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We consider the one-armed bandit problem of Woodroofe [J. Amer. Sta-
tist. Assoc. 74 (1979) 799-806], which involves sequential sampling from
two populations: one whose characteristics are known, and one which de-
pends on an unknown parameter and incorporates a covariate. The goal is to
maximize cumulative expected reward. We study this problem in a minimax
setting, and develop rate-optimal polices that involve suitable modifications
of the myopic rule. It is shown that the regret, as well as the rate of sampling
from the inferior population, can be finite or grow at various rates with the
time horizon of the problem, depending on “local” properties of the covari-
ate distribution. Proofs rely on martingale methods and information theoretic
arguments.

1. Introduction.

Background and motivation. In his landmark paper, Robbins (1952) intro-
duced an important class of sequential allocation problems, known collectively
as multi-armed bandit problems. These models have since played central roles in
areas such as statistics, operations research, engineering, computer science and
economics. Berry and Fristedt (1985) and Gittins (1989) are standard references
on the subject, and Lai (2001) and Cesa-Bianchi and Lugosi (2006) provide recent
overviews of this voluminous literature.

The basic two-armed bandit problem can be described as follows. Consider two
statistical populations. At each point in time, a single observation from one of the
two populations can be taken, and a random “reward,” governed by the properties
of the sampled population, is realized. The objective is to devise a sampling policy
that maximizes the expected cumulative (or discounted) reward over a designated
time horizon. A particular case of interest arises when the probability distribu-
tion of one population is known a priori. This setting is often referred to as an
one-armed bandit problem. Motivation for bandit problems can be found, among
other examples, in clinical trials. Here the objective is to test two (or more) treat-
ments and eventually allocate the one with greater efficacy to incoming patients;
see Lai (2001) for further discussion and references therein.
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The bulk of literature on multi-armed bandits assumes that the sampled popu-
lations are homogeneous. However, in many practical situations some additional
information in the form of a covariate can be utilized for allocation purposes, and
the reward distributions may depend on this covariate. For example, in the clinical
trials context before deciding to assign a given patient to a treatment we can ob-
serve a covariate such as age or severity of disease. The one-armed bandit problem
with covariates was first addressed in the pioneering work of Woodroofe (1979),
who introduced and studied the following model.

Woodroofe’s one-armed bandit problem. Let (X;, Y,(O), Y,(l),t > 1) denote a
sequence of random vectors, where X; is a covariate value at stage ¢, and Yt(’) isa
potential reward from the arm i = 0, 1 that can be obtained at stage ¢. It is assumed
that:

(i) the conditional distribution of ¥ given X is known, while the conditional
distribution of Y given X depends on an unknown parameter 6;

(i1) for any given value of the parameter 6, (X;, Y,(O), Y,(l)) are independent
and identically distributed (i.i.d.) copies of (X, Y@, y(1),

Suppose that X, ..., X;, ... are observed sequentially over time, and at each
stage t we can observe either Y,(O) or Y,(l), but not both. Let 7; = 0 or 1 according
to whether Y© or Y1 is observed at stage ¢; we will refer to this as sampling of
arm O or arm 1, respectively. Then the objective is to develop a sampling policy
m = (mry, t > 1) such that the expected value of the total geometrically discounted
reward

o0
V* = Z[pt—l(nth(l) + (1 _ ﬂ[)Yt(O))]

t=1

is maximized. Here p € (0, 1) is a discount factor. By policy we mean a sequence
7w = (m;,t > 1) of random variables taking values in {0, 1} such that ; depends
on the observations collected up until time ¢.

Woodroofe (1979) considered the outlined problem in the Bayesian setting un-
der the assumption that Y(!) = X — 6 + ¢, where ¢ is a zero mean random vari-
able with known distribution, independent of X. For a given prior distribution
of 68, Woodroofe (1979) provided a (nonconstructive) description of the optimal
Bayesian policy. It was also shown that the myopic policy, which selects arm 1
when the value of X is greater than the current estimate (posterior mean) of 6,
is asymptotically optimal as p tends to 1. These results were later extended by
Sarkar (1991) to a slightly more general setting.

Summary of results. In this paper we revisit Woodroofe’s one-armed bandit
problem with covariates, but with several notable distinctions.
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We consider a minimax (non-Bayesian) framework with finite horizon n; see
Section 2 for details. This is more in line with the formulation in Robbins (1952),
and the seminal work of Lai and Robbins (1985) that developed asymptotically-
optimal policies for traditional multi-armed bandits. The performance of a pol-
icy m is measured relative to the oracle policy m* = (nr;,t > 1) that “knows” the
unknown parameter 6 and at each step, given the covariate value X, selects the arm
with highest expected reward. In this context the regret and the inferior sampling
rate are natural policy performance measures. The regret refers to the loss in the
expected cumulative reward that stems from the use of a given policy relative to
the oracle policy. The inferior sampling rate is the expected number of wrong arm
selections prescribed by the policy. Assuming that the distribution of (X, Y (D) be-
longs to some natural class J of joint distributions, we measure performance of a
policy 7 by the maximal regret and inferior sampling rate over the class #.

In this work we study minimax complexity of the one-armed bandit problem
with covariates. We establish explicit nonasymptotic lower bounds on the minimax
regret and inferior sampling rate (see Section 3.3, Theorems 3 and 4) and develop
simple and intuitive rate-optimal policies which achieve these bounds in the sense
of the order (see Section 3, Theorems 1 and 2).

Our work highlights a key property of the bandit problem with covariates: the
performance of any policy depends critically on the behavior of the covariate
distribution in the vicinity of the “decision boundary” x = 6 (see Definition 1).
This is akin to the Tsybakov margin condition that plays a pivotal role in non-
parametric classification problems [see Mammen and Tsybakov (1999) and Tsy-
bakov (2004a)]. In particular, depending on this margin condition, there are three
distinct “regimes”: one where it is possible to achieve a finite regret as n — 00;
one where the regret grows like Inn; and one where the regret grows like a frac-
tional power of n (see Remarks 3 and 4). These cases correspond to natural classes
of distributions.

It is worth pointing out that the rate-optimal policies developed in this paper
are not myopic. To that end, we were not able to prove that the myopic policy is
rate optimal in our setting. This issue is discussed in Section 3.4, where our results
are compared with those of Woodroofe (1979) and Sarkar (1991). The numerical
results in Section 4 lend further credence to this point by illustrating the inferior
performance of the myopic policy relative to the two policies proposed in this
paper. See also further discussion in Section 4.

Further related literature. In contrast to the voluminous literature on tradi-
tional multi-armed bandits, the number of papers that address bandit problems
with covariates is rather limited. We refer to Woodroofe (1982), Clayton (1989),
Yang and Zhu (2002), Wang, Kulkarni and Poor (2005) and Goldenshluger and
Zeevi (2008), where further references can be found.

The rest of the paper is organized as follows. Section 2 contains the problem for-
mulation and the main definitions. In Section 3 we introduce two policies, establish
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upper bounds on their performance and derive lower bounds on the minimax regret
and inferior sampling rate. Section 4 presents numerical results, and proofs of all
results are given in Section 5.

2. Problem formulation.

The model. Assume that a sequence of i.i.d. random variables X1, X, ... with
common distribution Py is observed sequentially over time. At each stage ¢, one
can allocate the covariate X; to one of two response models obtaining random
rewards ¥ © and Y, respectively. The random vectors (X, Y,(O), Yt(l)) are i.i.d.
copies of (X, Y@, Y (D) and the conditional distribution of ¥ given X is known.
Allocation of X; to the ith arm (i =0, 1) gives rise to a response (reward) Y,(’) as
follows:

@2.1) vy 9=0, vV=x,-60+¢, t=1,....n,

where 6 is an unknown parameter, and {&;} is a sequence of i.i.d. N (0, o2) ran-
dom variables, independent of the sequence (X;, r > 1). As in Woodroofe (1979),
the assumption ¥© = 0 does not restrict generality. Since the regret depends lin-
early on the observed rewards [see (2.2)], the reduction to Y©® =0 is achieved
by considering ¥ = Y — E(Y@|X) instead of Y(; thus, we always write ¥
instead Y1, Here and in what follows all random variables are assumed to be de-
fined on the common probability space (2, ¥, P), and E stands for the expectation
with respect to PP.

Policies and performance measures. By a policy 7 = (7;,t > 1) we mean any
sequence of random variables taking values in {0, 1} such that 7; is ?’tfl-mea-
surable; here 5’7:1 is the o-field generated by the data collected up until time
t — 1, and by the current value of the covariate X, that is,

J‘:;—’— :=U(X15'~-9Xl‘aXl‘-f—l;ﬁl’---»ﬁt;ﬁ1Y17-~-’ﬁ’l‘YI)‘

We also denote F; ;=0 (X1, ..., Xe; 71, ..., A, T Y1, ..o, T YY),

The quality of a policy 7 = (7;, 7 > 1) is measured relative to the performance
of the oracle m* = (7, t > 1) which “knows” the value of the parameter 6 a priori,
and at each stage ¢ prescribes

) =n0, X)) =1{X; >0}, r=1,2,....

The regret R, (7T; 0) is defined as the difference between the expected total rewards
accumulated by the oracle 7 *, and the expected total reward generated by 7 over
a horizon n:

n n n
22)  R.@,7%):=E)Y 7Y, —E) &Y, =E) |X;—0|I{# #n/'}.
t=1

=1 =1
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Another performance characteristic of a policy 7 is the inferior sampling rate
defined by

Sn(@, %) :=E[Tine(n)] = Y PR # 7/},

t=1

where Tint(n) = Y /_; I{7; # 7;"} is the total number of times the policy 7 sam-
pled the inferior arm.

In this paper we adopt a minimax approach. Let & be a class of joint distribu-
tions Py y of (X, Y); then the quality of a policy 7 will be measured by the max-
imal regret R, (7T, ) = sup Pyyer Rn (7; ), and by the maximal inferior sam-
pling rate S, (7; $) = sup Pyyep Sn (7, 7*). The minimax regret and the minimax
inferior sampling rate are defined by

R;(P) :=1inf R, (7; P), Sy(P) :=inf S, (75 P),
b b

where inf is taken over all possible policies. The policy 7 * is said to be rate optimal
with respect to the class £ if

. R, (7*; P) . Sp(7T*; P)

limsup—— <oo and limsup——

n—soo  RIP) n—soo  S¥(P)

In this paper we develop rate-optimal policies and study the behavior of the

minimax inferior sampling rate and regret for some natural classes & of joint dis-
tributions Py y.

Classes of joint distributions $. It turns out that the complexity of the one-
armed bandit problem with covariates (as measured by the minimax inferior sam-
pling rate and the minimax regret) is essentially determined by the behavior of Py
near the “decision boundary” x = 6. This behavior can be quantified by a condition
similar to the so-called Tsybakov margin condition in classification [cf. Mammen
and Tsybakov (1999), Tsybakov (2004a)].

The joint distribution Py y can be described in terms of the conditional distri-
bution Py|x and the marginal distribution Px. According to (2.1), the conditional
distribution of ¥ given X is Gaussian with mean X — 6 and variance o2, that is,
N(x —0,07).

DEFINITION 1. We say that Py y € £, (6) if Py|x=x = N (x — 6, 0?), and
there exist constants C, > 0, o > 0, xg € (0, %), p € (0, 1) such that
(2.3) Px{[6 —x,0 +x]} < Cyx” Vx € (0, xo]
and

(2.4) 0<p=<Px{l0,00)} < 1.
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Let ® C R! and set
Pu(©) = | 22(0).

6e®

We write £y = Py ((—00, 00)).
Several remarks on the above definition are in order.

REMARK 1.

1. In what follows we omit in the notation explicit dependence of $,(8) on para-
meters Cy, xog and p. Without loss of generality, we suppose that the constants
Cs, xo and p are all the same for all classes 5, (6). Note also that the para-
meters Cy, xo, @ and p are related to each other; in what follows we assume
that

(2.5) p1:=p—Cyx§ >0.

2. Condition (2.3) describes the behavior of Py near the “decision boundary”
x = 6. The most important and typical case is that of « = 1: if X has a den-
sity fx w.r.t. the Lebesgue measure separated away from zero in the vicinity
of x =0, then Px y € #1(0). If fx ~ |x — 6|1~ o > 0 for x close to @, then
Px.y € $4(0). The case of o = oo corresponds to a distribution of X that as-
signs zero probability to the xp-vicinity of x = 6.

3. Condition (2.4) ensures that the oracle policy samples both from arm 0 and
arm 1 with positive probability. In the absence of this condition, the problem is
reduced to the setting with no covariates.

For the purpose of having a well-defined regret, we also consider the following
restriction &, (®) of the class £y (0).

DEFINITION 2.  Assume that [ |x|Px(dx) < oco. For u > 0, let

Po(0) := Py (O) N {PX,Y 1/ lx — 0| Px(dx) < M}
and £, (0) = Ugee £ (0). We write P, = P, ((—00, 00)).

3. Main results. First we introduce some notation. For a policy & = (7;, ¢ >
D,andt=1,2,...,let T, (t) = Z;Zl 7 denote the total number of times up until
time ¢ that 7 sampled from the arm 1. The estimator of 8 based on the observations
collected up until stage ¢ under the policy 7 is defined by

1
T (1)

t
Z(Xs - Ys)”s-

s=1

3.1) O (1) =
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3.1. Nearly-myopic policy. Consider the following policy 7. Set 71 = 1, and
fort=1,2,..., define

n )
(32) Ropr = I{X,H > 0, (1) — ﬁ}

where § = (8;,¢t > 1) is a sequence of positive real numbers to be specified. If
8 =0, for all ¢ in (3.2), then the corresponding policy is myopic, as it mimics the
oracle policy 7 * by plugging in the current estimate of 6.

The next theorem establishes nonasymptotic upper bounds on the maximal in-
ferior sampling rate and the maximal regret of the policy 7.

THEOREM 1. Let & = (7;,t = 1) denote the policy given by (3.1)—~(3.2) and
associated with §; = 20+/31Int. Let to :=min{t € {1, ...,n}:x0./pt > 8c+/31Int}
and define

(3.3)  fe:=min{t€(l,...,n}:t > (83/30/In1/p)*/ @D} va 2.
(1) Forall a >0,
R " Int\”
(3.4) Sn(; Pa) < (0 V2)+Co Y | 8330 [— ) +K.
=1 pt
Furthermore, if @ > 2, then

Cy

oa—2

(3.5) Sn(7; Po) < (o Vg V2)+ +K.

(i1) Forall a > 0,

n (a+1)
(3.6) R, (7t; P,) < ul(to v 2) + K]+ Cy Z(Sﬁa /ln—t> .
pt

t=1
In addition, if a > 1, then

4C*

3.7 Ry (Gt $4) < ullto V tar1 V2) + K1+ ——

The constant K = K (p) appearing in (3.4)—(3.7) depends on p only; its exact
expression is given in the proof of the theorem.

REMARK 2. The bounds (3.4) and (3.6) are too conservative for large «. In
particular, they are not applicable to the case & = co. On the other hand, (3.5)
and (3.7) provide upper bounds on the inferior sampling rate and the regret in the
important case of « = co. In particular, 75, < c[(azlrfl)ln(alzfl/z)]2 for some
constant c.
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REMARK 3. The immediate consequence of Theorem 1 is that

C, o> 2,
(3.8) Sp(#; Po) < 1 Cnn)?, a=2,
Cn'=2(Inn)*2, O<a<2,
C, a>1,
(3.9) R,(7; £) < C(lnn)?, a=1,
Cn=9/2(Inp)H+®/2 <o <1,

where C depends on parameters of the class $y (resp., &,). Thus, the maximal
inferior sampling rate of 7 is finite when « > 2. Similarly, the maximal regret is
finite when o > 1. On the other hand, both the maximal inferior sampling rate and
the maximal regret diverge to infinity when o < 2, and @ < 1, respectively.

A natural question then is whether there exists a policy with slower growth rates
for the inferior sampling rate (3.8) when o < 2, and for the regret (3.9) when o < 1.

3.2. Forced sampling policy. Let g > 0 be a design parameter to be specified.
Define the sequence 7y = (t; : t > 1) of positive integers by 71 = 1, 7; = |exp{q?}],
t > 2. The number of elements Nq(¢) of the sequence 7y that are less than or equal
to ¢ satisfies the following inequalities:

1 1
—Int —1<No(t) < —In(+1).
q q

Consider the subsequence 7 of
easily seen that if

—

J0 containing all nonequal elements of 7p. It is

1 2
(3.10) th:=1+—ln+< ),
q ed — 1

then 7, — ©,—1 > 1; here Iny () = max{In(-), 0}. Therefore, if 7, € Ty and t > v,
then also 7; € 7. For all ¢, let N(¢) := ) .7 I{t <t}. Then N(t) < Ny(¢) for
all ¢, and

1
(3.11) N(t) <No(t) <—In(t+1) vt,
q
1 t
(3.12) N(t) > No(t) — No(v) > —ln< ) -1 vt > v.
q v+1
Now we define the policy 7 = (71;,¢ > 1) in the following way: set
- 1, te7T,
(3.13) T = { 1{X; > éﬁ -1}, otherwise,

where 6y (1) is given in (3.1). Thus, policy 7 incorporates forced sampling from
arm 1 at time instants 7, and myopic action in between. Under the policy 77, arm 1
is pulled at least N (¢) times up until time ¢.
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Let v be given in (3.10), and let
(3.14) v := max|v, min(r : 7 > 2¢~ ' In(r 4 1))}.
THEOREM 2. Let m = (71;,t > 1) be the policy defined in (3.13) and associ-

ated with parameter q > 0. Then for all n > vy and any class Py /P, satisfying
xg > 12qo?, one has the following:

(i) Forany o > 0,

n o 2
5 2 1 1600
(3.15)  S,(7; Py) < Curty § 4o — +—In(n+1)+ 5 + Ky,
D1 q

r=1 XoP1

where »y = [(a/2)%*(1 — 277! + T'(«/2)(2In2)~ "], and K, is a constant
depending on parameters of the class Py, 0% and q, but independent of o and Cs.
Furthermore, if @ > 2, then

1 1 3202\ %/ (@=2)
(.16) 8,5 22) < G+ 1)+ C.| o A
q | —2%2« Xy P1
where K> is an absolute constant.
(i) Forany o > 0,

n 3 a+1
Ry (7; ,73(;) < Curtyt1 Z<4U —)
t=1 pit
(3.17)

1 16(c + 1)o2
+;L{—ln(n+1)+(27)+1<1}.
q XoP1

Furthermore, if @ > 1, then

Ry 2)) < Elnn+ 1)
(3.18) 1

1 <320_2>(a+1)/(0£—1)
] -2l x(%pl

The exact expressions for constants K| and K are given in the proof of the theo-
rem.

+C*{ +K2}+PLK1-

REMARK 4.

1. Note that the statement of the theorem holds only for classes $y (resp., )
such that xg > 12¢o 2. This is in contrast to the policy 7 for which the results
of Theorem 1 hold for classes P, and &, with arbitrary parameters. Thus, the
smaller the design parameter g, the larger the class of joint distributions for
which the theorem statement is valid. Note, however, that the regret and the
inferior sampling rate grow as g decreases.
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2. An immediate consequence of the theorem is that

Clnn, a>2,
Cnl=2/2, O<a<?2,

Clnn, a>1,
Cn1=®)/2, O<a<l.

3. Comparing the above bounds with (3.8) and (3.9), we conclude that the forced
sampling policy 7 is better than the nearly-myopic policy 7 in the zone of
“small” @ (o < 2 for the inferior sampling rate, « < 1 for the regret). However,
the inferior sampling rate and the regret of 7 grow at least logarithmically for
all «, so 7 is better in the zone of “large” o. We were not able to develop a
single policy that simultaneously shares properties of 7 for large « and 7 for
small «.

Sn(ﬁ;j)a)f{

Ru(s L) < {

3.3. Lower bounds. Theorem 1 shows that S, (7; $,) is finite when o > 2;
likewise, R, (7; P,) is finite when o > 1. The next theorem establishes lower
bounds on S, (7; ) and R, (7; ;) when « <2 and o < 1, respectively.

THEOREM 3. For any policy w and large enough n, one has

1/ a\%? l—a/2
Sn<n;fa)z§(2—) Coo®n'™ 2 Vae(0,2],
e

1)1+1/a< o >(a+1)/2 Ci+1/a0a+1n(1—a)/2

Ru(: Fo) 2 <§ 2¢ 2 max{(1/x0), (2C) /)

VYo € (0, 1].

Theorem 3 shows that the forced sampling policy 7 is rate optimal with re-
spect to the inferior sampling rate when o € (0, 2) and with respect to the regret
when o € (0, 1). At the same time, in the zone of small « the performance of the
nearly-myopic policy 7 is worse than the minimax rate by a logarithmic factor (see
Theorem 1). Note, however, that in the “boundary” cases « =2 and « = 1, there is
a logarithmic gap between the lower bounds of Theorem 3 and the upper bounds
of Theorem 2. This raises the question whether the forced sampling policy is rate
optimal with respect to the regret (inferior sampling rate) whenever o = 1 (o = 2).
Next we show that, for a wide class of admissible policies, the performance of the
forced sampling policy cannot be improved upon.

Let IT denote the class of policies m = (1;,t > 1) of the form m; = I{X; >
7¢}, where ; is an F;_|-measurable random variable. We note that the class IT is
sufficiently rich and include policies with forced sampling (set, e.g., y; = $00).
We have the following result.

THEOREM 4. Let ©® C R! be a closed bounded interval; then for all n large
enough, one has

inf S, (7; () > K|’ Inn,
rwell
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inf R,(7; £/(©)) > K202 1Inn,
mell
where K1, K> are absolute constants.

Thus, Theorem 4 establishes that in the “boundary” case (« = 1 and o = 2, for
the regret and inferior sampling rate, resp.) the forced sampling policy 7 cannot
be improved in the sense of the order in the class of policies IT.

3.4. Discussion. The upper bounds established in Theorems 1 and 2 demon-
strate that a finite regret can be achieved concurrent with an inferior sampling rate
that grows to infinity. This is a rather obvious characteristic of the bandit prob-
lems with covariates: wrong arm “pulls” may incur a small, even negligible, loss
in terms of rewards. In contrast, in traditional multi-armed bandit problems the
regret and inferior sampling rate are identical up to a constant multiplier.

Woodroofe (1979) and Sarkar (1991) establish asymptotic optimality of the my-
opic policies in the Bayesian setting. In contrast, the rate-optimal policies devel-
oped here are nonmyopic; we were not able to show that the myopic policy is rate
optimal in our setting. We believe the explanation for this lies in the following as-
sumptions made in the aforementioned papers: Woodroofe (1979), Conditions C1
and C2, and Sarkar (1991), Conditions 5a and 5b. These assumptions impose that
the prior distribution for 6 is supported on an interval ®, while the covariate X has
a positive continuous probability density on the real line. Therefore, with positive
probability X takes values outside ®, and for such covariate values it is exactly
known which arm is superior (in expectation). This assumption ensures that for
every ¢t with large probability the myopic rule samples O (t) times from the arm 1
(cf. Lemmas 2 and 4). Note that the conditions (2.3) and (2.4) are much less re-
strictive. With the extra assumption made in Woodroofe (1979) and Sarkar (1991),
one can establish optimality of a myopic policy, but it is worth pointing out that
these assumptions simplify significantly the exploration—exploitation trade-off that
underlies the design of “good” policies.

4. Numerical results. This section describes the results of a small simula-
tion experiment that illustrates behavior of the policies presented in Section 3, and
compares them with the myopic policy.

The conditional distribution of ¥ given X = x is assumed to be Gaussian with
mean x and variance 1; hence, & = 0. The following two setups are considered:
(i) X; are i.i.d. random variables uniformly distributed on [—1, 1]; (ii) X; are i.i.d.
random variables taking values £1 with probability 1/2. The former corresponds
to a case where o = 1, and the latter to a case where o = 0o. In each setup we
compute the inferior sampling rate and the regret of the three policies (myopic,
nearly myopic and the one involving forced sampling), when the horizon n takes
values in the set {250, 500, 750, 1000, 2000, 2500, 3000, 4000, 5000}. In our sim-
ulations the nearly-myopic policy is implemented with §; = +/In ¢, while the forced



1614 A. GOLDENSHLUGER AND A. ZEEVI

600 T T T T T T T T T 250

== Nearly myopic

- - Nearly myopic

o
=3
S

- - - Forced 1 200} - - - Forced

2 — Myopic —— Myopic
IS
> 400 -
£ . 1501
g [
3 300 E
k] . 100}
& 200} —mn
£

100 | e T 50

ol i T iRk P PPt CEES
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000 0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
Horizon Horizon
(@) (b)

F1G. 1. Setup (i): X; are i.i.d. uniformly distributed on [—1, 1]. (a) The inferior sampling rate of
the three policies averaged over 500 runs; (b) the regret of the three policies averaged over 500 runs.

sampling policy uses g = 1/12; see the conditions of Theorem 2. For each n we
compute the inferior sampling rate and the regret, averaged over 500 runs.

The results are summarized in Figures 1 and 2. Figure 1(a) shows the inferior
sampling rate of the nearly myopic, forced sampling and myopic policies averaged
over 500 runs, while Figure 1(b) displays the corresponding averaged regret. It
is clearly seen that when the covariates X; are uniformly distributed, the forced
sampling policy has the smallest averaged inferior sampling rate and regret. The
nearly-myopic policy also outperforms the myopic policy which has the largest
average inferior sampling rate and regret. Figure 2 corresponds to setup (ii) where

7 T T
— - — Nearly myopic
— — — Forced
6 )
Myopic
51 4

B 4r 1

j=2

[

[

&

S st 1
2+ L me s s T ST — 4
1+ : J

/'A N
/ N - e e L S
0 . I I I T I L I I I
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

Horizon

FIG. 2. Setup (ii): X; are i.i.d. random variables taking values £1 with probability 1/2. The loga-
rithm of the regret averaged over 500 runs.
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8
8
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0 —— - ‘ 1 i 0 :_:_ZI = ’__'__‘
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(@) (b)

F1G. 3.  Setup (1): X; are i.i.d. uniformly distributed on [—1, 1]. (a) Boxplot of the inferior sampling
rate computed over 500 runs; (b) Boxplot of the regret computed over 500 runs.

o = 00. Because X; are i.i.d. random variables taking the values 1 and 6 = 0, the
inferior sampling rate coincides with the regret. That is why in Figure 2 we present
only the graph of the logarithm of the average regret. The numerical results show
that the nearly-myopic policy is preferable under setup (ii), consistent with the
theoretical results of Section 3.

Even though the myopic policy appears to be inferior in comparison with the
nearly-myopic and forced sampling policies, the results in Figures 1 and 2 do not
clarify the reasons for such behavior. Additional insight into performance of the
three policies can be gained from the graphs in Figure 3. For n = 2000 and under
conditions of setup (i), Figures 3(a) and (b) display the boxplots of the inferior
sampling rate and the regret obtained in 500 runs. It is clearly seen that the average
performance of the myopic policy is badly affected by a large number of runs with
poor performance. The nearly-myopic policy is the most stable over the different
runs, though its average performance is worse than that of the forced sampling
policy for this covariate distribution.

5. Proofs.
5.1. Preliminary lemma.

LEMMA 1. For any policy m, any measurable set A, and any x > 0,

P{|0, () — 0] > x, A}

(5.1) 5

X . 172
< 2[Eexp{—ﬁTn(t)}I{|9ﬂ(t) — 0| > x, A}] .

In particular,
2

(5.2) ]P’{|9A7T(t)—9|>x,Tn(t)>t}§26Xp{—%} Vx, 7 > 0.
{0}
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REMARK 5. The proof shows that (5.1) holds when x is a positive random
variable.

PROOF. The inequalities (5.1) and (5.2) follow immediately from results in
de la Pefia, Klass and Lai (2004) [see also de la Pefia, Klass and Lai (2007) and
Liptser and Spokoiny (2000)]. We provide a proof for completeness.

Note that 6, (1) — 6 = — (X )7 Y esmy. Write, for brevity, S = {6 —
éﬂ (t) > x, A}. Then for any A > 0,

P{S}=EI {exp(k > ey — AxTy (t)) > 1 }I{S}
s=1

(5.3)

t

< Eexp{kz.ssﬂs — AxTﬂ(t)}I{S}.

s=1

Let

t 0_2)\‘2
M; () = exp{x D e — TTn(r)};

s=1

then (M; (1), ;) is a martingale for any XA, and EM; (1) <1 for all #. Therefore, it
follows from (5.3) that

t

P{S} < E(exp{A Y egmy — 1207 T, (z)} exp{(A20? — ax) Ty (;)}1{5})
s=1

1/2

(5.4) < VEM,(21)(Eexp{2(A20? — Ax) Ty (1)} I{S})
%2 1/2
<|Eew|- 5 100]ns)|

where the second inequality is obtained using the Cauchy—Schwarz inequality, and
the third one is by minimization over A > 0. Applying the bound (5.4) for the
random variable — (0 — 0;(¢)), we complete the proof of the lemma. [l

5.2. Proof of Theorem 1. 'We begin with the following lemma.

LEMMA 2. Let (2.4) hold, and assume that the sequence § = (8;,t > 1) is
nondecreasing. Then for any z € (0, %] andt > 2,

2
Sl1-201) }

1
(5.5 P{T5(t) < zpt} < exp{——pzzzt} + 4zt exp{ —
2 402
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PROOF. Denote ¢; = Tﬁ_l(s) Z‘;Zl ;7 ;. Then

t
T () =1+ 7,

s=2

t
A —-1/2
=14+ ) I{Xop1 = 0:(5) — 8T, % (5))
s=2

t
—12
=1 +ZI{XS+1 >0 — & _SsTfT 1 (S)}
s=2
t
>1 +21{Xs+l > O {|¢s] SSSTﬁ
s=2

Denote w; = I{|¢s| < 8.VT,{1/2(S)}; then

1/2

($)}.

t
P{T; (t) < zpt} < P{Z I (Xg41 = 0)ws < zpt — 1}
s=2

t t
< P:Z I(Xgp1=0)ws <zpt — 1, wy > ZZI}
s=2 s=2

t
—{—]P’{Zws <2zt}

s=2
=:J1 + /.
Let p’ = Px{[#, c0)}; it follows from (2.4) that p’ > p. Note that wy is
Fs_1-measurable; hence, (Z.tv:z[l?/ — I{Xs41 > 0}]wy, Fy) is the martingale with

bounded differences. Then by the Azuma—Hoeffding inequality [see, e.g., Cesa-
Bianchi and Lugosi (2006)],

t t t
A =PiZ[p/ — I (X541 =0)]ws > p' Y ws — (zpt — 1), ) wy =2zt
s=2 s=2 s=2

t
< P{Z[p/ — 1 (X541 = 0)]ws = zpt + 1}
s=2

(Zpt—i—l)z} { 1, 2}
< B — tl.
< exp{ 2—2) | = exp SZP
Now we bound J;. For this purpose we note that

t
—1/2

t
{ZlumzasT;”2<s)}>(1—2z)z]g U al>s1 6.

s=2 s=[(1-22)t]
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Therefore,

t
J =IP[ZI{|§S| > 8T () > (1 - ZZ)I]
s=2
t
< Y Plgl> T )

s=[(1-22)t]
t 2

85‘
<2 Z exp{—402} §4ztexp{—
s=[(1-22)t]
where the second inequality follows form Lemma 1, and the third by monotonicity
of (6;). Combining this inequality with the upper bound on J;, we complete the
proof. [

2
5L(1—2z)tj }

4¢2

Now we turn to the proof of Theorem 1.

Proof of Theorem 1. (i) First we prove (3.4). Define

D, = éA(r)—L NG, éA(r)—(Si’ Vol
4 T- (1) g T; ()

Therefore,
n n—1
Tig(n) =Y HA #7/} <1+ ) I{X,41 € Dy
t=1 t=1
and
n—1
E[Tint()] < 1+ Y P{X141 € Dy}
=1
(5.6) '
n—1

<1+ ) [P{X41 € Dy, Tz (t) > pt/4} +P(T; (1) < pt/4}].
=1
Applying Lemma 2 with z = 1/4, we have

p’t 5fz/2 ]

5.7) P{T; () 5pt/4}§exp{——} +texp{——}.
32 402

Furthermore, for any sequence (y;) of positive random variables such that y; is

F:_1-measurable, one can write

P{X;11 € Dy, T (t) > pt/4}
A —-1/2
=P{Xi41 € Dy, To (1) > pt/4,16:() = 8,T; (1) — 0] < 1)

A —1/2
+P(X141 € Dy, To(t) > pt /4,105 (1) — 8,T; > (1) — 0] > w)

=: P1(t) + P>(¢).
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Setting y; = 26; Tﬁ_l/ 2 (t) and using the definition of D; and (2.3), we obtain

6.8  P@) <]P’{|X;+1 Ol= 2 T2 pt/4} < C*< i )a,
- - VTR@) - =\t

provided that §; < xo./pt/4. By Lemma 1,

—1/2

Ps(t) < P(T; (1) > pt/4,10:(t) — 8, T2 > (1) — 01 > 28,T; /(1))

(5.9) <P{T3(1) > pt/4,185() — 01 = 8,T; > (1))
<zew|- ]
expy—=—¢-
- P 202
Now we set §; = 20+/31Int; with this choice (5.9) and (5.7) imply that P>(¢) <
2t7% and
P{T; (1) < pt/4} <exp{—p?t/32} + 872  Vi=>2.

Let 1o = t9(p, 0, x0) := min{t : xg./pt /4 > 20+/3Int}; then it follows from (5.8)

that
Int ¢
Pi(t) < Cy| 830 — =
p

It is easily seen that fg < cjo2(px3)~!,/IIn[o2(px3)~']| for some absolute con-
stant ¢1. Combining these inequalities with (5.6), we obtain

n—1 1 o
E[Tint(n)] < (to vV 2) + Cy Z (8\/50 /;—;>

t=tyVv2

n—2 n—1 n—1
+8 Y 7242 Y 1704 Y exp{—p?t/32}.

t=toV?2 t=toV?2 t=toV?2

This completes the proof of (3.4).
Now we prove (3.5). Assume that o > 2 and let #, be given by (3.3). Clearly,

da)(@—2) 4o 2a/(a—2)
to < &2 (8v30p™1/%)In(8+/30p1/2) |/ [m}

for some absolute constant ¢;. We can write

E[Tint(n)] <o + Y _ P{A; # 7).

t=tg
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Each summand on the right-hand side of the above formula is bounded from above
exactly as before. This leads to the following bound:

n—1 ] o
ElTint(M)] < (o V2Via) +Cx > <8J§o /Z_t’)

t=tyV2Viy
n—2 n—1
(5.10) +8 Y P42 Y r®
t=to)V2Vi, t=to)V2Vi,

n—1
+ ) exp{—pt/32}.

t=tyV2Viy

By definition of ¢, (Sﬁo./lnt/p)“ < 19/4=1/2 for all t > 1, hence,

n—1 o n—1

Int 830\ (Int)*/? 1
> (sva0 ) =3 f“) ()

pt JP (/4—1/2 ta/4+1)2

t=lg t=tg

4n—4@=2)

n—1
—(a+2)/4
< t <
- Z - a-—2

t=ty

This bound along with (5.10) leads to (3.5).
(i1) The proof of the second statement goes along the same lines.
We have

n

D IX =07 # 7))

t=1
n—1
<IX1 =014+ ) [Xir1 —0|I{Xi11 € Dy}
=1

n—1
<|X1 =61+ Y [Xi11 —0|I{X;11 € Dy, Tz (1) > pt/4}
t=1

n—1

+ ) 1Xip1 = 0|{T3 (1) < pt/4)

t=1
= X1 =0+ J1+ /.

Since E|X; — 0| < u for Py y € £, and X, is independent of T} (r), we have
by (5.7)

E S Pt 5 1)
< — —_
[Jz]_,uZ[exp{ n }+texp{ 152 ”

t=1
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Furthermore,
n—1
E[L] = ) ElX;11 —0|I1{Xi41 € Dy, Tz (1) > pt/4,
=1

165() — 8T, (1) — 0] < 1)

n—1
+ Y E|Xi41 — 01I{X,41 € Dy, Tz (t) > pt/4,
t=1

167 (1) — 8T, (1) — 6] > y)
n—1 n—1
=Y Ei()+ Y Ex(0).
t=1 t=1
Setting as before y; = 24; Tﬁ_l/ 2(t) and using (5.8), we obtain
Ei(t) <E|X 9|I{|X 0] < 201 T(t)> z/4} <C (48t )aH
1 = t+1 t+1 = ms - p = * \/ﬁ 9

provided that §; < xo./pt/4. In addition,

Ex(t) =E| X1 — 611{X,11 € Dy, T4 (1) > pt/4, 162 (1) — 8,T; (1) — 6] > v}

—1/2
20— 01>y

<E|X,41 —0|I{T3(t) > pt /4,105 (t) — &
82
- Mexp{ 202

Combining these inequalities, we come to (3.6). The bound (3.7) is obtained using
the same reasoning as in the proof of (3.5).

5.3. Proof of Theorem 2. The next result follows from Lemma 1 by setting
A = Q and taking into account that 75 (¢) > N(¢), Vt.

LEMMA 3. Under policy 7 for any x > 0 and any t > 1, one has
A xz
P{|65(t) — 0| > x} < 2exp{——N(t)}.
402

In particular, it follows from (3.12) and Lemma 3 that

. x2 ¢ —x%/(4g0?)
(5.11) P{leﬁ(t)—9|>x}§26xp{m}(v+l) vt >,

where v is given in (3.10).
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LEMMA 4. Let Pxy € Py and p1 :==p — C*xg; then for any z € (0, 1/4] and
allt > v,

P{T5 (1) < zp1t}

1
< exp{—ip%zz(t — N(t))}

2
+2exp{x_02[1 +q_11n(l) + 1)]}t1—xg/(4q(12).
4o
PROOF. Fix ¢t > v. Denote {; = TL(z) Z;Zl gjm;. Then

t
To() =N+ Y 7 I{s € T

s=1

t
=N@+ Y X1 20z ()M (s € T)

s=1

t
=N+ ) X126 — &} {s €T

s=1
t
> N@) + Y X1 =6 +x0}{|55] < xo} {s € T}
s=1

Denote wy = I{|s| < xo}{s € T°}. Then
P{T5 (1) < zp1t}

t
5[@{2 I{Xs41 >0+ xo}ws Szpl(t — N(t))}

s=1

t t
< Piz H{Xs41 =6+ xolws <zpi(t — N(1)), Y ws >2z(t — N(1))

s=1 s=1

+]P’{Xt: wy < 2z(f — N(t))}

s=1

=:J1(t) + J2(2).

Let p] = P{Xs41 > 6 + xo}; it follows from the definition of £, [cf. (2.5)]
that p| > p; > 0. Note that w; is F;_j-measurable, and (}__,[p] — [{Xs4+1 >
0 + xo}lws, F5) is a martingale with bounded differences. Then by the Azuma—
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Hoeffding inequality [see, e.g., Cesa-Bianchi and Lugosi (2006)],

t t

Ji(1) =P{Z[p1 — I{Xs41 >0 +xo}]ws > pi Y _ws —zpi(t — N@)),

s=1 s=1

Xt:ws >2z(t — N(t))}

s=1

t
< P{Z[pi — I{X511 =6 +xo}lws > zp1(t — N(t))}
s=1

< eXp{—%zzp%(t - N(t))}-

Now we bound J>(¢) as follows:

t
L) =P{> wy <2z(t — N(t))}

s=1

t
=P D I{Igs| < xo}{s € T < 2z( —N(t))}

s=1

t
=Py > H{ig] > xo {s € T = (1 —22)( — N(t))}
s=1

t
<P U > XO}}
s=L(—=N@))(1-22)]

<(t—=N(@) max P{¢|>xo}

t—N(t)<s<t

< 2expl 20 (1 4 g ngw + 1) |18/ 4a”
<2exp m[ +q " In(v+ D]z ,

where the last inequality follows from (5.11). Combining this inequality with the
upper bound on Ji(¢) completes the proof. [

Proof of Theorem 2. 1°. First we prove (3.15). By the premise of the theorem,
(5.12) x3/(120%) > q.

Put; ={1<s <t:s¢ 7}, and define D, = [0 (1) A 0,05 (t) v 6]. Then

Tint(n) =) {7 #7/} < Nm)+ Y I{X,41 € D).

t=1 te‘fn



1624 A. GOLDENSHLUGER AND A. ZEEVI

By choice of the “forced” sampling sequence 7 in view of (3.11), we have that

E[Tinp(m)] < 1+ ~ 1n<n +1)+ D PXiy1 € D))

teT

=1+ —1n<n + 1D+ Y P(Xev1 € Dy, To(0) > pit/4)

tEJn

+ ) P{Xi11 € D, T3(1) < pit/4)

ted,

(5.13)

1
<1+ —ln(n+ D+vw+ Y PO+ Y. P,
ted;, 1T, t>vp
where vy is defined in (3.14). Applying Lemma 4 with z = 1/4, we have
Py(t) < P{Tz (1) < p1t/4}

2

2
SCXP{_%(Z‘—N(I))}+26Xp{—02[1+q lln(v+1)]} l XO/(4qa‘

2 X5 -1 -2
<exp{—pit/64} + 2exp 402[1—1—6] In(v+ 1]t 7,

where the last inequality follows from (5.12) and the fact that t — N(¢) > ¢/2 for
t > vo. Hence, we get that

Y. P <

tET, 1>

1
1 —exp{—pj /64}

(5.14) )

+ 2 ex {x—3[1+ —lln(u+1)]}
3 PP ge2t T ‘

Now, turning to P;(t), we have
Pi(t) = P{X;41 € Dy, T (1) > p11/4}
= P(Xr41 € Dy, Tz (1) > pit/4,105 (1) — 6] < xo)
+P(X;41 € Dy, Tz () > pit /4,107 (6) — 0] > xo)
=:J1(t) + L2 (1).
We first bound J»>(¢). Using Lemma 1, we have

N xgplt
Jo(t) = P{T5 (1) > p11/4, 107 (t) — 0] > xo} < 2expy— 252

and, therefore,

0p1t}_ 2
(5.15) Zfz<t><Z2eXP{ 2| T 1 —exp(—x2p1/B02))

teT,
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For Ji(t), we proceed as follows:

o0
Ji(t) = Y P{Xi1 € Dy, Tz (1) > p1t/4,27% xg < 107 (1) — 0] <27}
k=0

o0
= Y E[I{T;(t) > pit/4,27* x0 < |07 (1) — 0] < 2 xo)
k=0
x P{X, 11 € D|F}]
(5.16)

Z 27 %0l P{T; () > pit/4, 167 (1) — 0] > 27" o)

I/\m

b & x2272%=2 by
< Y . 27%x0)1%2 —0——}
< Y Cul27"xo] exP{ B
k=0
00 2_2kX2lp]
_ 20,8 Y 2 {_70}
*Xokg P17 3202

where (a) follows from condition (2.3) and (b) follows from Lemma 1.
For «, b > 0, set

o
Sa,b):=Y 27 exp{—b27%},

k=0
(5.17) ~
I(a, b) = f 27 exp{—b2"} dy.
0
Note that the integrand above has a unique (global) maximum at y* = —(1/2) x

log, (a/2b), provided that o < 2b. Put k* := | y*| and write

k* 9]
Sa.b)=>Y 27 "%exp{—b27*}+ Y 27 exp{—b27%}
k=0 k=k*+1

=:S1(a, b) + So (e, b).
It follows that
2—ay* 2)/2
Sa(et, b) < _ @D ap
1—2« ] -2«

Since the integrand in (5. 17) is monotone increasing on [0, y*), we have that

S (a, b)<f 27 exp{—b2"}dy < I (a, b)

C(/2) _yn
—b7 ) d7 < —LLp7/2,
ln2/ ~exp(—bz}dz < 21n2
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where I'(-) denotes the gamma function. Thus, we have shown that for all 0 < o <
2b one has

(a/2)%/? N F(a/Z)]

S(a, b) 519—“/2[
1—2= ' 2In2

Now we apply this result with b = xgtpl/ (3202) in order to bound J»(¢)
[see (5.16)]. In particular, for any ¢ > 1602 / (xg p1), we have

N() < 6C*<3t2p°1 2)“/ 2[«x/z)“/2 .\ r<a/2)],

1—-2—« 2In2
and, hence,

16om

(a/2)%/? N F(a/2)i| an(%)a/z‘

5.18 Ji() <
G518 3 A0 < 1—2=« " 2In2 p

reTy,

Combining (5.18) with (5.15), (5.14) and (5.13), we come to (3.15).
Now consider the case of o > 2. Here we have

+6C*[

22k

t
Z J1(t) <2Cx§ Z 22 ak exp{ 32);02171 }

lEJn t=1k=0

00 2—ak
xg .
,; 1 — exp{—2"2%x5 p1/(3202)}

If x3p1/(3202) > 1, then for all k > ko = (2In2) "' In(x3 p1/3202) we have that
27 2ky 2p1/(320’2) < 1. The last inequality holds for all k if xopl/(3202) <1.In
both cases

o0 2—0(/{
;; 1 — exp(—2-2%x2 p1/(3202))
Lko]

- l—e_1 22—“"

2—ozk
+ Z —2k+2 2 —2k+2 2\12
k=|ko]+1 2 X0p1/(320 )—1/2[2 xopl/(320 )]
2 [ee)
< 1 : + 62“ (@2
=D =27 " xpry_fifa
1 2 3202\ ¥/ (@=2)
E + < ) 9
(1—e (1 —279) " 1-22-e\x2p,
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where in the second inequality we took into account that 2_2kxg p1/(320%) <1
for k > kg. Therefore, if @ > 2, then

2
(519) >0 < ZC*XS‘{ 2« <

ted;,

3202\ /@2 4
+ —F.

X§p1> 3(1 —el)}

Combining (5.19) with (5.15), (5.14) and (5.13), we come to (3.16).

29, The proof of the second statement proceeds using almost identical argu-
ments. We have

S OIX =07 # 7))

teT,

<Y X1 —Ol{Xip1 €D+ Y X, — 6|

te’f}, teffnc
<Y IXit1 —Ol{Xi 11 € Dy, T3(1) > pi1/4}
teT,
+ > 1 Xeg1 —O1{Tz (1) < p1t/4}
tET, 1>v0
+( ) |xz—0|+2|xf—9|)
teTn,t<vg teTe

=:Ji(n) + Jo(n) + J3(n).

Because Pxy € £#,(0), E|X; — 0| < . Then, using the properties of the
“forced” sampling sequence 7, we have that

1
E[J3(n)] < ,u[l +vo+ gln(n + 1)].

Now, since X, is independent of T3 (¢), arguing in the same way as in (5.14), we
have

E[J2(n)] < [ ! s {ﬁm I +1>]”
=R Cexpipi/6a) T 3 CPlagzn T '

Furthermore,
EL W] = 3 EIX,1 — 011{X 11 € Dy, Tz (t) > pit/4, 163 (1) — 6] < xo)
ted,

+ Y E|Xi11 — 01I1{X,41 € Dy, Tz (t) > p1t/4, 107 (1) — 0] > xo}

1T,

n—1 n—1
=Y Ei()+ Y Ex(0).
t=1 t=1
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Using Lemma 1 and the independence of X; | from T3 (¢), 9}, (1), we bound the
second term as follows:
Ex(t) = E| X, 41 — O1I{X;41 € Dy, Tz (1) > p1t /4,107 (1) — 0] > xo}
<EIXi 41— O1{Tx(t) > pit/4.107 (1) — 0] > xo)
x(2)p1t }
802 |’
Now, for the first term, write

< 2;Lexp{—

E\(t) =) E[lXi+1 — 0|

k=0
X I{X;41 € Dy, Tz (1) > p1t/4,27% xg < 107 (1) — 6] < 27Fx}]
0
= Y E[I{T3(t) > p1t/4,27"  xo < 107 (1) — 6] < 27Fxo}
k=0

X IE{|Xt+l —0|I{X;41 € Dt}|rf't}]

(@) o _ A ke
< D Cul2 x0T BTz (1) > p1t /4,105 (1) — 6] > 27 Lxo)
k=0

(b) s 22k x 2y
P D e
k=0 o

= 2Cx&M S (@ +1,b),

where, (a) follows from condition (2.3), (b) follows from Lemma 1, and with
the notation used earlier, in part 19, the function S(-,-) is defined in (5.17) and
b= xg pit/ (3202). Using the bound on S(«, b) derived earlier, and making the
substitution o — (@ + 1), we get

(@ + 1)/2)@tb/2  T((a+ 1)/2)](3202)@‘“)/2

] —2-(at+D/2 2In2 tp1 )
Summing over ¢ and using the bounds derived above on E>(¢) together with the
bounds established already on E[J{(n)] and E[J2(r)], we obtain (3.17).

If o > 1, then arguing as in the proof of (3.15) we arrive at the result stated
in (3.18).

Ev(r) < 2c*[

5.4. Proof of Theorem 3. The proof relies on the following lemma.

LEMMA 5. Let (2.3) hold; then for any policy w, one has
[Sn(JT, 7.[>x<)]l—}—l/ozn—l/()l

R 700 2 3 max{(1/x0), 2C) e




ONE-ARMED BANDIT 1629

PROOF. Write, for brevity, d; (w, *) = P{n; # m/}. In order to underline de-
pendence of 7r; on the observations Y,_| = (X, w1, m1 Y1, ..., Xe—1, W1, T—1 X
Y;_1) and on the covariate value X;, we will write m; = m;(Y;—1; X;). We write
also ) = (X;).

Let n; be a sequence of positive real numbers such that n; < xq, V¢; then

Ry(r, ") = Y BIX; — 01 {mm (Y15 Xo) # 77 (XOMAIX; — 6] > e}
=1

n
= an/
=1t

Xx:|x—0|>n;

}P{ﬂz(%—u x) # 7, (x)| Xy = x} Px (dx)

= Zﬁt[dt(ﬂ',ﬂ*)

t=1

(5.20)
—f{ - }P{m(%ux);én;k(xnxt:x}Px(dx)]
X |x—01<n;

> Y mildiGr, ) = Px{[60 — 11, 6 + ;)]

t=1

n
> mildi (o, ) — Canf],

t=1
where the last inequality follows from (2.3).
Now we set » = max{2, 1/(Cx$)}, and 0, = [d; (7w, 7*) /(5cC,)]"/*. With this
choice

ne<xod*(m ")y <xo Vi and Cunf < ldi(m, 7).
Then it follows from (5.20) that

n

n ) _2,[:1 14t ) 2 %C* nt:l t )

1 1 /e 1 1+1
25( C) VS, G, ]
7Ly

where the last line follows from Jensen’s inequality. [J

Proof of Theorem 3. Fix 8 > 0, and let 0@ =0 and 61 = §. Note that when
0=00 @ =0W)itis preferable to sample from the arm 1 when x > 0 (x > §).
Thus, 7*(0@, x) # 7*(@1, x) only when x € (0, 8).

Choose the probability density fx s of X so that

LC.alxl, x € [~x0,8/2],

s(x) =
Txs i%c*mx—sw—l, x €[8/2,8 + xol.
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Suppose also that § is small enough so that Cyxy + Cx(8/2)* < 1; then fx 5 can
be indeed continued outside the interval [—xg, xo + 8] so that it is a probability
density. Clearly, the joint distributions Py y of X and Y, corresponding to 6 = 6,
and 6 =0(1), and fx s belong to Py.

Therefore, we have

n
Su(t; Po) = sup Y Polm £/}
0e{p® g},

1 i .
> 5 Z[me{m #7, } + Py {m # 7/}

t=1

A%

1 & 9 .
5;/(; [Py {mm (Yr—1: x) # 7/ (x)| X, = x}

+ Py {m (Yr—1;5 x) # 7 (0)| Xr = x}] fx,s(x) dx,

where we have used the fact that X, is independent of Y;_;. Here and in the sequel,
Py denotes the probability measure w.r.t. the distribution of observations ¥,
when § =60,

Now for fixed ¢ consider the problem of testing the hypothesis Hy:60 = 0© ver-
sus Hy:0 =6 from the observations ¥;_ collected under the policy 7. Con-
sider the following test: given observations Y;_1, the statistic ; (Y;_1; x) is com-
puted for given x € (0, 8), and it is compared with 77;*(6 © x)and ) ©W, x). The
hypothesis Hy is rejected when m; (Y;—1; x) # (6 O x). Because ) 0O, x)#£
) ©M, x), Vx € (0, 8), the expression under the integral sign in the last displayed
formula above represents the sum of the error probabilities of the described test.
Using well-known inequalities on error probabilities in testing problems [see, e.g.,
Devroye (1987) or Tsybakov (2004b)], we obtain that for any fixed x € (0, §)

Py {mi (Yr—15 %) # 77 (O X; = x} + Py {rm (Yr—13 x) # 7] ()| X, = x}
> 1exp{—K{Pyo (Yi—1), Poor (%=1 }},

where K {-, -} is the Kullback—Leibler divergence between distributions of the ob-
servations Y;_1 under Hyp and H;. A straightforward calculation shows that

KPyo (Yr—1), Poay (Y1-1))
1 t—1 5 1 t—1 s
=K e (Y — X, — (Y, — X, -6
60 20221( s — Xy) +202s221nk( s — Xy —6)

62
=< ?Eg(o)[Tn(f - DI,
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so that

1 & 8
517 £a) 2 £ Do exp= K @y (Y1), Bon (Yo )} [ Frardn
t=1

1 2
g (8/2)0( Zexp{—z—Ee(O)T (f — 1)}
t=1

> o6/ { & }

= nexpy——=—s -

=8 Pl 202

Maximizing the RHS with respect to 8, we set 8 = 8, = \/aon~'/2. This yields

Ry (7T'e(/))>l<1>a C.o%n 1— 01/2
T = 8\ 2e
as was claimed. The lower bound on R, (r; $,) follows from Lemma 5.

5.5. Proof of Theorem 4. 1°. We start with the proof of the lower bound on
the regret.

Let = be an arbitrary policy from IT. Without loss of generality, we assume
that xo = 1/2 in the definition of the class #;(6). For every fixed 6 € ©® let X;
be a random variable uniformly distributed on A :=[0 — 1/2,0 + 1/2], that is,
fx.0(x) = 14(x). Clearly, the corresponding joint distribution Px y of (X, Y) be-
longs to the class &1(6) (see Definition 1). For any fixed 6 and fx = fx.¢, we
have

Ry(m,7*)=E) |X; —60|I{m #7]'}

t=1

n
=E> I1X, —0|I{X; € [p, AO, P v 01}

e
=EZ[ | =0l dx = —EZI%

t=177A =1

where y, = max{y;, 6 + 1/2} or y; = min{y;, 60 — 1/2}, depending on either y, >
0 or y; < 6. Thus, the problem is reduced to establishing a lower bound on the
maximal cumulative squared error for estimating parameter 6 € ©.

Let A be a probability distribution on ® with density A w.r.t. the Lebesgue mea-
sure. We assume that A converges to zero at the endpoints on the interval ®, and
the Fisher information I (A) for the location parameter in A is positive and finite.
The minimax cumulative risk in estimating 0 is lower bounded by the Bayesian
risk as follows:

n n
(5.21) infsupEY |7 — 0 zigf/EZh?t —01*1(0) do,
Y 0e® =1 Y =1
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where inf is taken over all sequences y = (3, ¢ > 1) such that y; is F;_-mea-
surable. Let £,* | =0 (X1,..., X;—1, Y1,...,Y;—1); because F;_| C F,* |, the ex-
pression on the RHS of (5.21) is lower bounded by inf,, [E Y} |y; — 0|2, where
inf is taken over all sequences y = (y;) such that y; is ¥,* |-measurable. Thus, we

have
(5.22) Ro(s 21(0) = Y inf [ Bly, — 61%.(6) de,
t=1 !

where y; is F,* | -measurable. Thus, the problem is reduced to establishing a lower
bound on the Bayesian risk in the problem of estimating the scalar parameter 6 € ®
from observations {(X, Ys),s =1,...,r — 1}, where Yy = X; — 0 + &4, and & are
i.i.d. zero mean Gaussian random variables with variance o2. This problem is well
studied, and there are different methods for establishing such lower bounds [see,
e.g., Borovkov and Sakhanenko (1980), Brown and Gajek (1990) and Gill and
Levit (1995)].
In particular, by the van Trees inequality [see Gill and Levit (1995)],

inf [ Ely; — 0°4(0)d6 > —————,
z / v =660 = 170

where [; is the expected Fisher information for 8 associated with the conditional
density of observations (X1y, Y1,..., X;—1, Y;—1) given 6; and I (1) is the Fisher
information for the location parameter in A. Thus,

3 2 1= 2o
I ;:E[ﬁmf(ytlw)] :E[—;g(ys—xs—e)} =

o2

The standard choice of A is the following:

1(6) = %M(e ;’0), ho(6) = cos? (6D I{16] < 1),

where 1 is the center of the interval ® :=[t—,t"], and h = v+ — t~. With this
choice I(rg) = n2? and I(A) = h™21 (ko) = w2h~2. Therefore, applying the van
Trees inequality for each summand in (5.22), we obtain

n

Ra(m; P1(©) 2 Y

t=1

n
1
J— ) 2
Li+1(0) ? gt—l+02n2h_2

> co’lnn

for n large enough.

29, The lower bound on S, (7r; P2(®)) follows from identical considerations. In
this case we choose fx to be linear in the vicinity of 8; then for any policy 7 € I,
Sp(w, 7*)>cEY 7} |y —06 |? for any sequence 7 = (7,) of random variables such
that 7, is #;_1-measurable.
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