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Abstract. In dynamical percolation, the status of every bond is refreshed according to an independent Poisson clock. For graphs
which do not percolate at criticality, the dynamical sensitivity of this property was analyzed extensively in the last decade. Here
we focus on graphs which percolate at criticality, and investigate the dynamical sensitivity of the infinite cluster. We first give
two examples of bounded degree graphs, one which percolates for all times at criticality and one which has exceptional times
of nonpercolation. We then make a nearly complete analysis of this question for spherically symmetric trees with spherically
symmetric edge probabilities bounded away from O and 1. One interesting regime occurs when the expected number of vertices at
the nth level that connect to the root at a fixed time is of order n(logn)“. R. Lyons (1990) showed that at a fixed time, there is an
infinite cluster a.s. if and only if @ > 1. We prove that the probability that there is an infinite cluster at all times is 1 if « > 2, while
this probability is 0 if 1 < o < 2. Within the regime where a.s. there is an infinite cluster at all times, there is yet another type of
“phase transition” in the behavior of the process: if the expected number of vertices at the nth level connecting to the root at a fixed
time is of order n? with > 2, then the number of connected components of the set of times in [0, 1] at which the root does not
percolate is finite a.s., while if 1 < 6 < 2, then the number of such components is infinite with positive probability.

Résumé. La percolation dynamique est un modele dans lequel le statut de chaque aréte est renouvelé aux temps de saut d’un
processus de Poisson indépendent. Lorsque le graphe ne possede pas de composante infinie pour le parametre critique de la
percolation, la sensibilité dynamique de cette propriété a été étudiée en détail au cours des dix dernieres années. Nous nous
intéressons ici au cas des graphes pour lesquels il existe une composante infinie a la valeur critique. Tout d’abord, nous donnons
deux exemples de graphes dont le degré est borné, 1'un pour lequel il y a percolation a tout instant a la valeur critique, et 1’autre
pour lequel il existe des instants exceptionnels de non-percolation. Nous faisons ensuite une analyse quasiment compléete de la
question pour des arbres a symétrie sphérique, dans le cas ou les probabilités d’arétes sont également a symétrie sphérique et
restent uniformément bornées loin de 0 et 1. Lorsque le nombre de sommets a distance n de la racine est de ’ordre de n(logn)®,
un résultat de R. Lyons affirme que, pour un instant fixé, il y a percolation si et seulement si & > 1. Nous montrons qu’il y a une
composante infinie a tout instant avec probabilité 1 lorsque o > 2, tandis que cette probabilité vaut O lorsque 1 < o < 2. Dans le
cas ou il y a percolation a tout instant, nous mettons en lumiere I’existence d’une autre forme de transition de phase. Si le nombre
moyen de sommets qui sont connectés a la racine a un instant fixé est de I’ordre de n? avec 6 > 2, le nombre de composantes
connexes de I’ensemble des instants auquel la racine ne percole pas est fini presque slirement, mais il est infini avec probabilité
strictement positive quand 1 < 6 < 2.
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1. Introduction

Consider bond percolation on an infinite connected locally finite graph G, where for some p € [0, 1], each edge
(bond) of G is, independently of all others, open with probability p and closed with probability 1 — p. Write 7,
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for this product measure. Some of the main questions in percolation theory (see [5]) deal with the possible existence
of infinite connected components (clusters) in the random subgraph of G consisting of all sites and all open edges.
Write C for the event that there exists such an infinite cluster. By Kolmogorov’s 0-1 law, the probability of C is, for
fixed G and p, either O or 1. Since 7, (C) is nondecreasing in p, there exists a critical probability p. = p.(G) € [0, 1]
such that

_ |0 forp<pe,
T[p(c)_{l for p > pe.

At p = p., we can have either 7,(C) =0 or 7,(C) = 1, depending on G.

Higgstrom, Peres and Steif [6] initiated the study of dynamical percolation. In this model, with p fixed, the edges
of G switch back and forth according to independent 2-state continuous time Markov chains where closed switches
to open at rate p and open switches to closed at rate 1 — p. Clearly, 7, is a stationary distribution for this Markov
process. The general question studied in [6] was whether, when we start with distribution 7, there could exist atypical
times at which the percolation structure looks markedly different than that at a fixed time. As the results in [6] suggest,
it is most interesting to consider things at criticality; that is, when p = p,.

Write ¥, for the underlying probability measure of this Markov process, and write C; for the event that there is an
infinite cluster of open edges (somewhere in the graph) at time 7.

There have been a number of papers on dynamical percolation after [6], namely [8,12] and [13], but all of the
results (except one, see the comment after Theorem 1.1) in these papers have been concerned with the case where the
graph does not percolate at criticality (and for which there may or may not exist exceptional times). The present paper
deals with the case where the graph percolates at criticality at a fixed time.

Our first theorem gives examples where exceptional times exist, and other examples where they do not exist.

Theorem 1.1. (i) There is a bounded degree graph which, at criticality, percolates at all times; i.e.,
W, (C; occurs forall t) = 1. (1.1)
(ii) There is a bounded degree graph which percolates at criticality but has exceptional times, i.e.,

W, (=C; occurs for some t) = 1. (1.2)

Remarks. An example of an unbounded degree graph which percolates at criticality but for which there are excep-
tional times of nonpercolation can be found in [6].

Although Theorem 1.1 follows from our Theorem 1.2, we find it instructive to treat it separately, since the proof is
easier and self-contained.

We now discuss spherically symmetric trees with spherically symmetric edge probabilities. These are trees in which
every vertex on a given level has the same number of offspring and the edge probabilities may vary but are constant
on a given level.

Denote the root of the tree by p, the edge probability for edges going from level n — 1 to level n by p,, the set of
vertices at level n by 7T,, and the subtree of T rooted at some vertex x by T*.

Standing assumption. We assume throughout the paper that 0 < inf, p, <sup, p, < 1.
By a result of Lyons [9], percolation occurs (at a fixed time) if and only if

T p7!
Z Ml=1/717

| T |

< Q.

n

If welet W, :==|{x € T);: p < x}| and w, := E[W,], this is equivalent to

Zwi < 00. (1.3)
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In fact, it follows from [9] that

n -1
1

k=1

(The relation < means that the ratio between the two sides is bounded between two positive constants which may
depend on inf, p, and sup, p,.)

Dynamical percolation for a graph with edge-dependent probabilities is defined in the obvious way. To be able to
see the crossover between having exceptional times of nonpercolation and not having such times, we need to look at
things at the right scale. It turns out that the proper parameterization is to assume that w, < n(logn)* for some « > 0.
Lyons’ criterion (1.3) easily yields that percolation occurs (at a fixed time) if and only if o > 1.

Theorem 1.2. Consider a spherically symmetric tree with spherically symmetric edge probabilities.

W If

Wp

lim—— =
n n(logn)*
for some o > 2, then there are no exceptional times of nonpercolation.
(i) If
wy, < n(logn)®

for some 1 < o <2, then there are exceptional times of nonpercolation.

Remarks. (1) To see a concrete example, if we have a tree with |T,| < 2"n(logn)* and p = 1/2 for all edges, and if
o > 2, we are in case (1) while if o« <2, we are in case (ii). (Note that Lyons’ theorem tells us that p. = 1/2 in these
cases.)

(2) The theorem implies that if wy, < n® with a > 1, there are no exceptional times of nonpercolation, while if
wy < n, then (1.3) implies that there is no percolation at a fixed time. Hence, if we only look at the case where
wy, < n® for some a > 1, we do not see the dichotomy we are after. Rather, Theorem 1.2 tells us that one needs to look
at a “finer logarithmic scale” to see this “phase transition.”

Interestingly, it turns out that even within the regime where there are no exceptional times of nonpercolation, there
are still two very distinct dynamical behaviors of the process.

Theorem 1.3. Consider a spherically symmetric tree T , with spherically symmetric edge probabilities. Let d; denote
the number of children that a vertex in T; has.

(i) When Y 72, kwk_1 < 00, a.s. the set of times t € [0, 1] at which the root percolates has finitely many connected
components. (This holds, for example, if wy =< k% with 0 > 2 as well as for supercritical percolation on a homo-
geneous tree.)

(i) If sup;d; < oo and wi < k?, where 1 < 0 < 2, then with positive probability the set of times t € [0, 1] at which
the root percolates has infinitely many connected components. The same occurs if wy < k(logk)? for any 6 > 1.

Remarks. (1) There is some gap between cases (i) and (ii), in particular, the case wy < k*. In Theorem 5.2 we give
more general conditions under which (ii) holds, but we do not close this gap.

(2) It is easy to show (see, for example, Lemma 3.2) that for any graph, if there are exceptional times of nonperco-
lation, then the set of times t € [0, 1] at which a fixed vertex percolates is totally disconnected and hence has infinitely
many connected components with positive probability.

From the proof of Theorem 1.3(i), it is easy to see that for any graph, any edge-dependent probabilities and
any fixed vertex x, if I, is the sum of the influences (see Section 5 for the definition of influence) for the event
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{x percolates to distance n away}, then liminf, I, < oo implies that the set of times 7 € [0, 1] at which x percolates

has finitely many connected components a.s. Next, if I, (e) is the influence of the edge e for the event {x <> oo}, itis
easy to see from Fatou’s lemma that

Y " Li(e) <liminf . (1.5)
n
e

The next result tells us what we can conclude under the assumption that o Ix(e) < 0.

Theorem 1.4. Consider dynamical percolation on any connected graph with possibly edge-dependent probabilities
which percolates at a fixed time and let x € V. Assume that

> I(e) < oo. (1.6)

Then a.s. f(t) := l{xéoo}

are no exceptional times of nonpercolation.

is equal a.e. to a function of bounded variation on [0, 1]. Moreover, this implies that there

Remarks. (1) Note that this result is applicable even in the supercritical case.
(2) While it is easy to check that when the graph is a tree the summability above does not depend on x, interestingly,
this is false in the general context of connected graphs, even in the case of bounded degree.

In [6], it was argued that the events discussed in the above theorems are measurable; a similar comment applies to
all of our results. Thus, measurability issues will not concern us here.

As far as motivation, the questions that we look at give us a better understanding of the stability properties of a
critical infinite cluster while at the same time they fall into the general framework of studying polar sets for stationary
reversible Markov processes.

The dynamical percolation results in [6] were extended in [12] and then further refined in [8]. In [13], it was shown
that there are exceptional times at criticality on the triangular lattice, yielding the first example of a transitive graph
with this property. We mention a few other papers where analogous dynamical sensitivity questions have been stud-
ied for other models. Analogous questions for the Boolean model, where the points undergo independent Brownian
motions, were studied in [3] and for certain interacting particle lattice systems (where updates are therefore not done
in an independent fashion) are studied in [4]. In [2], it is shown that there are exceptional two-dimensional slices for
the Boolean model in four dimensions and finally, in [7], dynamical versions of Dvoretzky’s circle covering problem
are studied.

Notation. (1) For subsets A and B of the vertices and t, we let {A N B} be the event that at time t there is an open
path from A to B and {A <> B} be the analogous event for ordinary percolation. (If B = 00, this has the obvious
meaning.) In the context of trees with a distinguished root, A — B will mean that there is a path of open edges

connecting A to B along which the distance to the root is monotone increasing. The notation A V> B is similarly
defined.
(2) We use < to denote the relationship between two quantities whose ratio is bounded away from both 0 and oo.
(3) O(1) will denote a function bounded away from oo, o(1) will denote a function approaching 0, and $2 (1) will
denote a function bounded away from 0.

Convention. The edges are defined to be on at the times at which they change state; in this way, the set of times
an edge is on is a closed set. As explained in [6], this modification is of no significance, but allows some notational
simplification in some topological arguments.

The rest of the paper is organized as follows: In Section 2, we prove Theorem 1.1. In Section 3, we prove two
lemmas which will be needed for the proof of Theorem 1.2. We prove Theorem 1.2 in Section 4, Theorem 1.3 in
Section 5 and Theorem 1.4 in Section 6. In Section 7, we prove a certain 0—1 law for the evolution of the process and
finally we list some open questions in Section 8.
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2. Two examples

The idea in the construction of the examples is rather simple; we take the planar square lattice Z> and replace each
edge by an appropriate graph, with different graphs for different edges. For the example without exceptional times, we
will want the connection along the corresponding graphs to be rather stable, while for the example with exceptional
times, we will want the connections to switch quickly. The following lemma gives the existence of the necessary
building blocks for both examples. It contains a variant of Lemma 2.3 in [6] with the crucial difference being that the
degrees are now bounded.

Lemma 2.1. There is a sequence of finite graphs G j and pairs of vertices xj and y; in G, such that the following
properties hold:

Gj .
1. ]Pl/z(xj < yj) > %forall],

2. 1imj oo Py (xj <> yj) =0 forall p < L,
3. for every ¢ > 0 we have

. G;
jll)ngo'l’1/2< m {xj éyi}) =0,

tel0,¢]

4. and there is some finite upper bound for the degrees of the vertices in G ; (the bound does not depend on j).

Proof. Let H be obtained from the square grid in the plane by replacing each edge by m parallel edges, where m
is chosen so that the probability that the origin percolates in H at p = 1/2 is at least 0.99. Let v; denote the vertex
(i,0) of H. Then for every i we have Pﬁz(vo < v;) > (0.99)2 > 0.98. Hence, there is a finite subgraph H; of H
such that IP’IH/Q(vo <> v) > 0.98 holds for every v € A, where Aj :={v;: 1 <i<9- 2f}. The graph G; is obtained
by taking two disjoint copies of H; and connecting each of the vertices corresponding to v; € A; in one copy to the
vertex corresponding to v; in the other copy by a path of length j, where the paths are of course disjoint. The vertex
xj is chosen as vp in one copy of H;, while y; is vo in the other copy. The paths of length j in G; connecting one
copy of H; to the other will be called bridges.

We now verify that G satisfies the required properties. Let B; denote the set of vertices in A ; connected to vy by
an open path in H;. Since Pfl/jz(vo < v)>0.98 forall ve A, we have IP’f{/"'z(lBﬂ < (2/3)|Aj|) < 0.9. This implies
that in G; at p = 1/2 with probability at least (0.9)> we have that the endpoints of at least 1/3 of the bridges are
connected to x; within x;’s copy of H; and to y; within y;’s copy of H;. On this event, the conditional probability
that x; and y; are not connected is at most

(1= 277) Al < oxp(ca )43 — o3,

Thus, we get P?/Z(Xj < yj) > 0.9)2(1 —e3) > 2/3, proving 1.

If p < 1/2, then the expected number of bridges that are open in G is |Aj|pj =9.2/.p/ - 0as j - oo, which
proves 2.

In order to prove 3, fix some ¢ > 0, and consider dynamical percolation at p =1/2 on G;. Let ¢, s € [0, €] satisfy

s # ¢, and let X/ denote the event that at time ¢ there is some bridge in G j that is open. Fix some ordering of the

bridges in G, and let X tj (i) denote the event that the ith bridge is open at time ¢. Also let X ,] (i) be the event that the
ith bridge is open at time ¢ and this does not hold for any smaller i. Note that for every fixed i,

G . P A G: .
w5 (X \ X! 01X ) < v (x]).
Therefore,
Gj J i Gj J Jos oy G Jo. 5.
W n (X7 X5 0) = (XN XT6), X3 ) + W75 (X[ (1), X5 (D)

<L (X)W AR D) +w (X ). R ).

A
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On the other hand, the conditional probability of X ,] (i) given X { (i) does not depend on i and goes to zero as j — 00
while s # ¢ are held fixed. Thus,

wih (X7 &) < wih(x])wTh (R 0) + o (R 0).

As X { is the disjoint union of the events X { (i), by summing the above over i, we obtain
G i s Girin Gi
llll/’Z(th, X{) < 'pl/jz(Xf)'pl/jz(Xg) +o(),
as j — oo. 4
Set X/ = f(f 1, dr. Fubini and the dominated convergence theorem now imply that limsup;_, ., E[(X 21—
F ;

E[Xj]2 < 0; that is, the variance of X/ tends to 0. Since

E[x/]=ew (X)) =e(1— (1-27)") — ¢(1-e7),

Jj—o0o

and the right-hand side is smaller than ¢, it follows that lllf/z (X/ =¢) tends to 0 as j — oo. This proves 3.
Claim 4 is obvious from the construction. O

Proof of Theorem 1.1. Both examples are obtained by replacing each edge [x, y] in the square lattice Z?> by a copy
of some G, with x; identified with x and y; identified with y. The difference between the two examples has to do
with the choice of j for the different edges.

We start by proving (i). By property 1 of Lemma 2.1, it follows that for each j there is some positive integer n; > 0
such that

‘1’?/2< BEREY éyﬁ) >

1€[0,1/n;]

| W

We may assume without loss of generality that the sequence {n;} is increasing in j. We now define inductively an
increasing sequence {R;}. Set nj :=n 4. For any two radii 0 < r < r/, let A(r,r’) denote the event that there is
an open cycle in Z? separating d B(0, r) from 9 B(0, r’), where d B(0, r) := {x: |x|so =} and |x|o denotes the L
norm of x. Let Ry be so large that

PP35(B(0, Ry) <> 00) >

| =

For all j > 0, given R;_1, we choose R; > R;_; sufficiently large so that

P3/5(B(0, R}) <> 00, A(Rj—1, Rj)) = 1 =277 (n*) ™",

Let G be obtained from Z? by replacing, for each j > 0, each edge e in the annulus B(0, Rj)\ B(0, Rj_1) by a new
copy of G, where x; and y; are identified with the endpoints of e. By property 2 of the lemma, it follows that at
every p < 1/2, Bernoulli percolation on G a.s. has no infinite cluster. Hence p.(G) > 1/2.

We now consider dynamical percolation on G with parameter p = %, and show that lII]G »-a.s. there is an infinite
percolation cluster at all times. This, in particular, implies that p.(G) < 1/2; and hence p.(G) = 1/2.

For I C [0,00), let Aj (I) denote the event that at all times ¢ € [ there is an open cycle in G sepa-
rating dB(0, R;) from dB(0, R;_;) and an open path in G connecting dB(0, R;j_1) with 9B(0, Rj+1). Then
lllf/z{Aj([O, I/njqhy=1 —2‘j+2/nj71, whence 'I/IG/Z(.AJ([O, 11)) > 1 —27%2 Now note that if ﬂj>k A; ([0, 17)
holds for some k, then there is percolation in G for every ¢ € [0, 1]. Since lIllG/z(ﬂ/>k A;([0,1]) =1 — 27k+2 this
gives ¥ ((M;eq0,1Cr) = 1, which implies (0).

We now turn to the proof of (ii). Using Lemma 2.1 together with the proof of the second part of Theorem 1.2 in
[6], it is easily seen that if we replace the ith edge by G, with the sequence {j;} growing to infinity sufficiently fast,
we obtain an example of the desired form. (|
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3. Some lemmas

We now consider a spherically symmetric tree with spherically symmetric edge probabilities. As in the introduction,
W, will denote the number of vertices in 7;, that are connected to the root, and w;, denotes the expectation of W,,.

By Theorem 2.3 of [9] (together with the proof of Theorem 2.4 in that paper and the fact that for a spherically
symmetric kernel, the measure that minimizes energy is the uniform measure, a fact which in turn is obtained using
convexity of energy together with symmetry), it follows that

2 2

Wi p(W, > 0) < 22 3.1)
Ewz2] =T S Eway '

The second inequality yields
E[W2|W, > 0] < 2E[W,|W, > 0], (3.2)

which will be useful below.

Lemma 3.1. Consider an indexed collection {X; j}i>1,1<j<n; of nonnegative mean 1 random variables such that
(1) for each i, {X; j}1<j<n; are i.i.d. and (2) the entire family of random variables is uniformly integrable. Then for
each ¢ > 0, there is ¢ > 0 such that for each i,

N;
P(in’j <N;(1-—- 8)) < e_CNi.

j=1
Proof. Let ¢ > 0. By uniform integrability, there exists 4 = h(e) such that for all i and j,
E(Xijnh)y>1— %

‘We then have

N; N;
P( Xij < Ni(l —g)) < P(in,j/\hgzv,»(l —g)) SP(

j=1 j=1

N;
in,j/\hgzv,(E(xiJ /\h)—%)).

Jj=1
As we now have bounded random variables, the standard Chernoff bound arguments allow us to bound the latter by
e~ Ni for some fixed ¢ = c(¢, h) > 0. O
Lemma 3.2. Fix a connected graph G and x € V(G). Let By :={y: dg(x, y) < M} where dg is the graph distance.
Then the following are equivalent.

(i) ¥ ,(C; occurs foreveryt) =1.

(i) P(3M: By < ooVie[0,1]) = 1.
(i) P (x < o0 Vi €[0,1]) > 0.
Proof. The implication (iii) = (i) is immediate from Kolmogorov’s 0—1 law. The implication (ii) = (iii) is easy and

left to the reader. We now show that (i) implies (ii). If (ii) is false, Kolmogorov’s 0—1 law implies that the event in (ii)
has probability 0. Positive association of the process and the above 0—1 law then would yield that for all § > 0,

P(3M: By & 00 Vi €[0,8]) =0. (3.3)

Now, for each vertex v, let U, be the open set of times in [0, 1] at which v is not percolating. Countable additivity
and (3.3) easily imply that a.s. each U, is dense. The Baire category theorem implies that a.s.

(U, #9.
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However, this intersection is exactly the set of nonpercolating times in [0, 1] and hence (i) is false. (]

Remarks. Observe that given any graph which percolates at criticality and for which there are exceptional nonperco-
lating times, using the U, ’s as above, the Baire Category Theorem gives that the set of nonpercolating times in [0, 1]
is a dense G set of zero measure. An additional use of the Baire Category Theorem tells us that if we hook up a finite
number of such graphs at a common vertex, there will still be nonpercolating times and they will also form a dense
Gs of zero measure. This situation is very different from the case where one looks at time sets corresponding to the
times at which a tree, which does not percolate at criticality (in static percolation), percolates; such time sets do not
necessarily intersect each other.

4. Proof of Theorem 1.2
We now begin with the proof.

Proof of Theorem 1.2(i). Recall that p denotes the root of the tree. Fix an @ > 2, and assume that lim,, n(k’fw = 00.
Choose ¢ > 0 such that 2+ 2e < «. Let ny := 22k. (Song=2and ng4; = n,%.) Foreach k andeachi € {1, ..., n%}, let

IF =[G —D/n2,i/n?]. Let AN :={x € T}, : p Lxvre 1¥}, and let Gy denote the event that |A¥| > w,, /(lognk)®
holds for every i € {1,2, ..., n,%}. We need to obtain a good bound on P(G/,iJrl |Fn,) on the event Gy, where F, is
the o -algebra generated by the evolution of the first n levels of the tree. The key proposition, whose proof we give
afterwards, is the following proposition.

Proposition 4.1. There exists y > 1 so that for all large k, if A C T, is fixed with |A| > wy, /(logng)®, then

. ! k+1 Wnyyy —(logng)”
PllixeT,,.,: A—»xVtel <————|<e .
(|{ Nk+1 1 } — (lognk+l)s> —

We now first complete the proof of Theorem 1.2(i) by noting that it is easy to see that Proposition 4.1 implies that for
large k, we have that on G

P(G{ | Fn) < ”%Jrlei(lognk)y-
Since y > 1, we have

Zniﬂe_(l(’g”")y < 0.

k

For any finite k', we have P([;< Gx) > 0. Hence, the above implies that P(Gy Vk) > 0, and since [, Gx €
{p <& 0oVt € [0, 11, this implies

P(p & oo Vi€[0,1]) > 0.
This yields the required result by Lemma 3.2. ]

Before starting the proof of Proposition 4.1, we first need the following lemma.

Lemma 4.2. Consider a spherically symmetric tree with spherically symmetric edge probabilities, and assume that
for some B > 1, w, > 2(1)n(logn)? holds for every n. If x € Ty, » then

P(x > Ty, Wiy > 2(1)(logng)? L
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Proof. It is easy to see that for x € T, the expected number of vertices in 7; connected to x within 7% is we/wy,
for £ > ny. Hence by (1.4), if x € T,,,, we have that

Ng+1 w -1 1 N1 1 -1
P Thy) = Tk — .
(x> nk-H) ( Z wy ) - Wy, ( Z Z(logﬂ)ﬂ>

C=ni+1 C=ni+1

Next

Njet 1 1 Nt 1 log(niy1) 1
Z 7x/ 7dx=/ du,\(lognk)] ‘3
~  LlogO)? = Jo,  x(logx)? 1 uf

{=n k ogng
. k .
since ng =22, completing the proof. (I

Proof of Proposition 4.1. For x € T, , let R, be the number of vertices at level 741 which are connected to x within
T* throughout [0, 1/ n% 411 and let Ry denote a random variable which has distribution R.. The expected number
of vertices at level ng41 which are connected to x within 7% at time 0 is wy,_, /wy,. Since a given path of length
ni+1 — ng is updated during [0, l/n%H] with probability o(1), we have

E[R(] = 221 (1 — o(1)), 4.1
ng

as k — oo.
Lemma 4.3. Let Rk have distribution Ry conditioned on { Ry > 0}. Then

E[(R)*] <O E[(RV)]*.

Proof. Fix some x € Ty, and let R}, := |[{y € Ty, : x > ¥}|. We have argued above that E[R;] > (1 — o(1))E[R].
This implies E[Ry] =< E[R/]. A similar argument gives P (R > 0) < P(Rx > 0). Since R, > Ry, this together
with (3.2) easily leads to the statement; the details are left to the reader. O

Lemma 4.4. There exists y > 1 so that for all § > 0, we have that for large k, if A C T, with |A| > wy, /(logni)?,
then

P(Ry >0
P |{x€A: Rx>0}|§(]_3)M Se*(lognk)}/.
(logng)®
Proof. The random variable X := |{x € A: R, > 0}| has a binomial distribution with parameters |A| and P (R} > 0).
The probability in the statement of the lemma is at most

P(X < E[X](1-9)).

By standard large deviations (see for example Corollary A.1.14 in [1]), the latter is a most 2¢~“£X) Lemma 4.2 and
our choice of & imply that E[X] > £2(1)(logny)' T4, proving the claim. ([l

Lemma 4.5. There exists § > 0 and y > 1 such that for all large k, if
P(Ry > O)wy,

M 1-96
= 0= g

and Yy, ..., Yy are i.i.d. with the distribution of Rk (defined in Lemma 4.3), then

<Z Whyy ) < ef(lognk)”. 4.2)

~ (logng4+1)©
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Proof. Choose § so that

1

8 ~ 4.3)

Our lower bound on M and an easy calculation shows that the left-hand side of (4.2) is bounded by

M

! Y lo 3
P<_ Z — < Sk), where Sj, ;= Wy, (logng)

M~ E[Yi] ~ Wy (lognis1)* (1 — O E[Ry]

The expression (4.1) for E[R] implies that limg_, o Sy = 1/(2°(1 — 8)). Since a family of random variables which
have a uniform bound on their second moments is uniformly integrable, Lemmas 3.1 and 4.3 and (4.3) imply that

P _ ! <S < —CM’
(MZE[Y,-]_ ")—e

i=1

for some ¢ > 0 and all large k. Lemma 4.2 insures that M > £2(1)(log np)lte, completing the proof. U
One finally notes that Proposition 4.1 is a consequence of Lemmas 4.4 and 4.5. ]

Remark. In the proof of Theorem 1.2(i1), we separate things into the two cases o < 2 and o = 2 but we emphasize
that this is done for presentational purposes only.

We now move to the following proof.

Proof of Theorem 1.2(ii); case o <2. Let A := {p LoovVre [0,1]}. By Lemma 3.2, it suffices to show that
P(A) =0 and for this it suffices to show that for every M > 0, there is an event G = G(M) so that P(G) > 1—-2/M
and P(A|G) = 0. We now fix such an M. The O(1) terms appearing below may (and will) depend on M (but they
will of course be independent of the level of the tree under discussion).

For the moment, we consider our percolation at a fixed time. It is well known that {W,/w,} (recall W, is the
number of vertices on the nth level connected to the root) is a nonnegative martingale and hence converges a.s. to a
random variable denoted W, with E[W] < 1. Doob’s inequality tells us that

W, 1
P|—>Mforsomen>0)<—. 4.4)
Wy, M

Returning to our dynamical model, we let W, ; be the analogue of W, above but at time . We now define

[0 <)
G:=i1unyt€[0,1]: > M forsomen >0 < —¢,

wy 2
where p denotes Lebesgue measure. Fubini’s theorem, Markov’s inequality and (4.4) easily yield that P(G) > 1 —
2/M. We will show that P(A|G) = 0, completing the proof.

Setmy := |[Mw,|.Forall B C T, with |B| <m,, let B be a subset of T, containing B such that |I§| =m,,, and such
that B is a deterministic function of B. Of course, this can only be done for n > N = N(M) := minfk: |T| > my}. If
|B| > my,, we take B to be the leftmost 1, elements of B.

Let S, ; be the set of vertices in 7}, that are connected to o by open paths at time ¢. Then W, ; = |S, ;|. For each
n> N = N(M), define the random variable

~ t
Xp:=p{t €10, 11: Wy <my, Sy s> oo}

The key step is to carry out a conditional second moment argument on X,, conditioned on the evolution of the first
n levels on that part of the probability space where something “good” happens. The following proposition will be the
consequence of this conditional second moment argument.
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Proposition 4.6. There exists c = c(M) > 0 such that for all n sufficiently large
P(X,>0|F,)>c onG,
where F, is the o -algebra generated by the evolution of the first n levels of the tree.

We postpone the proof of the proposition, and continue with the proof of the theorem. It is clear that {X,, > 0} C A
and hence

P(Aclfn) >c¢ onG.

Letting n — oo, Levy’s 0-1 law implies that the left-hand side approaches 14c a.s. As ¢ > 0, we conclude that
P(A|G) =0, as desired. U

Before starting the proof of Proposition 4.6, we need a lemma. Let
qn = P(x rg oo) and ¢, (1) := P({x s oo} N {x rg oo})

where x € Tj,.
It is easy to check that the proof of Lemma 4.2 shows that

1
qn < . 4.5)
nlogn

Lemma 4.7.

O(1)g?
Gn(t) < ="

Proof. Fix x € T, and ¢ € (0, 1]. Suppose that x rg 00, and condition on the leftmost open path = = (7o, 7y, ...)
from x to oo inside 7T at time 0. Let K; be the event that at time ¢ there is an open path from x to co that shares
exactly j edges with 7. Because in the complement of v the conditional law of the dynamical percolation is dominated
by the unconditional law, we clearly have

J
P(Kjlx > 00) < P(mj > 00) P(x > mj]x 5 00) = gy [ [(pasi(1 =€) + 7).

i=1

Since P(K~) =0, we get

00 00 J
gn(t) =an(x N oo|x |£> oo) <qn ZP(ijc |£> oo) <gn anﬂ- H(p,H_,-(l — e_’) +e_t).
j=0 j=0 i=1

As the p;’s are bounded away from 1, there exists a constant &g € (0, 1) such that each factor in the product on the
right is at most 1 — ot (regardless of the choice of ¢ in (0, 1]). Hence, the above gives

o o0

an(t) < dn Y qnrj(1 —e0t) < gusuplgnrj: j=0,1,...0 ) (1 —eot)!

j=0 j=0
= qnsuplgn+j: J=0,1,.. Jeon) ™.

Now an appeal to (4.5) completes the proof. ([
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Let
Gn:=1—qu. (4.6)

Next, letting g, (¢) be the probability that a given vertex at level n does not percolate to oo both at time 0 and at time ¢,
we easily have that

én(t)z 1 —2g, + gn(t). .7
We use (4.6) and (4.7), to obtain

Qn(t) _ 1 —2g, +gu(t) _ qn (1) _q;% < qn (1)
q}% (I— 6]n)2 (1- C]n)2 - (1- Qn)z-

By Lemma 4.7 and (4.5) we therefore get

~ 2
<1y o("—"). 48)
qn t

We can now carry out the following proof.

Proof of Proposition 4.6. We apply a conditional second moment argument. First, it is immediate that for any n > N
1 ~ \m
E[Xy|Ful = E(qn) "1G.

In order to estimate E [X%|.7-",,], we note that

< S < ! ~ S‘nsmS‘n ~§ns Sn. +§n. Sns
P[Sss 1 00, Sy v 001 ] = i (11 — s1) g BT

Since g, (t) > 5]3, this gives for every n > N a.s.

1 p1 1
A < [ [ aule—s)aras <2 [ g (49)

Using the trivial bound ¢, (t) < g, for t < 1/n and the bound (4.8) for larger values of 7, we get that on G

E X2 F 1/n 1 mp 1 2 mp

i”]zgsf (-) dt+8/ (1+0<q—")) dr. (4.10)

E[Xy|Fnl 0 qn 1/n t
Using (4.5) and (4.6), if o < 2, then the first integrand is easily checked to be at most O(1)n® for some o < 1 (and
in fact for any o < 1 with the O(1) term then of course depending on o) and hence the first integral goes to 0. If
o < 2, then, using (4.5), it is easy to check that the second integrand, when ¢ > %, is at most O(1). So the ratio of the

conditional second moment and the conditional first moment squared on G is bounded above and so the (conditional)
Cauchy—Schwarz inequality yields the claim of the proposition. ]

Proof of Theorem 1.2(ii); case & = 2. For any integers n > L > 1, and any v € Ty, let W,/ be the number of vertices
at level n connected to o which are in 7.

Lemma 4.8. Letting E;, . :={W, <ew, Vn > L,Vv € T}, we have that for all ¢ > 0,

lim P(EL,)=1.
L—o0
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Proof. Fix ¢ > 0and v € T. Since W} /E[W] is a martingale with respect to n (for n > L), we have

1 E[(W))?
P(W,) = sw, for some n > L) = P(W, > ¢ E[W,]|T.| for some n > L) < ——— sup L« ")2], (4.11)
e°ITLI” =1 E[W]
by Doobs L, martingale inequality. The estimate (3.1) gives forn > L
E[(W))? o(1 o(1 o(|T
[( n)z]f ) < @ _od L|). 4.12)
EWSPR ~PWY>0)~ P(p<v)qr  wiqr
We sum (4.11) over v € Ty, and use (4.12) as well as (4.5), to obtain
O(l)LlogL
P(E} )< ————
( L,a) — ngz
which approaches 0 as L — oo, since o > 1. (]

Next, using w, = n(logn)2 and (4.5), choose an ¢ > 0 sufficiently small so that (1/G,)e%~1 < n for all n
sufficiently large, and set m, := |ew,]. Let E ., denote the event that E , occurs at time ¢, let Gy . := {t €
[0,1]: EL ¢} and let GL,S be the (closed) support of the restriction of the Lebesgue measure w to Gy, .. Finally, let
GLe:= {_C';L,g # I} = {u(GL ) # 0}. Lemma 4.8 easily implies that limz ..o P(GL ) = 1.

For any vertex v, let

T :={re[0,11: p;év}u{te[o,l]: vr7t4>oo},
which is the set of times in [0, 1] in which p does not connect to co through v. Note that 77 is open.
Proposition 4.9. With the above choice of ¢ > 0, for all L and v € T,
P(T"N Gl ¢ is dense in gL,e) =1
Given this proposition, the Baire category theorem (or an easy induction) yields that

P(QL,S N ﬂ TV is dense in ,C';L,g) =1

velyr

and hence
P(A"lGL,S) =1.
Since lim; .o P(GL ) =1, we are done. [l

Proof of Proposition 4.9. Fix L and v € Ty . By countable additivity, it suffices to show that for all open intervals 1
with rational endpoints,

P(uINGLe)=00ru(T°NINGL,)>0)=1. (4.13)

SetY := u(I NG ) and Y, := E[Y|F,]. We claim that for some constant ¢ > 0, depending only on / and L, and for
all sufficiently large n, we have

P(W(T"NINGLe) > O0|F,) = cY,. (4.14)

Clearly, Y, — Y a.s., while Levy’s 0-1 law implies that the left-hand side converges a.s. to 1y, (7vning, .)>0}- There-
fore, (4.14) implies (4.13) and the proposition.
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For all B C T, N TV with |B| < m,, let B be a subset of T, N T"” containing B such that |B| = m, and Eﬂis a
deterministic function of B. (This only works for large enough n so that |T" N T,,| > my.) If |B| > m,, let B be

the subset of B consisting of the leftmost m, elements of B. Let Sr’l” , denote the set of vertices in TV N T, that are
connected to p at time ¢, and define

~ t
X, = u({t €eINGLe: S, , v oo})
Then

- t
E[X,|Fy] = / P(t € GLolF)P(SY, v oolt € G o, ) dr.
1

Since our process is positively associated even when conditioned on F,,, the second factor in the integrand is at least

as large as P(S’,’l”t |7l4> oo|Fn) = (gn)™, and hence the above gives
E[Xn|Fnl = Yu(gn)™.
For the conditional second moment, let
X:=p(frel: 5, v oo}).
Then X' > X,,. Arguing as in the case o < 2, we get
()
E[X2|7,] <E[(X2)1F.] <2u() /0 Gu(0)™ dr.

We take n larger than 1/u (1), and use the bounds g, () < g, and (4.8), to get

E[X2|Fy] _ 2u(Dy (Y 2u(l) W)( (cﬂ "
< (Gn) " dt + 1+0[ =2 dr.
EX,FP2 = vz Jy Y2 Jim t

By our choice of ¢ and m,, the left integral is bounded. As we have seen in the previous case, the integrand of the
right integral is also bounded. The (conditional) Cauchy—Schwarz inequality therefore gives (4.14). (]

5. Proof of Theorem 1.3
We first recall the definitions of pivotality and influence.

Definition. An edge e is pivotal for an event A if changing the status of e changes whether or not A occurs. The
influence of e on the event A, 14(e), is the probability that e is pivotal for A.

Next we need the definition of a “flip time.”
Definition. Given a graph and a vertex x, a time t is called a flip time for x if x percolates at time t but there is an
edge e which is pivotal for the event {x <> oo} at time t and which changes its status at time t. (Note in this case, there

is a § > 0 such that either (1) x does not percolate during (t — 8,t) or (2) x does not percolate during (t,t + 8).)

Lemma 5.1. In a spherically symmetric tree with spherically symmetric edge probabilities

E[W, ]P[W, = 1] < P[W, > 0]>.
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As we will later see in Lemma 5.4, the reverse inequality holds up to a multiplicative constant under some reason-
able assumptions.

Proof. Let Q be the set of vertices in 7}, that are connected to p. For v € T}, let £, denote the event that v € Q and
v is the leftmost vertex in Q. Likewise, let R, denote the event that v € Q and v is the rightmost vertex in Q. Then

P[L,IP[Ry]
Plv € Q]

by the independence of what happens to the right of the path from p to v and what happens to the left of this path.
Applying the arithmetic-geometric means inequality, we find

P[0 = {v}]=P[L,. Ry]=

1/2

P[0 = ()]*Plv e 01 < PIL,1 + %P[RUJ.

1
2
When Q # 0, there is precisely one vertex v satisfying £, and precisely one vertex satisfying R, . Hence, by summing
the above over all v € T;,, we get

> P[0 = ()] *Plv e Q1'2 <P[W, > 0].

veT,

Now note that for every v € T, we have P[Q = {v}] = P[W,, = 1]/|T,| and P[v € Q] = E[W,,]/|T,|. The lemma
follows. O

Proof of Theorem 1.3(i). We will estimate from above the expected number of pivotal edges for the event {p < T}
in a static configuration. For each m € {1, ..., n}, let v,, be the leftmost vertex in T;,, and let u(m, n) be the expected
number of edges between 7;,—1 and T, that are pivotal for {p <> T,,}. Also let a(m, n) be the probability that v,, is
connected to 7, within its subtree; that is, a(m, n) = P[v,, — T,]. To estimate u(m, n), we consider a different tree
T’ which is identical to T until level m, but each vertex at level m in T’ has only one child at level m + 1, and the
edge probability for the edges between levels m and m + 1 in T’ is a(m, n) = a(m,n; T) (and the m + 1 level is the
last level of T”). The probability that the edge [v,—1, v ] is pivotal for {p <> T} and p <> T, holds is the probability
that in T’ the child of v,, is the only vertex at level m + 1 connected to p. By Lemma 5.1, the latter is bounded by

-1
Plp < T, (ITlwma(m, n))
(where the notations all relate to the tree 7). Therefore,
-1
pmu(m,n) < (wna(m,n))” .
Observe that the expected number of vertices v € T satisfying vy, — v is wi/w,,. Therefore (1.4) applied to the tree
TV gives
n
a(m, n)_l = Wy, Z wk_l.
k=m+1
Plugging this into the above, we get
n
pmu(m,n) <O() Y w. (5.1
k=m+1

We now move to the dynamical setting. Let Z,, be the set of times in [0, 1] at which p <> T;,, and let Z =("),,.( Z,
be the percolation times of the root in [0, 1]. It is clear that 0Z = limsup, 0Z,. (By definition, limsup, A, :=
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M=o U=, Aj.) Note that the set Z, is the set of times at which a pivotal edge for {p < T,} switches its value.
Hence,

n n

¢.1) _

E[10Z,1]= ) 2pm(1 = pw)u(m.n) "< O(1) ) k.
m=1 k=1

Our assumptions therefore imply that sup, E[|0Z,|] < co. Consequently, liminf,, [0Z,| < oo a.s. Since [0Z] <
liminf, 0 |0 Z,]|, this proves (i) of Theorem 1.3. ([l

Part (ii) of Theorem 1.3 is an easy consequence of the following theorem.

Theorem 5.2. Suppose that sup; dj < o0, (1.3) and the following assumptions hold:
n

Loy y L (52)
m Wk

m=1 m=1 k=m

o0 o0 -2
Z( > ;‘)’—> < o0, (5.3)

n=0 \m=n+1 m

00 00 2\ —1

Z((k+l)wk<2wj]) ) < o0. (5.4)
k=0 =k

Then with positive probability there are infinitely many flip times for the event {p <> oo} in the time interval [0, 1].
Let b; denote the probability that a vertex at level j percolates to oo (at time 0) through its leftmost child.

Lemma 5.3. Assume sup; dj < 00, (1.3) and (5.3). Then

n—1 - o] 1 2
[Ja-bp%—"= (Z w_> , (5.5)

j:O m=n
where the implied constants may depend on the tree and on the sequence {p;}.

Proof. We start by deriving a rough estimate for b,,. If v € T,, and m > n, then the expected number of vertices u € T,
such that v — u is wy, /wy,. Therefore, (1.4) gives

1 © 1\
b, = — . (5.6)

This estimate in itself will not be fine enough to yield (5.5), but will be a useful first step.

For each node at level j in the tree, we order its children according to some fixed linear order (e.g., left to right,
if we think of the tree as embedded in the plane). If v is a vertex at level n and j € {1,...,n}, let u;(v) denote the
vertex at level j that has v in its subtree, and let i j (v) be the position of u ;(v) among its siblings in the above order.
This induces an ordering on the vertices at level n: We say that v/ < v if at the minimal j such that i j(v’ ) #1j(v)
we have i j(v/ ) < ij(v). Fix some v € T,,. Let £, denote the event that v is the minimal vertex at level n such that
p percolates to oo through v. Note that the probability that v percolates to oo within its subtree is b,_1/p, and that
Plp <> v]=w,/|T,|. Hence

-1

Wy by 1 i —1

P[L,] = (1= byl
Tl pa g !
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Since P[p < o0] = ZveT,, P[L,], this gives

DiPlp < OO] 1 Z l_[(l _ b, )l]+1(U) 1

by—1wy | n|v€T] -0

We now use |T,| = ]_[’]1;(1) d;, and get

nP[ OO] n— l(l—b)l/+|(v) 1 n—1 dj (l—b)l 1 n_ll—(l—b‘
—p p= —ZH _HZ Zl—[ bjdj]

w
” 1Wn veTy, j=0 j=0i=1 Jj=0

If we compare the factor corresponding to j on the right with (1 — bj)<d/'_1)/ 2, we find that they agree up to a factor
of exp(O (b?)), where the implied constant may depend on sup; d; and on sup; b; <sup; p; < 1. Hence,

n—1
pite o ool (]‘[(1 -><df‘>/2)exp(0<1>2b?)~
n—1Wn

j=0

Now (5.5) follows by squaring both sides, using the estimate (5.6) for b,_1, using p,d,—w,—; = w, and noting that
2@<mw@®mm$. O

The following lemma can be seen as a partial converse to Lemma 5.1, but for convenience it is stated in a slightly
different setting.

Lemma 5.4. Let U, denote the number of edges joining T, to T,, through which p percolates to 0o. Then under the
assumptions of Lemma 5.3, we have

PlU, =1]E[U,] < 1.

Proof. By (5.6) and (5.5), we have
[Ta=6p%~" < bnrwnrdy—1) > =E[U,] 2.

Now multiply the left-hand side by |7, | p1 p2 - - - pn—1bn—1 and the right-hand side by its equal, E[U,,]. On the left-hand
side we then get P[U,, = 1], as required. O

Proof of Theorem 5.2. The proof is based on a second moment argument. For an edge e let X (¢) denote the number
of flips (for p <> 00) occurring at times in [0, 1] when e switches. Let m = m(e) := |e| denote the level of e; that
is e connects 7,, and T;,,—1. Set X(e) := lix(e)>0}, Xn = ZMS” X(e) and X, := Zlelfn X(e). The second moment
argument will be applied to X,,: We will show that lim,,_, », E[X,,] = 00, and that sup,, E[%ﬁ] /E[%n]2 <00

At this point, we use an equivalent version of the dynamics in which at rate 1, an edge is refreshed and when
refreshed, it chooses to be in state 1 with probability p.. Let now Y, be the set of times in which e refreshed, and let
A, be the set of times ¢ € [0, 1] at which e is pivotal for {p <> oo}. Since 2p,, (1 — p;,) is the probability a refresh
time is a switch time, and Y, is a Poisson point process with rate 1 independent from A., we have

1 —exp(—1t(Ae)) = E[X(e)|Ac] = 2pm (1 — pu) (1 — exp(—p(A0)),
where u denotes Lebesgue measure. It follows that

E[X(e)|Ac] = n(Ao).
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Moreover, Fubini gives
E[u(A.)] =P[e pivotal for {p <> oo} at time 0].
Hence,
n
E[%,] < Z Z P[e pivotal for {p <> 0o} at time 0].
m=1|e|=m
Lemma 5.4 easily implies that if |e| = m, then

1

P[e pivotal for {(p <> c0)} at time O] = T o dm by
m m-— nm-— m—

The above together with (5.6) gives

EX,]= Y Y wik (5.7)

m=1k=m

We now turn to estimating E[%ﬁ]. Let e, ¢’ be two different edges at levels m and m’, respectively, where m, m’ < n.
Then X (e)X (¢/) < |Ye N A| - |Ye N Ayl. Let v, oo denote the counting measure on the set (Y, N A,) X (Yo N Ay) C
[0, 1]%, and let I, I’ € [0, 1] be disjoint time intervals. Note that ¥, N1, ¥,, N 1" and (A, NI, A, NI’ are independent.
(Note however that A, N I is usually not independent from A, N I’.) Therefore

E[ve,e (I x I')JAc N1, Ay N I'] = p(Ac N Du(Ag N T').
Hence

E[ve, (I x 1')] :/1 1 Pl1 € A, s € Ay]dtds.
X ’

Fore #£ ¢/, Ve.o' gives no mass to the diagonal, and hence we can conclude that

1 pl
E[X(e)X(¢')] <E[ve,e ([0, 1] x [0, 1])] =/ / Pl1 € A, s € Ay]dtds.
0J0
Since Z\e|§n X(e)X(e) =X, we have

Yr=Xut ) leze)X@X(€) <Xt Y ey X(@X(€).

lel,le'|<n lel,le'|<n

Consequently,

1 p1
E[X}] <E[X,]+ > 1{6#,}// Plt € A.,s € As]dt ds.
0J0

lel,le’|<n

At this point, we break up the pairs (e, ") for which e # ¢’ into two sets, those where ¢ and ¢’ do not lie on the
same path from the root to co (which is the generic case) and those where they do lie on the same path. Call the first
class &1 and the second class & . We consider now pairs (e, ¢') in &j.

Let vo = p, v1, ..., v, denote the path from the root p to the endpoint of e at level m = |e|, and let vy, v}, ..., v:11
denote the path from the root to the endpoint of ¢’ at level m’ = |¢’|. Let k < (m — 1) A (m’ — 1) be maximal such that
v = vy, Also, fix s, ¢ € [0, 1] and set 7 := |s — ¢|. Note that for every j € N, and any edge at level j, the probability

that the edge is open at time s and at time ¢ is p? + (@ —pj)pjexp(—r).For j =0,...,m—1,letU; denote the event

!
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that at time ¢ we have v; <> oo inside T/ \ v; 1, and let L{} denote the corresponding event with each v; replaced by
v/, with 7 replaced by s and with m replaced by m’. Note that the event {r € A, s € A} is contained in the intersection

of the following events: £ := {p BN Vi, p > vk} Q= {w N Um—1}, Q) = {wk > v 1) Qo= {up A oo}, Q) 1=

{v;n, s oo}, Zy = ﬂ/;;(l) —U;, 2 = N —k+1 —U;, 22 = ﬂm_;il —|L{ and that these events are all independent.
Consequently,

k
b1
Plte A, s €A < [](pF+ (1= pj)pjexp(—r)) x | | pj X | | pj X X ——
j=1 j=k+1 j=k+1 Pm Pr

x]‘[(l— bt x H (1—bj%~'x H (1—bp%~t.

j=k+1 j=k+1

Setting 6 := 1 — sup; p; and noting that r < 1, we may estimate the first product as

5\ 1 Skr
(-5 Tl o)1
Jj=1
Using the above and Lemma 5.3, we arrive at the estimate

17! P AT P bm—1bwr—1 (X5, w5 m,w—l)z
([T5=) P (1 = bR X252, w2

Skr
PlreA,,seA,)] < O(l)exp(——)

3

Since we are assuming sup; d; < oo and since b; < pj41 < 1—§, we have (1 — br)>~2% = O(1), and that factor may
be dropped. Now note that when (z, s) is uniform in [0, 1]?, the probability that 7 is in any interval I C [0, 1] is at
most twice the length of /. Since fol exp(—3d8kr/3)dr <O /(8(k + 1))) =0(1/(k + 1)), we get

T2 P AT P bm—1bwr—1 (X5 mw—1> (5w
(k+ DTSy PS5 w;

1 pl
/ [ Plte A,,s € Ay]dtds <O(1)
0J0

If we fix m, m’ and v, there are at most |T,,|/|Tk| possible choices for e and |T,,/|/|Tx| possible choices for e’. Thus,
there are at most |7}, || T, || Tk | =2 possible choices for pairs (e, ¢’). Since |Tjl=d;j_1|Tj—1| and T} ]_[11:1 pi =wj, the
sum of the above over all such pairs (e, ') is
A1t W1 Wy 1D 1By 1 (52, wi DA, w2
(k+ DITelwe (52, wiH?
-1 -1

6.6 CjZm w; I w; )

(ke + DITelw (D3 wiH?

= O

We now sum over all possible choices for v, which eliminates the | T} |_1 factor. Next, we bound the sum of the result-
ing expressionform e {k+ 1,k +2,...,n}and m’ e {k + 1,k +2,...,n} by summing over all m,m' = 1,2, ...,n.
Finally, we sum over k =0, 1,...,n — 1, to obtain

2 oo 00 2\ —1
Z Lie,eneen) // Pltc A, s €A, ]d;ds<o(1)<zzw ) Z<<k+1>wk<2w,1>) .
Jj=k

lel,le'|<n m=1 j=m k=0

By (5.4) and (5.7), this is at most O(I)E[In]z.
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We now explain the necessary modifications for the case (e, ¢’) € &. Let m = |e| < |¢/| = m'. Using the same
notations as above, it is easy to see that the event {r € A,, s € A} is contained in the intersection of the following
. t _ .
independent events: {p <> v;,;—1, P S Um—1}, {vm P> V' —1}, {Vm > oo} and ﬂ;’;ol —-L{}. This leads, after a compu-
tation exactly as before, to

) LS s (P Ul

1 pl
// Plt e A,,5s € Ay]dtds <0O(1)
0 Jo m+1

With e and m' fixed, there are at most |T;,|/| T, | possible choices for ¢’ and so the sum of the above over such ¢’ is at
most

m'—1 Ndi—1
Wy 1Dy —1 Hj:() - b/) / < O(l)z;:im’ 1/wy

o(1)
m|Ty| m|Ty|

)

by (5.5) and (5.6). At level m, there are |T;,| choices for e. As m’ > m + 1, we can sum over m’ from 1 to n and then
sum over m from 1 to n to yield

1 p1
}: hwim&téz;PUeAmseAﬂdnh

lel,le’|<n

nox n n oo 2 n
= om(Z 2 wj‘> > % =o<1>(2 3 wjl) L=t 1/m

n 00 -1y
m=1 j=m m=1 m=1 j=m (Zmzl Zj:m wj )

By (5.2) and (5.7), this is also at most O(DE[X,1%.

All of the above therefore yields E[%,%] <E[X,]+O()E[X,]%. Since lim,_, o0 E[X,,] = 00 by (5.2) and (5.7), this
gives E[.’{,%] <0@ )E[%n]z. A one-sided Chebyshev inequality (see, e.g., Lemma 5.4 in [6]) or alternatively the Paley—
Zygmund inequality yields that there is some ¢ > 0, which does not depend on rn, such that P[X, > cE[X,]] > c.
Hence P[lim,,—, »c X, = 00] > ¢, which completes the proof. (Il

Proof of Theorem 1.3(ii). This easily follows from Theorem 5.2. ([l

6. Proof of Theorem 1.4
We start with a lemma connecting the concepts of flip time and influence.

Lemma 6.1. Fix a vertex x. Then

23 " I(e)pe(1 = po) = E[|S],

where S is the set of flip times for x during [0, 1].

Proof. Fix e. The probability that during [z, ¢ 4 dt] the edge e switches its state precisely once is easily seen to be
2p.(1 — p)dr +0(dr?). Conditioning on that time, the probability that e is pivotal for {x <> oo} at that time is I, (e).
Hence, the probability that there is a flip associated to e during [z, t + dt] is 21, (e) p.(1 — p.) dt + 0(dr?). It follows
that E[S.] =21, (e) p.(1 — pe), where S, is the set of flip times associated to e during [0, 1]. Summing over e yields
the result. O

Proof of Theorem 1.4. Fix x. Let &, be the set of edges which are within graph distance n of x and let F, be the
o -algebra generated by the evolution of the edges in &, during the time interval [0, 1]. Let

X, (1) = Xp(@, 1) 1= P(x & 00| F).
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While conditional probabilities are usually only defined a.s., it is clear that there is a canonical version of these
conditional probabilities and these will always be used. Let V,, denote the total variation of X,,(¢) on [0, 1].
The following two lemmas are left to the reader.

Lemma 6.2.

E[V,1=2) " I(e)p.(1 — pe).

ec&,

Lemma 6.3. {V,},>1 is a submartingale.

By our assumption (1.6) and by Lemma 6.2, we have sup,, E(V,) < oo. Since {V,,},,>1 is a nonnegative submartin-
gale, this implies that there is an a.s. limit V :=lim,_, o V,, satisfying E(V) < co. Now, for all 7, the Martingale con-
vergence theorem tells us that X,,(¢) converges a.s. to 1 (xdoo0)” By Fubini’s theorem, for a.e. w, there exists A, C [0, 1]

such that £(A,) = 1 (u is Lebesgue measure here) and

Jim Xy, =1,  forallte A, 6.1)
Now define
)}( . l{xéoo} ift € A,
1) = {limsupsm,seAw 1,5, if1¢ A,

Statement (6.1) implies that the total variation of X restricted to time points in A, is at most V for a.e. w. It is then
easy to check that the total variation of X over [0, 1] is then at most V for a.e. w as well. We conclude that a.s. 1 (xs00)
is equal a.s. to a function of bounded variation.

We now show that the fact that a.s. 1 A is equal a.e. to a function of bounded variation implies that there
X

are no exceptional times. Let X be the Lebes?gol}le measure of the amount of time that x percolates during [0, 1]. By
Fubini’s theorem, E(X) is the probability that x percolates. It follows that with positive probability, X > 0. If there
were exceptional times of nonpercolation, an easy application of Kolmogorov’s 0-1 law tells us that a.s. there would
be such times in every nonempty interval. However, the latter together with the fact that the set of times at which
x does not percolate is open and that X > O contradicts the fact that 1 (xo00) is equal a.s. to a function of bounded
variation. (]

7. A 0-1law

In this section, we present a 0—1 law concerning the process. In addition to being of interest in itself, we believe it
might be useful for obtaining a better understanding of the path behavior of our process and might be relevant to some
of the problems at the end of the paper.

Theorem 7.1. Consider dynamical percolation (w;: t € R) on a spherically symmetric tree T with spherically sym-
metric edge probabilities, and let Q be the set of times t € R such that the cluster of the root is infinite in w;. If
P[0 € 0Q] > 0, then a.s. @ = 0Q (and hence by Lemma 3.2 there is a.s. a dense set of times t € R in which there is
no infinite cluster in wy).

Now consider an arbitrary locally finite tree 7 with root p and a vertex v of T. For any o C 25 we may start
dynamical percolation w; with wg = w. It is easy to see that for this Markov process, the probability that there is a

positive ¢ such that v AN for all times # € [0, ¢) is O or 1. Let &, (w) € {0, 1} denote this probability.
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Lemma 7.2. With the above notation, let vy, ..., v, denote the children of v; that is, the neighbors of v within T,.
Then

hy(w) = max{l[v,v.i]ewhvj (w): j=1,2,..., m}
holds for a.e. w with respect to the invariant measure of the Markov process w;.
We point out that the lemma does not need to assume that 7 is spherically symmetric.

Proof. It is certainly clear that &, is at least as large as the max on the right-hand side. We therefore only need to
prove the reverse inequality. Let U; be the set of times ¢ € [0, co) such that v does not percolate to oo in [v, v;]U T
at time ¢. Then U is a relatively open set.

Set Qy = ﬂl;zl Uj, and Q) := Ul;zl ([0, 00) \Fj). Note that the max on the right-hand side in the statement
of the lemma is equal to lpcp; . We prove by induction on k that 0 € O U Q) a.s. holds for k =0, 1,...,m. The
case kK = m then implies the statement of the lemma. The base of the induction, k = 0, is clear, because Q¢ = [0, 00),
by convention. Now suppose that 0 < k < m and 0 € Q; U 0. 1f0e Q),then0 € Q}(H. Therefore, suppose that
0 € Ox. Hence, there is a sequence (t,: n € N) in Qy such that t, — 0. Moreover, it is easy to see that we may choose
the sequence to depend only on QO and in such a way that each 7, is measurable. In particular, the sequence {#,} is
independent from the restriction of (w;: t > 0) to [v, vr41] U TV+!, Fix some n € N, and suppose for the moment
that #, is in the closure of Uy 1. Then we can find a point ¢’ in Uy arbitrarily close to #,. Since t, € Qk, and QO
is relatively open, there is a point ¢" arbitrarily close to #, that is in Qg4+1 = Qk N Uyy1. Therefore, in the case that
{n: t, € Uxs1) is infinite a.s., we have 0 € Qy1 a.s. and the inductive claim follows.

For every measurable S C [0, 1] we have by elementary Fourier analysis that 15(¢) — 1g(f + #,,) tends to zero in L?
as n — o0. Therefore, there is some infinite Y C N such that 15(¢) — 15(¢ + 1) tends to zero a.e. as n — oo within Y.
Consequently, a.e. t € S satisfies |{n: t + ¢, € S}| = co. We may apply this to the set S := U4 N [0, 1]. However,
given the sequence {t,}, the distribution of Uy is invariant under translations. Consequently, a.s. either 0 € 0, L1 0r

{n: t, € Ug41}] = oo. This proves 0 € Q41 U Q}c 41 &s., and completes the induction. The statement of the lemma
follows immediately. U

Lemma 7.3. Consider stationary percolation on a spherically symmetric tree with spherically symmetric edge prob-
abilities (and, as usual, assume that the edge probabilities are bounded away from 0 and 1). Then a.s. Weo =
limy,—, oo Wy, /wy, exists and Wy, < 00. Moreover, a.s. Woo > 0 if and only if p <> 0o.

Proof. As we have noted before, W, /w, is a non-negative martingale, which implies the a.s. existence and finite-
ness of W. Let X, be the set of vertices v at level n satisfying p <> v, and let U, := {v € X, : v > 00}. Fix
some v € T,. With no loss of generality, assume that P[p <> co] > 0, and hence P[v € U,] > 0. For m > n, let
Xy :={u€Ty:v+—u}and W) :=|X} |. The inequality (3.2) applied to 7" implies that there is a universal constant
8 > 0 such that

P[W, = SE[W,|W, >0]|Wy >0]>3.
Since I{W’%>0} — 1{pso0) @.5. a8 m — 00, and E[W, [W, > 0] > wy, /|T, ], this implies

HminfP[WY > swy, |T,| ™ v > o] > 8.
m—00

Hence,

WU
P|: lim —’">0vr—>oo:|28.

m—>00 Wy,
By conditioning on the set U,, and using conditional independence on the various trees 77, v € U,,, we therefore get

P[Ws > 0|U,] > 1 — (1 — §)IUn1,
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By Lemma 4.2 in [11], a.s. on the event p <> co we have lim,_, o, |U,| = co. Hence, for every finite N we have
P[|U,| > N|p <> 00o] = 1 as n — oo. The lemma follows. (]

Proof of Theorem 7.1. Let w be a sample from the stationary measure of the Markov process w;. Let g, :=
E[h,, (w)], where u, is a vertex at level n (since the tree is spherically symmetric, the choice of u, does not affect
qn)- Let F,, denote the o-field generated by the restriction of w to the ball of radius n about the root ug. Lemma 7.2
easily implies by induction that /,,(w) = 1 if and only if there is a vertex v at level n that is connected in w to ug and
satisfies h,(w) = 1. Therefore,

E[huy(@)|Fn]=1— (1 —g)"" =1 —exp(log(l — g,) W,,).

Since E[h,,(w)|F,] tends to h,,(w) as n — oo, we conclude that a.s. log(1 — g,,) W,, tends to 0 or —oo. If
P[ lim log(1 — gp) Wy = —oo] >0,
n— 00
then Lemma 7.3 implies
P[ lim log(1 — g,) Wy = —o0|p < oo] = 1.
n— 00

Therefore, we get either /,,,(w) =0 a.s., or else hy,(w) = 1{p<c0) a.5. The theorem follows. (I

8. Some open questions

Following are a few questions and open problems suggested by the present paper.

1. In the spherically symmetric tree case, if wy = k2, is it the case that with positive probability the set of times
t € [0, 1] at which the root percolates has infinitely many connected components? In this case E[X,,] < logn grows
to oo but the second moment method fails.

2. Under the assumption of Theorem 1.4, is it the case that {r € [0, 1]: p ¥R oo} has finitely many connected com-
ponents a.s.? (From an earlier remark, this would be true if in this setting finiteness of the left-hand term in (1.5)
implies finiteness of the right-hand term.)

3. Does the conclusion of Theorem 1.2(ii) hold under the weaker assumptions that

lim sup ——— < 00

n  n(logn)®

for some o < 2 and the tree percolates with positive probability at a fixed time? We describe a natural approach
which does not work. Note that under the above assumption, one can find a new tree which dominates the original
tree (in the sense that the number of vertices at the nth level level is larger for any n) for which the new w,,’s
satisfy the assumption of Theorem 1.2(ii) and hence would have exceptional times. In [10], it is shown that this
domination has a number of implications. However, one cannot conclude that the set of times at which the original
tree percolates is dominated by the set of times at which the new tree percolates. An example is 77 being a tree
with degrees d| = 1 and d» = 2, T» being a tree with degrees d; = 2 and d, = 1 and the edge probabilities are very
small. Then 7> dominates 77, but the probability that the root is connected to level 2 throughout the time interval
[0, 10] is larger for T7.

There are various questions concerning the path behavior of the process which might be interesting to pursue. In the
following questions, we consider a spherically symmetric tree in which the root percolates with positive probability

atafixedtime.Let Z:={teR:p & 00}.

4. Are the boundary points of the connected components of R \ Z always flip times?

5. If Z has connected components of positive length, do the boundary points of these intervals have to also be bound-
ary points of intervals in R\ Z?

6. If there are exceptional times of nonpercolation, is Z the closure of the flip times?
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