  aeO.
§>0 t

PROPOSITION 3.4 (Fefferman—Stein). Forgll r e (1,00) and s € (1, 0o] the
one-sided Hardy—Littlewood maximal function M is bounded on L" (R4; L*(0O)).

PROOF. This follows from the usual (discrete) formulation of the Fefferman—
Stein inequality (see [39], Section II.1) by approximation (the cases r = s and
s = oo are easy consequences of the Hardy—Littlewood maximal inequality). [J

PROOF OF THEOREM 3.1. It remains to prove the R-boundedness of 7.

Let N>1,8;,....,.0y >0and Gy,...,Gy € LY (R+ x Q; L1(O; H)) be ar-
bitrary and fixed. Note that the functions f;, := ||G 1 7; belong to LP2(R, x
Q; L1/2(0)).

Let (r,,),[;]:1 be a Rademacher sequence on a probability space (2, .%,, P,).
Using the inequalities of Proposition 2.1 applied pointwise with respect to (w, t) €
Q, x R4 [in (i)] and the Kahane—Khintchine inequalities [in (ii) and (iii)], we may
estimate as follows (with implicit constants independent of the choice of N, &,
and G,):

p

N
E, Z rnd (8,)Gp

n=1 LP (R4 x2;L1(0))
p
“—>/ 1((z 8uv0,0GndWi
LP(RyxQ2;L9(0))
®
S ( f ‘Z_
0
2 12 p
X L(t=8,)v0,0)($)Gr(s) ds)
H LP(Ry xQ:L4(0))

p
dt
L4(O;L2(R; H))

1((; 5,v0,0Gn
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(i) q r/q
~p.q / ( \/—1((z —5)v0,)Gn ) dt
L9(O;L2R 1 H))
0o rlq
=E/ / 1((¢ 82)V0, t)Gn du dt
0 L2(R,: H)
2 q/2 r/q
(111)
E/ (/( J—l((r sv0,0)Gn ) du) dt
L2(Ry;H)
o 2 q/2 rlq
:E/ (/ (/ 1((z 5v0,0) ()G (s) dS) dﬂ) dt
o \Jo i

00 o N q/2 p/q
:Ef / / —1— s) fn(s)ds d dt
A < O( A ’12::1 5, L@ 5)v0,0)(8) fn (s) ) M)

p/2

N
=E|> T*@n) f

n=1

’

LPI2(Ry;L1/2(0))
where the positive linear operators T*(8) on L?/>(R,.; L4/>(©)) are defined by

1 t
reww =3[ e@ds geLr @y L12O))

Let % + % =1 and % + % = 1. Then T*(8) is the adjoint of the operator T (§) on
L"(R4; LS (O)) given by

1 t+45
TEY @) =7 z V(s)ds, ¥ € L"(Ry; L*(O)).

Since supg_ o |T ()Y ]| < M(xﬁ) and the latter is bounded on L"(Ry; L*(O)) by
Proposition 3.4, by Fubini’s theorem we find that T, is bounded on L" (R, x
Q; L*(0)). Hence we may apply Lemma 3.3 to conclude that

p/2 p/2
Z fn

n=l1

N
E[S 760 fr

n=l1

f*\/l7 q
LP2(Ry;L1/2(0))

LP/2(Ry; L1/2(0))
p
~p.q E

’

LP(R4 xQ;L9(O; H)))

where the last step follows by reversing the computation above. [J

REMARK 3.5. The above proof uses the right-hand side inequality in Proposi-
tion 2.1 in an essential way; it seems that the simpler inequality (2.1) is insufficient
for this purpose.
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4. Proof of Theorem 1.1. We start with a Poisson representation formula.

LEMMA 4.1. Let a € (0,7/2) and o' € («, ] be given, let E be a Banach
space and let f: X, — E be a bounded analytic function. Then for all s > 0 we
have

s -
f6 = 3 [ k) e du,
jet=1,1y =% 0
where ko : Ry x Ry — R is given by
(t/u)™/ ) 1

(41) ka(u,f):m;.

PROOF. If g:X/274¢ — E is analytic and bounded for some ¢ > 0, then
1 [ t .
w0 =2 [ s
by the Poisson formula on the half-space (see [22], Chapter 8). For small ¢ > 0 let
¢:X(1/2yn+e — X be defined by ¢(z) := z?%/™ Then ¢ is analytic, and taking
g= f o gives

1 [ t -
20 /1 f 2a/m isign(v)a
t = — v e dv.
f( ) _ tz U2 f(| | )

The required result is obtained by taking s = t%/" and u = [v|>*/". O
The next lemma isolates an elementary property of the functions k.

LEMMA 4.2. Fora € (0, ) and 6 € [0, 1] put
ke (1) = (/1) ko (u, 1),
where ky is given by (4.1). Then

o0
sup ﬁ‘
0

u>0

ok
%6 (u, t)‘dt < 0.
ot

PROOF. This is an easy consequence of the identity

0ka 6
ot

where h(x) = x™/C0O=0 /(xT/e 1 1), O

(u,t) =u""2h'(t/u),

Note that by Lemma 4.2, small enough multiples of ky ¢ (u, -) belong to the set
IC defined in Section 3.
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In the proof of Theorem 1.2 we shall need a small generalization of Theo-
rem 1.1, stated next as Theorem 4.3. Theorem 1.1 corresponds to the special case
0 =0.

It will be useful to introduce the notation

FoG(t):= /t F(t —5)G(s)dWg(s), t>0,
0

whenever F:Ry — Z(L1(0)) is a function for which these stochastic integrals
are well-defined in L9(0O). In order to see that the integrand is well defined as
an adapted L9(QO; H)-valued process we note that every bounded operator 7 on
L49(O) extends to a bounded operator on LY(QO; H) of the same norm (see [39],
Section 1.8.24); on the dense subspace L9(0) ® H this extension is given by
T(fh)=TfQh.

THEOREM 4.3. Let g € [2,00) and o € (0,7 /2), and suppose that A has a
bounded H* (X )-calculus on L1(O). Let S denote the bounded analytic semi-
group generated by —A. Set

10
Sp(t) i = ———8S().
1= £ =550
For all p € (2,00) and 6 € [0, %) there exists a constant C > 0 such that for all
G e L;(R+ x Qi L1(O; H)) we have Sy o G(t) € D(AY?>7%) almost surely for
almost all t > 0 and

IAY270Sg o GllLr®, x9:19(0)) < CIG L ®, xQ:L9(O: 1))~
This estimate also holds when p = q = 2.

PROOF. By a density argument it suffices to consider .%# -adapted finite step
processes G:R. x Q — D(Ag), where A = A ® Iy is the generator of the
bounded analytic semigroup S(¢) viewed as acting on LY(O; H). For such G,
the process AZZG takes values in L9(O; H). By Holder’s inequality and (2.1),
Sp o G(t) and A'/279 S5 o G(r) are well defined in L7(O) for each r € R, and
both processes are jointly measurable on R x Q2 (see [45], Proposition A.1).

The idea of the proof is to reduce the estimation of A'/279S, o G to an es-
timation of ky ¢ (u, -) ¢ (V(1)G), where k, ¢ are the scalar kernels introduced in
Section 3 and V (u) is a suitable operator depending on u and A. The latter is then
estimated using the H°°-calculus of A.

Fix 6 € [0, %). We proceed in two steps.

Step 1. First we shall rewrite A'/>7%S5 o G using Lemma 4.1. Fix 0 < « <
o < %n — 0. Since z — S(z) is analytic and bounded on X/, it follows from
Lemma 4.1 that for all x € D(A'/?),

(4.2) ﬁ(z—sr%l/z—"sa—s)x:foooka,e(u,r—s)\/(u)x a;—”,
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where

V) = —
ra-o je{-1,13

Jj o, 2
> 35 @i (A)

and ¢; € H§®(X(1/2)7—a’) is given by ¢;(u) = ul/4=/2)0 exp(—%ue"f"‘). We

write Iy 9 = I(kq ) for the operator as defined by (3.1) with k =k, ¢ as in
Lemma 4.2. By (4.2) and the stochastic Fubini theorem we obtain, for all ¢ > 0,

APS 0 G() = f’/oo V (u)ka,o(u,t —5)G(s) M Wi s)
0 Jo u

o0 du
:/ V() o ()G () —.
0 u

Step 2. Next we prove the estimate. Let E; = LP (R4 x Q; LY(O; H)) and E; =
LP (R4 x ©; L9(0)). The space L9(0O) is reflexive and therefore E5 = L?” (R4 x
Q; L9 (0)) isometrically. For all £* € L? (R, x €; L9 (0)) with % + pi = é +

1
7 =h

(A?708) 0 G, ),
1
T I(1-0)
j o0 o0 . > d_bt N
x Yy %E A <f0 (0jWA)) Iy 0w)G(1) ” e (t)> dt

jel—11) L9(0)
1 du

= L > . . NN
- -6 je{zil} 20[/() <§0/ (MA)Ia’Q(M)G, QOJ(MA )¢ >E2 p

@ J
= Y g uA) oG, 9; UADNE) 12 R )
F(1-6) 5 2 +

where (-, -) r denotes the duality pairing between a Banach space F and its dual
F*; the identity (x) follows by writing out the duality between the Banach function
spaces E; and EJ as an integral over R x © x O and then using the Fubini
theorem. It follows that

1

o l@j(uA) a0 WG gy 2R, duju))

1
AI/Z—QS G, * <
I 09GNSty 2
Jel=L1}

X Nloj A" | ey L2 @, .dufuy)-

By Proposition 2.4 (applied “pointwise” in Ry x Q),

loj(uA*)C* ||E’2"(L2(R+,du/u)) <Cl¢* ||E’2k



804 J. VAN NEERVEN, M. VERAAR AND L. WEIS

Since ¢j(UuA)ly9g(U)G = Iy 9(u)p;j(uAp)G, from Proposition 2.3 and another
pointwise application of Proposition 2.4 (this time for Ay = A ® Iy, noting that
Ap satisfies the assumptions of the proposition if A does) we obtain
lle; (MA)Ia,G(”)G||E2(L2(R+,du/u))
< R(Ipo(w):u eR)@;wAm)Gll g, 2R, du/u)
< R(ly6(u):u e R)C2||G||E, -

By Lemma 4.2 the R-bound can be estimated by
R(la,e(u) u € R) <C3R2),

and the latter is finite by Theorem 3.1. We conclude that

1
AV 08, 6 G, t* | < ———C1C.C3R(D)||G | .
K¢ g © §>|_aF(1—0) 1CCGRDNGE NS £

Taking the supremum over all ||£*|| E; = 1 it follows that

||A1/2_959 oG|E, < CiCC3R(D) |G g - O

1
al’(1-16)

REMARK 4.4. Asin [27], Remark 2.1, one shows that the inequality in Theo-
rem 4.3 fails for p =g € [1, 2). In Section 6 we prove that Theorem 4.3 also fails
for p=2and g € (2, 00).

REMARK 4.5. Stochastic maximal L”-regularity on bounded time intervals
may be deduced from Theorem 4.3 by considering processes G with support in
(0, T) x Q. In this situation it suffices to know that w + A has a bounded H*°-
calculus of angle less than 7 /2 for some w € R large enough, and we obtain the
inequality

1S © Gl Lo 0.7y x 2 D((wt-4)1/2)) = Ce"T||GllLr0,1)x9:L9(0: 1))
with the constant C independent of G and T'. In particular, injectivity of A is not

needed for this estimate. We leave the easy details to the reader.

REMARK 4.6. In the proof of Theorem 4.3 we used both inequalities of
Proposition 2.4. It is an open problem whether only the first one suffices. For
p =g =2 this is indeed the case. To see this, take ¢(z) = z!/?exp(—z) and as-
sume that

letA) fll 20 2@, iy <CIFIL. f € LX(O).
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Let (h,),>1 be an orthonormal basis for H. Then by the Itd isometry, Fubini’s
theorem and the Plancherel formula,

[o¢} t
||A1/250G||%2(R+XQ;L2(O)):/O IE/O Y NAY2S( = $)G()hall7s ) ds di

n>1
o0 o0
:/ EZ/ ||A1/2S(t)G(s)hn||§2(O)dtds
0 n>1 0
<C? OOEZHG( hnll? 2,0 d
= 0 S) n”LZ(@) N
n>1

- Cz”G”iZ(RMQ;LZ(O;H))'

5. Proof of Theorem 1.2. To prepare for the proof of Theorem 1.2 we start
by collecting some results on sums of closed operators on a UMD Banach space
E; below we shall only need the case E = L4(0) with g € (1, 00).

Let A have a bounded H*°-calculus on E of angle less than 7 /2. Let </ be
the closed and densely defined operator on L”(Ry; E) with domain D(&/) :=
LP(Ry; D(A)) defined by

(A @) :=Af@).
Let & be the closed and densely defined operator on L”(R,; E) with domain
D(A) .= H()l’p(R+; E) given by
Bf = f.
Here H§”’(R+; E)={f € H"P(R4; E): f(0) = 0}, where H*?(R,; E) =
[LP(Ry; E), H Lp (R ; E)]p is the Bessel potential space defined by complex in-
terpolation.

The operators o/ and % have bounded imaginary powers (see, e.g., [3],
Lemma II1.4.10.5), and by [38], Theorems 4 and 5), the operator

C =+ B, D(¥):=D(«) N D(A),

is closed and has bounded imaginary powers as well. Furthermore, % is injective
and has dense range, and for all 6 € (0, 1) one has (see, e.g., [9], Proposition 3.1)

9 R Y AP S D
5.1) & HO= 5 [ a=sr st =5 feas
Moreover, for all 8 € (0, 1] one has (see (2.3) and [37], Corollary 1)
(5.2) D(¢”) = LP(Ry; D(A)) N Hy " (Ry; E).

PROOF OF THEOREM 1.2. By a density argument, it suffices to consider an
arbitrary .% -adapted finite rank step process G : R4 x Q@ — D(Ap), where Ay =
AR ly.
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(1) By the Da Prato—Kwapien—Zabczyk factorization argument (see [9] and
[14], Section 5.3, and references therein), using (5.1), the stochastic Fubini the-
orem and the equality

; /t(t — s)e_l(s — r)_e ds =1
reyra-e)J:

one obtains, for all r € R,
¢ 0AYV?>708) 0 G)(1) = AYV* S G(r)  almost surely,
and hence, by (5.2) and Theorem 4.3,
1AY270S o Gl o (s er s 190y < IE7(APT0S 0 GYDllLr, xas L1 )
= A28y o YD)l Lr R, x2:19(0))
< ClGllLr®ex9;L4(0; H))-
(2)Let 6 € (%, %). By [49], Theorem 3.6 (see also [3], Theorem I11.4.10.2, and
[37], Proposition 3) there is a continuous embedding

HYP(Ry; L1(0)) N LP(Ry; D(AY)) — BUC(R+; Dy (9 — 1, p))
P

of norm K. Here BUC(R,; L1(0)) denotes the Banach space of all bounded uni-
formly continuous functions from R to L?(0). Combining this with the result of
part (1), noting that ||S ¢ Gllprr, xq: a2y = CIGILr Ry xQ;L9(0; H)) DY The-
orem 1.1 and the fact that 0 € o(A),

||A1/2_9S O GllLr(Q:BUCRL: DAO—1/p,p)))
< K max{||AY*7 5o GliLr (@ HOP R, :LP(O)))>
IAY270S © Gl oo Lo ®,: D(A%Y) }
< CK|GllLr®yx2:L9(O; H))-
Hence by [40], Theorem 1.15.2(e),
IS © GllLr(@:BUCR: DA(1/2—1/p, p)))
~a0.p 1A2708 6 GllLo@:BUCR.:DA0-1/p.p)))

< CK|GllLr®,xQ;L9(0; H))- O

REMARK 5.1. A standard stopping time argument (see, e.g., [14], Proposi-
tion 4.16) shows that Theorem 1.2 can be localized. For instance, from Theo-
rem 1.2(2) one can infer that for all G € L?Q(Q; LP(Ry; L9(O; H))) one has

1 1
SoGe LO<Q;BUC<R+§ DA(E -, P)))
p
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Here L%($2; E) denotes the space of strongly measurable functions on € with
values in a Banach space E.

REMARK 5.2. Arguing as in Remark 4.5, also Theorem 1.2 admits a version
for bounded time intervals.

REMARK 5.3. As has been pointed out in Remark 2.2, the role of L7(Q) in
Proposition 2.1 can be taken over by an arbitrary UMD Banach space E. We do
not know, however, whether Theorems 3.1 and Proposition 3.4 can be extended
to UMD Banach spaces E, say with (martingale) type 2 in order to rule out the
spaces L7(O) with g € (1,2) for which Theorem 1.1 is known to be false (see
Remark 4.4).

6. A counterexample to stochastic maximal L2-regularity. We show next
that Theorem 1.1 is not valid with p =2 and g € (2, 00), even when H = R and
G is deterministic. Stated differently, analytic generators on L4 (QO) do not always
enjoy stochastic maximal L?-regularity for g € (2, 00). This is rather surprising,
since stochastic maximal L?-regularity for Hilbert spaces [in particular, for L2(O)]
is easy to prove (see Remark 4.6).

In the next theorem, W denotes a real-valued Brownian motion.

THEOREM 6.1. Let g € (2,00) and fix an increasing sequence 0 < A1 <
Ay < --- diverging to co. Let A be the diagonal operator on €1 defined by
Aey := Arer with its maximal domain. Then A has a bounded H®°-calculus of
zero angle, but there does not exist a constant C such that for all G € L? (Ry; £9),

6.1) /OOOE

PROOF. The verification that A has a bounded H°-calculus of zero angle is
routine.
By Proposition 2.1, the estimate (6.1) is equivalent to

00 t q/2\ 2/q
E / (Z(/ ,\ke—”k“—sngk(s)ﬂds) ) di
0 0

k>1

t 2 00
f A28t —)G(s)dW(s)| dr < c2/ IG(1)|12, dt.
0 04 0

6.2) 2

=ct [T(Slwr) dr

k>1

where C is a different constant independent of G = (g )k>1. We claim that this
inequality implies deterministic maximal L'-regularity for the operator B = 2A
on the space £9/2, by which we mean that there is a constant C, such that

t
H/ Be U998 £(5) ds
0

<Gl fllpyRr, e
L (Ry:09/2) (Rt
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forall f = (fi)k>1in L'(Ry; £4/%). This inequality is equivalent to

o0 t q/2\2/q
e D fi(s)d ) d
/0 </§ /0 re fi(s)ds 1
(6.3) N e
=c [T (Tinwe?) as

k>1

To see that (6.3) follows from (6.2), we may reduce to nonnegative f by consider-
ing positive and negative parts of each fj separately. Then (6.3) follows by taking
gk =/ £ in (6.2).

Now the theorem follows from [20], where it is shown that B fails maximal
L'-regularity on £9/% with ¢ € (2, 00). [

Of course, by Theorem 1.1 the operator A of this example has stochastic maxi-
mal L?-regularity for p € (2, 00).

7. Discussion. We have already compared Theorem 1.1 with Krylov’s in-
equalities (1.1) and (1.2) in the Introduction. Theorem 1.1 also extends various
other regularity results in the literature.

7.1. Hilbert spaces. For generators —A of bounded strongly continuous ana-
lytic semigroups on Hilbert spaces, stochastic maximal L2-regularity was proved
by Da Prato (see [14], Section 6.3, and references therein) under the assumption
D(A%) = D4 (6, 2) for all 6 € (0, 1). This condition is equivalent to the existence
of a bounded H°°-calculus of angle less than %n for A (see [21], Remark 6.6.10,
and [32], Theorem 11.9). Thus, the case p = g = 2 of Theorem 1.1 contains
Da Prato’s result (see also Remark 4.6). For p € (2, 00), Theorem 1.1 seems to
be new even in the Hilbert space case, that is, ¢ = 2. Similarly, only the case
p =2 of Theorem 1.2(2) is known in the Hilbert space case (see [14], Section 6.2,
and note that DA(%, 2) = D(AY?) when E is a Hilbert space; here we should
mention the fact that analytic contraction semigroups on Hilbert spaces have a
bounded H *°-calculus of angle less than 7r/2 [32], Theorem 11.13). As observed
in [19], the above mentioned assumption in Da Prato’s result can be weakened to
D(A'Y?) 2 Da(3,2).

7.2. Martingale type 2 spaces. For p = 2, the related estimate
2 2 2
(7.1) ENUNLr .70y = CTENGNLr 0,7:D4,, (1/2.2))

was obtained by BrzeZniak [8] for so-called M -type 2 Banach spaces E [this class
includes the L9-spaces for g € [2, 00)]. If A is a second order elliptic operator on
a space E = L7(R%), one typically has

1/2
Da,(%.2)=Bl,(RY H) € H' (R H) = D(A})),
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where the middle inclusion, being a consequence of [40], Remark 2.3.3/4 and
Theorem 4.6.1, is strict for g € (2, 00). Similar reasoning applies in the case of
bounded regular domains in R?.

As a consequence, the inequality (7.1) is weaker than the one which follows
from (1.7) (with § = §),

2 2 2

(72) ENUI0.7:00a0 < CEIGIT ) - piate
More importantly, the fact that the real interpolation spaces D4, (%, 2) are Besov
spaces causes difficulties in the treatment of nonlinear problems (as was noted in
[8, 29]). Such problems can be avoided if one uses the inequality (7.2) instead.

7.3. Real interpolation spaces. For analytic generators —A on M-type 2
spaces E, stochastic maximal L?-regularity for p € [2, 00) in the real interpola-
tion spaces D4 (6@, p) for 8 € [0, 1) was proved by Da Prato and Lunardi [13] (see
also [10]); the solution U then belongs to LP(0, T; Da(6 + %, p)). With 6 = 3
this gives the estimate

2 2 2
(7.3) ]E”U”LP((),T;DA(LP)) <C E”GHLP(O,T;DAH(1/2,p))'

Comparing with (7.2), this time the applicability is limited by the observation that
the solution space D4(1l, p) may be larger than D(A) when E = L9(0) with
q > p. This happens, for instance, in the special case where A is a second order
elliptic operator on E = L4(R%) with g € (2, 00). Taking p = g one has

Da(l,9) = B ,(R") 2 H*I([R?) = D(A).

Again similar reasoning applies in the case of bounded regular domains in R¥.

When comparing the results of [13] with ours, it should be noted that if —A
is invertible and generates a bounded strongly continuous analytic semigroup on a
Banach space E, then by a result of Dore (see, e.g., [21], Corollary 6.5.8) A admits
a bounded H *°-functional calculus of angle less that /2 on the spaces D4(0, p)
forall 8 € (0, 1) and p € (1, 00). Hence, at least for E = L(0), estimate (7.3) is
also contained in Theorem 1.1.

Acknowledgments. We thank Wolfgang Desch, Stig—Olof Londen and the
anonymous referee for careful reading.
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