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This paper is devoted to studying constrained continuous-time Markov
decision processes (MDPs) in the class of randomized policies depending on
state histories. The transition rates may be unbounded, the reward and costs
are admitted to be unbounded from above and from below, and the state and
action spaces are Polish spaces. The optimality criterion to be maximized
is the expected discounted rewards, and the constraints can be imposed on
the expected discounted costs. First, we give conditions for the nonexplo-
sion of underlying processes and the finiteness of the expected discounted re-
wards/costs. Second, using a technique of occupation measures, we prove that
the constrained optimality of continuous-time MDPs can be transformed to an
equivalent (optimality) problem over a class of probability measures. Based
on the equivalent problem and a so-called w-weak convergence of probabil-
ity measures developed in this paper, we show the existence of a constrained
optimal policy. Third, by providing a linear programming formulation of the
equivalent problem, we show the solvability of constrained optimal policies.
Finally, we use two computable examples to illustrate our main results.

1. Introduction. Constrained Markov decision processes (MDPs) form an
important class of stochastic control problems and have been widely studied. Ex-
isting works on constrained MDPs can be roughly classified into four groups:
(i) constrained discrete-time MDPs with denumerable states [1, 2, 6-10, 23, 25,
37, 38, 41] and their extensive references, (ii) constrained discrete-time MDPs
with a Polish state space [19, 20, 29, 33] and their bibliographies, (iii) constrained
continuous-time MDPs with denumerable states [13, 15, 34, 36, 42], and (iv) con-
strained continuous-time MDPs with a Polish state space [11]. A review of these
references shows that most of the related literature is concentrated with the first
three groups. To the best of our knowledge, the fourth group is addressed only
in [11] for the average criteria. Concerning group (i), the existence and algorithms
of constrained optimal policies are given in [6—10] for variant discounted criteria
when states and actions are finite, in [1, 25, 37] for the discounted criteria and de-
numerable states, and in [1, 2, 23, 37, 38] for the average criteria and denumerable
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states. Also, the existence of constrained optimal policies and linear programming
formulation for group (ii) are given in [19, 33] for the discounted criteria and in
[20, 29, 33] for the average criteria. Although group (iii) has been studied in [13,
15, 34, 36, 42], the references [13, 15, 34, 36, 42] deal with the case of a single
constraint, the transition rates in [34] are assumed to be bounded, and the assump-
tion of denumerable states in these references cannot be dropped. On the other
hand, as mentioned above, constrained MDPs in Polish spaces are also studied in
[19, 20, 29, 33] for the discrete-time case and in [11] for the continuous-time case.
However, the reward and cost functions in [29] are assumed to be all bounded,
and all cost functions in [11, 19, 20, 33] are assumed to be essentially nonnega-
tive. Further, such nonnegativeness assumption cannot be removed because it is
required for the use of the standard weak convergence of probability measures.
This in turn implies that the constrained optimality problem of minimizing non-
negative costs in [11, 19, 20] with constraints imposed on other nonnegative costs
cannot be transformed to an equivalent optimality problem of maximizing bounded
rewards as in [29] with constraints imposed on bounded costs. Hence, the con-
strained discrete and continuous time MDPs with Polish spaces, in which rewards
(to be maximized) and costs (with constraints) may be unbounded from above and
from below, have not been studied.

On the other hand, as is known, continuous-time MDPs in Polish spaces have
been studied in [11, 12, 16, 27, 34]. However, the treatments in [12, 16, 27] are on
the unconstrained case, whereas the results in [11] for the constrained case can-
not be applied to the case in which the criterion to be maximized is unbounded
rewards. This is because the cost to be minimized in [11] is required to be nonneg-
ative. Moreover, the study in [11, 12, 16] with unbounded transition rates is limited
to the class of Markov policies, and yet the case of randomized policies depending
on state histories in [27, 34] is for bounded transition rates. Hence, as noted in
[15, 17, 40], the study on unconstrained continuous-time MDPs with unbounded
transition rates and history-dependent policies is an unsolved problem.

Constrained continuous-time MDPs with unbounded transition rates and poli-
cies depending on state histories have not been studied yet, and they will be con-
sidered in this paper. More precisely, we will deal with constrained continuous-
time MDPs, which have the following features: (1) the transition rates may be
unbounded; (2) the reward and costs are admitted to be unbounded from above
and from below; (3) the state and action spaces are Polish spaces; (4) admissible
policies can be randomized and depend on state histories; and (5) the optimality
criterion is to maximize expected discounted rewards, and several constraints are
imposed on expected discounted costs.

First, we give the conditions under which we ensure the nonexplosion of under-
lying processes induced from unbounded transition rates and randomized policies
depending on state histories (see Theorem 3.1 below). This result is a natural ex-
tension of the corresponding regularity of a jump Markov process in [5, 12, 15,



2018 X. GUO AND X. SONG

16, 31] to a so-called “non-Markov” case and also a generalization of the regu-
larity in [18, 26-28, 30, 34, 37, 39, 40] for bounded transition rates. Inspired by
the condition for the nonexplosion, we obtain a condition (see Theorem 3.3 be-
low) for the finiteness of the expected discount rewards/costs of each policy when
rewards/costs are unbounded.

Second, as in [1, 2, 19-21, 29, 33, 35] for constrained MDPs, by introduc-
ing an occupation measure, we prove that the constrained optimality problem in
continuous-time MDPs [see (2.12) below] can be transformed into an equivalent
optimality problem [see (3.3) below] over a class of some probability measures.
The standard weak convergence technique used in [11, 19, 20, 22, 27, 29] for non-
negative costs does not apply directly to the case wherein rewards/costs are un-
bounded from above and from below. Therefore, to solve the equivalent optimality
problem in which rewards/costs may be unbounded from above and from below,
we introduce (Definition 3.7 below) a so-called w-weak convergence of proba-
bility measures. This w-weak convergence is an extension of the standard weak
convergence of probability measures. Using the properties of the w-weak conver-
gence and occupation measures developed here (see Theorem 3.5 and Lemmas 3.8
and 3.9 below), we prove the existence of a constrained optimal policy under mild
reasonable conditions (see Theorem 3.11 below). These conditions are slightly dif-
ferent from the usual continuity-compactness ones in [12—-15] for continuous-time
MDPs and in [1, 2, 19, 20, 22, 29] for the discrete-time MDPs, and thus they are
weaker than those in the literature [12—15, 37]; see Remarks 3.10 and 3.12 for
details.

Third, for the solvability of constrained optimal policies, we further transform
the equivalent optimality problem to a linear programming (LP) problem [see (3.9)
below] by using the properties of occupation measures again. Then we present
the relationship between a constrained optimal policy and an optimal solution to
the LP (see Theorem 3.13 below), and characterize a stationary policy (see Theo-
rem 3.15 below). This relationship and characterization of a stationary policy are
used to obtain the solvability and structure of a constrained optimal policy (see
Corollary 3.14 and Theorem 3.16 below).

Finally, to illustrate our main results, we present two computable examples in
which our conditions are satisfied, whereas some of those in [11, 19, 20, 22, 27,
29] fail to hold (see Remark 4.7 below). In particular, our approach is also suitable
to the case of discrete-time MDPs with rewards/costs being unbounded from above
and from below, and similar results for the discrete-time case can also be obtained;
see Remark 3.17 for details. However, our model cannot be transformed to an
equivalent one of discrete-time MDPs using the uniformization technique because
the transition rates in our model may be unbounded.

The rest of this paper is organized as follows. In Section 2, the model and the
constrained optimality problem that we are concerned with are introduced. The
main results of this paper are stated in Section 3, and illustrated with computable
examples in Section 4. The proofs of the main results are presented in Section 5.
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2. The model for constrained continuous-time MDPs.

Notation. If X is a Polish space (i.e., a complete and separable metric space) and
w > 1 is a real-valued measurable function on X, we denote by 5(X) the Borel o -
algebra on X, by D¢ the complement of a set D C X (with respect to X), by |lull%
the w-weighted norm of a real-valued measurable function 4 on X [i.e., |ullg :=
sup,cx|u(x)|/w(x)], by Cp(X) the set of all bounded continuous functions on X,
and by P (X) the set of all probability measures on B(X). Let

By (X) :={ulllully < oo}

be the Banach space.
We now introduce the model of constrained continuous-time MDPs,

2.1 {S,(Ax) S A,x€S8),q(|x,a),r(x,a), (cy(x,a),d,, 1 <n <N)},

where S is a state space, A is an action space, and A(x) is a Borel set of admissible
actions at state x € S. We suppose that S and A are Polish spaces, and the following
set:

(2.2) K:={(x,a)lxeS,aeAlx)}

is a Borel subset of S x A.
The function ¢ (-|x, a) in (2.1) refers to transition rates, that is, it satisfies the
following:

(T1) For each fixed (x,a) € K, q(-|x, a) is a signed measure on 3(S), whereas
for each fixed D € B(S), g(D|-) is a real-valued Borel-measurable function on K ;

(1) 0<q(D|x,a) <ooforall (x,a) € K and x ¢ D € B(S); and

(T3) q(S|x,a) =0 for all (x,a) € K. [Hence, g({x}|x,a) is finite for all
(x,a) e K.]

The model is also assumed to be stable, which means

(2.3) g (x):= sup |g({x}|x,a)| < o0 Vx eS.

acA(x)
Finally, the function r(x,a) on K denotes the reward, whereas the functions
cn(x,a) on K and the real numbers d, denote the costs and constraints, respec-
tively. We assume that r(x,a) and c,(x,a) are real-valued measurable on K.
[r(x,a) is allowed to take positive and negative values, so it can be interpreted
as a cost rather than a “reward” only.]

To complete the specification of the constrained optimality problem, we of
course need an optimality criterion. This requires the definition of a class of poli-
cies admissible to a controller. To do so, we introduce some notation as in [24, 27,
28].

Let Soo := S U {x00} with x being an isolated point, Q0 = (S x Rp)™®
with Ry := (0, 00) and Q := QU {(x0,01,%1,...,60k_1,Xk_1, 00, X0, -..)|0] €
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Ry, xp,x; € Sforeach 1 </ <k — 1 and k > 2}. By the corresponding modifica-
tion of the o-algebra over QY we can obtain the basic measurable space (€2, F).
Then we define maps Ty, Xz, O (k=0,1,...) and & (¢ > 0) on (2, F) as fol-

lows: for each e := (xo, 01, x1, ..., 0, Xk, ...) € Q, let
Ti(e) =01+ -+ 6k (for k > 1),
2.4)
T (e) := klim T (e) with Tp(e) :=0;
— 00
Xi—1(e) = xg—1, O (e) := bk fork > 1;
(2.5) E(e) =Y xil(T<i<Tpi)(€) + Xool(Tyo <1y (€),

k>0

where Ip stands for the indicator function of a set D. Let hi(e) = (xg, 01, X1, .. .,
Ok, xx), and call hi(e) a k-component state history. Obviously, these maps are
measurable on F. In what follows, the argument e = (xg, 61, x1, ..., Ok, Xk, ...) 1S
often omitted.

Components ®y play the role of inter-jump intervals or sojourn times, 7 are the
jump epoches, and Xj denotes the state of the process {&,¢ > 0} on [T, Tx41).
We do not intend to consider the process after moment T, SO we view it to be
absorbed in state xo,. Hence, we write g (+|xc0, doo) = 0, Where ao is an isolated
point, and let A(xx) := {doo}, Aco := AU {axo}.

Let Rg_ := [0, 00), and introduce the integer-valued random measure u* on
R(}r x S by

(2.6) W (dt, dx) =y (1, <c0)d (73, xp) (d1, dx),
k=0

where §y(-) is the Dirac measure concentrated at any point y. Then we take the
right-continuous family of o-algebras {F;};>0 with F; := o {u*([0,s] x D), s €
[0, ], D € B(S)}, and let

P:=0(B x {0},C x (s,00)|B € Fo,C € Fs_,5 > 0),

where F;_ :=\/,_, F;. Then, as in [24, 27, 28], a real-valued function on 2 x Rg
is called predictable if it is measurable with respect to P.

We next introduce the definition of a policy, which is the same as in [27] and a
generalization of the corresponding one in [28, 34, 35] for denumerable states.

DEFINITION 2.1. A transition probability 7 from (2 x RY, P) onto (Ao,
B(Aso)) such that m(A(&—(e))|e, t) =1 is called a policy, which can be random-
ized and depend on state histories. A policy is called randomized stationary if
there exists a transition probability ¢ from (S, B(S)) onto (A, B(A)) such that
$(AW)|x) = 1 and w(dale, 1) = Iy<1.)(@P(dals—(©)) + [>1.0)(€)Sar (da).
We will write such a randomized stationary policy as ¢. A randomized stationary
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policy ¢ is called (deterministic) stationary if there exists a measurable function
f from (S, B(S)) onto (A, B(A)) such that ¢ ({ f(x)}|x) = 1. Such a stationary
policy will be written as f.

We denote by I1, I1; and F the classes of all policies, randomized stationary
policies and stationary policies, respectively. Equivalently, IT; is the set of all
stochastic kernels ¢ on A given § such that ¢ (A(x)|x) =1 for all x € §, and
F is the set of all measurable functions f from S to A such that f(x) € A(x) for
all x € S. Obviously, F C I1; C II.

REMARK 2.2. The requirement of predictability of a policy implies that at
time ¢ > 0 each policy depends on only the past jump moments Ty, 71, ..., T, <t
and the corresponding states xo, ..., x,; € S. This means that a policy may depend
on state histories. However, the class IT is not the complete collection of all history-
dependent policies. This is because each state history ay = (xo, 61, X1, ..., Ok, Xk)
does not include past actions a,, (0 <m < k). To overcome the shortcoming of
the definition of a state history, a possible and natural way is to replace hy with a
new history (xg, ag, 61, - .., Xk—1, dk—1, Ok, xx) including past actions. If we do so,
some results in [24, 28] such as the structure of the probability measure P)i’ in (2.9)
and the predictable properties of the randomized measure v™ in (2.7) and functions
m(Dle, t) in (2.8), which are required in following arguments, need to be checked
one by one. Since these desired results for the case of new histories have not been
proven, we still use the definition of a policy in Definition 2.1, which is the same
as in [27, 28, 34, 35], and which is also a generalization of the corresponding one
in [5, 11, 12, 15, 17] for a Markov policy.

For each & € I, by Definition 2.1 we see that the random measure on Rg x S
given by

V¥ (e,dt, D) := |:/ n(dale,t)q(D|&—(e), a)I{gt_¢D}(e)} dt
2.7) 4
for D € B(S)

is predictable, and v™ ({t} x S) = V" ([Teo, 00) x §) = 0 for all r > 0. Thus, for
any initial distribution y € P(S), Theorem 4.27 in [28] (or Theorem 3.6 in [24])
ensures the existence of a unique probability measure P on (€2, F) such that
P)’f {xo € dx} = y(dx), and V" is a dual predictable projection of the measure
p* in (2.6). The expectation operator with respect to PJ is denoted by E7. In
particular, EY and Py will be written as EY and P{, respectively, when y is the
Dirac measure located at point x € S.

For any fixed 7 € Il and y € P(S), let us recall how the measure P}’f is con-
structed. First, by Definition 2.1 we see that, for each fixed D € B(S), the following
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function on Q2 x ]Rg_:

m(Dle, 1) :=fAﬂ(dale,t)q(DISz—(e),a)l{g,,w}(e)
is predictable, and thus (by Lemma 3.3 in [24]) has the following representation:

m(Dle, t) =: I;0y(t)mo(D|xo, 0)
(2.8)

o0
+ Z I{Tk<[§Tk+1}(E)mk(DV’lk(e), r— Tk)’
k=0

where my (-|hy(e), 1) (depending on 7r) is a measure on B(S) [for any fixed &y (e)
and 7], my(D|hi(e), ) is measurable in (e,7) [for any fixed D € B(S)] and

mp((xe)|hi(e), 7) =0 forall xg € S and k > 0. Let Hy = S, Hy = S x (R4 X Seo)
for k > 1. Noting that a measure y on B(Hp) is given, we suppose that the mea-

sure P;f on B(ﬁk) has been constructed, then P;} on B(ﬁk+1) is determined as
follows:

PJ (I x (df,dx))

= / PI (dhi) 19, <ooymi(dx| g, 7)™ 1o meSthev)dv g,
r

2.9)
Py (I x (o0, Xoo))

. — Jo© mi(S|hy,v)d
Z’/FP;/T(dhk){l{gk+]:oo}+I{9A+l<oo}e fO mk( | k U) U}’

where I e B (I:Ik). According to the Ionescu Tulcea theorem in [4], there exists a
unique probability measure P)i’ on (€2, F), which has projections onto the spaces
of k-component state histories satisfying relations (2.9).

For any given y € P(S) and 7 € I, using (2.8) and (2.9), we now give a some-
what informal description of how the process {;, > 0} evolves. Suppose that the
process is at state xj at time ¢ € [Tk, Tr+1) (kK > 0). Then, a transition from x; to a
set D of states occurs with probability my (D|hy, t — Tj), or the process remains at
xy with probability 1 —my(S|hg, t — Ty) dt + o(dt). In the former case, the sojourn
time Oy, of {&,t > 0} at x; has a distribution with a so-called “density function”
effof mi(S|hi,v)dv.

As mentioned above, we do not intend to consider the process after moment 7.
Thus, we need to give conditions ensuring the nonexplosion of {&,t > 0} [i.e.,
PT (& € S) =1]. To do so, we consider the following condition.

ASSUMPTION A. There exist a continuous function w > 1 on S and constants
p, b >0 and a sequence of nondecreasing subsets {Si} of S, such that:

(1) [qw(y)q(dylx,a) < pw(x)+bforall (x,a) € K;
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(2) infygs, w(x) 1 400 as k — oo, with inf & := oo;
(3) Sk 1S and Sup,cp(y) ces, g (1) x, @)] < oo forall k > 1.

REMARK 2.3.  We call Assumption A a nonexplosion condition for {&;, r > 0}.
Obviously, Assumption A trivially holds when the transition rates are bounded; see
[18, 26, 27, 30, 34, 37, 39, 40], for instance. Assumption A is similar to those in
[5, 11, 12, 15, 17] for Markov policies and unbounded transition rates, and it can
be verified with examples in [5, 11, 12, 15, 17] and those below.

Under Assumption A, we see (by Theorem 3.1 below) that {&, ¢ > 0} is non-
explosive. Thus, for any fixed discount factor « > 0 and an initial distribution
y € P(S), we define the expected discounted criteria

Vo(x,m,u) = /ooe_‘”/ ET[u(&—,a)n(dale, t)]dt,
(2.10) 0 4
Vo G, u) ::/ Vo (x, m,u)y (dx)
S

for each m € I1, x € S and a measurable function # on K, provided the integrals in
(2.10) are well defined.
In particular, let

Vr(x,”)::Vot(xyﬂ,r), Vr(n)::Vox(Tfar)
and
Vilx, ) :=Vy(x, T, cp), V() := Vy(m, cp) forn=1,...,N.

[The finiteness of V, (;r) and V,, (;r) will be ensured in Theorem 3.3 below.]
Let

211 U:={r|Vy(r)<dy,n=1,...,N} and V,.(U):= sup V(1)
el
be the set of constrained policies and the constrained optimal reward value, respec-
tively.
In the following arguments, we assume that the set U is not empty, and the
discount factor « and the initial distribution y as well as the numbers d,, are fixed.
Then, the constrained optimality problem under consideration is as follows:

(2.12) Maximize V() over all w € U.
DEFINITION 2.4. A policy 7* € U is said to be constrained optimal if

Vi (™) = V,.(U). When U =TI, a constrained optimal policy is said to be un-
constrained optimal.

The main goal of this paper is to give the conditions for the existence and solv-
ability of a constrained/unconstrained optimal policy.
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3. Main results. We state the main results of our work in this section. Their
proofs are presented later in Section 5. The main results are given in three subsec-
tions.

3.1. Conditions for nonexplosion and finiteness. This subsection states the re-
sults on the nonexposition of {&;, r > 0} and finiteness of V, (x, w) and V,, (7).
For the nonexposition of {&;, ¢ > 0}, we have the following fact.

THEOREM 3.1. Suppose that Assumption A holds. Then, for each w € I,
xeSandt>0:

(a) PT (T =00)=1and PT(§ €58)=1.
(b)

emwuy+é@m—1) ifp#0
E7[w(&)] < 0 ’ ’
w(x) + bt, if p=0.

(c) The analog of the forward Kolmogorov equation holds:
Pren) =tp@+E| [ [ xales)qdle-e.0as]
for each D € B(S) with sup,.p g*(x) < oo.
The proof of Theorem 3.1 appears in Section 5.

REMARK 3.2. Theorem 3.1(a) establishes the nonexplosion of {&;, ¢ > 0} on
the probability space (€2, F, P[) (for each policy 7 € IT and x € §), and Theo-
rem 3.1 is an extension of the corresponding results in [18, 26, 27, 30, 34, 35, 37,
39, 40] for bounded transition rates and in [5, 11-17, 31] for Markov policies only.
The process {&;,t > 0} may not be Markovian because a policy & can depend on
state histories.

Inspired by Theorem 3.1, we introduce the following condition.
ASSUMPTION B. Let co(x,a) := —r(x,a) for (x,a) € K, and w be as in

Assumption A.

(1) There exists a constant M > 0 such that, |c,(x,a)] < Mw(x) for every
(x,a) e Kandn=0,1,...,N.

(2) The discount factor « satisfies that @ > p, with p as in Assumption A.

(3) [ywx)y(dx) < oco.

Then the following fact establishes the finiteness of V, (x, w) and V,,(;).
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THEOREM 3.3. Suppose that Assumptions A and B hold. Then, for each 7 €
[Tand x € S:

(@) ETllcn(&,a)|ln(dale,t)] < MET[w(&)]forallt >0andn=0,1,...,N;

(®) [Va(x, )| < Mlaw(x) + b]/le(e — p)] and |Vu(m)| < MMT for n =
0,1,...,N, where Vo(x,m) := Vy(x,m,co), Vo(r) := Vu(m,co), M] := [a x
Jsw(x)y (dx) + bl/[a(ex — p)].

PROOF. Obviously, this theorem follows from Theorem 3.1(b) and (2.10). [J

3.2. Existence of constrained optimal policies. This subsection states the main
results on the existence of constrained optimal policies.

In order to show the existence of a constrained optimal policy, as in [1, 2, 19-21,
29, 33, 35], we introduce a key concept of an occupation measure of a policy.

DEFINITION 3.4. Fix policies &, 1, o € I1.

(i) The occupation measure of 7 is a probability measure n”™ on § x A con-
centred on K, which is defined by

e}
n" (D xT) :=a/ e ™ E7[Iigepy(e)m(Tle, 1)]dr
3.1) 0
with D € B(S), T € B(A).
(Obviously, n™ concentrates on K and depends on 7, @ and y. However, we im-
press y and « in the occupation measure for simplicity.)
(ii) Two policies 7! and 72 are called equivalent if 5™ g n" 2,
(iii) We denote by 7 the marginal (or projection) on S of a probability measure
non S x A, and by ¢"(e I1;) the randomized stationary policy (depending on 7),
which is determined by the following decomposition of n:

(3.2) n(dx,da) =n(dx)¢"(da|x).

Thus, by (3.1) and (2.10), we have V,(x, 7, u) = éfSXAu(x,a)n”(dx,da),
and we can rewrite (2.12) as an equivalent optimality problem:

1
Maximize —/ r(x,a)n(dx,da)

o

(3.3) K
over n € {n” :/ cn(x,a)n™(dx,da) <ad,,1<n< N}.
K

To solve problem (3.3), we need to seek a certain compactness structure on the
set of all occupation measures. To do so, we require to characterize an occupation

measure, and we have the following fact.

THEOREM 3.5. Under Assumption A, the following assertions hold.
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(a) The occupation measure 0™ (for each fixed w € I1) satisfies the following
equation:

aﬁ”(D)=ay<D)+/S L a(Dlx. " dx.da)

VD € B(S) with sup g*(x) < oc.
xeD

(b) Conversely, if a probability measure n on S x A (concentrated on K) satis-

fies
aﬁ<D>=oey(D>+/S a(DIx.ayn(dx.da)
VD € B(S) with sup g*(x) < oo
xeD

and [g|q({x}|x, ¢")|7(dx) < oo, then n?" =1, where ¢" is as in (3.2).
(¢) If,in addition, Assumptions B(2) and B(3) are satisfied, and g™ (x) < Lw(x)
forall x € S, with some constant L > 0, then ¢”¢ = ¢ forall ¢ € I;.

The proof of Theorem 3.5 appears in Section 5.

REMARK 3.6. Theorems 3.5(a) and 3.5(b) are proved in [35] for continuous-
time MDPs with uniformly bounded transition rates and in [1, 2, 21] for discrete-
time MDPs.

To give a certain convergence of occupation measures, we introduce some no-
tation.
For any real-valued continuous function w > 1 on S, let

Pu(S x A) = {n e P(S x A)(/Su‘;(x)ﬁ(dx) < oo}.

Then we define two maps, T and Tzi’ as follows:
Ty: Pp(SxA)— P(S xA), ne> Typ(n),
where T (n) is given by
U dx,T
(34) Ta(n)(D x T) = LLEENE@XT) 0 o) and T € Ba):
Js w(x)n(dx)
Ty: P(SxA) — Pu(SxA), > Th(w),
where T () is given by
1/w dx,T’
(3.5) TL(W(D xT):= JpA/BEIExT) e o) and T e B(a),
Js(1/w(x))a(dx)
[Since 1 <w < oo on S, we have 0 < [ ﬁu(dx) <1 for any u € P(S), and
thus the maps 7 and T];—j are well defined.]
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DEFINITION 3.7. The w-weak topology on Py (S x A) is defined by the w-
weak convergence as follows: a sequence {ng, k > 1} C Py (S x A) is called to

w-converge weakly to n € Py (S x A) (and written as ny N n) if

lim u(x,a)ng(dx,da) =/
A S

k—o00 JSx

u(x,a)n(dx,da)
A

X

for each continuous function u(x,a) on S x A such that |u(x,a)| < L,w(x) for
all (x,a) € S x A, with some nonnegative constant L, depending on u.

Obviously, n N n implies 7y N n (the standard weak convergence of prob-
ability measures). The following lemma establishes the relationship between w-
and standard weak convergence.

LEMMA 3.8. For any given real-valued continuous function w > 1 on S, let
(e, k=0,1,...} CPu(Sx A) and {ur,k=0,1,...} CP(S x A). Then:

(@) Ty(n) € P(S x A) forall n € Py (S x A) and TJ}(M) € Pa(S x A) for all
neP(S xA);

(b) T.(Ty(n) = n for all n € Py(S x A) and Ty(T, () = p for all p €
P(S x A);

(©) 1 > o if and only if Ty (1e) —> T (10):

(d) ek —> po if and only if Ty (i) —> T} (a0).

The proof of Lemma 3.8 appears in Section 5.
To further analyze the properties of occupation measures, we let

M, = {n”’/Sw(x)ﬁ”(dx) <00, T € H} C Pu(K)

(3.6)
(with w as in Assumption A),

(B7) M= {n eM,

/ cn(x,a)n(dx,da)fozdn,n:1,...,N}.
SxA

LEMMA 3.9. Suppose that Assumptions A, B(2) and B(3) hold. If, in addi-
tion, ¢*(x) < Lw(x) for all x € S, with some constant L > 0, then the following
assertions hold:

(a) M, and M, are convex.
(b) If, in addition, [¢g(y)q(dy|x,a) is continuous on K for each fixed g €
Cp(S), then M, is closed (with respect to the w-weak topology).

The proof of Lemma 3.9 appears in Section 5.
For the solvability of (3.3), by Lemmas 3.8 and 3.9, we introduce the following
condition.
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ASSUMPTION C. Let w be as in Assumption A.

(1) The functions ¢, (x, a) and [ g(y)g(dy|x, a) are continuous on K [for each
fixed g € Cp(S) and 0 <n < N].

(2) There exist a measurable function w’ > 1 on S and a nondecreasing se-
quence of compact sets K, 1 K, such that lim,,_, o0 inf(y 4)¢x,, ;j’/((’; )) = 00.
(3) There exist a constant L > 0 such that ¢*(x) < Lw(x) forall x € S.

REMARK 3.10. Assumption C(2) is slightly different from the compactness
condition in [19-22, 29] for discrete-time MDPs and [12, 16] for continuous-time
MDPs.

We now state our second main result on the existence of a constrained optimal
policy.

THEOREM 3.11. Suppose that Assumptions A, B and C hold. Then:

(a) M, and M are metrizable and compact (with respect to the w'-weak
topology), that is, for any sequence {ni,k > 1} in M, (or M), there exists a

subsequence {ny, ,m > 1} and no € M, (or M) such that such that ny,, N
as m — o0.
(b) There exists a constrained optimal policy.

The proof of Theorem 3.11 appears in Section 5.

REMARK 3.12. Theorem 3.11(b) shows the existence of a constrained opti-
mal policy. It should be noted that the conditions for Theorem 3.11(b) are weaker
than those in [12—15, 37] for the class of all Markov policies. This is because some
assumptions such as the nonnegativity of costs in [13] and the absolute integrabil-
ity condition in [12, 13, 15] are not required here.

3.3. Solvability of constrained optimal policies. This subsection states the re-
sults on the solvability of constrained optimal policies.

First, by (3.3) we see that the original constrained optimality problem (2.12) is
equivalent to the following constrained minimization problem:

(3.8) Minimize Vy(mr) over r € {7 |V, (7)) <d,,n=1,...,N}.

By (2.10) and (3.1), the problem (3.8) can be rewritten into the following form:

1
in —/ co(x,a)n(dx,da),
ne{n™lrell} a JSx A

subject to / cp(x,a)n(dx,da) < ad,, n=1,...,N,

SxA
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which (by Theorem 3.5) is equivalent to the following linear program (LP):

1
3.9) LP: inff —co(x,a)n(dx,da)
m JSxA«
subject to

/ cn(x,a)n(dx,da) <ad,, n=1,...,N,
SxA

aﬁ(D)=ay(D)+/S (Dlx. ay(dx. da),

for all D € B(S) with sup g™ (x) < o0,
xeD

/Sw(x)ﬁ(dx) < 00, ne€PK).

Obviously, (3.9) is a linear program over the set of probability measures n € P(K)
satisfying (3.9"). We call (3.9) the primal linear programming formulation of
(2.12).

Thus, we obtain the following result on the solvability of constrained optimal
policies.

3.9)

THEOREM 3.13. Under Assumptions A, B and C(3), the following assertions
hold.

(a) If there exists a feasible solution to LP (3.9), then the set U of constrained
policies is nonempty. Conversely, if U is nonempty, then there exists a feasible
solution to LP (3.9).

(b) If there exists an optimal solution n* to LP (3.9), then the randomized sta-
tionary policy qb”* is constrained optimal. Conversely, if m* is constrained optimal,
then n™ “isan optimal solution to LP (3.9).

(¢) If, in addition, U # @ and Assumptions C(1) and C(2) are satisfied, then an
optimal solution n* to LP (3.9) exists, and the policy (l)"* is constrained optimal.

The proof of Theorem 3.13 appears in Section 5.
In particular, when S and A(x) are finite, then LP (3.9) is the form of

. 1
minimize Z Z aco(x,a)n(x,a)
xeSaeA(x)
(3.10)

Yo ) aE amx.a) <ad,

xeSaeA(x)

subject to Y enlx,a)n(x,a) <ady,

xeSaeA(x)
@ Y nx.a)=ay@)+y. Y qly.any.a),
acA(x) yeSacA(y)

Vxe S, nx,a)>0,xe S,ae Alx),
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which is a LP and can be solved by many methods such as the well-known simplex
method.

To state the structure of constrained optimal policies, we need to recall some
concepts. We say that under ¢ € I, there are m(x, ¢) randomizations at x € S if
there are m(x, ¢) + 1 actions a € A(x) for which ¢ (a|x) > 0. When S and A(x)
are finite, we call #(¢) := ) . cgm(x, ¢) the number of randomizations under ¢.

Thus, following Theorem 3.8 in [1] and Theorem 3.13 above, we have the fol-
lowing fact.

COROLLARY 3.14. Suppose that S and A(x) are finite. Let n* be an optimal
basic solution to LP (3.10). Then, the policy ¢"" is constrained optimal, where ¢
is given by

n*(x,a)

when 0*(x) := Z n*(x,a) >0

31D ¢ @y =1 T wen )
( ) o7 @) and a € A(x),

lia(x)y (@), when 71*(x) =0 and a € A(x),

forall x € S, a(x) € A(x) is chosen arbitrarily. Further, #(d)”*) <N.

Corollary 3.14 provides the structure of a constrained optimal policy for finite
S and A(x), and it is proven for the case of denumerable states and a single con-
straint in [13, 42]. For a more general case of Polish spaces, we have the following
facts, in which the first one (i.e., Theorem 3.15) establishes the relationship be-
tween stationary policies in F' and extreme points in M, and the second one (i.e.,
Theorem 3.16) shows a structure of a constrained optimal policy.

THEOREM 3.15. Suppose that Assumptions A, B(2), B(3) and C(3) hold.
Then:

(@) n' is an extreme point in M,, for each f € F.

(b) If, for each ¢ € Il and D € B(S) with 7?(D) > 0, there exists state x € D
(depending on D and ¢) such that 71?({x}) > 0, then 1 is an extreme point in M,
if and only if there exists a policy f € F such that n =n/ .

[The condition in Theorem 3.15(b) is satisfied when § is denumerable.]
The proof Theorem 3.15 appears in Section 5.

THEOREM 3.16. Suppose that Assumptions A, B, C and the conditions for
Theorem 3.15(b) are satisfied. Then, there exists a constrained optimal policy
7* € Iy, which is a mixture of (N + 1) stationary policies, that is, there ex-
ists (N + 1) numbers p, > 0 and policies f, € F (1 <n < N + 1) such that
% = P e N g e = 1.
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The proof of Theorem 3.16 appears in Section 5.

REMARK 3.17. The arguments of Theorems 3.11, 3.13, 3.15 and 3.16 do not
depend on the data in model (2.1), but they are based on Theorem 3.5. Thus, the
discrete-time versions of Theorems 3.11, 3.13, 3.15 and 3.16 are still true because
Theorem 3.5 is established in [1, 2, 21] for discrete-time MDPs.

4. Examples. In this section, we illustrate our conditions and main results
with examples.

EXAMPLE 4.1. Let S := (—00,00), A(x) := [Bo, B(]x|] + 1)] for each x €
S with some constants 0 < By < B. Suppose that the reward r(x,a) and costs
cn(x,a) (1 <n < N) are given. We consider the transition rates g (-|x, a) given by

q<D|x,a>:=<|x|+1)[/D }f<y|x,a)dy—ax<0>]

(4.1) -
for (x,a) € K, D € B(S),

1

2 . . . . -
o e~ =07/ g the density function of Gaussian distri-

where f(y|x,a) =
bution N (x, a).

We now aim to find conditions that ensure the existence of constrained optimal
policies for Example 4.1. To do so, we need the following hypotheses.

ASSUMPTION D. Let«, y,d, and U (#9) be asin (2.11).

(1) @ > 6 and [ x*y(dx) < oo (hence, there exists a constant p such that
6f <p<a);

(2) ¢y(x,a) (0 <n < N) are continuous on K and |c,(x, a)| < L'(x2+1) for
all (x, a) € K, with some constant L’ > 0, where co(x, a) := —r(x, a).

Then, we have the following result.

PROPOSITION 4.2. Under Assumption D, Example 4.1 satisfies Assump-
tions A, B and C. Therefore (by Theorem 3.11), there exists a constrained optimal
policy for Example 4.1.

PROOF. Foreachm >1and x € S, let

Sy = [—m,m], K, ={(x,a)|x € Sy,a € A(x)},
4.2) ) .
w(x):=x"+1, wx) =x"+1.
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To verify Assumption A, it suffices to verify Assumption A(1) because Assump-
tions A(2) and A(3) follow from (4.2) and (4.1). Indeed, by (4.1) and a straightfor-
ward calculation, we have

/ w()qdylx. a) = 6(a +3a>) (x| + 1)

4.3)
< Bwx)+b for some constant b > 0,

which implies Assumption A(1).
Obviously, Assumption B follows from (4.3) and Assumptions D(1) and D(2).
To verify Assumption C, for any g € Cp(S), by (4.1) we have the following:

o0 1
Matyix.a)=(xl+ D] [~ ¢

/S g\yglay _Oog y N7
which, together with the dominated convergence theorem, implies Assump-
tion C(1). Therefore, Assumption C holds because Assumptions C(2) and C(3)
follow from (4.1) and (4.2).

Using Example 4.1, we present computable examples for unconstrained optimal
policies.

=002 gy, g(x)}

EXAMPLE 4.3. With the same data as in Example 4.1, we further suppose that
r(x,a) in Example 4.1 is given by

(4.4) r(x,a):=px*—8a*  for (x,a) €K,
where p, § > 0 are fixed constants.
ASSUMPTION E. Let By and B be as in Example 4.1, and L’ as in Assump-
tion D(2).
(1) d, > L[« fo4y(dx) + o+ b]/[a(a — B)] forall 1 <n < N), with b :=
p+28 2.
BE 4 2)7,
(2) 2By — B3 < £ <min{a?, 208 — 2}, with p, 8 as in (4.4).
PROPOSITION 4.4.  Suppose that Assumptions D and E hold. Then:

(a) Example 4.3 satisfies Assumptions A, B and C. Moreover, V,(U) =
[qu(x)y (dx), where

2p
= (26 — 2,/ 8% — pé 2—|—<4(S — 4,822 — 8——)
u(x) ( o o p)x o o p |x|
p
+ 28 — 2/8%a% — p§ — ~—.
o ar—p
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(b) The stationary policy f* is unconstrained optimal for Example 4.3, where
ryp

frx) = (a —Jo? — §>(|x| +1 Vx € S.

PROOF. Note that Assumptions E(1) and D imply that U = IT (by Theo-
rem 3.3), and so the problem (2.12) becomes an unconstrained optimality problem.
Thus, as in Proposition 4.2, under Assumptions D and E, we see that all assump-
tions in Theorem 3.3 in [12] are satisfied. Hence, Theorem 3.3 in [12] ensures the
existence of a function u in By, (S) such that, for each x € § and 7 € I1,

4.5) au(x)= sup {r(x,a)+/u(y)q(dy|x,a)} and u(x)>V.(x,m).
acA(x) N

To obtain the analytic expression of u, we assume for a moment that
4.6) ulxx):= lzx2 +hix+1 for x € S, with some constants /1, [2, [5.

Then, using (4.1), (4.4) and (4.5), by a straightforward calculation we have

_zz<|x|+1>>2+l§(|x|+1>2}

47)  a(lbx®+1ix +1p) = sup {px2—8<a > o

acA(x)

which implies that f*(x) := W attains the maximum of the right-hand side
of (4.7). Therefore, by Theorem 3.3 in [12], we have

I2(Jx] + 1?2
2+2(|| )

Velx, f)=u(x) and a(bx’>+Lx+1) = px T

4.8)
Vx eS.

Comparing with the coefficients of both sides in (4.8), we obtain

12
2 % if x > 0, 2
49  al P+48, aly 2 . alo = 7%
——= otherwise,
26

Under Assumption E, solving the system of equations (4.9) gives

b =28a —2,/82a% — ps,  lo=28a — 2822 — ps— L,
[07

2p
450 — 48202 — ps — L if x > 0,
o ar—p o if x >
2
—<48a —4,/8%a2 — ps — —p>, otherwise,

h =

o
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which, together with (4.6) and (4.8), yields

2p
= (26 — 2,/ 8% — pé 2+<4(S —4,/82a% — 8——)
u(x) ( o o p8)x o o p |x|
p
+ 28 — 2,/ 8%a? — p§ — —,
o ar—p

ff(x)= (oz — Ja?— §>(|x| +1)eA(x) and V,(x, f5)=u(x) Vx e S.

This, together with (4.5) and (2.10), completes the proof of this proposition. []

EXAMPLE 4.5. Let S :=(—00,00), A(x) := [0, B(]x| + 1)] for each x € S
with some constant 8 > 0, and the reward r (x, a) and transition rates g (-|x, a) are
defined as follows: for each (x,a) € K and D € B(S),

1
—x} V2r(B(x[+ 1) —a+1)

« ¢~ =/ QB+ =atD) gy 5X(D)].

¢(Dlx,a) = (Blx| + a)[/D

r(x,a):= plxla—&l2 for (x,a) € K, with p,§ > 0.
ASSUMPTION E.  « > B%; [4x?y(dx) < 00; and B > max{l, £}.

Then as the arguments for Example 4.3 in Proposition 4.4, we have the follow-
ing results.

PROPOSITION 4.6. Under Assumption E, Example 4.5 satisfies Assump-
tions A, B and C. Moreover, if, in addition, U =TI, then V,(U) = [qu(x)y (dx),
where

u(x) = %8(«/}( +1—1)x?
+ L[p(«//c +1-1)+«88](B+ D(Vk+1—1)|x]|

20K

+ %m F 1) (Ve +1-1)°

8
with k := ﬁ > 0, and the following stationary policy f* is unconstrained
optimal:
VE+1-1 1
) :=p(5—’()|x|+§(/3—i-1)(\//<—|—1—1)2 Vx €S.
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PROOF. The proof of Proposition 4.6 is similar to that of Proposition 4.2, and
thus the details are omitted here. []

REMARK 4.7. In Examples 4.1, 4.3 and 4.5, the transition rates are un-
bounded, and the reward and costs are allowed to be unbounded from above and
from below. In contrast, the transition rates in [18, 26, 27, 30, 37, 39, 40] are as-
sumed to be bounded, and the costs in [11, 19, 20, 22, 27, 29] are assumed to be
nonnegative. Moreover, Examples 4.3 and 4.5 seem to be first computable exam-
ples for the unconstrained optimal policies for discounted continuous-time MDPs
in Polish spaces.

S. Proofs of the main results. In this section, we give proofs of Theorems
3.1, 3.5, 3.11, 3.13, 3.15, 3.16 and of Lemmas 3.8 and 3.9, which are stated in
Section 3.

To prove Theorems 3.1, we need the following two lemmas.

LEMMA 5.1.  Suppose that real-valued measurable functions w > 0 on S and
q:(Dlx) on Rg x B(S) x § satisfy the following: for each t > 0, D € B(S) and
xesS:

(1) q:(-|x) is a signed measure on B(S) such that g;(S|x) =0, g;(D|x) > 0 for
all x ¢ D and q;(x) := c]t(S—{x}lx)_< 00; .
(2) [qw(y)q:(dy|x) < pw(x) + b, with constants p # 0 and b > 0.

Then nonnegative function
(5.1 h(s,x,1) =" Dw(x) + %(eﬁ(f—” —1)
satisfies the following inequality:
/tfs { }e_ﬁq“(x)dvéz(dy|x)i_l(z, v ) dz 4 e F O () < i(s, x, 1)
s JS—{x
forallx e Sand ) <s <t < oo.

PROOF. Under conditions (1) and (2), a straightforward calculation gives

t 7 = T
/ / e_fs qv(X)dqu(dylx)h(Z,y,l‘)dZ
s JS—{x}

5/t e—fqu(x)dv[em—z)(/;@(x)+,;
N

b b
+w(x)g.(x) + Téz(x)) - Tq_z(x)i| dz
1Y 1Y

— (s, x, 1) — e~ H BOdVG

which verifies this lemma. [
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LEMMA 5.2. Suppose that Assumption A(1) holds for p # 0. Then, for any
mellandx €S,

b
ET[wE) <1, y] < e”wx)+—=(e” —1)  Vk>0andt >0,
0
where w and b are from Assumption A(1).

PROOF. Fix any m € I1,1 > 1, and (xo, 01, x1, ..., x1—1,60) € (S x R})'. Let
my(-|hy, t) be as in (2.8). Then, it follows from Assumption A(1) that the following
function on ]RS)r x B(S) x S:

_ | mi(Dlxo, 01, x1,...,0,,x,1), ifx ¢ D,
q’(D'x)"{—mz(S|xo,91,x1,...,el,x,w, it D = {x},

satisfies conditions (1) and (2) for Lemma 5.1.
Let h(s, x, 1) := P Dw(x) + Q(ep(’_s) —1)forallx € Sand ¢t > s > 0. Then,
for each fixed x € S and 0 < s < ¢, by Lemma 5.1 we have

t
// midylhi—1, 01, %, 2 — THh(z, v, 1)
s JS—{x}

Z
X e_fs my(Slhi—1,6;,x,v=T;) dv dZ

+ w(x)e—fs[ my(S|hi-1,6p,x,v—Tp) dv

t—T1;
(5.2) =/ / mi(dylhi—1, 61, x, DY@, v, t — T))
s S—{x}

s=T;

i -
% o~ stnymiSIhi-1.0,%.0)d -

t—Ty ~\ g~
= Jy—g} mi(SIh1—1.600.x.0) d?

+w(x)e
<h(s—T;,x,t —T))=h(0,x,t —s).
Moreover, by (2.5) and (2.9), we have
ET7[w(E) i<, )1 F1i ]
k

_ t—Tk
=e o TSIV Yy, (o [ <oy + Tzs 1 > I, <i<T w@&m—1).
m=1

Now, using (5.2) atl =k, s = Ty = T;, x = xj = x;, gives

E;T [w(g:l‘)l{t<Tk+1} |ka]

k
< Iin<oyh (T, xic, 1) + Iy >0 Z I, <t<Tyw(Xm—1),

m=1
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which implies that the following (5.3) holds for n = 0:

ET[wE) ly<1,)| Fri, ]
k—n
(5.3) S I{Tk,nfl‘}h(Tk—l’h Xk—n t) + I{Tk—n>t} Z I{];n—lfz<Tm}w(xm_l)

m=1

Vk>n=>0.
Suppose that (5.3) holds for some 0 < n < k. Then, by (2.9) we have
ET[wE) i<ty F iz ]

<EY [I{Tkngz}h(Tk—n, Xk—n, 1)

k—n
gm0 ) I{Tm_lszdm}w(xm—l)‘ka_n_l}

m=1
= E;CT [I{Tk—nft}h(Tk_n’ Xk—n» t)
+ I{Tk7n>f}I{Tk7n71§t<Tk7n}w(-xk—n—l)|ka,n,|]
k—n—1
+ L1, >1) Z I{Tm71§t<Tm}w(xm—1)
m=1

t—=Tk—n—1 -
=In_, <1 Mik—n—1(dy|hg—n—1,1)
0 S—{xk—n—1

X h(Ti—n—1+1,y,1)

s e~ Jomk=n-1(Slhg—n-1.0)d¥ g7

1=Tx—p—1 < o~
oo Mtn-i (S|hknl,v)de(xk_n_l)]

k—n—1
F g0 D I, =<y wm-1),
m=1

which together with A(Ty_,—1 + 1, y,t) = h(f,y,t — Tr_,—1) and (5.2) again,
gives

ET[wE) <1 )1 P, 4]

< Iin_,_y<tyh(Tk—n—1, Xk—n—1,1)
k—n—1
F I =0 D I, z<n w1,
m=1
Hence, (5.3) holds for all 0 < n < k, and so this lemma follows from (5.3) at n = k.
([l
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PROOF OF THEOREM 3.1. (a) We first prove the following fact:

(5.4) Pl (& 11 <i<T1) ¢ Si: for some k > 0) — 0 as [ — oo.

To prove (5.4), let I'; := {e:§;(e) Ii <t <1,,.1} (€) & S for some k > 0} forany [ > 1.
Suppose that, for some ¢ > 0 and any L > 1, there exists / > L such that

(5.5) PI(T) =P ({e:& () ir,<i<1,,,)(e) & S| for some k > 0}) > ¢.

Then, by Assumption A(2), we can take the corresponding / such that (5.5) holds
and also the following inequality:

(5.6) w(y) > [ef”w(x) 4 %(eﬁf - 1)} Je vygs.

is satisfied, where o := |p| + 1.
For the taken / > 1 in (5.6), let us define new transition rates g(D|x, a) as fol-

lows:

qg(D|x,a), ifx €8y,

0, if x ¢ 5,

The quantities such as probabilities corresponding to g (D|x, a) are equipped with
the tilde.
We next to prove that

PY (& 11 <t <7,y € Si for all k > 0)

G(Dlx, ) :={ for (x.a) € K.

(5.7 _
= P;T (gtl{Tk§,<Tk+l} e S for all k > 0).

Indeed, it is obvious that
PT(Xo€ S) =PI (XpeS)) =I5 (x).

Let X} := XiI{ry<i<1,,}- Then, by (2.5) we have {& [;1,<;<7,,,} € Si} = {X} €
S;}. We now suppose that for some n > 0,
PI({X,€8,0<k<n}NT)
(5.8) . R
=PI ({X,€8,0<k<n}NT) VI €B(H,),

where P and f’f are regarded as the marginal on ﬁn+1.
Using the notation in (2.8) and (2.9), for any D € B(S),0 <t <t < 00, we
have

PI({X;€S$,0<k<n,and X, | € S} N {T x (11, 12) x D})
15}
:‘/t AP;T(dhn)I{X/iESZ,OSkSn}I{X,tl_HESIHD}
1

X mp(S; N Dlhy, ;)e_for mn (Slhn,v)dv g7
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15 -
:/lj /rP;[(dhn)l{xlrgesl,ofkfﬂ}I{X,tlJrlGS]ﬂD}
1

X 1ty (S) N Dlhy, T )e~Jo fn(Slhav)dv 47
N ﬁ;({xf‘ €5,0<k<n,andX; ;€ S} N{T x (1,1) x D}),

which together with the arbitrariness of D € B(S) and 0 < #; < 1, implies (5.8) for
n + 1, and thus (5.7) follows from the induction.
Thus, from (5.5) and (5.7), we have

(5.9) PI(T)) = PT (& 1y <t<7,.,} ¢ Si for some k > 0) > e.

Moreover, since (gl := Supyes qeacx) 19 ({x}x, @)l = supycg, qeac) lg({x}lx,
a)| < 0o, we now show by induction that

(5.10) Effe T <[1—ell1—eH]*  vk>1.

In fact, by (2.8) we have |m(S|hr) < |||l for all k£ > 1, and it follows from (2.9)
that

. 1 . o N
ET[e"T] = / o (S|x)e MM =t gp 4 f o (S|x)e MM =t gy
0 1
(5.11) 1
51—e—“4“f eldr=[1—-eMl1 —e7h).
0

Suppose that (5.10) holds for some k > 1. Then, as the arguments of (5.11), from
(2.8) and (2.9) we also have E7[e~Ti+1] < ET[e7T[1 — e7lal(1 — e~ 1] < [1 —
e~ 1al(1 — e=1)]k+1 and so (5.10) follows. Hence, by (5.10) and the Chebychev
inequality we have

PTr(Too <t) < PT(Ty <t) = Pl (e Tk > e7") < ' ET[e” k]
<e[l—e Nl — e H)f

for all £k > 1, and so f’;’ (Tso = t) = 1. Since ¢t > 0 can be arbitrary, we have
ISJZT(TOO = 00) = 1, and therefore, ) ;2 ﬁ’f(Tk <t < Txy1) = 1. Since Assump-
tion A(1) still holds when p and g(D|x, a) are replaced with p and g(D|x, a),
respectively, by Lemma 5.2 we have

3 3 i b -
(5.12)  EY[w(E)]= lim E¥[w(E) li<r. ] < e wlx) + ;(e’” — 1.

On the other hand, using (5.6) and (5.9), we see
ET[w(E)] = ET[w()|T1PT(T)) + ET[w(&) | 1P (TF)

~ b -
> ePlw(x) + =(e” = 1),
b
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which contradicts to (5.12), and thus (5.4) is proved.
Since I';41 € Ty for all [ > 1, by (5.4) we conclude that P ((;>0I"1) =0, and
SO

(5.13)  PJ({for each [ > 1, there exists k such that & I{5,<;<7,,,} ¢ S1}) =0.

Since {inf{s:& ¢ S;} <t} C{& i1, <1<73,) & Si» for some k > 1}, by (5.13) we
conclude P (inf{s:& ¢ S;} <t,l=1,...) =0, and thus P[] (inf{s: & ¢ S;} > ¢,
for some [ > 1) =1, or, equivalently, P (& € §; for all s € [0, 7], for some
I >1)=1.Forany k > 1, let By :={& € S, for all s € [0, k], for some [ > 1}.
Then, Bxy1 € By and P (By) = 1 forall k > 1, and thus PJ ({2, Bx) = 1, which
together with (2.5) implies P (Ts = 00) = 1. To further prove P (& € §) =1,
using the facts ) ;o0 Py (Tk <t < Tiy1) = Pl (To = 00) =1 and P (& €
S|Ty <t < Tis1) = 1 for all k > 1, we have that PT (& € ) = Y -0 PF (& €
S|Tx <t < Ti1) PT(Tk <t < Tr+1) = 1, and thus (a) follows. -

(b) First, consider the case of p # 0. Since Y 22 PJ (Tx <t < Tx4+1) = 1 for all
t>0,

ET[w(E)] = ET [w(s» Y HTi=t< Tkﬂ}} = lim ET[w(E)I{1 < Tis))
k=0

which together with Lemma 5.2 implies the first part of (b). Moreover, the results
for the case of p =0 can be obtained by letting p | 0.
(c) Define an integer-valued random measure i* on B (Rg) x B(S)

(5.14) *(dt,dx) =) I1, <o0)8 (1. x,_p) (dE, dx),
k>1

which counts the exits from dx. Then, as Lemma 4.28 in [28], the random measure

v (e, dt, dx) ;= — [/A n(dale,t)q(dx|§—(e), a)lax (St(e))] dt

is a dual predictable projection of the measure i* with respect to P and P]i’ (for
any fixed policy 7 € IT and initial distribution y ). Hence, by (4.5) in [28] we have

ET[*((0,1], D)] = ET[V"((0, 1], D)]
t
§Ef|:/ / w(dale, s) supq*(x)ds] < 00 vt >0,
0 JA xeD
which together with |1*((0, ¢], D) — 2*((0,¢], D)| < 1 and (4.5) in [28] again,
implies
ET[1*((0,1], D)] = ET[v"((0, 1], D)] < oo.
Thus, using the obvious representation /(g,cpy = Ip(x) + n*((0,¢], D) — *((0,

t], D), by taking the expectation ET of the representation we see that (c) is true.
O
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PROOF OF THEOREM 3.5. (a) For the given D, by Theorem 3.1(c) and (3.1)
we have

o0 t
f;”(D):y(D)—{—a/O e_"”E;f[/O/I;n(daw,s)q(Dlés(e),a)ds}dt
—yD)+o [ [ aDlx.a)
X/() e_“t/o Ej[r(dale, s) I, (o)) (dx)ds]dt

1 T
=V(D)+E/S[AQ(D|X,LI)77 (dx, da),

and so (a) follows.
(b) Recall that n(dx,da) = n(dx)¢"(da|x). Then, to prove (b), it suffices to
show

(5.15) /S/Au(x,a)n(dx,da)=/5Au(x,a)n¢n(dx,da)

for each nonnegative bounded measurable function # on K. In fact, for any such a
function u#, by Lemma 5.3 in [12] and (2.10) we have

ona(x,qﬁ",u):/A( )u(x,a)d)”(dalx)

X

(5.16)
+/Sva<y,¢",u>q<dy|x,¢") Vxes.

On the other hand, let [lull; := sup(, 4)ex lu(x,a)| < oo, and |g(dx|x, ¢")| the
total variation of g(dy|x, ¢"). Then, by (72)—(73) and the condition in (b) we
have

2
//|Va(y,¢",u)||q<dy|x,¢")|ﬁ(dx>sM/ g((x)1x, #M) [ (dx) < oo,
SJS o S

which together with the Jordan decomposition of ¢(:|x, ") and Theorem 2.6.4
in [3], implies

[ [i@natasiy.emvee. o".0 = [ [ / va<y,¢>",u)q(dy|x,¢">}ﬁ<dx>.
SJS SLJS

Hence, by Assumption A(3) we have

Jim [ [ty gMves, 0
5.17)
— fim [ [ Va<y,¢",u)q(dy|x,¢”)}ﬁ<dx>.

k—o00 J 5,
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Thus, for any fixed k > 1, since sup, g, g*(x) < 00, by (5.16) and (a) we have

fsk/A”(x’a”?(dx,da)

- / f u(x, )[(dx)¢" (dalx)]
Sk JA(x)
-/ [ava<x,¢",u>—/ va<y,¢",u)q(dy|x,¢”>}ﬁ<dx>
Sk S
_ n n A n
_“/sk Va(r, & ,u>y(dx>+/sk Va(y, ¢ m)[/sn(dx)q(dyuw >}
- [ / va(y,w,u)q(dy|x,¢>">}ﬁ(dx>
Sk LJS
= [ [ w0 @x.dar+ [ [ ﬁ(dy)q(dx|y,¢">}va<x,¢",u)
S JA SpLJS

- US va(y,as",u)q(dy|x,¢">}ﬁ<dx>,

Sk

which together with (5.17) gives (5.15).
(c) Since ¢ € I, by (a) and (3.2) we have

«i? (D) =ay(D)+/Sq<D|x,¢>ﬁ¢<dx)

—ay(D) + /S /A ¢(Dlx, a)[7? (dx)¢ (dalx)]

VD € B(S) with sup g*(x) < o0.

xeD

Moreover, under Assumptions A, B(2) and B(3), by Theorem 3.3 we have
.18 [ la(bepli@n < Lo [ wey@n +5)/lat@ - p) <.
Thus, by (b) we see that 71?(dx)¢ (da|x) = n?(dx, da), and so (c) follows. [

PROOF OF LEMMA 3.8. (a) Since the first part of (a) follows from (3.4), we
need to verify thg second part of (a). In fact, for each u € P(S x A), by (3.5)
we have [ w(x)T; () (dx) = m < 00, and so the second part of (a)
follows.

(b) By (3.4) and (3.5) and a straightforward calculation, we see that (b) is true.

(c) and (d). We prove (c) and (d) together. Suppose that 7y N no. Take any

. . . - . . w
bounded continuous function u on S x A. Then, since w is continuous, by ny —>
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no we have

lim v(x,a)wx)ni(dx,da)
k—00JSxA

=/ v(x,a)w(x)no(dx,da) forv:=u,l,
SxA
which together with (3.4), imply

(5.19) lim u(x,a)Tw(nk)(dx,da):/

u(x,a)Ty(no)(dx, da),
k—00JSxA SxA

1
and thus, Ty (nx) — T (o).
1 . .

On the other hand, suppose that p; —> o, and pick up any continuous func-
tion u(x,a) on S X A such that |u(x,a)| < L,w(x) for all (x,a) € K, with some
nonnegative constant L, depending on u. Then, the functions ulx.a) and % are
bounded continuous on S x A. Hence, a straightforward calculation gives

(5.20) kli)ngo/;XAu(x,a)Té}(Mk)(dx,da)=f

AP

u(x,a)T} (o) (dx, da).
A
By (5.19) and (5.20) and (b), we see that (c) and (d) are both true. [J

PROOF OF LEMMA 3.9. (a) Forany n™',n"2 e My,and 0 < B <1, let n:=
Bn™ + (1 — B)n™. Then, by Theorem 3.5(a) and a straightforward calculation we
have

@i(D)=ay(D)+ [ q(Dlx.ay(dx.da)
(5.21) *
VD € B(S) with sup g*(x) < oo,
xeD
and also [qw(x)7(dx) = [qw(x)[BH™ (dx) + (1 — B)7™(dx)] < oco. Thus, by
Theorem 3.5(b) and (5.21), there exists a randomized stationary policy ¢" € I1;
such that n = n?". Hence, M, is convex, and thus so is ME.

(b) Take any sequence {7,,} in M, such that n,, 2 no (and thus 7, —1> 10).
Then, under Assumptions A, B(2) and B(3), by Theorem 3.1(b) we have

o [qw(x)y(dx)+Db
ala —p)

f W) (dx) = f W) (dx, da) <
S S

(5.22)
=M] <00 VYm > 1.

Thus, by Lemma 11.4.7 in [22] we have

f g ({x)x, ¢™)[fo(dx) < L / w(x)fo(dx) < Llimin / W) i (d)
S S m—0oQ S

< LM] < 0.
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Thus, to prove ng € M,, by Theorem 3.5(b) it suffices to show
aiio(D) =y (D) + [ q(Dlx.aynodx. da)

VD € B(S) with sup g*(x) < o0,

xeD

which can follow (by Proposition 7.18 in [4]) from

o fs g(Mio(dy) =« /S ¢y dy) + /S /K g()a(dylx, ayno(dx, da)

Vg € Cp(S).

(5.23)

Thus, the rest verifies (5.23). For any g € Cp(S), by n,, € M, and Theorem 3.5(a)
we have

afskg(ymm(dy)=a/Skg(y>y<dy)+fskng<y>q(dy|x,a>nm(dx,da>

(5.24)
Vk,m>1.

Since g*(x) < Lw(x) for all x € S, using Assumption A(3) and the dominated
convergence theorem, by (5.22) and (5.24) with letting k — oo we have

o /S g(Y)im(dy) =a fs 2y (dy) + /S /K ¢()a(dylx, a)nm(dx, da)

(5.25)
Vm > 1.

On the other hand, since | [ g(y)q(dylx,a)| <2llgllig*(x) <2L|gl1w(x) [for
all a € A(x)], by nm 5 o and Assumption C(1), we have

lim | g(y)n(dy) = lim fg(y)nm(dy,da)=/g(y)no(dy,da)
S m—o0 S S

= [ s0iotay)
and
Jim [ [ [ ea@ix.amnax.da | = [ [ ema@ix.amax.da,

which together with ( 5.25) give (5.23), and so (b) follows. [

PROOF OF THEOREM 3.11. (a) Since P(S x A) is metrizable, it follows from
Lemma 3.8 (with w := w) that P, (S x A) is also metrizable, and so are M,
and M. Since M, is closed (by Lemma 3.9) and Mg is a closed subset of M,
under the additional Assumption C(1), it suffices to show that M, is sequentially
relatively compact. Indeed, for each n € M, since 1 < [gw'(x)7(dx) < oo [using



DISCOUNTED CONTINUOUS-TIME MARKOV DECISION PROCESSES 2045

Assumption C(2)], T,y () is well defined. Moreover, by (3.4) and Theorem 3.3, we
have
w(x) A W (dx, da)
[ ST dx.da) = Jsxat
SxA w'(x) Joxaw' (xX)n(dx, da)

< [ wemx.da)saM;  ¥neM,
SxA

where M/ is as in Theorem 3.3(b). Thus, by Assumption C(2) and Prohorov’ the-
orem (see Theorem 12.2.15 in [22]) we see that {T,/(n), n € M,} is sequentially
relatively compact, and so is M,, (by Lemma 3.8 with w := w’).

(b) Under Assumptions A and B, by Theorem 3.3(b) we have |V, ()| < MM}
and |V, ()| < MM for 1 <n < N.Moreover, by Theorem 3.5 and (2.12) [equiv-
alently, (3.3)] we can find a sequence {n*} (;; € I1;, k= 1,...) such that

1
V,.(U) = lim —/ r(x,a)n™(dx,da),
k—oo o JK
(5.26)
/ cn(x,a)n™(dx,da) < ad,, n=1,...,N.
K

Then, by (a) there exists a subsequence {n™n } and ng € M, such that nm BN no
as m — 0o, which together with (5.26) implies

1
V,(U) = —/ r(x, @)no(dox, da)
o JK
and
/cn<x,a)no(dx,da>5adn, n=1.....N
K

and so ¢ is constrained optimal. [

PROOF OF THEOREM 3.13. Obviously, parts (a), (b) are directive conse-
quence of (3.9) and Theorem 3.5. Moreover, (c) follows from (b) and Theo-
rem 3.11(b). O

PROOF OF THEOREM 3.15. (a) Under Assumptions A, B(2), B(3) and C(3),
by Theorems 3.1 and 3.5 we have

M, = n”’/w(x)ﬁ”(dx)faMf‘,n ell
S

= {n”’/sw(x)ﬁ”(dx) <aMi e ns}.

We now prove that 5/ is an extreme point in M, for each f € F. In fact, for
any fixed f € F, suppose that / is not any extreme in M,. Then, there exist
B €(0,1) and 71, mp € I such that

(5.27) n! =By +(1—B)n™ and 7™ # 9™,
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which implies that #”* < 7/ (k = 1, 2). Thus, it follows from (5.27) and Theo-
rem 3.5 that
d
fdalx) = ,3

AT ’\T[

7 (mi(dalx) + (1 - /3) 7 (ma(dalx)  and

(5.28)

o T[

d”l )
B f(x)—l—(l—ﬂ) f(x)—l Vx e S

for some S € B(S) with nf(S)

Nikodym derivative. Moreover, by Nl £ 17”2 we see that 7/ ({x € S |1 (Clx) #
(T |x) for some I" € B(A)}) > 0. (Otherwise, ™! and n™ coincide.) Thus, for
each x € {x € §|7r1(1“|x) # mp(C|x) for some I' € B(A)}, there exists a corre-
sponding I';, € B(A) (depending on x) such that 0 < 7 ([ |x) < mp(Ty|x) < 1.
Therefore, by (5.28) we have that 0 < w1 (I'y|x) < f(Ty]|x) < m(Tilx) < 1,
which contracts with the nonrandom of f € F.

(b) By (a) we only need to show the necessity part. Suppose that m € Iy and
n™ #n/ forall f € F. Then, there exists D € B(S) such that 0 < 77 (D) < 1 and
0 <m(Ty|x) <1 forall x € D and some I'y € B(A(x)) (dependmg on x). Then,
by the condition in (b), there exists x” € D such that

0<7"({x'}) <1 and

(5.29)
0<nm(Tylx) <1 for some 'y € B(A(x)).

By (5.29), we now define two policies 771 and w2 as follows:

w(dalx), if x #x/,
a(daNTy|x")/m(Ty|x"), if x =x';
w(dalx), if x #£x/,
n(danN T |x")/m (T x"), if x =x'.

(530)  m(da|x) = {

(5.31) mo(dalx) = {

Let p:= (T ), 8 1= g e s when 771 (') + 77 (%) >

0, and §' = 5 when 77 ({x'}) + 7™ ({x’}) = 0. Then, for each D € B(S) with
Sup,ep g™ (x) < oo, by Theorem 3.5 and (5.30), (5.31) as well as a straightfor-
ward calculation we have

«i™ (D) = ay (D) + / q(Dlx, 7)™ (dx)
S—{x"}
+ / 4(DIx', ayr (dalx )™ (x'}) /B,
F
ai™(D) = ay (D) + / 4Dl i)

+ [ g @ @al)i () - .
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Multiplying by §" and (1 — §’) the two equalities, respectively, and then summariz-
ing, we have

877 (D) + (1 — Y7 (D)]
—ay(D)+ fs g(Dlx, M H (dx) + (1 — 87 (dn)],

which together with Theorem 3.5(c) implies ™ = §'n™! + (1 — 8")n™2. Moreover,
by (5.29) we see that 0 < ™1 ({x'} x T'y) = 7" ({x'}) < 1 and n™2({x'} x ['y) =
N2 ({x'} (T |x") = 0. Hence, n™ = 8'n™ + (1 — 8")n™ is not an extreme point.

O

PROOF OF THEOREM 3.16. Let ¢* be a constrained optimal policy [by The-
orem 3.13(c)], and M (e) be the set of all extreme points in M in (3.7). Since
M¢ has been proved to be convex compact [by Theorem 3.11(a) and Lemma 3.9].
Thus, by Choquet’s theorem [32], »?” is the barycenter of a probability measure /i
supported on M (e). Therefore,

(5.32) f co(x,a)nd’*(dx,da):v/‘ (f co(x,a)n(dx,da)>/2(dn).
SxA Mé(e) \JSxA

On the other hand, since [, 4 co(x, a)n? (dx,da) < Jsxaco(x,a)n(dx,da) for
all n € M¢(e), it follows from (5.32) that there exists n* € M (e) such that

/ co(x,a)n¢*(dx,da)=/ co(x,a)n*(dx,da).
SxA SxA

X
Hence, n* := ¢"* is also constrained optimal. Moreover, since | sxACn(x,a)n(dx,
da) (for each fixed 1 <n < N) is linear in n € M, and thus can be regarded as
a “hyperplane,” each extreme point of M is a convex combination of at most
N + 1 extreme points in My. That is, there exists (N + 1) numbers p; > 0 and
stationary policies fy € F (k=1,..., N+1) (using Theorem 3.15) such that n* =
pinfi 4+ pypnN, pr+-- -4 py41 = 1, which together with Theorem 3.15
and (3.2) completes the proof of this theorem. [J
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