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Abstract. A stochastic system of particles is considered in which the sizes of the particles increase by successive binary mergers
with the constraint that each coagulation event involves a particle with minimal size. Convergence of a suitably renormalized
version of this process to a deterministic hydrodynamical limit is shown and the time evolution of the minimal size is studied for
both deterministic and stochastic models.

Résumé. L’évolution d’un systeme aléatoire de particules est étudiée lorsque la taille des particules croit par coagulation binaire,
chaque réaction de coagulation impliquant nécessairement une particule de taille minimale. Nous montrons qu’une version re-
normalisée du processus stochastique associé converge vers une limite déterministe et étudions 1’évolution temporelle de la taille
minimale pour les modeles stochastique et déterministe.
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1. Introduction

Coagulation models describe the evolution of a population of particles increasing their sizes by successive binary
mergers, the state of each particle being fully determined by its size. Well-known examples of such models are the
Smoluchowski coagulation equation [21,22] and its stochastic counterpart, the Marcus—Lushnikov process [16,17],
and both have been extensively studied in recent years (see [1,3,13,15,20,23] and the references therein). Another
class of coagulation models has also received some interest, the main feature of these models being that the particles
with the smallest size play a more important role than the others. A first example are the Becker—Doring equations:
in that case, the (normalized) sizes of the particles range in the set of positive integers and a particle can only modify
its size by gaining or shedding a particle with unit size [2]. Another example are min-driven coagulation equations:
given a positive integer k, at each step of the process, a particle with the smallest size £ is chosen and broken into k
daughter particles with size ¢/k, which are then pasted to other particles chosen at random in the population with
equal probability [7]. Another model may be described as follows: at each step, an integer k > 1 is chosen randomly
according to some probability p; and one particle with the smallest size £ and k other particles are chosen at random
and merged into a single particle [4,9,18].

In this paper, we focus on the min-driven coagulation equation introduced in [7] with k =1 (that is, there is no
break-up of the particle of minimal size) but relax the assumption of deposition with equal probability. More specifi-
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cally, the coalescence mechanism we are interested in is the following: consider an initial configuration X = (X;);>1
of particles, X; denoting the number of particles of size i > 1, and define the minimal size £x of X as the smallest
integer i > 1 for which X; > O (thatis, Xy, >0and X; =0fori e (1,...,€x — 1} if £x > 1). We pick a particle of
size £x, choose at random another particle of size j > £x according to a certain law, and merge the two particles to
form a particle of size £x + j. The system of particles thus jumps from the state X to the state ¥ = (Y;);>1 given by
Yi=Xrifk¢{lx,j,€x+ j}and

Y(XZX[X—I, Yj:Xj—l, Y(x+j:Xex+j+1 if j > £y,
Yoo =Xey —2, Yoo, = Xoey +1 if j =4£x.

Observe that no matter is lost during this event. It remains to specify the probability for this jump to take place: instead
of assuming it to be uniform and independent of the sizes of the particles involved in the coalescence event as in [7],
we consider the more general case where the jump from the state X to the state Y occurs at a rate K(£y, j), the
coagulation kernel K (i, j) being a positive function defined for 1 <i < j.

A more precise description of the stochastic process is to be found in the next section, where a renormalized version
of this process is also introduced. We will show that, as the number of initial particles becomes large, the renormalized
process converges to a deterministic limit which solves a countably infinite system of ordinary differential equations
(Theorem 1.3). The convergence holds true provided the coagulation kernel K (i, j) does not increase too fast as
i, j = 00, a typical example being

K@i, j)=¢@G), 1<i<j, forsome positive and non-decreasing function ¢. (1.1)

Well-posedness of the system solved by the deterministic limit is also investigated (Theorem 1.1) and reveals an
interesting phenomenon, namely the possibility that the minimal size becomes infinite in finite time according to the
growth of K (Theorem 1.4). Such a property also shows up for the stochastic min-driven coagulation process in a
suitable sense (Theorem 1.5). It is worth pointing out that coagulation kernels K of the form (1.1) play a special role
here.

1.1. The stochastic min-driven coagulation process

We now describe more precisely the stochastic min-driven coagulation process to be studied in this paper. It is some-
how reminiscent of the Marcus—Lushnikov process [16,17] (which is related to the Smoluchowski coagulation equa-
tion). As in this process, two particles are chosen at random according to a certain law and merged but there is
here an additional constraint; namely, one of the particles involved in the coalescence event has to be of minimal
size among all particles in the system. To be more precise, we fix some positive integer N and an initial condition
X' = (X}\)iz=1 € £ such that

o
ZiX{YO =N, (1.2)

i=1

where X {VO is the number of particles of size i > 1 and Z& denotes the space of summable non-negative and integer-
valued sequences

0= {Xo=(Xi0)i=1 € €"(N\ {0}): X;0eNforalli>1}. (1.3)

We next consider a time-dependent random variable X Noy= (X lN (t))i>1 which encodes the state of the process
at time ¢ starting from the configuration X7, its ith-component X ZN (t) standing for the number of particles of size
i > 1 at time # > 0. We assume that XV (0) = X (1)v , so that N is equal to the total mass initially present in the system.
The process (X N (t)):=0 evolves then as a Markov process with the following transition rules: if, at a time ¢, the process
is in the state XV (1) = X = (X;)i>1 with minimal size £x > 1 (thatis, Xy, >0and X; =0for 1 <i <{x — 1 if
£x > 1), then each particle present, of size j > €x say, coagulates at rate K(£x, j) with another particle chosen
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(randomly) from the set of particles of minimal size ¢y. Mathematically, this means that the process jumps from the
state XV () = X to a state of the form

YZ(O,...,O,XZX - 1,X5X+1,...,Xj - 1,...,ng+j +1,...) withrate K(@x,j)Xj
for some j > £x or to the state

Z=00,...,0,Xpy —2, Xoy+1, ..., Xooy +1,...) withrate K(€x, £x)(Xe, — 1).
Equivalently, this means that the process waits an exponential time of parameter

e.¢]
dx = (Z K(zx,nxj) — K(tx. lx)
J=tx

and then jumps to the state ¥ with probability K (£x, j)X;/Ax for j > £x and to the state Z with probability

K(€x,€x)(X¢y — 1)/Ax. Observe that, as Xy, could be equal to 1 or 2, there might be no particle of size £x af-
ter this jump and the minimal size thus increases. In addition, we obviously have

o oo oo
i=1 i=1 i=1
so that the total mass contained in the system of particles does not change during the jumps. Consequently,
o o
Yoix =) ixN=N forallt>0. (1.4)
i=1 i=1

As already mentioned, one aim of this paper is to prove that, under some assumptions on the coagulation kernel K
and the initial data (X, (])V )N>1, a suitably renormalized version of the stochastic process converges to a deterministic

limit as N tends to infinity. More precisely, we introduce X" := XV /N and, for further use, list some properties of
this process. By the above construction, the generator LN = (E,ICV )i>1 of this renormalized process has the form

o e, e ;
ZK(QJ)S,-[ﬁ(H%—%—%’)—fk@)D

J=Le

(LY )& = N(

—K(zz;,zg)[fk(sﬁ% —2%) —fk(f)i|v (1.5)

where f = (fi)i>1 V(N \ {0}) — YN \ {0}) and (e;);>1 denotes the canonical basis of (N \ {0}). Moreover, the
quadratic variation oN = (Q,ICV )i>1 of the martingale

F(XN @) - /O t(/:N (XN () ds

is

> e efs-i-j_eﬁ_ﬂ _ 2
> K g\ fel e+ =57 -~~~ )~ f©

=L

(R NE& = N(

2 2
~ K| A e+ S0 - 20 - o] (16
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Let B(£) be the drift of the process X" when it is in state £, so that
BE) =Y q(&.&)(E —¢).
§'#E
where g (&, &) is the jump rate from & to £’. Taking f = id in (1.5) leads to the following formula for the drift
i) :=0 ifl1<j<—1,
Bie(§) = = 252,11 K(le, &) — 2K (L, L), + 7 K (Le, Le),
Bi (€)=Kl j—te)§j-e. — KL, ) if j > 0e + 1, j # 2L,
Boee (§) := K (€e, €5) (Ee. — &) — K (Le, 2Le) 62y, .

(1.7)

Here and below, we set K (i, j) =0 fori > j > 1. We also define

@)=Y qE &) -€l;=>> ac. &) -5 (1.8)
£/£E J=18#E

Then
o0
&) =) &),
j=1
where & is obtained by taking f(§) =&;e; in (1.6), so that
&j(5)2=0 ifl1<j<{fg—1,
G, (€)= 3 Y31 K (€e, D) + ¥ K (Le, €)Ee, — 7z K (Le, Le),
@) =K, j—Le)Ej—r, + K (Le, E if j >0+ 1, # 2L,
Goee (€)= & K (Ue, Le) (e, — &) + ~ K (€s, 2060y, .

(1.9)

1.2. Main results

For p €[1, 00), let £7 be the Banach space of p-summable real-valued sequences
[e'e] 1/p
= {x = (xiz1: lIxllp = (Zm”) < oo}.
i=1
We next define the space X | of real-valued sequences with finite first moment by
o0
Xy = {x = (x)iz1: xlla =) ilx| < oo}, (1.10)
i=1
which is a Banach space for the norm || - ||1,1, and its positive cone
X o={x=)iz1 € X110 x; = 0fori > 1}.
For m > 2, let X ;,, be the subspace of A ;| of sequences having their m — 1 first components equal to zero, namely

Xim = {x=()iz1 € X110 x; =0fori e {l,...,m—1}}, (1.11)

and X} =X, N A
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We assume that there is « > 0 such that

0<K(,j)<kij, 1<i<j, and & :=inf{K(@,j)}>0 fori=>1. (1.12)
Jj=i

Next, for i > 1, we define the function b®) = (b;.i)) j=10n X by

b (x) =0 ifl<j<i—1,
b (x) 1= —2K (i, )i — Y00, K (i j)x, (1.13)
b (x) = K. j —i)xji — K (i, j)x; ifj>i+1,

recalling that we have set K'(i, j) =0 for i > j > 1. Let us point out here that b (x) is closely related to the drift
B(x) defined by (1.7) for x € &) ;.
Consider an initial condition xo = (x;,0);>1 such that

XQEX;':I withx1,0>0and ||x0||1,1 =1. (1.14)

Theorem 1.1. Assume that the coagulation kernel K and the initial condition x¢ satisfy (1.12) and (1.14), respectively.
There is a unique pair of functions (£, x) having the following properties:

(1) There is an increasing sequence of times (t;);>o with to = 0 such that
L(t):=1 fortelti1,tj)andi>1.
We define

oo :=supt; = lim #; € (0, 0o]. (1.15)

i>0 11— 00

(ii) X = (xi)izl (S C([O, too); Xl,l) satisﬁes x(O) = X0,

x(1) € Xy \ e+ fort €0, 1), (1.16)
and solves

dx o) -

E(t) =b"D(x(1)) fort€[0,10) \ {t;: i >0} (1.17)

In addition,
xj(t)>0 forte(tiq,tiland j>i+1 (1.18)
and

||x(t)||l’l =|xoll.1 =1 fortel0,ts0). (1.19)

In other words, foreach i > 1, x(t) € X}, and x; (t) > O for ¢ € [t;—1, ;) and dx(¢)/dt = b (x (1)) for t € (t;—1, 1;).
Given ¢ € [0, t), Theorem 1.1 asserts that x(¢) € X1+e(z) with x¢)(t) > 0, so that £(¢) is the minimal size of the
particles at time ¢.

Remark 1.2. The assumption |xoll1,1 = 1 is actually not restrictive: indeed, given X¢ € le | Such that x1,0 > 0, the
initial condition xo = xo/||xol|1,1 satisfies (1.14). If x denotes the corresponding solution to (1.17) with minimal size £
and x = ||xo||1,1x, it is straightforward to check that the pair ({,x) satisfies all the requirements of Theorem 1.1
except (1.19) which has to be replaced by ||x(t)|l1,1 = ||Xoll1,1 for t € [0, to).
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We now turn to the connection between the deterministic and stochastic models and establish the following con-
vergence result.

Theorem 1.3. Let K and xq be a coagulation kernel and a deterministic initial condition satisfying (1.12) and (1.14),

respectively. Consider a sequence (X{)V )N>1 of stochastic initial configurations in ZII\I satisfying (1.2) which are close
to xg in the following sense:

(- 1 1
P NXO — X0 | > W < W (120)

Assume further that, for any i > 0, there is k; > 0 such that

K@, j)<«ki, j=i, and Koo::sup{l(—_i}<oo. (1.21)
i

Let x be the corresponding solution to (1.17) with maximal existence time t, defined by (1.15) and, for N > 1, let
XN be the Markov process starting from X(I)V defined in Section 1.1. Then for all t € (0, ts) there exist constants
C(t), D(t) > 0 such that for N large enough:

P( sup D(t)) _Cw
0<s<t

> — —.
LT N1/A N1/4
We next turn to the lifespan of the deterministic and stochastic min-driven coagulation models and investigate the
possible values of 7,, as well as the behaviour of the time 7X° after which the stochastic min-driven coagulation
process X starting from Xg € 611\1 (611\1 being defined in (1.3)) no longer evolves, that is,

iX’V(s) —x(s)

TX0:=inf{t > 0: | X()|,=1}. (1.22)

We first establish conditions on the growth of the coagulation kernel K which ensure that 7, is finite or infinite. Note
that, in the former case, this means that the minimal size £ blows up in finite time.

Theorem 1.4. Consider an initial condition xq satisfying (1.14) and let x be the corresponding solution to the min-
driven coagulation equations given in Theorem 1.1 defined on [0, t), too being defined in (1.15):

) IfK@G, j)<In(i+1)/(4Ap) for 1 <i < j and some Ay > 0 then to, = 00.
(i) IfK (@i, j) = ao(Ini + 1)F for 1 <i < j and some ag > 0 and a > 0, then to, < 0.

A more precise result is available for the stochastic min-driven coagulation process under a stronger structural
assumption on the coagulation kernel.

Theorem 1.5. Assume that the coagulation kernel K is of the form

K@, j)=¢@G), 1<i<j, where ¢ is a positive increasing function. (1.23)
Then
=1
sup E(T%) <oco ifand only if Z — <00,
XOGZI]\I i=1 l¢(l)

the space ZIIN being defined in (1.3).
More precisely, when the series y_ 1/(i¢(i)) diverges, we have

T"®" — oo in probability,
n—o0

where nep denotes the initial configuration with n particles of size 1.
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The above two results provide conditions on the coagulation kernel K which guarantee that, in a finite time, some
mass escapes to infinity, or forms a giant particle, of the order of the system. This is the behaviour known as gelation
for the Smoluchowski coagulation equation and the Marcus—Lushnikov process, and is known to occur when the
coagulation kernel K satisfies K (i, j) > c(ij Y/2 for some A € (1,2] [8,10]. We observe that the growth required on
the coagulation kernel is much weaker for the min-driven coagulation models. In fact the behaviour we have shown is
more extreme than gelation, in that all the mass goes to infinity or joins the giant particle. A similar phenomenon has
been called complete gelation in the context of the Marcus—Lushnikov process, and is known to occur instantaneously,
as N — oo, whenever K (i, j) > ij(log(i + 1)log(j + 1))* and o > 1 [11].

2. The deterministic min-driven coagulation equation

In this section, we investigate the well-posedness of the min-driven coagulation equation (1.17). It is clearly an infinite
system of ordinary differential equations which is linear on the time intervals where the minimal size ¢ is constant. We
will thus first study the well-posedness for this reduced system, assuming initially that the coefficients are bounded,
in order to be able to apply the Cauchy-Lipschitz theorem and relaxing this assumption afterwards by a compactness
method. We also pay attention to the vanishing time of the first component which was initially positive. The proof of
Theorem 1.1 is then performed by an induction argument.

2.1. An auxiliary infinite system of differential equations

Consider i > 1 and a sequence (a;) j>1 of real numbers satisfying
aj=0, j<i, and O<a;j<Aj, j=i, 2.1

for some A > 0. We define the function F' = (F});>1 on X7 1 by

Fi(y) =0 ifl<j<i—l,
Fi(y):=—aiyi — 232 a;yj, (2.2)
Fi(y)i=aj_iyj—i —a;yj ifj>i+1

for y € X7 1. Note that (2.1) ensures that F(y) € ¢ forye AX'1,1 and that F(y) € X1 ;.

Proposition 2.1. Consider a sequence (a;) j>1 satisfying (2.1) and an initial condition yo = (y;0)j>1 € X1,;. There
is a unique solution y € C([0, 00); X1 ;) to the Cauchy problem

dy _ _
i F(y), y(0) = yo. (2.3)

Moreover, for each t > 0, y and dy/dt belong to L*°(0, t; X1 ;) and L*(0, t; El), respectively, and
o0 o0
iviey =Y jvio. (2.4)
Jj=i j=i

We first consider the case of a bounded sequence (a;) j>1.
Lemma 2.2. Consider a sequence (a;) j>1 satisfying
aj=0, j<i, and O<aj <Ay, j=Ii, 2.5)

for some Ao > 0 and an initial condition yo = (y;,0) j>1 € X1,;. Then there is a unique solution y € C([0, 00); X ;)
to the Cauchy problem (2.3) and

o o
D ivi®y=Y_jvio. t=0. (2.6)
j=i j=i
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Proof. It readily follows from (2.2) and (2.5) that, given y € X ; and § € X} ;, we have
|FG) = F@), | <4Ally = 3l .7

while the first i — 1 components of F(y) vanish. Therefore, F is a Lipschitz continuous map from &7 ; to X7 ; and
the Cauchy—Lipschitz theorem guarantees the existence and uniqueness of a solution y € C([0, 00); &7 ;) to (2.3).

Next, let (g;)j>1 be a sequence of real numbers satisfying 0 < g; < Gj for j > 1 and some G > 0. We deduce
from (2.3), (2.5) and the summability properties of y that

d oo o0
azgjyj(f)=2(gi+j—gi —gjajy;), t=0. (2.8)

j=i j=i
In particular, the choice g; = j, j > 1, gives (2.6). O

Proof of Proposition 2.1. For m > 1 and j > 1, we put a;." :=aj A m. Since the sequence (a;”) j=1 18 bounded, it
follows from Lemma 2.2 that there is a unique solution y”* = (y;") j=1 € C([0, 00); &7 ;) to the Cauchy problem

dy™ >

UL =Y 2.9)
Jj=i

dy;" m .m m.m . .

?zajﬂ-yjﬂ-—aj y], ]21—1—1, (210)

with initial condition y" (0) = yg. Introducing 0;” = sign(y}"), we infer from (2.1), (2.9) and (2.10) that

d > Ay
"= g

o o o0
i m| m| _ s om _m_m s om mom s om| . m
= —ia}"|y}"| Z"’j op yj + Zlaj—i"j Yj—i Z Jaj |yj
j=i j=2i j=i+1

o0
=Y (G + pof ot —iof" ol — j)alt|y"]
Jj=i

o0
§2iza;’"y;’” 52Ai”>’mH1,1’
=i

hence

" O, < llyoll e, 1 =0. @.11)

It next readily follows from (2.1), (2.9) and (2.10) that

i .
S8 | < il + 4l
v o . .
d—t] <AG =D+ AT Jzi+
and thus
> 1dy” .
Do =34 o] = 34lyollie*, =0, (2.12)

Jj=i
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by (2.11).

Now, for all j > 1 and T > 0, the sequence of functions (y;”)Nzl is bounded in W1 (0, T) by (2.11) and (2.12)
and thus relatively compact in C([0, T']) by the Arzela—Ascoli theorem. Consequently, there is a subsequence (my)i>1,
my — 00, and there is a sequence of functions y = (y;) j>1 such that

lim sup |yjk(t)—yj(t)|_() for j>1and T > 0. (2.13)

k—>°°te[0

If j > i+ 1, it is straightforward to deduce from (2.10) and (2.13) that y; actually belongs to C 1([0, 00)) and solves

dy;
d—t’ =aj-iyj-i—a;jyj. ¥j0)=yjo. (2.14)

In addition, (2.11) and (2.13) imply that y(¢) € X7 ; for all # > 0 and satisfies
Iy | <lyolliie*, ¢=o0. (2.15)

Passing to the limit in (2.9) is more difficult because of the infinite series on the right. For that purpose, we need an
additional estimate to control the tail of the series which we derive now: we first recall that, since yp € X 1, a refined
version of de la Vallée—Poussin’s theorem ensures that there is a non-negative and non-decreasing convex function
¢ € C*([0, 00)) such that ¢(0) =0, ¢’ is a concave function,

lim 2

r—oo r

=00 and Zc(n|y,o|<oo 2.16)
j =i

see [6,14]. We infer from (2.1), (2.9), (2.10) and the properties of ¢ that

3

d (o)
32D l= Z(;(z + j)sign(yp ) sign(y7") — £ (i) sign(y!") sign(yT') — () al ||
j=i

M8|

(s“(t + )+ L@ —2()at |y

~.
I

E%g

/ f g”(r+s)dsdr+2g(z)> a7

~.
I

E%g

(
(),

lg“”(r) dr + 2§(i)>a;."’y;?"

~.
I

Mg

(zz () +22G))a |7

~.
I

<242y, + ALY i Dy

j=i

By the concavity of ¢, we have j¢'(j) < 2¢(j) for j > 1, see Lemma A.1 in [12]. Inserting this estimate in the
previous inequality and using (2.11), we end up with

Zc(myj ()| <24Ai Z;(myj O] +24z@ Iyoll1.1e**, >0,

_/ =i
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and thus

Yoo < (Z £(Nyjol +2Ac(i>||yo||1,1r)e“", >0, (2.17)

j=i j=i

the right-hand side of (2.17) being finite by (2.16). It first follows from (2.13) and (2.17) by Fatou’s lemma that

D ey < (Z £()lyjol +2A;<i)||yo||1,1t)e“i’, t>0. (2.18)

j=i j=i

Notice next that, thanks to the superlinearity (2.16) of ¢, the estimates (2.17) and (2.18) provide us with a control of
the tail of the series Y _ j y;” and ) jy; which does not depend on m. More precisely, we infer from (2.17), (2.18) and
the convexity of ¢ that, for T > 0,¢ € [0, T], and J > 2i,

J—1 o0
[0 =)D, = D il = y) O+ )i (¥ @]+ |yi@)])
j=i

j=J
J—1
<D0 =y)O|+ —=
Jj=i

w) Zm) O]+ [y @)])

J—

1 o0
2J .
<M =)o)+ D (Z;(My,-,m +2A§(i)||y0||1,1T>62A'T-

Jj=i
By (2.13), we may pass to the limit as k — oo in the preceding inequality to deduce that

limsup sup [(y"* —=y)0],, =

+2A T 2A1T
k—oo 1€[0,T] () (Zm)lwol c@llyoll1 )

We next use (2.16) to let J — oo and conclude that

lim sup U( -y, =0. (2.19)

k—o00,

Recalling (2.1), it is straightforward to deduce from (2.19) that

o]

lim sup a’™ ,"(t)— a;jy;(t)
ko0 o | = ]2:,: .

for all T > 0, from which we conclude that y; belongs to C 1([0, 00)) and solves
dyl
— = —a;y; — Za,y,, %i(0) = yi 0. (2.20)

Another consequence of (2.19) is that y € C([0, 00); X7 ;) and is thus locally bounded in Xj ;. This property in turn
provides the boundedness of dy/d¢ in 21 the proof being similar to that of (2.12). We finally use once more (2.19) to
deduce from (2.6) (satisfied by y"* thanks to Lemma 2.2) that (2.4) holds true. We have thus established the existence
part of Proposition 2.1.

As for uniqueness, if y and § are two solutions to the Cauchy problem (2.3), a computation similar to that leading
to (2.11) gives |ly(t) — y®l1,1 < |ly(0) — &(O)Hl,leMit =0 for t > 0. Consequently, y = y and the uniqueness
assertion of Proposition 2.1 is proved. (]
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Remark 2.3. In fact, the derivation of (2.17) is formal as the series y_ ¢ ( j)y;” is not known to converge a priori
(recall that ¢ (j) is superlinear by (2.16)). It can be justified rigorously by using classical truncation arguments. More
specifically, for R > 1, define tg(r) = ¢(r) for r € [0, R] and {gr(r) = C(R) + ¢'(R)(r — R) for r > R. Then g
enjoys the same properties as ¢ and the sequence ((g(j)) j>1 grows linearly with respect to j. We can then use (2.8)
to perform a similar computation to the one above leading to (2.17) and obtain a bound on " ¢g( j)y;” which depends
neither on R nor on m. The desired result then follows by letting R — 0o with the help of Fatou’s lemma.

We now turn to specific properties of solutions to (2.3) when yg € X1+ i
Proposition 2.4. Consider a sequence (a;) j>1 satisfying (2.1), an initial condition yo = (yj0) j>1 € X1,; such that
yoe X and yio>0, (2.21)

and let y be the corresponding solution to the Cauchy problem (2.3). There exist t,. € (0, 00] and t,1 € [t,, 00] such
that

yi(t) >0 fortel0,t,) and y;(t,) =0, (2.22)
Vi) >0 forte(0,t,) andk > 2, (2.23)
yi®)=0 fortel0,ty)and j=>i+1, (2.24)
yj@®)>0 fortel0,t)if j>i+1andyjo>0, (2.25)
dy

E(t) <0 fortel0,t1) (2.26)

and
Iy, =1yl fort €0, ). 227

Ift, < o0, then ty | >t and the properties (2.23)—(2.25) and (2.27) hold true also for t = t,.

Proof. We define
ty = sup{t > 0: y;i(s) >0fors €0, t)},

and first notice that ¢, > 0 due to the continuity of y; and the positivity (2.21) of y; 9. Clearly, y; satisfies (2.22).

Considernext j € {i+1, ..., 2i — 1} (if this set is non-empty). Since y(t) € X ; fort > 0, it follows from (2.3) that,
for t € [0, ), dy;(t)/dt = —a;y;(t) and thus y;(t) = yj,oe_“it > (. We next deduce from (2.3) that, for ¢ € [0, t,),
dyy; (£)/dt = a; y;(t) — az; y2i (t) > —an; y2i (1), whence yp; (1) > yo;0e”*' > 0. We next argue in a similar way to
prove by induction that y;(t) > 0 for t € [0, ;) so that y satisfies (2.24).

We now improve the positivity properties of y and prove (2.23) and (2.25). Consider first j > i + 1 for which
vj,0>0.By (2.3) and (2.24), we have dy; (t)/dt = a;_;y;—i(t) —a;y;(t) > —a;y;(t) for t € [0, t,), whence y; (1) >
yj0e 4 " > 0 and (2.25). To prove (2.23), we argue by contradiction and assume that there are k > 2 and 1y € (0, t,.)
(or 19 € (0, t,] if £, < 00) such that yx; (fp) = 0. We infer from (2.3) and the variation of constants formula that

fo
0= yii(to) = e~ %"y o+ ag—1)i / e i (05 yu 1y (s) ds.
0

The non-negativity of yi; o and y—1); and the continuity of y_1); then imply that yx; 0 =0 and yy—1); (r) =0 for
t € [0, fo]. At this point, either k =2 and we have a contradiction with (2.22), or k > 2 and we proceed by induction
to show that y;; (f) =0 for ¢ € [0, 9] and [ € {1, ..., k}, again leading us to a contradiction with (2.22).

The property (2.26) now follows from (2.1) and (2.23): indeed, by (2.3) we have

dy; >
S0 = —ayi () = Y a0 < —anyu(®) <0

J=i



340 A.-L. Basdevant et al.

for t € [0, t,) (and also for r =1, if 1, < 00) so that
_ _dy
tx,1 :=supyt > 0: E(s) <Ofors €[0,1) ¢ >t,,

and t, 1 >ty if £, < 00.
Finally, since y(¢) belongs to X1+' for ¢ € [0, t,), (2.27) readily follows from (2.4).

1
5

We next study of the finiteness of the time 7, defined in Proposition 2.4.

Proposition 2.5. Consider a sequence (aj)j>1 satisfying (2.1), an initial condition yo = (y;,0) j>1 € X1,; satisfying
(2.21) and let y be the corresponding solution to the Cauchy problem (2.3). Assume further that there is 6o > 0 such

that
0<édyp<aj, j=i.
If t« € (0, oo] denotes the time introduced in Proposition 2.4, then t,. € (0, 00).

Proof. Forr > 0, we put

Mo =Yy, and M= 2L

j=i = 7

By (2.22), My(t) > O for ¢ € [0, t,) and it follows from (2.8) that

d (M_, 1 °°< 1 1 1) M_; &
N )= —— — - == |ajyj+—%5 ) ajy;
dt( My ) My g 1+ 1 7 M02 ; 7Y

1 &/ 1 1 M_; 1
= — — -+ — — < |ajy;.
j=i

Observing that

1 1 M_y 1
— == -
i+j ] My i

we infer from (2.28) that

d (M_ 80 o/ 1 1 M 1
Gy Sosn( L1 M 1)
dr \ My Mo “—\i+j ] My i

S <~ J S < 8
- . < -
ozl(l—i—J)yj_ 2i M Zy/ 2i
Consequently, we have
M_; M_, )
O —— 0 =——(0)— 1
My My 2i

for ¢ € [0, t,) which implies that #, < (2iM_1(0))/(80Mp(0)) <2/8p and is thus finite.

(2.28)
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2.2. Proof of Theorem 1.1

The construction of the functions (¢, x) is performed by induction on the minimal size, noticing that x solves an
infinite system of ordinary differential equations similar to (2.3) on each time interval where £ is constant.

Proof of Theorem 1.1.

Step 1: By (1.12), the sequence (K (1, j))j>1 satisfies the assumptions (2.1) (with A = k) and (2.28) (with §p = 61)
while x( satisfies (2.21) with i = 1. According to Propositions 2.1, 2.4 and 2.5, there is a unique solution x(!) ¢
C([0, 00); X7 1) to the Cauchy problem

1
d’;i ' pOD), <D (0) = xo,

and there is #1 € (0, o0) such that

x](”(t) >0 fortel0,#) and xl(l)(tl) =0,
xﬁ_l)(t) >0 forte(0,f1]and j >2,

IxP ], =lxoll1 forz [0, n].
We then put
er):=1 and x@):=xD@) forrel0,n).

Clearly, x satisfies (1.16), (1.17) and (1.19) for i = 1.

Step 2: Assume now that we have constructed (£, x) up to some time #; for some i > 1. On the one hand, by (1.12),
the sequence (K (i + 1, j)) j>;i+1 satisfies the assumptions (2.1) (with A =« (i + 1)) and (2.28) (with 9 = J;41). On
the other hand, the sequence x (¢;) belongs to Xl‘f i1 With x(#;) > 0 for j > i + 1 by (1.18). We are then in a position
to apply Propositions 2.1, 2.4 and 2.5 and conclude that there is a unique solution x@+D ec ([#, 00); X7 ,i+1) to the
Cauchy problem

dx+D

o =bPE), ) =x),

and there is #;+1 € (0, 00) such that

@i+1)

i+1
V@) >0 forr e, fi41) and xHV (6141) = 0,

@) >0 forre @ yland j>i+2,
||x(i+1)(t)||1’l = [x@|,, forteln, tit1].

We then put
(t)y:=i+1 and x(1):=x"TV@) fortelt, tit1).

It is then easy to check that x € C([0, #;41; &1,1) and satisfies (1.16)—(1.19) for j € {1, ..., i + 1}. This completes the
inductive step and the proof of the existence part of Theorem 1.1.

Step 3: If (£, x) and (€, %) both satisfy the properties listed in Theorem 1.1, we deduce from Proposition 2.1 that
x(@)=2x@) fort €[0,1; Af1]. In particular, x; and x; vanish at the same time #; A 71 which implies that 1] = 1. We
next argue by induction to conclude that £ = ¢ and x = %. ([
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3. Convergence of the stochastic process

In this section, we study the stochastic process introduced in Section 1.1 and prove Theorem 1.3. The proof is per-
formed along the lines of the general scheme developed in [5] with the following main differences: the deterministic
system of ordinary differential equations (1.17) considered herein has its solutions in an infinite-dimensional vector
space and changes when the minimal size £ jumps.

Let K be a coagulation kernel satisfying (1.21). We fix an initial condition x¢ satisfying (1.14) and let x be the
corresponding solution to (1.17). By (1.19) and (1.21), we may argue as in the proof of Proposition 2.1 to show that,
fori >1,

dx
HEO) <3k, telti-1, 4l (3.1

1

Consider a sequence of random initial data (Xév )N>1 in EII\I satisfying (1.2) and (1.20). For each N > 1, XV denotes
the Markov process described in Section 1.1 starting from Xév and XV := XV /N its renormalized version. To prove

Theorem 1.3, we need to introduce some specific times relative to the extinction of some sizes of particle. Let TON =0
and define

N =inf{t > TV xN)=0}, oN=TN-TVN, izl (3.2)

1 ] 1
We also put s; :==1¢; — t;—1 fori > 1, the times (#;);>0 being defined in Theorem 1.1.
We begin by proving the following proposition.

Proposition 3.1. For all I > 0, there exist positive constants Co(I), Co(I), and an integer Ny(I) such that

Colh)\ _ Colly
NI ) = NI

IE”( sup [ XN —x), > for N > No(I).

0<r=TN

Two steps are needed to prove Proposition 3.1: we first consider i > 1 and work on the interval [Tﬂ 1 TiN ], showing

that the behaviour at any time ¢ € (T[[X 1 TiN ] depends only on the behaviour at the “initial” time T/X | (Proposition 3.2).
We then argue by induction on i to prove a “global” convergence result (Proposition 3.3).

Proposition 3.2. Foralli > 1 and y > 0, there exist positive constants C1(y, i), C1(i), 5; € (si,s; + 1), n;, and an
integer N1(y, i) such that

(@)

xl.(i)(ti_l +35) <0, dit (tic1+s5)<—-n; <0 forsel0,s], (3.3)
~ : Ciy,)\ _ C1()
N (7N
IP’(O SupN ”X (Ti—l +S) —xO +S)||1 > NI/ = N1/4 +P(‘Qic,y)’
<s=<o;

C1G)
N1/4

P(O’iN > Ei) <

+P(ng)

for N> Ni(y,i), where
X )4
Ry = {”XN(T,.’XI) —x(ti-)|, < W}’

and x© [ti—1,00) — AX1.1 denotes the solution to the differential equation

dx® ) ) .
— 0= O (xD @) fort>t;_1,xD 1) =xti-1). (3.4)
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Proof. Fix i > 1 and set ¥ := x() to simplify the notation. Recall that x (1) = x)(¢) for t € [t;_1, #;]. By Section 1.1,
we have for0 <s < crl.N,
s .
Xx(ti—1+s)=x(t_1) +/ b(’)(f(l‘i_l +t)) dz,
0
S

XN(TN, +5) = XV (T) +f BRN(TN 4 ) di + MY,

0

where (MSN )s>0 1S a ]F_gi)-martingale, IE‘@ =o0(X ol t €[0,s]), and B is the drift of the process XN defined

Taa
in (1.7). Subtracting the above two identities, we obtain

)}N(Tl-lxl —|—S) —x(ti_1 +5)

=XV —xt + [ RN (Y 4 0) = 6O (XY (1Y, 4 0)]ar
0
+ / [bO(XN(TN, +1)) — 6D (Z(ti—1 +1))]dr + MY 3.5)
0

We now aim to use the representation formula (3.5) to estimate ||)~(N(Tilf1 +5) —X(t;_1 +s)|1 fors € [0, al.N]. This
requires in particular to estimate the martingale term MY in ¢'. However, a classical way to estimate M. Nis to use
Doob’s inequality which gives an L?-bound not suitable for our purposes. To remedy this difficulty, we only use (3.5)
for the first d components of XN (TZIX | +58) — X(ti—1 +s), the integer d being suitably chosen, and control the tail of
the series by the first moment. More precisely, given d > 1, we introduce the projections p; and g4 defined in £! by
Pa() =15+ ¥a: 0,..) and ga(v) = y = pa(y), y € ¢'. Clearly,

lpa |, = vVd|pa(y)

o vell (3.6)
and

lga ], < W1 ye X (3.7)
="

By (3.7) and the boundedness of the first moment of XV and % (see (1.4), (1.19) and Lemma 2.2), we have for
s €0, al.N ]

[ XY +5) =i + 9],
= [pa(X¥ (1L +5) = #Gi1 +9) | + |aa (XY (TL +9) |y + laa (@1 +9) [,

IXN(TN |+ 9 RN

= [Pa(X¥(TY) +5) = FGia +9) | +

d d
v - 1+ fi_ 4kis
<[ pa(X¥(TY, +5) = %tic1 +9)||, + ( ”x(’dl)”“e )
v ~ 14+ 4k;s
< [ pa(R¥ (TN, +5) = F i + )], + ||x06|1|1,1e ). (3.8)

Since §; —b;") — O forall j > 1 except for j € {i, 2i} for which f; —b\" = 2K (i,i)/N and B —b$) = —K (i,i)/N
we have
3K (@, i) 3k

<_a
N — N

1B =P, < ye X, (3.9)
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by (1.21). Observing next that ) is Lipschitz continuous in £! with Lipschitz constant 3«;, we infer from (3.5), (3.6)
and (3.9) that

||pd(5fN(T-71+s)—f(ti—1+s))||]
= [ pa(X" (Ticp) = 2@-0)|, + =5 >+ 3 f | XM(TN +1) = R+ 0 de + V| pa(MY)] .

Combining the above inequality with (3.8) gives

3kis (14 |lxolly,1e*is)
N d

|XM(TN, +5) —tici + 9|, < | XV (Top) = F@- |, +
N

+ 3Ki/ | XM(TN +1) =R+ 0 de + V| MY ], (3.10)
0

At this point, we fix 5; € (s;, s; +1) and n; > 0 such that x; (f;—1 +5;) < 0 and dx; /dt(t;—1 +s) < —n; for s € [0, 5;]
(such a pair (5;, ;) exists as X; (t;) = x; (ti—1 +s;) =0 and dx; /dt <O in [t;_1, t;] by (2.26)). Let y > 0 and introduce

1
2= { swp MY, < _}
2 — nj3/8
l s€[0,5: 10" ] ’ N /
Choosing an integer d € (N1/4, 2N1/4), we deduce from (3.10) that, in £2; , N .Ql/ we have for s € [0, 5; A oiN]

R4 (x2, +5) = Famr +9)],

v, 3as (L xollae) N (N V2
=yAET N N1/ + 3k HX (L +1) =% + 0 di + 53
P N (7N
< A “+3K,/ |XN(TN, +1) =X+ )| de
for some positive constant C». After integration, we end up with
~ - J/ +Cy y+Cr 4. )
sup [ XV(TY, +5) = Ry + 9] = 5 pmetet < smetat, 3.11)
sel0,5,A0]
In particular, in {oiN > 5§} N 82, NS/, we have
- C
OSXIN( 1+Sl)<xl(tl 1+Sz)+5y+ 2 4K'(1+Y’ <0
for N large enough. Consequently, there exists Ny (y, i) such that
2, N2 ol <5} for N=N(y,i).
Recalling (3.11), we have thus established that, for N > Ny(y, i),
v ~ Cl (V’ l) c
N (TN
P s RN, ) =549l = S ) <@ ne))
s€[0,5;n0;" ]
< P(Qﬁy) + IP)(.Q[C) (3.12)

and

P(o > 5) <P((2i, N 2])°) <P(2F,) +P(2/°), (3.13)
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with C(y, i) := 5(y + Cp)e*i(l+si)
To complete the proof, it remains to bound P(£2/°). By Doob’s inequality, we have:

S_‘,'/\O’,-N -
B s Y ) <an(ond, o) <se( [T s @ e,
s€[0,5: A0} ] v 0

where & is defined by (1.8). According to Section 1.1 and (1.21), it is easy to show that, if y € A7 ;, we have a(y) <
Skillyll1/N. Since XV (s) € Xy ; fors € [T;N,, TN]and 5; <s; + 1, we conclude that

C3(i)
N

E( s [MY]3) <

50,50 ]

Therefore, observing that

. 1
r(a)=F( s Y[ )

s€[0,5: A0} ]

Markov’s inequality yields

Plof) < NE( s ) = 20
50,50 ]

Proposition 3.2 then readily follows from (3.12), (3.13) and the above bound with C1 (i)’ := C3(i). O

Proposition 3.3. For all i > 1, there exist positive constants a;, b; and an integer N, (i) such that
- b; a; .
IP’(“XN(TZ.’XI) —x(ti-)|, > W) < W forall N > No(i). (3.14)

Proof. We argue by induction on i > 1 and first note that (3.14) holds true for i = 1 with a; = by =1 by (1.20).
Assume next that (3.14) holds true for some i > 1. Setting x := x® | the function x® being defined in Proposi-
tion 3.2, we have

Y (1Y) e, < 1RV (1) = o+ o)+ 5 +0) 50 G.15)

On the one hand, it follows from (3.14) for i and Proposition 3.2 with y = b; that we have

~ Ci(b;,i Ci@Y ~ - b;
(1) = 20+ > S0 ) = S +P(10Y ) - 5601, > 1)

N1/4 — Nl/4
C1(0) +a;
and
_ C1(i) +a;
N
P(Gi > Si) < W (317)

for N > N1(b;, i) + Na(i), the constant s5; being defined in (3.3).
On the other hand, if |(riN —si| > C1(b;, i)/(r;iNl/“), we have either al.N > §; or O’iN < 5; and we deduce from (3.3)
that

Ci(bi, i)

Z’?i‘UiN—Si|>W,

5 5 5 Si d“.
‘xi(ti—1+0iN)‘ :}xi(ti—l+0iN)—xz'(ti—1+Si)\ ='/N %(t)dt
Ui t
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so that

Ci(b;, i) , ~ . Ci(bi, i)
flo =l > DN ¢ o= 50|12 0) = s+ )] > S

since f(iN(TiN) = 0. We then infer from (3.16), (3.17) and the above inclusion that, for N > N;(b;, i) + N> (i),

(3.18)

Ci(bi, i) (C1(0) +a)
N i
IP’<|GI~ —si|> N )52 N/

This estimate now allows us to handle the second term in the right-hand side of (3.15). Indeed, by Proposition 2.1, if

N -
Gl E si’

< G40 —si

dx
H)?(ti—l + o,-N) —)?(t,-)“1 < |<71-N - si} sup — () ,
relti—y ti—1+51 11 A7

1

and it follows from (3.17) and (3.18) that, for N > N (b;,i) + N (i),

[P’<||)Z(ti_1 Loy~ 2|, > M) <P > 5) +P<|oiN sl M)

niN1/4 N4
(C1(0) + a)
<3 (3.19)
Setting
. 14 C4())Cy(bi,i . . .
aip1 = 4a A ClD), by =2 EESOACD G NG+ NG, (:20)

ni
we infer from (3.15), (3.16) and (3.19) that, for N > N (i + 1),

. b ~ . Ci(b;,i
P(1EY ) —x @), > 5 ) <B(18 (1) = o + )], > 57

. . Ci(bi, 1)C4(i)
N i
+P(HX(%’1 +o') =), > W)
< ai+1
= N
which completes the proof. (]

Corollary 3.4. Foralli > 1, there are positive constants A;, B; and an integer N3(i) such that

B; A;
N .
P11 =1l > i) = s or ¥ = M)

Proof. Recalling (3.18) and (3.20), we have
P(|oN — <|>bi—+1 < 3L e N> NaGi+ 1)
Oi TSl = NiA ) = N = Mt

and i > 1. Fix i > 1 and put

i i
N3(i) = lmaX,Nz(j +1), A= E Ajt1s B; = E bjt1.
<j<i , ;
j=1 Jj=l1
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As
i
TV 1= (o —s;),
Jj=1
we have
b; i a A;
N j+1 Jj+1 i
P(’Ti — N1/4> Z ( J' N1/4> <Z N4~ N1/
as claimed. O

We are now able to prove Proposition 3.1.
Proof of Proposition 3.1. For I > 1, consider

A = - SN (N o Ci(bi, i) N
1'—ﬂ sup | XM(TY) +5) —x (ti—1+S)”1§W and [TV — ;| < —=

. . N
i=1 OSASUi

N1/4 }
and

Na(i) = max max {N1(bi. i), N2(i), N3 () }.

According to Propositions 3.2, 3.3 and Corollary 3.4, we have for N > N4 (i)

I I
- , Ci(bi,i B;
P(A7) < 2 :]P< sup | XM(TY) +5) = xD @i +9), > 11\(;11/41)> +ZP(|TiN —1i| > Nll/“)
i=1

o]

_ ,. b\, QWY | v
; Z(P(nxwo ~O0l, > i)+ ) + 2

- ai + C1(i) + A;
D
i=1
. Cs(1)
P(A7) = Si7a (3.21)
Consider now ¢ > 0. In Alﬁ{TN >t},therearei €{l,...,I —1},and s € [O,O'[N) suchthatt:TiIX] + s and
B; ty+t
N N N N 0
T +s=<T ., +o; =T, —ti+ti§t—I+N1/4<l7] _m1n{1+t1, 3 }, (3.22)
N N 2B;
tic1+s<t_ 1+O‘ =ti_ 1—T 1+T —ti+t <tj+——- <V (3.23)

N1/4 —

for N > N5(I) large enough. Consequently, recalling that x¥) is defined in Proposition 3.2, it follows from (3.1) that,
in Ay N{T) > 1}

|XN@) —x@) ], < [ XM(TY, +5) = xOG + 9], + [ Co1 +9) = x@1 +9)]

+ [xCici +5) = x(TN, +5)
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—_— ti— —x(t— T: — 1 S — (7
- N4 + O+ ) - x 1+S)Hl+| i-1 1 1|te[3139[] dt() 1
Ce(I) .
= N1/A4 + “x(l)(ti—l +5) —x(ti-1 +S)H1 (3.24)

for N > N5(1I).
Now, since 0 < s < al.N inA;nN {TIN > t}, we have the following dichotomy:

(a) either s <s; and xD(t;_1 +5) =x(t;i_1 + ), '
(b) ors; <s < al.N and, for N > N5([/), we infer from Proposition 2.1, (3.1), (3.23) and the identity xD ) =x(@)
that

[xO o1 +9) = xicr + ), < 2@ +5) = x|, + [x@) —xto1+ 9]

dx® >
1

dr

()| + sup

dx(t)
1 t€[0,9] d

<l|s— Si|< sup
1€[0,9/]

< C1(Do" = si

= C(TY = 1|+ [T =t )
Cs(1)

= NI4T

Combining (3.24) and the above analysis, we conclude that, in A; N {TIN >t},

Co(D)

XY >, = 7

for N > N5(I) and thus

5 Co(1)
0=<t=<T}
Proposition 3.1 then follows from (3.21) and the above set inclusion. U

Proof of Theorem 1.3. Let 7 € (0, t5). There exists I > 1 such that ¢ < #;. Clearly,

Co(I)

~ Co(I -
{sup |XN () — x|, > 0()}c{ sup ”XN(S)—x(s)”1>W

G Ol > 1)
1/4 1 I
0<s<t N/ OSSSTI }

the constant Cp(/) being defined in Proposition 3.1. Theorem 1.3 then follows from Proposition 3.1 and Corol-
lary 3.4. (]

4. Deterministic maximal existence time

4.1. Global existence

Proof of Theorem 1.4(i). Recall that we assume that there exists Ag > 0 such that forall 1 <i < j,

_ni+n

K@i, j) = 44
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Fort €0, ts) and i > 1, we define

_InG+1)

i and  My(r) == ij (1).

j=1
Fori > 1andt € (ti_1, t;), we infer from the upper bound on K and (2.8) that

dM
O+ ZK(z Nxj(t) < —(r) +¢i Mo(1).

Integrating with respect to time and using the time continuity of x in &7 1 gives
Mo(ti)e¢iti > Mo(tl._l)e¢iti—l = Mo(t;i_ )e¢i—1ti—| e@i—di-ti-1
Arguing by induction, we conclude that

i—1
Mo(t)e?" = Mo(0) [ [e@rmi=00t, i = 2.
j=1

By (1.19) we have

1 & 1
Moy(t;) < — ix;j(t;))=—, i>2.
o) = 5D Jxi =1 iz
J=l
Combining the above two estimates gives
1 i-1
Pili (@j+1—9j)ij
—_ePili > M. j+1 =P
et =M [ ]e :
j=1
i—1
¢iti =i+ Y (@11 — Pt +In(Mo(0)), i>2,

j=1
Ini LNy (i+2 4Aq
i z 44 1 £+ —C In(Mo(0 41

In particular, for / > 2 and i > I, we infer from (4.1) and the monotonicity of (¢;) ;> that

Ini 1 2 1 & (42 44,
ti = 4A \ t \ t+ ———In(Mp(0
= Oln(i+1)+ln(i+l);n<j+1)l+ln(i+1)j2_;n<j+l>1+1(+1) n(Mo()

i InG+1)—In(Z+1)  In(Z+1) —In2 4A
> 4Ag— ni+D-d+1),  In+D-ln2 44
nG+ D) nG + D) G+ D) mG+ D)

In(Mo(0)).

Assume now for contradiction that 7o, < 0co. We may let i — oo in the previous inequality to conclude that
too > 4A0 +1t7 for all I > 2. Letting I — oo then implies that 7o, > 4Ag + o and a contradiction. Therefore,
too = OO. U

4.2. Finite time blow-up of the minimal size

We actually establish a stronger version of the second assertion of Theorem 1.4.
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Proposition 4.1. Consider a coagulation kernel K and an initial condition xo satisfying (1.12) and (1.14), respec-
tively. Let x be the corresponding solution to the min-driven coagulation equations given in Theorem 1.1 defined on
[0, t0), to being defined in (1.15). Assume further that there exist a non-decreasing sequence (¢ ) j>1 of non-negative
real numbers, a non-increasing sequence (;) j>1 of non-negative real numbers, and & > 0 such that

K@, j)=¢i and ¢i(Yi—Viyj)=¢e forj=i=1. 4.2)
Then too < 00.

Proof. Fort € [0, ), define

Mo(t):=) xj(t) and My(t):=Y v;x;(t).

j=1 j=1

Giveni > 1andt € (ti—1, t;), it follows from (1.17) and (2.8) that

d (M I My 3
—(—"’)— Z(lﬁiﬂ'—Iﬂi—Wj)K(i’j)xj"‘VgZK(i’j)xj
j=i

dr \ My _Vo_ 0 i—
= j=i
[— My ..
=VOJZ‘{(WH—Wj-i-ﬁo—lﬁi)K(l,J)xj-
=i

By the monotonicity of (1) j>1, we have
My .
Yivj <¥; and — <y, j=i,
Mo
so that (4.2) entails that

Vins — 05+ g K < (Vg = v 4 oL i )gr iz
i+j J Mo i »J) = i+j J Mo, i )Pis JZ L

Then,
d (M b — M
| — ) < I
dl(M())_ OJZ;(WH—] ¥+ Y] W,)xl
¢. o0
_Vlg Zl/fl+]x] Mw+—wMo—1ﬂzMo)
j=i
1 o0
< ﬁogfi’i(lﬂiﬂ —¥i)x;
< —¢,
and so,

M. M.
(VD(“) el —ti) < (Fﬁ)ai_l).

Summing the above inequality with respect to i gives

. My
eloo < lim A (i) + etoo < My (0)/Mp(0) < 00
0

i—00
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and completes the proof. (]

Let us now give some examples of sequences (¢;) j>1 which satisfy (4.2):

o if ¢; = j* for j > 1 and some o > 0, then (4.2) is satisfied with ; = j 7%, j > l,and e = (1 — 27%).
o if p; =(In(j+ 1)1+ for j > 1 and some « > 0, then (4.2) is satisfied with Yi=0n(+1)"% j=>1, and
e=a2"1"%In(3/2).

In particular, Theorem 1.4(ii) follows by combining the second example above with Proposition 4.1.

5. Finite or infinite stochastic time of the last coalescence event

In this section, we study the boundedness or unboundedness of the expectation of the last coalescence time 70
defined in (1.22) with respect to the initial condition Xy € EIIN, the space EII\I being defined in (1.3). We focus on the
class of coagulation kernels K having the special structure (1.23), namely,

K@, j)=¢@G), 1<i<jforsome positive increasing function ¢.

To this end, we prove some specific properties of the stochastic min-driven coagulation process for this type of kernel.
In fact, a crucial argument in the analysis is that this structure allows us to compare the evolution of the process from
an arbitrary initial configuration with that starting from monodisperse initial data (that is, initial data of the form ne;
forn>1andi > 1, (e;);>1 being the canonical basis of ¢! defined in Section 1.1).

Before going on, we introduce some notation. If Z € E}\T with || Z||; = n, the vector (S1(2),...,S5,(Z)) € N
denotes the collection of the sizes of the particles encoded by Z sorted in increasing order, that is,

s—1

Su(Z):=1 ifl<m<2Z, Sw(Z):=s if1+) Z <m<ZZ and2 <s <n. (5.1)
Jj=1 Jj=1

Next, given an initial condition X( € le\l with n := || Xo||1, let X be the stochastic min-driven coagulation process
starting from X in Section 1.1 and recall that 7 X0 is defined by

7Y =inf{t > 0: [ X1, =1}.

For i > 1, we also introduce the time

T = inf{r > 0: X,(1) =--- = X; (1) =0}, (5.2)

when particles of 51ze smaller or equal than i have disappeared (note that the time TN defined in (3.2) in Section 3

corresponds to 7, Xo with the notation introduced in (5.2)). In addition, since X( contains n particles, the stochastic
process X undergoes n — 1 coalescence events between ¢ = 0 and 7% and we define L(m) to be the minimal size
of X after the (m — 1)th coalescence event and before the mth coalescence event, 1 < m < n — 1. Before the latter
event, the rate of coagulation is (n — m)¢ (L(m)) since K satisfies K (i, j) = ¢ (i) A ¢(j). Consequently,

n—1
Xo_§___ fm
! O_,,; (n —m)p(L(m))’ (5.3)

where (€,)1<m<n—1 1s a sequence of i.i.d. random variables with law exp(1).
The first step towards the proof of Theorem 1.5 is a monotonicity property.

Lemma 5.1. Let X and Yy be two initial conditions in Ell\l such that || Xoll1 = | Yoll1 and

Sm(Yo) = S (Xo) foralll <m < | Xol. (5.4
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Then, we can construct the stochastic min-driven coagulation processes starting from Xo and Yy on the same proba-
bility space such that Tl.XO < TiYO foralli > 1 and TXo <TY0 Ip particular, for all initial data X € Ell\l,

X
T1X0 < T]” ollier and TX0 < T Xollier

Proof. Let X and Y denote the stochastic min-driven coagulation processes starting from X¢ and Yo, respectively, and
deﬁne n:= | Xolli = [ Ypll1. Between 7 = 0 and TX0, the process X reaches n different states {X(]) 0<j<n-1}
with X (0) = Xo and ||X (Hllh =n — j. In other words, X (J) is the state of X after the jth coalescence event and
actually equals X (6;), 0; being the time at which the jth coalescence event occurs. Analogously, between ¢ = 0

and TY0, the process Y reaches n different states {)}(j): 0<j<n-—1}with I}(O) =Yy and ||I?(j)||1 =n—j.
We first prove by induction that we can construct the processes X and Y on the same probability space such that

Su(Y (D) <Su(X()), 1<m<n—j0<j<n—1. (5.5)

By (5.4), this inequality is clearly satisfied for j = 0. Assume now that (5.5) holds true for some j € {0,...,n — 2}
and set

Swl = Su(X()) and Sy :=S,(V()), 1<m<n-—j

Since the coagulation kernel K is of the form (1.23), we may couple the two processes X and Y in such a way that
X(j Jj+ 1) is obtamed by coalescing the particles of sizes S J and S J and ¥ (j + 1) by coalescing the particles of

sizes Sl J and Sk with the same index k chosen in {2, ..., n — i} with uniform law. Thus,
5 . X,j X,j X,j X,j
(Su(RG+D): I<m<n—j—1}={8"7,.... 8" 1,s,{H,...,snjj}u{s1 Ts0,
. Y, Y, Y, Y,j Y,j Y.j
(Su(PG+D): 1<m<n—j—1}={S}/,.. skfl,skgl,...,sn_-’j}u{slf+skf}.

At this stage, the inequality (5.5) is not obvious as the reordering of the sizes can be different in X (j+1)and 1?( j+1).
The situation can be represented as follows:

Y.j Y.j Y.j Y.j Y.j
Sl E"'SSk—lf"'Ssl +Sk 5...5...5...53’”_1,’

X.j X, J X,j X.j
Sl S"'SSk_lf"'S"'f“'Ssl +Sk <. SSnl

Nevertheless, we observe that

Y.j

. S
Su(PG+D)=1 "t 4 gl gh
m( (J ) {max{mm{S Y,j SI’,J_‘_S]Z’,J} SY,J } form>k—1,

forl<m<k-2,

m—+2° > Pm+1
and
X.j
R S forl <m<k-2,
Sm(X(j+1)):{ o X1 oX.j
max{mm{SmH,S +Sk }’Serl} form>k—1,

from which (5.5) for j + 1 readily follows thanks to (5.5) for j.
We next claim that the random number of coalescence events needed to exhaust the particles of size i > 1 is smaller
for X than for Y, that is,

i>1, (5.6)

n*=inflj €{0,...,n—1}: $1(X()) =i +1},
n:=inflje{0,....n— 1} S1(Y(j)) =i +1}.
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Indeed, we have S](Y(])) <8 (X(])) <iforl <j< n — 1by (5.5).
We can now prove the lemma. For i > 1, we have

n0 n’0
X0 — ; i _ and TV = [ i = ,
' ]2:; (n— NP (S1(X( - 1)) ' ]2:; n—NeS1Y(j— 1))

where (&x)x>1 is a sequence of i.i.d. random variables with law exp(1). Concerning T%0 and TY0, we have

n—1 n—1

TXOZZ ; o : and TYOZZ . &

== DHSIRG = D)) - e -0y

The desired result then follows by (5.5), (5.6) and the monotonicity of ¢. O

We next prove that the expectation of the time Tlxo after which all particles of size 1 have disappeared is bounded
independently of the initial condition X (as soon as X # e1). According to Lemma 5.1, it will be sufficient to prove
such a bound for monodisperse initial data of the form ney, n > 2.

Lemma 5.2. There exists C > 0 such that, for any initial condition X € ZII\T with Xo # ey,
E(17) <C,
the time Tlxo being defined in (5.2).

Proof. Let n := || Xol|; be the initial number of particles. If n = 1 and X # e, then T1X0 = 0. So, we assume that
n > 2. By Lemma 5.1, we have the stochastic domination TIX0 < Tlne‘, so that

(1) < E(1{"), (5.7)

and it suffices to obtain an upper bound on ( Tlnel) which does not depend on n > 2.
We consider the solution x to the deterministic min-driven coagulation equation (1.17) with monodisperse initial
condition xo = (x;,0);>1 given by x1,0 =1 and x; 0 =0 for i > 2. It follows from Corollary 3.4 that

Bj Al

ne

(‘T — |> 1/4> SW, n > N3(1),
from which we deduce that there is C > 0 such that

C
P(T/"' > B +1) < Az 2. (5.8)

Introducing the (random) number of coalescence events n| performed between t = 0 and Tln ¢ we have

ni

ney __ Em
= e

where (€,,)1<m<n—1 18 a sequence of i.i.d. random variables with law exp(1). Obviously, n; <n — 1 which gives the
bound

n—1

I < %2%
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Since E(g;;,) = 1 and E(s,zn) =2 for 1 <m < n, we deduce from (5.8), the Holder inequality, and the above estimate
that

E(Tlne]) = ]E(Tlne1 ]1[0,31+11](T111651 )) + E(Tlne] LBy +11,00) (Tlnel))

n—1

1 1
<Bi+t+ mmZ:l EE(Sm]l(Bl—Hl,oo)(Tlnel))

13 IN1/20 e 12
5Bl+t1+mm§;E(sM) P(T]"" > By +11)

n—1

1
<Bi+H+—-rx )y —
=< 1+1+¢(1)n1/8m2=:1m

< By 41+

Since B and #; do not depend on n (actually one has t; = 1/¢ (1)), we have established the upper bound from which
Lemma 5.2 follows by (5.7). O

The next step is to establish a connection between the early stages of the dynamics of the processes starting from
monodisperse initial data.

Lemma 5.3. Forn >2andi > 1 we have

Tine,- 12‘/ @T{lel .
¢ (@)

Proof. As in the proof of Lemma 5.1, a coupling can be done between the processes starting from ne; and ne; so that

ny ni
ne; __ Em ne; Em
W= e ™ T A G e

with the same random number of coalescence events n; and sequence (&,,)1<m<n—1 Of i.i.d. random variables with
law exp(1) for both processes. (]

Proof of Theorem 1.5. Assume first that

[e.e]

1
2im <%

i=1

By Lemma 5.1, we just have to show that E(7"¢!) is bounded independently of n > 1.

To this end, we fix n > 1. Let us first notice that, if n = 1, then 7€ = 0. Assume now that n > 2 and for i > 1,
let X be the stochastic min-driven coagulation process starting from ne;. Clearly, T;’ei =0forl <j<i—1andwe
define the (random) number n := || X (T;"*)||; of particles in the system at time 7;"* and Y := X (T;"®"). Notice that

Yi=X; (Y‘inei) =0 for 1 < j <2i — 1 and the conservation of mass warrants that n,, <n/2 as

2iny, =2i | X(T")

= HX(Tinei)Hm = ||ne; 1,1 =ni.

Moreover, the properties of ¥ and Lemma 5.1 yield the stochastic domination T¥ < T+ Since

law

Tne,- 'Tl_nei + TY ,
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where, conditionally on Y, Tl.”ei and TY are independent, it follows from Lemma 5.3 that

Trei < Z(( ))Tne1 + T2 (59)

Let us now prove by induction on »n that the property

foralli >0and 0 <m <n,

P(n): B(T"%) < Z (21)
Jj=

holds true for all n > 0, where C is the constant appearing in Lemma 5.2.
It is clear for n = 0. Consider n > 1 and assume P(n — 1). For i > 0, it follows from (5.9) and P(n — 1) that there

is ny, <n/2 such that

E(Tnez,-) ¢() ( lne')—i—E(Tn*eZ”‘)

¢ (2)
= SR+ %P E(rme)
< (Z’((zll)) (T7%) & sup E(T")
< j ((Zli))]E(Tl"e') +C jil ;((21].)) (by induction hypothesis)
=¢ 2 f <(21f)> ’

which proves P(n).
We then infer from property P(n) for i = 0 that

E(T") <c¢(1)2¢(2[ < 00,

the convergence of the series > 1/¢ (2%) being ensured by that of > 1/(i¢(i)) and the monotonicity of ¢.
To prove the converse part of Theorem 1.5, we assume that

SR |

2o =

i=1

and show that, for each constant R > 0, there exists a configuration X such that E(T%0) > R. More precisely, we

will prove that

lim IP’(T”e‘ < R) =0 forall R >0, (5.10)

n—oo

which clearly implies that

lim E(T"®) = co. 5.11)

n—oo
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Indeed, let n > 2. By (5.3), we have
e, n—1 e
= mX::] (n —m)$(L(m))’
where (&,)1<m<n—1 1s a sequence of i.i.d. random variables with law exp(1). The sequence (L (1)) 1<u<n—1 is random
but let us notice the bound
n

L(m) < . < , I<m=<n-—1,
n—m+1"n—m

which follows from the conservation of mass since there remain n — m + 1 particles in the system before the mth
coalescence event. Therefore, by the monotonicity of ¢, we have the stochastic domination

n—1
En—
T > Ay =y — 2"
- mzzl me (n/m)
In particular,
P(T"" <R) <P(A, <R) for R >0. (5.12)

We next infer from the divergence of the series Y 1/(i¢(i)) that

IP’( lim Anzoo) =1,

n—o00

see Theorem 2.3.2 in [19], for instance. Combining the above property with (5.12) implies that P(T"¢! < R) — 0 as
n —> oo for all R > 0. In other words, 7€' — o0 in probability. O
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