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NONLINEAR STOCHASTIC WAVE EQUATIONS: BLOW-UP OF
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The paper is concerned with the problem of explosive solutions for a
class of nonlinear stochastic wave equations in a domain D C RY for d <3.
Under appropriate conditions on the initial data, the nonlinear term and the
noise intensity is proved in Theorem 3.1 that the L2-norm of the solution will
blow up at a finite time in the mean-square sense. An example is given to
show an application of the theorem.

1. Introduction. Consider the Cauchy problem for a nonlinear wave equation

ux,t) =Viu+ f(u), t>0,

(. {u(x,O):g(x), dru(x,0) =h(x), xeR4,

where 0; = %, V2 is the Laplacian operator, and the functions f, g and & are given
such that the Cauchy problem (1.1) has a unique local solution. It was first shown
by Keller [6] in 1957 that, for a certain class of nonlinear functions f(u), the
solution of equation (1.1) becomes infinite or explodes at a finite time, provided
that the initial data satisfies appropriate conditions. His result was later generalized
by Glassey [4] and others. Since then, it has become known that solutions to more
general nonlinear hyperbolic equations may develop singularities in finite time
[5], physically manifested as shock waves, tsunami or explosion. It is therefore of
interest to examine the effect of a random perturbation to equation (1.1) on the
existence of an explosive solution. To study this type of problem, it is necessary
to employ some analytical tools from the theory of stochastic partial differential
equations (see, e.g., [3]).

In our previous papers [1, 2], we considered the local and global solutions of a
certain class of nonlinear stochastic wave equations and their asymptotic behavior.
As an example of the nonexistence of a global solution, we showed that, under
some explicit conditions on the initial data and the noise term, the solution of a
cubically nonlinear wave equation perturbed by an additive noise will blow up at
a finite time in the mean-square sense. In the present paper, it will be shown that
this blowup result can be extended to a general class of nonlinear stochastic wave
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equations given by (2.2). Related to our work, we should mention an earlier paper
of Mueller [7] who investigated the global solution of the stochastic wave equation

afu(x,t):v%t +a(u)o,Wx,t), t>0,
M(x,()):g(x), al‘u(x70):h(x)7 XERd

for d = 1,2, where W(x,t) is a Wiener random field. He found a growth con-
dition on a(u), so equation (1.2) has a unique global solution. But the existence
of explosive solutions was not considered there. Notice that, in contrast with our
equation (2.2), the equation (1.2) is a random perturbation of a linear wave equa-
tion. However, its noise amplitude a(x) may be unbounded.

In what follows, we shall first recall some basic results for nonlinear stochastic
wave equations in Section 2. Then, in Section 3, we prove the main theorem (The-
orem 3.1) which states that, under some sufficient conditions on the initial data
and the noise term, the solutions to a class of nonlinear stochastic wave equations
whose LZ-norms will explode at a finite time in the mean-square sense. Finally, in
Section 4, we apply the theorem to a two-dimensional problem to obtain a set of
explicit conditions for explosive solutions. In passing, it should be pointed out that
we have only obtained the blowup result in a mean-square-L? sense. The question
concerning the existence of explosive solutions, in the almost sure sense and at
each point in space, is a challenging problem which remains open.

(1.2) {

2. Preliminaries. Let D C R? be a bounded domain with a smooth boundary
9D. We set H = L2(D) with the inner product and norm are denoted by (-, -) and
|| - |I, respectively. Let H' = H' (D) be the L?-Sobolev space of first order and de-
note by HO1 the closure in H' the space of C'-functions with compact support in
D. Let W(x,t) be a continuous Wiener random field defined in a complete prob-
ability space (€2, F, P) with a filtration F; ([3], p. 38). It has mean EW (x,1) =0
and covariance function defined by

EWx,0O)W(y,s)=(t As)r(x,y), x,y€eD,

where (¢ A s) = min(z,s) for 0 <t,s < T. In this paper, the spatial correlation
function r(x, y) is assumed to be bounded and continuous for x, y € D and, if D
is unbounded,

(2.1) / r(x,x)dx < oo.
D

Let f(u) and o(u,&,x,t) be two nonlinear continuous functions for u € R,
£ eR? x € D and r > 0. We consider the initial-boundary value problem for the
nonlinear stochastic wave equation:

u(x,t) = (*V? —a)u+ f(u)

+o(u,Du,x,t)9,W(x,t), t>0,
u(x,0)=gx), oru(x,0) =h(x), xeD,
u(-,1)yp =0,

(2.2)
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with g € H I h e H, where ¢ and « are positive parameters, and D = d, denotes
the gradient operator.

To consider (2.2) as an It equation in H, we set u; = u(-,t), v; = v(-, t) and so
on, and rewrite it as

dl/l[ =V dt,
(2.3) dv, = [(V2 —)u; + f(u)]dt +dM,(u), 0<t<T,
uo=g, vo=h,

which can be written as the integral equation

t
Us =uo+/ vsds,
2.4) 0

t t
" =v0+/0 (Vz—a)usds+/() fug)ds + M;(u),
where we set
t
2.5) M, () = /0 05 (ut5) AW,

and o;(u) = o(u, Du, -, t). The stochastic integral (2.5) exists under the above
conditions on r(x, y) (see [1], the Appendix).

Suppose that the nonlinear functions f(w) and o(u, &, x,¢) are locally Lip-
schitz continuous with a polynomial growth. In addition, assume that d < 3 and
there exists an energy bound for equation (2.2):

t t
/ (vs. f(us)) ds + / TrQ, (uy) ds
(2.6) 0 0

t
§c1e(u,;v,)+cz/ e(ug; vg)ds + c3 forO0<t<T,
0

where ¢y, ¢z, c3 are some constants with ¢; < 1; e(u; v) is the energy function
defined by
(2.7) e(u; v) = || Dul* + allul® + |v|*>  forue H',veH,

and

(2.8) TrQ; (u) :/ r(x, x)o>(u, Du, x,t) dx.
D

Then, by [2], Theorem 3.1, it has a unique continuous global solution u; € HOl
with o,u; € H,t € [0, T], for any T > 0. Moreover, the following energy equation
holds

t t
eus; v) = e(ito; vo) + 2 f (vs. f(us)) ds + / TrQ, (uy) ds
0 0
2.9 .
+2/ (vg, o (ug) dWy) as,forO0<tr<T.
0
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We remark that, in order to allow a polynomial nonlinearity, the restriction d < 3
is needed to prove the theorem cited above. Now, we define

(2.10) o) = SE[(us, u)) = E|u, |,

Then, similar to [1], Lemma 3.1, we can compute its first two derivatives

t
&' (t) = E[(ur, v)] = (g, vo) + E f (10512 — 2 Dy |2
2.11) 0
— allus|® + (us, f(us)}ds,

(2.12)  ¢"(t) = E{llv* — 1 DusI* — allug |* + (ue, f(ur))}.

On the other hand, without the energy bound, one can only assert the existence
of a unique local solution. That is, there exist a unique solution u; as before for ¢t <
T and a sequence of stopping times {7,} such that t, 1 T < oo and the following
holds for any n:

ATy
Uipr, = U + / UsAt, ds,
Ot/\r,l
(2.13) Vinm, = 0 + fo (V2 = @)tspr, ds

AT,
+/(; f(”s/\tn)ds + Mt/\‘[n (u).

In particular, the limiting stopping time T may be a positive constant. It is clear
that if P{t = oo} = 1, then the local solution becomes a global solution.

3. Explosive solutions. Consider the local solution of the problem (2.2) in
D € RY with d < 3. We shall show that, under a set of sufficient conditions, the
second-moment E||u,||> of the local solution will explode at a finite time in the
L?-norm. To this end, we first impose the following conditions:

(A1) The function f(u), for u € R, is locally Lipschitz continuous and may be of
polynomial growth.

(A2) ForueR, & e R, x € D and t > 0, the function o(u, &, x,t)is continuous
in x, t and it is locally Lipschitz continuous in u and &.

(A3) [5° [prx,x)g(x,t)dxdt < oo, where q(x,1) = sup,, ¢ o%(u, &, x,1), for
weRand & e RY.

We will state and prove the following theorem concerning explosive solutions.

THEOREM 3.1. Let conditions (A1)—(A3) hold true. Suppose that, for ug €
H' vy € H, the problem (2.2), or the system (2.3) has a unique continuous local
solution u,; € HO1 with o;u; € H. Then there exists a time T, > 0 such that

(3.1) lim E|u|* = +oo,

t—T,

provided that the following conditions are satisfied:
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(B1) The inner product (ug, vo) > 0.
1 o0

(B2) (F(uo),1)>—{e<uo;vo)+f fr(x,xm(x,z)dxdr .
2 0o Jp

B3) (u, f(u) > %(F(u), 1), for any bounded continuous function u on D, where
F(u) = [y f(w)dwand (F(u), 1) = [ F(u(x))dx.

PROOF. We shall prove the theorem by contradiction. Suppose the solution is
global so that, for any 7 > 0,

(3.2) E|lu;|)? < o0 for0<tr<T

Define ¢ (t) = L E||u; | by (2.10). We will show that ¢ (¢#) becomes unbounded in
finite time, or the inequality (3.2) is false. Alternatively, for any A > 0, it suffices
to show that

(3.3) Y(t)=¢ (1)

goes to zero in finite time. To proceed we first compute the first two derivatives of
Y to obtain

(3.4) U (1) = =2~ V(1) (1) = =2~ PO El(uy, v))]
and
_ [¢' ()]
") = —pp— 0D { T — Ot 1 }
v (1) ¢ ]¢" 0= G+ D=

3.3) —(+1 2
< =2~ MDD (1) — 200+ DE v, ||*},

where use was made of (2.11) and the inequality: [(/Y(t)]2 < E|lus||2E ||vs ||%.
Notice that

t
/ (vs, fus))ds =/ [F(ur) — F(uo)ldx = (F(u;) — F(uo), 1).
0 D

From this equation together with the energy equations (2.9) and (2.7), we can
deduce that

t
Ellwl? = {e(uo; w) ~ 2F o), D+ E [ Trsts)ds}

(3.6)
+ EQ2(F(u,), 1) — *||Dul®* —aful?}  forO<r<T.

Upon substituting equations (2.12) and (3.6) into the inequality (3.5) and after
some simplification, we can obtain

W) < —Mf(”“(t){zx [2(F<uo>, 1) — e(uo; vo) — E /0 t TrQs(us)dS}

(3.7) + 2r = DE(P | Dull> + allul?)

+ E[(us, fur)) — 41(F (uy), 1)]}-
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By choosing A = 1/2 in (3.7) and making use of condition (A3), we get
p 1 3
o) < —§¢ (1)) |2(F (uo), 1) — e(uo; vo)

(3.8) —f()oo/ r(x,x)q(x,t)dxdt}
D

+ Bl ) = 20F G, D1
which, in view of conditions (B2) and (B3), implies that
3.9 v'(t) >0 forO<r<T.

In the meantime, by setting A = 1/2 in (3.3) and (3.4) and taking (2.10) and (2.11)
into account, we can obtain

(3.10) v (0) = £ >0
o]
and
2
(3.11) ¥ (0) = —Lp(uo, vp) <0,

lluol
by invoking condition (B1). Take T > Ty = —(0) /v (0) = |luol|*/(uo, vo). We
can easily deduce from (3.9)—(3.11) that the function ¥ (¢) > 0 is convex, strictly

decreasing and it approaches zero at a time 7, < Tp. The theorem is thus proved.
O

REMARKS.

(1) In the theorem, the domain D may be unbounded or R¢, and the Laplacian V>
in equation (2.2) may be replaced by an uniformly elliptic self-adjoint operator
ZZ]-ZI Oyx; (a;j(x) axj) with smooth coefficients a;; = a;, and

(2) the noise term o (u#, Du, x, t) 9; W(x, t) can be replaced by Z?:l o;(u, Du, x,
t) 0; W;(x,t), where o; (1, Du, x, t) are similar to o (u, Du, x,t), and W;(x, t)
are Wiener random fields with covariance functions EW; (x, ) W;(y,s) = (t A
s)rij(x,y), for i, j =1,...,n. In this case the expression r(x, x)g(x,?) in
condition (B2) should be changed to >7_, r;; (x, x)gi(x, 1), where g; (x, 1) =
sup,, ¢ criz(u, E, x,t).

4. An example. As an example, let us consider the following problem in the

half plane D = {x = (x1, x2) € R?|x; > 0}:

Btzu(x, 1) = (c*V? — a)u + P!
+optan~ (1 4 |Du|®)e " 9, W (x, 1), t>0,xeD,

“.D oru(x,0)

’O = T 5>
v D=
I/l(x, t)lX]ZO =Oa

Tt X
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where W (x, t) is a Wiener random field with the covariance function
4.2) r(x,y)=roexp{—p(x - y)} forx,y e D.

In the above equations, A, 8, p, v, ag, ro are all positive constants, p > 2 is an
integer, and the dot product x - y = x1y1 + x2y3.

We can apply Theorem 3.1 to show that the equation (4.1) has an explosive
solution by choosing the above constants properly. To this end, it is easy to check
that the conditions (A1)—(A3) are satisfied. It remains to verify conditions (B1)-
(B3). Referring to equation (4.1), we have

43) (o, v0) =B | (lfﬂﬁ = 2hm.
(4.4) (u, f(u)) :xfpuzf’dx,

4.5) Fu) = A/()u s2P~ s = %uzl’
and

(4.6) (F(u), 1) = %fpuzl’ dx.

In view of (4.3), (4.4) and (4.6), the conditions (B1) and (B3) are clearly met.
Finally, to enforce condition (B2), we must compute several integrals. From (4.6),
we get

A 2p A p2P
(“.7) Fun D= [ () ax=
2p Jo\ 1+ |x| 4p2p —1)
Since o = ogtan— ! (1 4 | Du|?)e™"", we have
2
@8)  qlen =g supltan~ (14 J5 Py Pe = (20 ) e,
&
so that

oo 00 2 oo 2_9
/ / r(x,x)q(x,t)dxdt:r()(—ﬂ) / f e P2 gy dt
o Jp 2 o Jp

4.9)
. r0(7027r3
T 16py
To obtain the initial energy e(u; vo), we need to evaluate the following integrals
dx b4 B2
4.10 v 2:/7:_, wol2 = B2 = B
(4.10) llvoll D AT 1)~ 2 luoll” = B~ [lvoll 3
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and
|x|?
D (1+|x|>)*
By the definition of the energy function (2.7), we can obtain from (4.10) and (4.11)
that
T 2 2
(4.12) e(uo;v0)=§{1+(o¢+2c /3)B8°}.

After substituting (4.7), (4.9) and (4.12) into the condition (B2) and simplifying
the result, it gives the following inequality

p2p—1)

pr
The above inequality shows that, for a sufficiently large amplitude A of the non-
linear term, keeping all other constants fixed, the mean-square solution E||u; |% of
equation (4.1) will explode at a finite time. Alternatively, regarding 8 as a para-
meter and fixing all other constants, then the solution will also explode if initial
displacement u is large enough.

4.11) | Dug||® = 482 dx = %ﬁz.

2.2
4.13) a> {1+(a+2c2/3)ﬂ2+%}.
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