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A sharp-threshold theorem is proved for box-crossing probabilities on
the square lattice. The models in question are the random-cluster model near
the self-dual point ps4(q) = /q/(1 + /q), the Ising model with external
field, and the colored random-cluster model. The principal technique is an
extension of the influence theorem for monotonic probability measures ap-
plied to increasing events with no assumption of symmetry.

1. Introduction. The method of “sharp threshold” has been fruitful in proba-
bilistic combinatorics (see [20, 27] for recent reviews). It provides a fairly robust
tool for showing the existence of a sharp threshold for certain processes governed
by independent random variables. Its most compelling demonstration so far in the
field of physical systems has been the proof in [9] that the critical probability of
site percolation on the Voronoi tessellation generated by a Poisson process on R?
equals %

Each of the applications alluded to above involves a product measure. It was
shown in [16] that the method may be extended to nonproduct probability mea-
sures satisfying the FKG lattice condition. The target of this note is to present two
applications of such a sharp-threshold theorem to measures arising in statistical
physics, namely those of the random-cluster model and the Ising model. In each
case, the event in question is the existence of a crossing of a large box, by an open
path in the case of the random-cluster model, and by a single-spin path in the case
of the Ising model. A related but more tentative and less complete result has been
obtained in [16] in the first case, and the second case has been studied already in
[7] and [23, 24].

Our methods for the Ising model can be applied to a more general model termed
here the colored random-cluster model (CRCM), see Section 8. This model is re-
lated to the so-called fractional Potts model of [26], and the fuzzy Potts model and
the divide-and-color model of [5, 13, 21, 22].

The sharp-threshold theorem used here is an extension of that given for product
measure in [15, 37], and it makes use of the results of [16]. It is stated, with an
outline of the proof, in Section 5. The distinction of the current sharp-threshold
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theorem is that it makes no assumption of symmetry on either the event or measure
in question. Instead, one needs to estimate the maximum influence of the various
components, and it turns out that this may be done in a manner which is very
idiomatic for the models in question. The sharp-threshold theorem presented here
may find further applications in the study of dependent random variables.

2. The models.

2.1. The random-cluster model. The random-cluster model on a connected
graph G has two parameters: an edge-weight p and a cluster-weight ¢g. See Sec-
tion 3 for a formal definition. When ¢ > 1 and G is infinite, there is a critical value
pc(q) that separates the subcritical phase of the model [when p < p.(g) and there
exist no infinite clusters] and the supercritical phase. It has long been conjectured
that, when G is the square lattice 72,

N
14+ /9’

This has been proved rigorously in three famous cases. When ¢ = 1, the random-
cluster model is bond percolation, and the exact calculation p.(1) = % was shown
by Kesten [28]. When g = 2, the model is intimately related to the Ising model, and
the calculation of p.(2) is equivalent to that of Onsager and others concerning the
Ising critical temperature (see [1, 3] for a modern treatment of the Ising model).
Formula (2.1) has been proved for sufficiently large values of ¢ (currently g >
21.61) in the context of the proof of first-order phase transition, see [19, 29-31].
We recall that, when g € {2, 3, ...}, the critical temperature T, of the g-state Potts
model on a graph G satisfies

(2.2) pe(@)=1—e VT,

A fairly full account of the random-cluster model, and its relation to the Potts
model, may be found in [19].

Conjecture (2.1) is widely accepted. Physicists have proceeded beyond a “mere”
calculation of the critical point, and have explored the behavior of the process at
and near this value. For example, it is believed that there is a continuous (second-
order) phase transition if 1 < g < 4, and a discontinuous (first-order) transition
when g > 4, see [6]. Amongst recent progress, we highlight the stochastic Lowner
evolution process SLE;¢/3 associated with the cluster boundaries in the critical
case when ¢ =2 and p = +/2/(1 + +/2), see [35, 36].

The expression in (2.1) arises as follows through the use of planar duality. When
the underlying graph G is planar, it possesses a (Whitney) dual graph G4. The
random-cluster model on G with parameters p, g may be related to a dual random-
cluster model on G4 with parameters pq, g, where

pa _qU—p)
1 = pa P

(2.1 pe(q) = qg>1

(2.3)
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The mapping p — pq has a fixed point p = psq(q), where

va
1+ /q
is termed the self-dual point. The value p = psq(q) is especially interesting when

G and Ggq are isomorphic, as in the case of the square lattice Z2. See [19], Chap-
ter 6. We note for future use that

psd(q) ==

(2.4) p < psalg) ifandonlyif pg> psa(q).
Henceforth, we take G = Z2. The inequality

(2.5) pe(q) > psa(q), qg=>1,

was proved in [17, 38] using Zhang’s argument (see [18], page 289). Two further
steps would be enough to imply the complementary inequality p.(g) < psa(q):
firstly, that the probability of crossing a box [—m, m]?> approaches 1 as m — oo,
when p > psq(q); and secondly, that this implies the existence of an infinite cluster.
The first of these two claims is proved in Theorem 3.1.

Kesten’s proof for percolation, [28], may be viewed as a proof of the first claim
in the special case ¢ = 1. The second claim follows for percolation by RSW-type
arguments, see [32-34] and [18], Section 11.7. Heavy use is made in these works
of the fact that the percolation measure is a product measure, and this is where the
difficulty lies for the random-cluster measure.

We prove our main theorem (Theorem 3.1 below) by the method of influence
and sharp threshold developed for product measures in [15, 25]. This was adapted
in [16] to monotonic measures applied to increasing events, subject to a certain
hypothesis of symmetry. We show in Section 5 how this hypothesis may be re-
moved, and we apply the subsequent inequality in Section 6 to the probability of a
box-crossing, thereby extending to general g the corresponding argument of [10].

2.2. Ising model. We shall consider the Ising model on the square lattice Z>
with edge-interaction parameter 8 and external field /. See Section 4 for the rele-
vant definitions. Write . for the critical value of 8 when i = 0, so that

1 —e 2P = py(2),

where pgq(2) is given as in (2.1). Two notions of connectivity are required: the
usual connectivity relation <> on Z? viewed as a graph, and the relation <>,
termed =-connectivity, and obtained by adding diagonals to each unit face of Z2.
Let g 5 denote the Ising measure on 7? with parameters S8, h.

Higuchi proved in [23, 24] that, when g8 € (0, B.), there exists a critical value
he = he(B) of the external field such that:

(@) he(B) >0,
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(b) when h > hc, there exists mg ,-almost-surely an infinite + cluster of 72,
and the radius of the x-connected — cluster at the origin has exponential tail,

(¢) when O < h < he, there exists g j,-almost-surely an infinite *-connected —
cluster of Z2, and the radius of the + cluster at the origin has exponential tail.

A further approach to Higuchi’s theorem has been given recently by van den Berg
[7]. A key technique of the last paper is a sharp-threshold theorem of Talagrand
[37] for product measures. The Ising measure A g on a box A is of course not
a product measure, and so it was necessary to encode it in terms of a family of
independent random variables. We show here that the influence theorem of [16]
may be extended and applied directly to the Ising model to obtain the necessary
sharp threshold result. (The paper [7] contains results for certain other models
encodable in terms of product measures, and these appear to be beyond the scope
of the current method.)

2.3. Colored random-cluster model. The Ising model with external field is a
special case of a class of systems that have been studied by a number of authors,
and which we term colored random-cluster models (CRCM). Sharp-threshold re-
sults may be obtained for such systems also. Readers are referred to Section 8 for
an account of the CRCM and the associated results.

3. Box-crossings in the random-cluster model. The random-cluster mea-
sure is given as follows on a finite graph G = (V, E). The configuration space
is @ ={0,1}f. For w € Q, we write n(w) = {e € E:w(e) = 1} for the set of
“open” edges, and k(w) for the number of connected components in the open graph
(V,n(w)). Let p € [0, 1], g € (0, 00), and let ¢, , be the probability measure on
Q given by

G pgle) = {npw<e><1 POl wea,

ecE

where Z = Zg ) 4 is the normalizing constant. We shall assume throughout this
paper that g > 1, so that ¢, , satisfies the so-called FKG lattice condition

(3.2) m(wy Vap)u(wr A wz) = pu(wr) pu(wz), ), @ € Q.
Here, as usual,

w1 V wz(e) = max{wi (e), wa(e)},

w1 A wz(e) = min{wi(e), wa(e)}

for e € E. As a consequence of (3.2), ¢ , satisfies the FKG inequality. See [19]
for the basic properties of the random-cluster model.

Consider the square lattice Z> with edge-set E, and let Q = {0, 1}£. Let A =
A, = [—n, n]? be a finite box of Z2, with edge-set E . For b € {0, 1} define

Qb ={weQ:w(e)=bfore ¢ E\}.
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On Ql[’\ we define a random-cluster measure (])5’\’ g 3 follows. For p € [0, 1] and
q €1, 00), let

1 _
(33) @5, @ =— {H 2O — p! w(e)}qk(w,A)’ weh.
ZAvp’q eeEA

where k(w, A) is the number of clusters of (Z2, n(w)) that intersect A. The bound-
ary condition b = 0 (resp., b = 1) is usually termed “free” (resp., “wired”). It is
standard that the weak limits

b _ q; b
¢qu _nll)rlgo¢Aﬂspﬂq

exist, and that they are translation-invariant, ergodic, and satisfy the FKG inequal-
ity. See [19], Chapter 4.

For A, B C 72, we write A <> B if there exists an open path joining some a € A
to some b € B. We write x <> oo if the vertex x is the endpoint of some infinite
open path. The percolation probabilities are given as

0’ (p.q)=¢5,0<00),  b=0,1.
Since each 6” is nondecreasing in p, one may define the critical point by

pe(q) =sup{p:0'(p,q) =0}.

It is known that ¢>g’ = ¢;’ g If p # psa(q), and we write ¢, , for the common
value. In particular, 90(]), q) = Ql(p,q) for p # pc(g). It is conjectured that
. =Pp.q When p=pe(q) and g < 4.

Let By = [0, k] x [0, k — 1], and let Hy be the event that By possesses an open
left-right crossing. That is, Hy is the event that By contains an open path having
one endvertex on its left side and one on its right-hand side.

THEOREM 3.1. Let g > 1. We have that

(3.4) Gp.g(Hy) <2p077, 0<p<psa(@),
(3.5) Gp.g(Hp) =1 =207, Psd(g) < p <1,
for k > 1, where

(3.6) pk = 2qne/p1%, v =12qmk/pal/?
and

3.7) M=) 1g).q O 0Ak2) >0 ask— oo.

Here, c is an absolute positive constant, and pq satisfies (2.3).
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When k is odd, we interpret d Ay 2 in (3.7) as A g /2.

In essence, the probability of a square-crossing has a sharp threshold around the
self-dual “pivot” psq(q). Related results were proved in [16], but with three relative
weaknesses, namely: only nonsquare rectangles could be handled, the “pivot” of
the threshold theorems was unidentified, and there was no result for infinite-volume
measures. The above strengthening is obtained by using the threshold Theorem 5.1
which makes no assumption of symmetry on the event or measure in question. The
corresponding threshold theorem for product measure leads to a simplification of
the arguments of [10] for percolation, see [20], Section 5.8.

Since ¢9\m pg SstPp.g Sst ¢}\n7 v and Hj is an increasing event, Theorem 3.1
implies certain inequalities for finite-volume probabilities also.

No estimate for the rate at which n; — 0 is implicit in the arguments of this
paper, and indeed one of the targets of the current work is to show that no estimate
is necessary for sharp threshold. It is expected that n; — O at a rate that depends
on whether or not the phase transition is continuous: one expects that n; decays as
apower when 1 < ¢ < 4, and as an exponential when g > 4 (see [19], Section 6.4).
This would imply a threshold of order either 1/logk or 1/k in (3.4)—(3.5). That
the radius R of the open cluster at the origin is qﬁgsd( 0.q" S finite is a consequence
of the (a.s.) uniqueness of the infinite open cluster whenever it exists. See [19],
Theorem 6.17(a), for a proof of the relevant fact that

(3.8) 0°(psa(@).q) =0,  q=>1.

We shall prove a slightly more general result than Theorem 3.1. Let By, =
[0, k] x [0, m] and let Hy_,, be the event that there exists an open left-right crossing
of Bi.m.

THEOREM 3.2. Let g > 1. We have that
(B9 dp g (Hem)l — bpy g (Hiem) < >, 0 < p1 < p2 =< psaq),

(3.10) ¢p1,q(Hk,m)[1 - ¢p2,q(Hk,m)] = V,Zz_;,__lpl, Dsd(q) < p1 <p2 <1,

fork,m > 1, where py (resp., vi) is given in (3.6) with p = p1 (resp., p = p2), and
D pea(q).q IS to be interpreted as ¢2sd(q),q'

4. Box-crossings in the Ising model. Let A be a box of Z>. The spin-space
of the Ising model on A is £ = {—1, +1}*, and the Hamiltonian is

Hy(o)=—B Y, owy—h) oy,
e=(x,y)eEp XeA
where § > 0, h > 0. The relevant [sing measure is given by

—Hx(0)

A BH(0) X e O € XA,
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and it is standard that the (weak) limit measure g ; = lim A—72 TN, Bh exists. We
shall also need the + boundary-condition measure n+0 given as the weak limit
of ma g0 conditional on o, = +1 for x € 9A. (Here, dA denotes as usual the
boundary of A, that is, the set of x € A possessing a neighbor not belonging to
A). By the FKG inequality or otherwise, n;’ 0(00) > 0, and the critical value of
when i = 0 is given by

Bc = sup{B :77/;?0(00) =0}.

As remarked in Section 2, 1 — e~ 2fc = psd(2). It is well known that there exists
a unique infinite-volume measure for the Ising model on Z? if either i # 0 or
B < Bc, and thus g is this measure. By Holley’s theorem, (see [19], Section 2.1,
e.g.), g, 1s stochastically increasing in /.

Let

0t (B.h) =mp (0S5 00), 07 (B h)=mpp(0 Sy 00),

where the relation <> (resp., <>) means that there exists a path of Z> each of
whose vertices has state +1 (resp., a *-connected path of vertices with state —1).
The next theorem states the absence of coexistence of such infinite components,
and its proof (given in Section 7) is a simple application of the Zhang argument
for percolation (see [18], Section 11.3).

THEOREM 4.1. We have that
0T (B, h)0~ (B, h) =0, B=>0, h=0.

There exists i, = he(B) € [0, 00) such that
=0 if 0<h<h
+ ) = C»
0 (’B’h){>0, if h > he.
Recall from [23, 24] that h.(B8) > 0 if and only if 8 < B. It is proved in [24] that
(4.1) 6% (B, he(B)) =0,

but we shall not make use of this fact in the proofs of this paper. Indeed, one of
the main purposes of this article is to show how certain sharp-thresholds for box-
crossings may be obtained using a minimum of background information on the
model in question.

Let Hi ,, be the event that there exists a left—right 4 crossing of the box By, =
[0, k] x [0, m]. Let xT = max{x, 0}.

THEOREM 4.2. Let 0 < f < B; and R > 0. There exist p; + = p; +(B) and
pi,— = pi,— (B, R) satisfying
“4.2) Pi+pi—— 0 asi — 0o,
such that: for 0 < h; <h. <hy <R,

he—hy hy—he
4.3) 7.y (Hiem)[1 — 7085y (Hiem)1 < 05 o — < k,m>1.
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The proof of this theorem shows also that

7. (He) (1 = 7., (Hie)) < 005" by <o < he,
7.1y (H )1 = 708 1y (Hy )1 < 027", he <hy < ho.

As in Theorem 3.1, the proof neither uses nor implies any estimate on the rate
at which p; + — 0. The p; + are related to the tails of the radii of the 4 cluster and
the — x-cluster at the origin. More explicitly,

(4.4) pis =121+ e¥)mp,.(0 S dA; )]+,
(4.5) pi— = [2(1 4+ TRy 4 (0 S 3A;2)15-,
where

BT =2ckg p., B_ =2ckp g,

and &g 5, is given in the forthcoming (7.4). Equation (4.2) holds by Theorem 4.1
with i = hc(B). It is in fact a consequence of (4.1) that p; + — 0 as i — oo.

5. Influence and sharp threshold. Let S be a finite set. Let i be a measure
on Q ={0,1}% satisfying the FKG lattice condition (3.2), and assume that u is
positive in that u(w) > 0 for all w € Q. It is standard that, for a positive measure
W, (3.2) is equivalent to the condition that u be monotone, which is to say that
the one-point conditional measure p (o, = 1|0y =7, for y # x) is nondecreasing
in 1. Furthermore, (3.2) implies that u is positively associated, in that increasing
events are positively correlated. See, for example, [19], Chapter 2.

For p € (0, 1), let ), be given by

(5.1) u,,<w>=zi{1'[pw“)<1 —p)l_‘”(s)}u(w), weQ,
P tses
where Z, is chosen in such a way that u, is a probability measure. It is easy to
check that each ), satisfies the FKG lattice condition.
Let A be an increasing event, and write 14 for its indicator function. We define
the (conditional) influence of the element s € S on the event A by

(5.2) Jap®) = upAll, = 1) — pp(All;=0),  s€S,

where 1 is the indicator function that w(s) = 1. Note that J4 ,(s) depends on
the choice of . The conditional influence is not generally equal to the (absolute)
influence of [25],

Ia,p(s) = pp(la@®) # La(wy)),

where the configuration @® (resp., w;) is that obtained from w by setting w(s) = 1
[resp., w(s) =0].
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THEOREM 5.1. There exists a constant ¢ > 0 such that the following holds.
For any such S, u, and any increasing event A £ @, €2,

53 4> G
63z

where ma,p =MmMaXses JA,p(s) and %—p = minseS[Mp(ls)(l - Mp(ls))]-

1p(A)(1 = pp(A))log[1/(2ma p)],

COROLLARY 5.1. In the notation of Theorem 5.1,
o (AT = ppy (] <BP7P0 0 0<pr<pr <1,

where

B = cp }, k=2 sup Jap(s).

inf {7
pe(pi.p)  p(1 — p) pe(p1,p2),

seS

The corresponding inequality for product measures may be found in [37], Corol-
lary 1.2. Throughout this note, the letter c shall refer only to the constant of Theo-
rem 5.1.

PROOF OF THEOREM 5.1. Itis proved in [8, 16] that

d
(5.4) ——up(A) =

dp 5 ) (1 =11 (1)) Ja,p(6):

p(l - seS

Let K =[O0, 1]5 be the “continuous” cube, endowed with Lebesgue measure A,
and let B be an increasing subset of K. The influence /p(s) of an element s is
given in [11] as

Ig(s) = A(1p(¥*) # 1 (¥)),

where % (resp., V) is the member of K obtained from vy € K by setting ¥ (s) = 1
[resp., ¥ (s) = 0]. The conclusion of [11] may be expressed as follows. There exists
a constant ¢ > 0, independent of all other quantities, such that: for any increasing
event BC K,

(5.5) Y Ip(s) = cA(B)(1 — AM(B))log[1/(2mp)],

sES

where m p = maxcs Ip(s). The main result of [11] is a lower bound on m p that is
easily seen to follow from (5.5).

Equation (5.5) does not in fact appear explicitly in [11], but it may be derived
from the arguments presented there, very much as observed in the case of the
discrete cube from the arguments of [25]. See [15], Theorem 3.4. The factor of 2
on the right-hand side of (5.5) is of little material consequence, since the inequality
is important only when m g is small, and, when mp < % say, the 2 may be removed
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with an amended value of the constant c. The literature on influence and sharp-
threshold can seem a little disordered, and a coherent account may be found in
[20]. The method used there introduces the factor 2 in a natural way, and for this
reason we have included it in the above.

It is shown in [16] (see the proof of Theorem 2.10) that there exists an increas-
ing subset B of K such that p,(A) = A(B), and J4 ,(s) > Ip(s) for all s € S.
Inequality (5.3) follows by (5.4)—(5.5). U

PROOF OF COROLLARY 5.1. By (5.3),

1 1
+ )M@Msz(Mﬂ, p1<p<p
(uW(A) T— )" ®

whence, on integrating over (p1, p2),
Mp,(A) Mp; (A) > —B(p2=p1)
T= (A 1= 1, (A) =
The claim follows. [

6. Proofs of Theorems 3.1 and 3.2. Note first that a random-cluster measure
has the form of (5.1) with S = F and u(w) = qk(‘“), and it is known and easily
checked that u satisfies the FKG lattice condition when g > 1 (see [19], Sec-
tion 3.2, e.g.). We shall apply Theorem 5.1 to a random-cluster ¢, ;, measure with
g > 1. It is standard (see [19], Theorem 4.17(b)) that

p p
6.1 PP 1) < p,
6.1) S raa =y Stralo=p

whence
p(d—p)
Gpg(I)l —Pp (1)) > ——.
We may thus take
c
(6.2) B=-
q
in Corollary 5.1.
Let ¢ > 1, 1 <k,m < n, and consider the random-cluster measures ¢,‘Z’ p =
¢f’\m pg ON the box Aj. For e € E2, write J,ff m.n(€) for the (conditional) influence
of e on the event H , under the measure ¢,’l”p. We set J,f’m’n(e) =0fore¢E,,.

LEMMA 6.1. Let g > 1. We have that

©3)  sup J2, () < Ly, 0<p<pual@, 1 <km<n,
ecE2 p

©4)  sup S @< Lpu, pal@<p<l, 1<km<n,
ecE2 Pd
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where pq satisfies (2.3) and

M= ¢gsd(q),q(0 <> dAg2) >0 as k — oo.

PROOF. For any configuration o € 2 and vertex z, let C,(w) be the open clus-
ter at z, that is, the set of all vertices joined to z by open paths.

Suppose first that 0 < p < pg(gq), and let e = (x,y) be an edge of A,.
We couple the two conditional measures qb,?’ p(~|a)(e) =b), b=0,1, in the fol-
lowing manner. Let €2,, be the configuration space of the edges in A,, and let
T ={(r,w) € Qﬁ 1 < w} be the set of all ordered pairs of configurations. There
exists a measure ¢ on T such that:

(a) the first marginal of u° is ¢3,p(-|le =0),

(b) the second marginal of u° is ¢,(1), pClle=1),

(c) for any subset y of A,, conditional on the event {(;r, w):Cy(®) = y},
the configurations 7w and w are u®-almost-surely equal on all edges having no
endvertex in y.

The details of this coupling are omitted. The idea is to build the paired configura-
tion (7, ) edge by edge, beginning at the edge e, in such a way that 7 (f) < w(f)
for each edge f examined. The (closed) edge-boundary of the cluster Cy(w) is
closed in 7 also. Once this boundary has been uncovered, the configurations r,
w on the rest of space are governed by the same (conditional) measure, and may
be taken equal. Such an argument has been used in [2] and [19], Theorem 5.33(a),
and has been carried further in [4].
We claim that

(6.5) Romn(@ <) ,(Delle=1),

where D, is the event that C, intersects both the left and right sides of By ;. This
is proved as follows. By (5.2),

Tomn(©) = 1@ € Him, 7 ¢ Him)
= /Le(w € Hk,m N Dx)
<pu(weDy)=¢) ,(Dille=1),
since, when w ¢ Dy, either both or neither of w, w belong to Hy ;. By (6.5),

¢y (D)
0 n’p
(66) Jk’m’n(e) < W

On D,, the radius of the open cluster at x is at least %k. Since ¢>2’p <st $p,q and
¢ p,q 1s translation-invariant,

B9 (D) < hpg(x < x + k) =g (0 <> dAr)2).
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By (3.8),
$p.qg (0 0AL2) <) (1).q 0 0AL2) >0 ask — oo,

and, by (6.1) and (6.6), the conclusion of the lemma is proved when p < pg(q).

Suppose next that pgg(qg) < p < 1. Instead of working with the open paths, we
work with the dual open paths. Each edge eq = (u, v) of the dual lattice traverses
some edge e = (x, y) of the primal, and, for each configuration w, we define the
dual configuration wq by wq(eq) = 1 — w(e). Thus, the dual edge eq is open if and
only if e is closed. It is well known (see [19], Equation (6.12), e.g.) that, with »
distributed according to qb,ll, o @d has as law the random-cluster measure, denoted
®n, pqg,d> On the dual of A, with free boundary condition. The event Hy ,, occurs
if and only if there is no dual open path traversing the dual of By , from top to
bottom. We may therefore apply the above argument to the dual process, obtaining
thus that

¢n,pd,d(Vu)
‘pn,pd,d(le) ’

where V,, is the event that C, intersects both the top and bottom sides of the dual
of Bi.m-
On the event V,,, the radius of the open cluster at u is at least %(m + 1). Since

¢n,pd,d st ¢pd,q,
®n,pa,d(Vi) = ¢pd,q(” < u+ 3A(m+1)/2) = ®pa.q (O hig aA(erl)/Z)-
As above, by (2.4),

(6.7) (@ <

¢Pd»7(0 A aA(m+1)/2) = ¢gsd(q),q(0 <~ 8A(m+1)/2) = Nm+1,

and this completes the proof when p > pg(g). U

PROOF OF THEOREM 3.2. This follows immediately from Corollary 5.1 by
(6.2) and Lemma 6.1. [

PROOF OF THEOREM 3.1. By planar duality,
¢) J(H)=1—¢,  (Hp),
where p, pq are related by (2.3), see [19], Theorems 6.13, 6.14. Since ¢gsd(q),q <t
e’

0 1 1
¢Psd(‘1)’q(Hk) =3= ¢psd(q),q(Hk)’

and Theorem 3.1 follows from Theorem 3.2. [
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7. Proof of Theorems 4.1 and 4.2. Only an outline of the proof of The-
orem 4.1 is included here, since it follows the “usual” route (see [18], Sec-
tion 11.3, or [19], Section 6.2, for examples of the argument). The measure 7g j, is
automorphism-invariant, ergodic, and has the finite-energy property. By the main
result of [12], the number N (resp., N ™) of infinite + clusters (resp., infinite —
k-connected clusters) satisfies

either 7mpa(N*=0)=1 or mg(NT=1)=1.

Assume that 67 (8, k)0~ (B, h) > 0, which is to say that rg (Nt =N~ =1)=1.
One may find a box A sufficiently large that, with 7g ;-probability at least %: the
top and bottom of its boundary d A are + connected to infinity off A, and the left
and right sides are — x-connected to infinity off A. Since N = 1 almost surely,
there is a + path connecting the two infinite + paths above, and this contradicts
the fact that N~ =1 almost surely.

We turn to the proof of Theorem 4.2. For the moment, let g, be the Ising
measure on a finite graph G = (V, E) with parameters 8 > 0 and & > 0. It is well
known than g ¢ satisfies the FKG lattice condition (3.2) on the partially ordered
set Xy = {—1,+1}". We identify Xy with {0, 1}V via the mapping o, — w, =
%(ax + 1), and we choose p by

(7.1) — =
I—p
Then 7g ;, may be expressed in the form (5.1), and we may thus apply the results
of Section 5. By conditioning on the states of the neighbors of x,
o2h—AB o2h+AB

(7.2) oA 1 o2h—AB <mgn(ly) < e—MB 4 o2h+AB°

where A is the degree of the vertex x, and 1 is the indicator function that o, = +1.
Therefore,

e e
(eA[ﬁ + eZh—Aﬂ)z ’ (e—A[ﬁ + 82h+Aﬂ)2
B e2h+2A8
- 1+ e2h+2A;3)2'

2h 2h
(101 =750 (10)] = min{ }
(73)

This bound will be useful with A =4, and we write
o2h+88

(7.4) Epn = (1 8By

Note that &g j, is decreasing in h.

We follow the argument of the proof of Theorem 5.1. Let 8 € [0, ), h > 0,
and 1 <k,m <r < n, and consider the Ising measure m, = 7, g, On the box
A, = [—n, n]*. For x € Z2, write Ji.m n(x) for the (conditional) influence of x on
the event Hy , under the measure 7, . We set Ji m n(x) =0 for x ¢ A,.



RANDOM-CLUSTER AND ISING MODELS 253

LEMMA 7.1.  Uniformly in x € 72,
Jeamn(x) < (14 %721
(7.5) N n
X [ﬂn,h(Bk,m < A;) + sup myp(x < x + 3Ak/2)],
xeN,
Jeamn(x) < (14 %12
(7.6)
X [ﬂn,h(Bk,m <> 0A;) + sup ”n,h(x <% X+ aAm/Z)]-

xXeEAN,

PROOF. Let h > 0. Let C; be the set of all vertices joined to x by a path of
vertices all of whose states are +1 (thus, C j = @ if o, = —1). We may couple the
conditioned measures 7w, ;(-|ox = b), b = £1, such that the Ising equivalents of
(a)—(c) hold as in Section 6. As in (6.6),

TTtn,h (D;_)
T (1)
where D;C" is the event that Cj intersects both the left and right sides of By ,,. On

Dy, the radius of C is at least 3k.
For x ¢ A,,

(7.7) Jk,m,n(x) =<

+
nn,h(Dj) =< ﬂn,h(Bk,m < IA,).

For x € A,, we shall use the bound

_l’_
Tan(DF) <7y n(x < x4+ Ak )2).

Combining the above inequalities with (7.2), we obtain (7.5).

Let C be the set of all vertices joined to x by a x-connected path of vertices
all of whose states are —1. The event Hj , occurs if and only if there is no —
x-connected path from the top to the bottom of By ;. Therefore, the conditional
influence of x on Hy ,, equals that of x on this new event. As in (7.7),

nn,h(vx_)
T (1= 1y)

where V[ is the event that C intersects both the top and bottom of By ,,. The
above argument leads now to (7.6). [J

(7.8) Jkmn(x) <

PROOF OF THEOREM 4.2. Let R > hcand § >0, and let k,m <r <n. We
set

+ +
K0 e =200+ ) [T s (Bim S 9A,) + SUp o pe—s(x S x +0Ak12) ],

XeNA,

o =2(1+ egﬂHR)

n,r,—

X [n o5 (Bium < OA,) + SUP T hets (6 i X+ 0 A 2) |-
xeA,
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Let 0 < hy < he < hy < R, and choose § < min{h. — hy, hy — hc}. By (7.1),
(7.3), Lemma 7.1 and Theorem 5.1, f, (h) =, j, (Hk ) satisfies

1 dfy,
(7.9 Un - Botog(1/ed, ). hi<h<he—3,

Fa(W) (U= fu(h)) —dh =
where By = 2cég p., see (7.4). The corresponding inequality for 7. +3 <h <R
holds with /c,f’ r.+ replaced by /cn‘s,r’_, and B replaced by B_ =2cég g.
We integrate (7.9) over the intervals (1, hc —§8) and (he+ 36, hy), add the results,
and use the fact that f;, (%) is nondecreasing in A, to obtain that

folh) "
L= falh) I, ~

log (he — 8 — hy) By log(1/x), )

+ (h2 — he — ) B_log(1/k) , ).

Take the limits as n — oo, r — 00, and § — 0 in that order, and use the monotonic-
ity in h of 7g j, to obtain the theorem. [

8. The colored random-cluster model. There is a well known coupling of
the random-cluster and Potts models that provides a transparent explanation of how
the analysis of the former aids that of the latter. Formulated as in [14] (see also the
historical account of [19]), this is as follows. Let p € (0,1) and g € {2,3,...}.
Let w be sampled from the random-cluster measure ¢, , on the finite graph
G = (V, E). To each open cluster of w, we assign a uniformly chosen element
of {1,2,...,q}, these random spins being independent between clusters. The en-
suing spin-configuration o on G is governed by a Potts measure, and pair-spin
correlations in o are coupled to open connections in w. This coupling has inspired
a construction that we describe next.

Let p € (0,1), g € (0,00), and «a € (0, 1). Let w have law ¢, ,. To the ver-
tices of each open cluster of @, we assign a random spin chosen according to the
Bernoulli measure on {0, 1} with parameter «. These spins are constant within
clusters, and independent between clusters. We call this the colored random-
cluster model (CRCM). With o the ensuing spin-configuration, we write kp 4.«
for the measure governing the pair (w, o), and 7, 4 o for the marginal law of o.
When g € {2,3,...} and go and ¢ (1 — «) are integers, the CRCM is a vertex-wise
contraction of the Potts model from the spin-space {1,2,...,4}" to © ={0, 1}V.

The CRCM has been studied in [26] under the name “fractional fuzzy Potts
model,” and it is inspired in part by the earlier work of [13, 21, 22], as well as the
study of the so-called “divide-and-colour model” of [5].

The following seems to be known, see [13, 21, 22, 26], but the short proof given
below may be of value.

THEOREM 8.1. The measure 1), 4 o is monotone for all finite graphs G and
all p € (0,1) ifand only if g, g(1 — ) > 1.
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We identify the spin-vector o0 € ¥ with the set A={ve V:o, =1}. Let mj =
Tp,q.a,h De the probability measure obtained from 7, 4 o by including an external
field with strength 7 € R,

(8.1) mn(A) oc e, o (A), ACV.

It is an elementary consequence of Theorem 8.1 and (8.1) that, when g, g(1 —
«) > 1, m, is a monotone measure, and mj, is increasing in 2. When ¢ =2 and
o= %, my, is the Ising measure with external field. The purpose of this section is to
extend the arguments of Section 4 to the CRCM with external field.

There is a special case of the CRCM with an interesting interpretation. Let w
be sampled from ¢, , as above, and let o = (0, :v € V) be a vector of indepen-
dent Bernoulli (y) variables. Let B be the event that o is constant on each open
cluster of w. The pair (w, ), conditional on B, is termed the massively colored
random-cluster measure (MCRCM). The law of o is simply 7 24,1/2,» Where
h =log[y /(1 —y)].

Justas 7, 4.« and ¢, , may be coupled via kp, 4 o, SO We can couple 7, with an
“edge-measure” ¢ = ¢ 4.0, Via the following process. With B given as above,
and (w, o) € B, denote by o (C) the common spin-value of o on an open cluster
C of w. Let kj = k) 4,,n be the probability measure on 2 x ¥ given by

82)  kn(@,0) X Ppg(@)1p,0) [[[(@e") O —a)!=o©],
C

where the product is over the open clusters C of w, and |C| is the number of
vertices of C. The marginal and conditional measures of kj are easily calculated.
The marginal on X is 7y, and the marginal on 2 is ¢, = ¢ ¢.«,n given by

(8.3) on(@) X Ppg@) [[lae"“"+1-0a], weq.
C

Note that ¢9 = ¢ 4. Given w, we obtain o by labeling the open clusters with
independent Bernoulli spins in such a way that the odds of cluster C receiving
spin 1 are el to 1 — a.

By (8.1), or alternatively by summing «, (w, o) over w, we find that

(8.4) mn(A) o (1= p)PAZy 0 Z5 1y ACSV,

where AA is the set of edges of G with exactly one endvertex in A, and Zp , is
the partition function of the random-cluster measure on the subgraph induced by
B C V with edge-parameter p and cluster-weight g. It may be checked as in the
proof of Theorem 8.1 that, for given p, ¢, «, the measure 7, is bounded above
(resp., below) by a product measure with parameter a(h) [resp., b(h)] where

(8.5) a(—h) — 0, b(h) — 1, as h — oo.

The measure ¢y has a number of useful properties, following.
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PROPOSITION 8.1. Letqo,q(l —a)>1.

(1) The probability measure ¢y, is monotone.
(i1) The marginal measure of kj, on 2, conditional on o = b, satisfies

kp(-lox =1) Zg kp(-lox = 0), h =0,
kp(-lox =1) <st kp(-lox =0), h <0.

(iii) If p1 < p2 and the ordered three-item sequence (0, hy, hy) is monotonic,

then ¢p1,q,a,h1 st d)pz,q,a,hz-
(iv) We have that ¢p g.a.n <st Pp,0, where Q = Q(h) is defined by

qo, h>0,

Qh)=149. h =0,
g1 —a), h <O.

We assume henceforth that qo, g(1 — ) > 1, and we consider next the infinite-
volume limits of the above measures. Let G be a subgraph of the square lattice Z>
induced by the vertex-set V, and label the above measures with the subscript V.
By standard arguments (see [19], Chapter 4), the limit measure

¢p = lim_¢y p
V422

exists, is independent of the choice of the V, and is translation-invariant and er-
godic. By an argument similar to that of [19], Theorem 4.91, the measures my ;
have a well-defined infinite-volume limit 7z, as V 4 Z2. Furthermore, the pair
(¢pn, ) may be coupled in the same manner as on a finite graph. That is, a fi-
nite cluster C of w receives spin 1 with probability ae”!!/[ae!Cl + 1 — «]. An
infinite cluster receives spin 1 (resp., 0) if 4 > 0 (resp., & < 0). When i = 0, the
spin of an infinite cluster has the Bernoulli distribution with parameter «.

Since ¢y, is translation-invariant, so is 7. As in [19], Theorem 4.10, mj, is pos-
itively associated, and the proof of [19], Theorem 4.91, may be adapted to obtain
that mj, is ergodic. By a simple calculation, the wy ; have the finite-energy prop-
erty, with bounds that are uniform in V (see [19], Equation (3.4)), and therefore so
does mrj,. Adapting the notation used in Section 4 for the Ising model, let

0 (p.q. . h) = 1,(0 & 00),

0%(p. g, h) = m,(0 S, 00).
As in Theorem 4.1, and with an essentially identical proof,
(8.6) 0'(p.q,a.10°(p, g, h) = 0.

By the remark after (8.1) and [19], Theorem 4.10, 7, is stochastically increasing
in i, whence there exists he = he(p, g, @) € RU {£o00} such that

. =0, ifh<he,
e(p’q’“’h)Lo, if h > he.
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By comparisons with product measures [see the remark prior to (8.5)], we have
that |A.| < oo.

We call a probability measure i on X subcritical (resp., supercritical) if the -
probability of an infinite 1-cluster is O (resp., strictly greater than 0); we shall use
the corresponding terminology for measures on €2. There is a second type of phase
transition, namely the onset of percolation in the measure ¢,. An infinite edge-
cluster under ¢ forms part of an infinite vertex-cluster under 7. Let p.(q) be
the critical point of the random-cluster measure ¢, ; on 72, as usual. By Proposi-
tion 8.1(iv), ¢, is subcritical for all # when p < p.(g min{e, 1 — «}); in particular,
for such p, ¢, is subcritical for & lying in some open neighborhood of /4. On the
other hand, suppose that ¢y = ¢, 4 is supercritical. By the remarks above, 6'>0
for h > 0, and 8° > 0 for & < 0. By (8.6), 6! is discontinuous at & = he = 0. By
Proposition 8.1(iii), ¢ > ¢o, whence 0! is discontinuous at & = h. = 0 whenever
P> pc(q).

With k,m € N, let H,, be the event that there exists a left-right 1-crossing of
the box By . A result corresponding to Theorem 4.2 holds, subject to a condition
on ¢y, with h near h¢. This condition has not, to our knowledge, been verified for
the Ising model, although it is expected to hold. In this sense, the next theorem
does not quite generalize Theorem 4.2.

THEOREM 8.2. Let R > 0. When h. # 0, we require in addition that R <
|hc|. Suppose that ¢y, is subcritical for h € [he — R, he + R]. There exist p;;1 =
pi,1(p. g, R) and pio = pi,o(p. q, o, R) satisfying

i, 10i,0 —> 0 asi— oo,

such that: for h1 € [he — R, h¢], ho € [hc, he + R],

he—h1 _hy—he
7hy (Hem) U1 = 700y (Hien)] < 050 P s k,m=>1.

As in the proof of Theorem 4.2, the first step is to establish bounds on the one-
point marginals of ;. This may be strengthened to a finite-energy property, but
this will not be required here. The proof is deferred to the end of the section.

LEMMA 8.1. Let G = (V, E) be a finite graph with maximum vertex-degree
A. Then

aeh

ae +1—«

l—«

— AT
aeh+1—a( p)

(1=p) <mplox=1)<1-
Consider the subgraph of Z? induced by A, =[—n, nl¢,andlet x € A,,. Objects
associated with the finite domain A, are labeled with the subscript n. For b =0, 1,

let nfl” , (resp., d),’j’ ») be the marginal measure on X, (resp., §2,) of the coupling
Ky conditioned on oy = b.
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By Proposition 8.1, d’,l, n st qbfl)h when & > 0, and (l),ll n Sst ¢;(1)h when & <
0. It is convenient to work with a certain coupling of the pairs (qﬁg hv”r? n)

and (d),'l, e JT,l’h). Recall that C,(w) denotes the open cluster at x in the edge-
configuration w € 2.

LEMMA 8.2. Let h € R. There exists a probability measure K,(l)’lh on (2, X

0

%,)? with the following properties. Let (0°, 0%, @', o') be sampled from (2, x

>,)? according to K,?lh.

(i) Forb=0,1, " has law ¢, .
(i) Forb=0,1, o” has law rrfl’,h.
(i) Ifh <0, > 0. Ifh >0, 0' > o°.
(iv)1 The spin configurations o° and o' agree at all vertices y ¢ Cy(o?) U
Ci(wh).

PROOF. Assume first that # > 0. There exists a probability measure ¢, on
Qﬁ, with support D1 = {(a)o, wl) e Q% ‘0 <! }, whose first (resp., second) mar-
ginal is d)?l’ , (resp., ¢,1’ »)- By sampling from ¢, in a sequential manner beginning
at x, and proceeding via the open connections of the upper configuration, we
may assume in addition that (a)o, ') € Dy, where D, is the set of pairs such
that w%(e) = w!(e) for any edge e having at most one endpoint in Cy (wh). Let
(0°, w") e D=D| N Ds.

The spin vectors o” may be constructed as follows:

(a) attach spin b to the cluster Cy (@),
(b) attach independent Bernoulli spins to the other w”-open clusters in such a
way that the odds of cluster C receiving spin 1 are ae/C! to 1 — a.

We may assign spins o’ to the open clusters of the w” in such a way that: o” has
law 71,11” 5 and O')(/) = ayl for y ¢ C,(w!). Write K,?}h for the joint law of the ensuing
pairs (@°, oY), (0!, o).

When i <0, let K,(,L) lh be the coupling as above, with the differences that: ¥ >

»',and 6) =0 for y ¢ Cy(?). O

We seek next a substitute for Lemma 7.1 in the current setting. Let Ji ., (x)
be the conditional influence of vertex x on the event Hy ,,, with reference measure
Tnp ON Ay

Let (0, 0%, ®!, o'!) be sampled according to the measure K,?’lh of Lemma 8.2.
Define random clusters C1, CY € Z? as follows,

Cf(a)o,ao,a)l,al) ={z EZZ:EIy € Cx(a)o), y <l>z in crl},

CX(a)O,GO,a)l,al) ={z EZZ:Ely € Cy(wh), y <9>* z in O’O}.
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Notice that, if &7 > 0 (resp., & <0), Cf (resp., C;/) is the spin-1 cluster (resp.,
spin-0 x-cluster) at x under o' (resp., o). It may be checked as before that:
(8.7) Jemn(x) < Kg’lh (Cf contains a horizontal crossing of By ),
(8.8) Jeman(x) < /c,?ﬁlh (C)Y contains a vertical *-crossing of By ).
The notation C, CV is introduced in order to treat the cases & > 0 and h < 0
simultaneously.

LEMMA 8.3. Let R be as in Theorem 8.2.

1) If@1 (p,q,a, he) =0, and ¢y, is subcritical for h € [he — R, h¢], there exists
Vi1 satisfying vg,1 — 0 as k — oo such that

limsup  sup sup Jkmn(X) < v 1.
n—00 helhe—R, he] x€A,

(i1) IfGO(p, q,a, he) =0,and ¢y, is subcritical for h € [h¢, hc + R], there exists
V.0 Satisfying vy, 0 — 0 as m — oo such that

lim sup  sup sup Jk,m.n(X) < vpm.o-
n—>0o0 helhg,hc+R] xeA,

PROOF. We prove part (i) only, the proof of (ii) being similar. If [, — R, h¢] <
[0, 00),let ¢ = pp.; if [he — R, he] € (—00, 0], let ¢ = ¢y, —r. By Proposition 8.1,
and the assumptions of (i),

(a) ¢n,h <st¢ forn>1and h € [h; — R, hc],
(b) ¢ is subcritical,
(c) mp, is subcritical, and 7w, j, <gt 7y p, for h € [he — R, h¢].

By Lemma 8.1, there exists L > 0 such that

(8.9) Tp,n(0x = Dy p(ox =0) = L

foralln>1,x € A,,and h € [h; — R, hc + R]. Let
Ax(w)=sup{r >0:x <> x +9A,}

denote the radius rad(C,) of the edge cluster C, = C,(w) at x, and note that
¢(Ay <o0)=1.

Let r > max{k,m} and x € A,. By (8.7) and the positive association of n,}’h,
and as in (6.6),

Teann(x) < Kk (rad(CH) > k/2)

o0
<> ¢ h(Ar =a)a) (x,a,k/2)
a=0

1 o0
S Z Z ¢I’l,h(AX = a)an,h(x, a, k/2)5
a=0
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where
ai’h(x, a,b)= J'rf’h(x + Ay <l>x +0Aploy=1Toryex+ Agy).

Since «; ;(x,a,b) is nondecreasing in a, and furthermore ¢, 5 <¢ ¢ and ¢ is
translation-invariant,

1 o0
(8.10) SUp Jimn () < Y #(Ao=a) sup fa, n(x,a,k/2)}.

xeN, a=0 xeN,

By (8.9) and the fact that 7, j, <g¢ 7 i,

1
8.11)  app(x,a,k/2) < min{l, anhc(x + Ag <i> x4+ aAk/z)}.
Suppose now that x € A, \ A,. Then

Jk,m,n(x) =< Ky?’lh(cf N Bk,m #* )

<Y ¢ (A=)} (x. a)

a=0
l o0
E Z Z ¢n,h(Ax = a)ﬂn,h(x’ a)v
a=0

where
1
Brp(x.a) =7, (X + Ag <> Bimloy =1fory € x + Ag)

is a nondecreasing function of a. Since ¢, , <4 ¢, and ¢ is translation-invariant,

1 x
Jemn () = 72 ¢(A0=a)un(x, ).

a=0
As above,
1 1
,Bn,h(x, a) < Wﬂn,h(x + Ay < Bk,m)
1 1 .
= mﬂn,h(Bk,m < 0A—g) ifa<r,
whence

1 & _ 1 1
B1D) ima) = 7 0 90 =@ymin| 1. L (B & 04,0,

a=0

where the minimum is interpreted as 1 when a > r.
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We add (8.10)—(8.11) and (8.12), and take the limit n — oo, to obtain by the
bounded convergence theorem that

lim sup sup Ji . (x)
n—>o0 xeA,

<1 i Ap =a)mi ! (x+ Ay < 0Ag2)
<7 _(j)( 0 =a)min LIA\m’CX <—> k/2

+ ) (Ao = a)min{

7Thc(Bk m <_> OA,_ a)}:|
a=0

" TR

We now send r — 00. Since Ql(p, q, o, he) = 0 by assumption, the last sum-
mand tends to 0. By the bounded convergence theorem,

(8.13) limsup sup Jk m.n(x) < Vi1,

n—oo XEAn
where

— 7 Th (x + Ag & 3Ak/2)}

1 & . 1
vk,1=zzo¢(A0=a)m1n * LAl
a=!

By the bounded convergence theorem again, vx,; — 0 as k — oo. Since (8.10)—
(8.11) and (8.12) are uniform in & € [h; — R, h], one may include the supremum

over h in (8.13), as required for the lemma. [J

PROOF OF THEOREM 8.2. Let f,(h) = m, n(Hk ). By (5.3) and Lemma 8.1,

1 1
(8.14) f,, (h) > cL log[ ]
Sa(MWI1 = fu(h)] dh 2maxy Ji,m,n(x)
with L as in the proof of Lemma 8.3. Let
gn,k,l = sup sup 2Jk,m,n(x)a Sn,m,O = sup sup 2Jk,m,n(x)-

helhe—R, he]l xEA, helhe,he+R]x€A,

By (8.14),
lo f"()h2 he — hy)cLlog(& ) hy — he)eLlog(& !
og————~ 1= f,(h) > (he —hy)c Og(gn,k,l) + (ha — he)e Og(é"n’m’o),

whence

fn(h]) 1 — fn(hZ)] < §CL(hc hl)$CL(h2 c)'

Take the limit as n — oo and use Lemma 8.3. [

PROOF OF PROPOSITION 8.1. A strictly positive measure @ on 2 = {0, 1E
is monotone if and only if: for all w € @ with w(e) = w(f) =0,e # f,

(8.15) (@ Hu(w) = n@)H ),
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see, for example, [19], Theorem 2.19. Given two strictly positive measures (1 and
L2, at least one of which is monotone, it is sufficient for p; <g @2 that:
(@) _ pa(@f)
m@) ~ pa)’
This is proved in [19], Theorem 2.6. Condition (8.16) is nontrivial only when
w(e) =0.

We shall prove (i) by checking that ¢, satisfies (8.15). Write C(w) for the set of

open clusters under w, and let f (k) = ae* +1—q. Substituting (8.3) into (8.15),
we must check

bpq@DNdpg@ ] mach T mach

CeC(we-f) CeC(w)

> ¢pg(@)bpq@) [T fACh [] mACh.

CeC(w®) CceC(wl)

(8.16) we, eck.

(8.17)

On using the monotonicity of ¢, 4, and on canceling the factors fj, (|C|) for C €
C(w) N C(w® ), we arrive at the following three cases.

(i) There are clusters Cy, C> € C(w), such that C; U C; € C(0°) = C(w’). Tt
suffices that

qfn(a@) fn(b) = fa(a +b), a=|C1], b=1Ca],

and this is easily checked for a, b > 0 since qo, g(1 — ) > 1.
(i) There are clusters Cy, C», C3 € C(w), such that C; U C, € C(w?) and Co U
C3 € C(w’). It suffices that

fnla+b+c)fr) = frnla+b) frn(b+o), a=|C1], b=1C3|, c=1C3],

and this is immediate.
(iii)) There are clusters Cy, C», C3, C4 € C(w) such that C; U C; € C(w°) and
C3 U C4 € C(w/). In this case, inequality (8.17) simplifies to a triviality.

It may be checked similarly that the marginal measure of «,(-|o, = b) on Q is
monotone if either # >0, b =1 or h <0, b = 0. One uses the expression

kn(@loy =b) X ppg(@)eI@TT  fr(ch,  wee.
CeC(w)\{Cx(w)}

Parts (ii) and (iii) then follow by checking (8.16) with appropriate w;. Part (iv)
follows from part (iii) by taking the limit as |#| — oco. Many of the required calcu-
lations are rather similar to part (i), and we omit further details. [J

PROOF OF THEOREM 8.1. We identify the spin-vector o € ¥ with the set
A={v e V:o, =1} In order that ¥ = 7 4 o be monotone, it is necessary and
sufficient [see inequality (8.15)] that

(8.18) m(AM)7(A) > (AHT(AY), ACV, x,yeV\A, x#y.
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Let ACV,x,ye V\A, x#y.Leta be the number of edges of the form (x, z)
with z € A, let b be the number of edges of the form (x, z) withz ¢ A and z # x, y,
and let e be the number of edges joining x and y.

We write A*¥ = A U {x}, etc. By (8.4) with h =0,

n(Ax) — (1 _ p)b+efa ZAX’qaZF,q(I—Ol) .« . ¢Z,q(l—a)(IX)
7 (A) 24927 4(1-a) l—a  $arga(ly)
where I is the event that x is isolated, and ¢4 4 is the random-cluster measure on

the subgraph induced by vertices of A with edge-parameter p and cluster-weight g.
Similarly,

’

T (AYY) o« %,q(l_a)(lx)

T(AY) T l—a pavgally)
The ratio of the left to the right-hand sides of (8.18) is

¢Ax(1x) . ¢ﬂ(1x) _ d’Ax-",qa(lx”y) ) ¢X,q(l—a)(IX|Iy)
¢A"y (Ix) ¢X(Ix) ¢Ax>’,qa(1x) %,q(l_a)(lx) .

Inequality (8.18) holds by the positive association of random-cluster measures with
cluster-weights at least 1.

That the conditions are necessary for monotonicity follows by an example. Sup-
pose 0 < g <1 and g(1 —a) > 1. Let G be a cycle of length four, with vertices
(in order, going around the cycle) u, x, v, y. Take A = {u, v} above, so that e = 0.
The final ratio in (8.19) equals 1, and the penultimate is strictly less than 1. [J

(8.19)

PROOF OF LEMMA 8.1. By Proposition 8.1(iv) and inequality (6.1),
b (1) = ¢p.o(Lx) = (1 — p)*,

where I, is the event that x is isolated. Conditional on [, the spin of x under the
coupling «;, has the Bernoulli distribution with parameter ace’ /[ae + 1 —a]. [
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