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AN ANNIHILATING-BRANCHING PARTICLE MODEL FOR THE
HEAT EQUATION WITH AVERAGE TEMPERATURE ZERO

BY KRZYSZTOF BURDZY' AND JEREMY QUASTEL?
University of Washington and University of Toronto

We consider two species of particles performing random walks in a do-
main in RY with reflecting boundary conditions, which annihilate on contact.
In addition, there is a conservation law so that the total number of particles
of each type is preserved: When the two particles of different species anni-
hilate each other, particles of each species, chosen at random, give birth. We
assume initially equal numbers of each species and show that the system has
a diffusive scaling limit in which the densities of the two species are well
approximated by the positive and negative parts of the solution of the heat
equation normalized to have constant LY norm. In particular, the higher Neu-
mann eigenfunctions appear as asymptotically stable states at the diffusive
time scale.

1. Introduction. A branching particle system representation for the heat
equation solution with positive temperature was introduced in [4] and later studied
in [5] (see also [15] and [16]). Here is an informal description of that model and
one of the main results, proved in [5]. Suppose that D is an open set in R? and N
Brownian particles move independently inside D. Whenever one of these particles
hits the boundary of D, it is killed and one of the other particles, randomly chosen,
splits into two particles, so that the number N of particles remains constant. When
the number of particles goes to infinity and the initial (normalized) distribution
of particles converges to a measure on D, then the particle density converges to
the solution of the heat equation for every time ¢ > 0, with the appropriate initial
condition, normalized so that it has a constant total mass for all times # > 0.

The main purpose of this article is to study a related model that involves two
different types of particles. We call them + and — particles. The two types of par-
ticles perform independent symmetric random walks with reflection on the bound-
ary, and annihilate each other on contact. When two particles of different signs
annihilate each other, then two other particles are chosen randomly, one + parti-
cle and one — particle, and each one of these particles splits into two particles of
the same type as the parent particle, so that the numbers of 4 and — particles are
conserved.
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The reader might have noticed that we have changed the Brownian particles to
symmetric random walks. This is because, except in dimension 1, the Brownian
particles would not meet, so one would have to have them annihilate when they
came within some ¢ > 0 of each other. So we might as well just put the particles on
a discrete lattice. Hence, particles in our new model will be represented by random
walks on the lattice eZ? N D, with e~¢ comparable to the number of particles. We
will assume that particles reflect from the boundary of D in a way to be described
precisely later.

One can easily generalize the model to have more than two types of particles.
Particles of different types annihilate on collision and two other particles, from
those two types, are chosen at random to split into new particles. The main effect
in these systems is segregation of types. At a macroscopic scale one sees the re-
gion D decomposed into disjoint regions D(¢), ..., D, (t), each occupied by one
of the types. The density of type i evolves on D; by the heat equation with cre-
ation, with Dirichlet boundary conditions on boundaries internal to D, and Neu-
mann boundary conditions on boundaries coincident with the boundary of D. The
regions D; themselves evolve according to the behavior of the type densities on
either side of the boundary. In general, the boundary dynamics are not simple. At
the present time the probabilistic picture is based purely on simulations and in-
formal calculations. See [4, 9, 10] and [11] for details. One expects deterministic
evolution on the macroscale, as described above. Note that related limiting equa-
tions for segregation can be derived in the scaling limit of appropriate systems of
reaction—diffusion equations (see [6, 7] and references therein). These problems
are quite difficult because, unlike most problems in hydrodynamic limits, the in-
variant measures of these systems are either unknown or not well understood. Of
course, well inside the regions where each individual species resides, one expects a
product of Poisson distributions. Howeyver, it is not a priori clear that such regions
exist, and anyway, all the interesting behavior in the system is at the boundaries
between the species.

In this article we consider the special case of two types, and assume, in addi-
tion, that the number of each type is the same, say, N, where N is proportional
to the number of lattice sites, so that the densities are of order 1. Our main re-
sult is that, as N — oo, the densities of the two types of particles converge to
the positive and negative parts of the solution p of the heat equation normalized
to have the correct total masses. Letting D, (t) and D_(¢) denote the supports
of positive and negative parts of the solution, we can see that this corresponds to
the general picture just described, with a particular, nontrivial, evolution of the
boundary between D and D_. The evolution is in the normal direction v to the
boundary and proportional to (A 4+ V)p+/0d,p+ = (A 4+ V)p_ /0, p— there. Here
V=[p8p= O)|V,0|2dx/fD |p| dx is the creation term at time ¢ needed to keep
the masses conserved.

The method we use is not standard in hydrodynamic limits. The main methods
known in hydrodynamic limits are based on entropy or attractiveness. The model
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is not attractive, and in problems like this one, where the object of interest is a
boundary separating two regions on which live mutually singular local equilibrium
measures, entropy methods do not seem to be useful. So it is important to develop
new methods that can be used for such problems.

The proof is based on an observation that the microscopic evolution of the den-
sity n of the difference between the occupation numbers of the two types of par-
ticles takes a particularly simple form dn = (A 4+ V)ndt +dM, where M are
martingales, A is the discrete Laplace operator, and V = V () is the rate of annihi-
lation. Some calculus and the particular form of the equation allow us to control V.
Because the proof depends on the particular form of the equation, it does not gen-
eralize in an obvious way to systems with more than two types or with unequal
numbers of particles. However, it does suggest the precise form the result should
take in other, more complicated, cases.

2. Preliminaries. We collect in this section a few results that may be known
but we could not find a ready reference for them.

We start with a discussion of a single particle model—reflected random walk on
a lattice region approximating a region D C R?. Let D be a bounded connected
open set in RY, d > 2, and let D, = ¢Z? N D for ¢ > 0. We want to construct a
nearest-neighbor continuous time random walk W/ on D,. Moreover, we want W/
to converge to reflecting Brownian motion in D as ¢ — 0. A natural choice for W/
would be a process that jumps to one of its neighbors with equal probabilities, after
a suitable time delay. In the main part of our project, such a process is somewhat
inconvenient to deal with. We will use a different model for a “reflecting random
walk” on D,, described below.

The process W/ is a finite state continuous time Markov process so it is fully
described by the jump distribution and holding time at each state. We start by
describing its jump distribution. Let d D, be the set of x € D, which have fewer
than 2d neighbors in D;. If x € D, \ 9Dy, then the random walk W/ will jump
from x to any of its neighbors with equal probabilities.

We will assume from now on that D has an analytic boundary. This is used
later to get some easy estimates on the lattice Laplacian of eigenfunctions of the
true Laplacian. One expects the results of this article to hold with much weaker
assumptions on the boundary, but we have not pursued this here.

If & is very small and x € 0D, has fewer than d neighbors in D,, then this
implies that the normal vector to the boundary close to x is almost parallel to one
of the axes. It is not hard to see that by removing from D, all x € d D, with fewer
than d neighbors in D, we obtain a set D, with the property that all x € 3 D], have
at least d neighbors in D). By abuse of notation, we will refer to this set as D.
Note that every point in 0 Dy lies at a distance from d D not exceeding 2¢.

For x € 9D,, let x’ € 3D be the closest point to x on dD and let n(x) be

. . £
the inward unit normal vector at x". Let {e1(x) a n(x’),ex(x),...,eq(x")} be an
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orthonormal basis, depending on x. Let p,, denote the probability that W¢ makes
the next jump from x to y (assuming it is at x now) and note that, by assumption,

(2.1 > pw=1

yEDg,|x—y|=¢

We want to find p,, for x € 9D, so that, for some ¢; > 0,

(2.2) Y. poly—x)=cm@).

V€D, |x—y|=¢

Note that equations (2.2) impose only d — 1 constraints because ¢; > 0 is arbitrary.
Hence, (2.1) and (2.2) effectively form a set of only d equations, and we have at
least d unknowns pyy. It is not hard to see that (2.1)—(2.2) have a solution.

Next we choose the holding times. For x € D, \ dD,, we let the holding time
at x have the mean %, (x) = &2. This corresponds to the usual space—time scaling
for Brownian motion. For x € d D,, the mean h.(x) of the holding time at x is
chosen so that

1
2.3) 11?8 - 3 E(((Wey — W) -e;(x)) W =x) = 1.
y 1<j<d

The discrete Laplacian A, that is, the generator of the process W¢ is given by

(2.4) Acf@)=h7'x) > pu(fO) — fX)).

y€De,|y—x|=¢

The following lemma provides an intuitive basis for the interpretation of our
main results. Since the lemma is not used later in the paper, we only observe that
it can be derived from Theorem 6.3 of [21] and we do not supply a formal proof.

LEMMA 2.1. Suppose that x; € D, and x; — xo € D as ¢ — 0. If W5 = xe,
then {WE,t > 0} converge weakly to the reflecting Brownian motion on D starting
from xg, as ¢ — 0.

We have assumed that D has an analytic boundary. This implies that D has a
discrete spectrum for the Laplacian with Neumann boundary conditions; see, for
example, Section 2 of [1]. In the Dirichlet case, the spectrum is discrete for any
bounded open connected set D. In the Neumann case, the spectrum is not necessar-
ily discrete if D is bounded but has a nonsmooth boundary; see, for example, [17].
It is quite easy to see that the spectrum is discrete for the Neumann Laplacian
when 0D can be represented locally by a Lipschitz function; see, for example,
Section 2 of [1]. This condition on the boundary can be substantially relaxed—it
is enough to suppose that the boundary is locally represented by a function which
is Holder continuous with sufficiently small exponent, see, for example, [19]. As
we said, our assumptions on the smoothness of d D are much stronger than that,
for technical reasons.
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Let —A,, n=0,1,2,..., be the eigenvalues of the Laplacian on D with the
Neumann boundary conditions, and let ¢, be the corresponding eigenfunctions.
We list the same eigenvalue more than once, if it has a multiplicity greater than 1.
For a measure w on D, we let i, = [5¢ndp.

The following review of random measures is based on Section 3 of [12]. A se-
quence of finite measures 1" on a space A converges weakly to p if for any
bounded continuous function f, we have [, f(x)du"(x) — [, f(x)du(x) as
n — oco. Let Mr(A) denote the space of all finite measures on A equipped with
the topology of weak convergence, let M|(A) be the subspace of Mp(A) consist-
ing of probability measures, and let M .(A) denote the subspace of Mr(A) con-
sisting of measures with total variation less than or equal to c. Let 8 (D) denote the
family of Borel subsets of D. Suppose that, for some probability space (22, F, P),
the function u : B(D) x  — R has the following two properties: (i) for a fixed w,
(-, w) is a finite measure on D, and (ii) for a fixed A € B(D), u(A,-) is a ran-
dom variable. Then the distribution of w is an element of M{(Mp(D)). We will
refer to p as a “random measure.” If A is a metric space, then the space of right-
continuous functions with left limits, f : (0, o0) — A, equipped with the Skorohod
topology (see Section 3.6 of [12]) will be denoted by S((0, co), A). We will use
the space M1(S((0, o0), MF (D))) to state our main results. To give a meaning to
this symbol, we have to specify a metric on Mg (D). We will use the Prohorov
metric which induces a topology on My (D) equivalent to weak convergence of
measures (see [13], Chapter 3, Sections 1 and 3). In this article we will be con-
cerned with the convergence of processes on the open half-line (0, co), not the
usual semi-closed half-line [0, 00). The convergence in the Skorohod topology on
(0, 00) is defined as the convergence in the Skorohod topology on every compact
subinterval of (0, 00).

LEMMA 2.2. Suppose that f: D — R is a continuous (and, hence, bounded)
function and let a, = |5 f(x)¢n(x) dx. Suppose that ¢c; < oo and uk, k> 1, are
random measures (possibly defined on different probability spaces), with distribu-
tions in Mi(MF ¢, (D)). Assume that, for every fixed n, limy_, o ,&ﬁ =ay, in distri-
bution. Then the distributions of [Lk converge weakly in M{(Mp (D)) to 8, where
p(dx) = f(x)dx.

PROOF. Let dv¥(x) =duk(x) — f(x)dx and note that D% — 0 in distribution
as k — oo, for every n. It will suffice to show that the distributions of v* converge
Weakly in M1 (Mr (D)) to 8y, where 0 is the measure 1dentlcally equal to 0. Since
D is compact, so is M 1 (D) and it follows that the sequence vk is tight and con—
tains a convergent subsequence. Let v be the weak limit of a subsequence of vXi
It will be enough to show that v = §.

Let G, : Mp(D) — R be defined by G, (0) = | [ ¢ (x) do (x)| A 1. The func-
tionals G,, are continuous and bounded, and distributions of v/ converge weakly
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to vin M| (Mp(D)), so for every fixed n, EG,(vVk)— EG,(v) as j — o0. By as-
sumption, 0,’: — O in distribution for every n, s0 EG, (v) =1lim; . EG, Wkiy=0
for every n. Hence, v is supported on measures o € Mg (D) with the property that
6, = 0 for all n. It will suffice to show that every measure with this property and
finite total variation is identically equal to O.

Fix a nonrandom measure ¢ on D with a finite total variation and such that
6, = 0 for all n. Fix any Borel set A C D. It will be enough to show that
Jpla(x)do(x)=0.

According to the Weyl formula, A, ~ n/d (see [8], Vol. I, Chapter VI, Sec-
tion 4.4; or see [19] for a recent strong version of this theorem). By Theorem 1
of [14], lgnlloe < 2’ %, 50 I lloe < c3n @172, B

Let P; be the transition semigroup for the reflected Brownian motion in D
and for some fixed ¢ > 0, let g(x) = P;14(x). Then g(x) =3, (iA)n¢,, (x)e *n!,

where (14), = Jp1a(x)n(x) dx. If we write g(x) =", §,¢,(x), then
18n] < 1Dl nllcce™" < cqn'@= D12 gmesn™t,

Without loss of generality, assume that the total variation of o is not greater
than 1 and note that

/5|¢>n<x>|d|o<x)| < Dl lloo < con'@V7.

This and other estimates obtained so far imply that
> [ 1nllon()ldlo )] = 3 ean@=D2d et gon@=124 < o,
n D n

Hence, we can change the order of integration and summation in the following
formula:

/Eg(x)d(f(x) - /D;gnqbn(x)do(x) =X /Eqbn(x)do(x) 0.

We have proved that [ P,14(x)do (x) =0 for every ¢ > O_ Clearly, | Pi14(x)| <1
for all x, and P;14(x) — 14(x) for almost every x € D, so by the dominated
convergence,

/51A(x)d0(x)=tli_1)1(1)/5P,1A(x)dG(x)=0. -

The following result can be proved using standard methods, so we leave its
proof to the reader.

LEMMA 2.3. Suppose that, for every ¢ > 0, we have a real-valued process
{R®(t),t > O} which is equal to R} (t) + R5(t) + R5(t), and these processes satisfy
the following conditions:
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(i) Forevery e > 0,t— R{(t) is right-continuous and nondecreasing a.s.
(ii) For every fixed t > 0, the family {R{(t), & > 0} is tight.
(ii1) For every fixed t > 0, supy<, <, |R5(s)| converges to 0 in distribution, as
e — 0.
(iv) Foreveryt > 0,

lim sup lim sup P( sup |R5(t2) — R5(t)| > 62) =0.

81,00—0 &—0 0=<n1.0=t,|t1—12| <81

Then the family {R?, ¢ > 0} is tight in M1(S((0, 00), R)).

3. Main results. We will now describe the main object of our study, a particle
system. Our description will be partly informal because this will make it more
accessible without loss of rigor.

The state of the particle system at time ¢ > 0 will be encoded as an integer-
valued random function 1(¢) = 1y (¢t) on D,. We will often suppress ¢ in the no-
tation and write 7, with the convention that if n, > 0, then there are n, particles
of type + at x € D,, and n, < 0 signifies the presence of |, | particles of type —
at x. Obviously, ny = 0 means that there are no particles at x. Since + and —
particles annihilate each other instantaneously, we do not have to have a notation
representing both types of particles at the same site of D,. We assume that there
are N particles of type 4+ and N particles of type — for every ¢.

The easiest way to describe the evolution of 1 is to use the particle picture.
Each particle performs continuous time symmetric simple random walk (defined
in Section 2), independent of other particles, until one of the particles hits a particle
of the other type. When a particle jumps to a site occupied by at least one particle of
the different sign, two particles of opposite signs annihilate each other. At the same
time, one particle is chosen uniformly from the family of + particles and one —
particle is chosen uniformly as well. Each of the two chosen particles splits into
two offspring of the same type as the parent, so that the number of particles of each
type remains constant. The particles move independently until the next annihilation
and birth event, and the evolution continues in the same manner. From the point
of view of the mathematical description of the model, it is more convenient to
represent the “annihilation and birth” event as a jump of the annihilated + particle
to a randomly chosen + particle, and the same for the annihilated — particle.

In the above description of the dynamics of the system, when we say that a
particle is chosen “uniformly,” it means that we choose one of the N particles
with the same probability 1/N; in other words, a particle that is annihilated may
be the one that splits into two offspring. In such a case, the offspring are born at
the site where the annihilated particle resided just before the jump that lead to its
annihilation. This is a different convention than in [5], but this convention will
simplify some formulas and, of course, it makes little difference when N is large.

The informal description given above can be rigorously expressed in terms of
the generator L = L, for the process. Let a™ = max(a, 0) and a~ = max(—a, 0).
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The configuration n such that n, = 1 and n, = 0 for y # x will be denoted L. The
formula for the generator L of the process 7 is

Lf(m)

Y h ) pay i 0 =01 (F (=T + 1) — £()

X,y€Dg

+ 15 Ly <o) (f (0 + L — L) — f(m)
+ 0 1y, <N 72
x Y iy (fn =L+ 1, + 1, — L) — f()

u,veDg

+ n;l{r;y>0}N_2

x Y o (f+L =T, =L +L)— f(n){.

u,veD;

We would like to point out that the first sum in the above formula extends over
only those x,y € D, that satisfy |x — y| = ¢. This extra condition is enforced
automatically by the presence of the factor pyy. A similar remark applies to other
formulas in this paper.

The normalized particle density u(x,t) = uN-¢(x, 1) is defined by u(x,t) =
N~le=dy, for x € D.. Typically, we will be interested in the population size
of order N ~ ¢?. Let P; denote the heat semigroup on D, corresponding to the
reflecting Brownian motion, and for a measure p on D, let P, denote the mea-
sure with the density [ P;(x,-)du(x). When pu = > xeD, edulN € (x,0)i, and iy
denotes the probability measure with the unit mass at x (by abuse of notation),
then we will write P,u’?(0) to denote P;u. In other words, Pu™-¢(0)dy =
Yvep, 4V F(x, 0) P (x, y) dy.

For a nonzero measure  on D of finite total variation, we define & to be cp,
where ¢ = c(u) is a normalizing constant chosen so that the total variation of it is
equal to 2. For definiteness, we let g =0 if u =0.

For the meaning of M1 (S((0, 00), Mr(D))), see Section 2.

THEOREM 3.1. Suppose that e — 0 and N — 00 in such a way that c;e =% <
N < ce™d for some constants 0 < ¢ < ¢y < 00. Assume that D has an analytic
boundary, u™-¢ (x, 0) are nonrandom, and for some signed measure |1 on D which
does not vanish identically, 3, cp, € dyN.e(x 0)iy — win Mp(D) as e — 0. Then,
as e — 0,

> eluMNE(x, iy —Pow— 89 in Mi(S((0, 00), M (D))).

xeD,
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The symbol 8¢ in the last formula refers to the process identically equal to the
null measure.

Note that we have not assumed that the total variation of w is equal to 2. The
total variation of w cannot be larger than 2, but it can be smaller than 2 when
the particles are tightly interspersed at time 0. If the total variation of u is less
than 2, then for small ¢, the particle configuration has an almost instantaneous
jump at time O to a configuration that approximates 7z. For this reason, we obtain
convergence only in M (S((0, 00), Mr(D))), not in M (S([0, 00), Mp(D))). If
the total variation of p is equal to 2, our arguments show that the convergence
holds in M1 (S([0, o0), Mr(D))).

The assumption that ¢ (x, 0) are nonrandom measures is easy to remove—we
added it for technical convenience only.

Theorem 3.1 is a special case of Theorem 3.2 below. We need some more nota-
tion to present this more general result.

Recall from Section 2 that —A,, n = 0,1,2,..., are the eigenvalues of the
Laplacian on D with the Neumann boundary conditions, and ¢, are the corre-
sponding eigenfunctions. For a measure y on D, we write fi,, = Jpéndu. For a
function f: D, — R, welet (f, g) = &4 > vep, J (x)g(x). The Fourier coefficients
for the “density” u(x, t) will be denoted i, = i1, (¢) = (u(t), ¢). In other words,
iy is the nth Fourier coefficient for the measure >, o D, elulN e (x, piy.

Note that if }_,cp, e4uMN-¢(x,0)iy — u in Mp(D) as ¢ — 0, where p is a
signed measure that is not identically equal to O, then, for some n, there exists
a > 0 such that |i,,(0)| > a for sufficiently small ¢ > 0 (see Lemma 2.2 and its

proof).

THEOREM 3.2. Suppose that ¢ — 0 and N — 00 in such a way that ;=% <
N < cze_d for some constants 0 < c| < ¢y < 00. Assume that D has an analytic
boundary and for some n, there exists a > 0 such that infy ¢ |, (0)| = a. Then, as
e — 0,

> eluMNE(x, )iy — PuN-e(0) > 8y in My(S((0, 00), Mp(D))).

xeDyg

The remainder of the paper is devoted to the proof of this theorem. We start with
a very informal overview. The proof will be divided into several steps.

In Step 1 we observe that the density field, u, of + particles minus — particles,
satisfies a particularly simple, linear equation at the microscopic scale,

due = [A: + Velue +dMe,

where A is the adjoint of the random walk generator, V = V (¢) is the particle
annihilation rate, and M is a field of martingales.

This is based on the following elementary observation. Let A be the generator of
a continuous time Markov process with state space S. Let L denote the generator
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of a system of particles of two types, on S, performing this dynamics, and, in
addition, annihilating on contact. Let 7, denote the number of the first type minus
the number of the second type, at x € S. Then

L(ny) = (A*n)x.

Adding the particle creation term, which is clearly of mean field type, gives the
preceding linear equation.

Now our problem is to show that u.(¢, x) is close to v(¢,x) = Pu(0, x).
v(t, x) satisfies a similar looking equation d;v = [A + W]v, where the job of
W = W(t) is to maintain the total mass of v. Formally differentiating [, |v|dx
gives W(t) = [p8( = 0)|Vv|>dx/ [y, |v|dx. So there are two key things to
prove: First, that the martingale terms vanish in the limit. Second, that V. looks
like W on the macroscale. Note that control of M, itself is not enough. One really
needs to control martingale terms like fot els Ve@ydu g Mc(s). The V. are the main
unknowns, and this is the key difficulty of the problem.

The linear form of the equation suggests the use of Fourier analysis. In Step 2 we
rewrite the equation as a system of stochastic differential equations for the Fourier
coefficients of the density field [see (3.6) and (3.7)]. A simple observation is that,
because of the conservation law, and well-known bounds on the eigenfunctions of
the Laplacian, the Fourier coefficients themselves are bounded. A bit of calculus,
and the particular form of the system, then allow us to obtain an a priori estimate
on V. [see (3.15)]. Once this is done, a preliminary form of the limiting equation
can be obtained [see (3.16)].

(3.16) tells us that what we see macroscopically at time ¢ is the evolution of the
density field by the heat equation, as long as we are willing to multiply by some
scaling factor. At first glance, this would appear to imply the full result, because
the scaling factor is fixed by the conservation law. However, there is still a lot of
work to show that this is in fact the case. What could be happening is that the
two type of particles are coexisting on some mesoscopic scale. All we would see
on the macroscale is a net decrease in the total mass. In Step 3 we show that this
cannot happen. The reason is that such a situation would lead to a very large rate
of annihilation, as 4+ and — particles would find themselves unnaturally close to
each other. So V¢ would get very large. But we already have a bound (3.15) which
prevents this. Finally, in Steps 4 and 5 similar ideas are used to show the required
tightness.

We now proceed with the proof.

PROOF OF THEOREM 3.2. Step 1. In this step we will show that, for z € D,
and f(n) = 772,

3.1 Lef(n)=A§77z+ Vg,
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where V = V (e, N, n) is the (normalized, instantaneous) jump intensity for the
particle system in state n, defined by

V=2N" 3" h ') pry(nf Lin, <o) + 15 11y,>0))
x,y€Dg

and

ALf) =3 (h O pyx f ) = hy ' (@) pay £ (1)),

Y€D;

This operator is the adjoint of the discrete Laplacian A, given by

Acf@)=h'x) Y poy(fO) = f()).

yED;

Fix some z € D, and let f(n) =n,. Then

Lf(n) = Z he_l(x)l’xy njl{n;vZO}(l{y#} - I{X=z})
x,y€D;

11,2001y — 1)
+ ”jl{n,v<0}N72

x> iy (Ly=z) + L=
u,veDg

(3.2)
— =gy — Ljy=y})

+ 15 L0 N2

XY ey (=g + Lpp=o)

u,veD;

—ljy=g) — 1{u=z})}-

The sum of the terms in (3.2) with the indicators 1(,—;) is equal to

> M@ py [—n?l{nym} +n; iy, <0)
yeD;

— i <N 72 Y iy

u,veD,

(3.3) + n;l{ny>0}N_2 Z ﬂu_ﬂj}

u,veD,
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_ h—l _ +1 -1
= Y b @poy[—nf =00 + 07 1y, <0)
YED;
—2 72 - —2 72
— 0 <o) N 2N+ 11,00 N °N?]
-1
= - Z hg (Z)sznz-
YED;

A similar calculation shows that the sum of the terms in (3.2) with the indica-
tors 1(y—;) is equal to

(3.4) > h @) prans.

xeDg

The sum of the terms in (3.2) with the indicators 1(,—) is equal to

Z hg_l(x)pxy |:77;_1{U)'<0}N_2 Z 77;_771;_
x,y€D; veD;

— i 1y, = N2 Y 02 ﬂj}

veD,
= > ') poy[ni <N nf N — 0 1,0 N "0, N]
x,y€Dg
=(1/2)Vn;,.

Similarly, the sum of the terms in (3.2) with the indicators 1{,—;) is equal to
(1/2)Vn,. Combining this and (3.2)—(3.5), we obtain (3.1).
Step 2. We will now derive estimates for the Fourier coefficients of u. Note that

n is a finite state continuous time Markov process. Therefore (see [13], Chapter 4,

Proposition 1.7 and Chapter 4, Section 2), M,,(t) a i, (t) — fot Lu,(s)ds is a mar-

tingale. In other words, the Fourier coefficient i,, satisfies the following stochastic
differential equation:

(3.6) dit, = Lii, dt +dM,,.

Since ¢, is the nth eigenfunction, A¢,, = —X1,¢,, where A is the Laplacian on D
with the Neumann boundary conditions. Recall that we have assumed that D has
an analytic boundary. It was pointed out in [2] that, in view of Theorem 5.7.1 on
page 169 of [18], if the coefficients of a second-order elliptic equation are real an-
alytic on a bounded analytic domain D up to the boundary, then, for every point z
on d D, there exists a ball B centered at z such that solutions of the elliptic equation
can be extended to be real analytic functions on B. Hence, for every point x € D,
¢n(x) is equal to its power series in a neighborhood of x. The radius of conver-
gence of the series is strictly positive for every x € D and continuous as a function
of x. Since the domain D is bounded, the radius of convergence is bounded below
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for all x € D by a strictly positive constant. The coefficients of the power series
are continuous as functions of x. We will estimate Zye D, Pxy(@n(¥) — ¢n(x)) us-
ing power series expansion at x. Since the normal derivative of ¢; vanishes on the
boundary, (2.2) implies that the sum of linear terms vanishes. The sum of quadratic
terms is equal to e2A¢, (x) + o(e?) because of (2.3). The contribution of higher
terms is o(&3). Hence, the sum in question is equal to 82A¢n (x) +o(e3). It is easy
to check using the definition (2.3) that h.(x) is of order 2. All these estimates
imply that we have

At (x) = Ay (x) + Yo (X) = =X (x) + Yo (x),
where | (x)| < c(n)e. We have Ln, = Afn, + Vny, and

i =(u,pn) =6 Y N'e™ndu()=N"" D" (),

x€D; xeD;
SO
Li,=N"" > (Ln)gn(x)
xeDg
=N 3 (M) + NN Y (Vi) g (x)
xeDg xeD;
=N~ ( Y (7 ) pyxny — h;1<x>pxynx))¢n<x>
xeD, \yeD;
NV e (x)
xeDg
(3.7) =N""1)" ( > (7 ) pay®n () — hyH(X) Py (x)))nx
xeD, \yeD;
NV e ()
xeDg
=N e (Qepn )+ VNS ()
xeDg xeD;
=N ne(Ann () + e () + VNTE D ()
xeDg xeD;

= (V - )‘n)izn + lIJe,n,
where |V, ,| < c(n)e.

The process 1 has only a finite number of states, so Lii, is uniformly bounded.
The process i, jumps after an exponential waiting time. These facts and the for-
mula M, (t) = i, (t) — [§ Lii,(s)ds imply that

o ELMy (4 5) = Ma(0)°] _
s—=0 E[(,(t +5) —i1,(1))?]
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It follows that
(3.8) EME01= [ EL4,)1ds,
where A, = A, (¢, n) is given by the following formula:

A= 1im (1) E[(in ¢ + 5) = o (0))19(1)]

=N ) hs‘](x>pxy{njl{n},zm(abn(w—¢n<x>)2

x,y€Dg
+ 15 1y <04 (0 () — 9 (1))’
0 <N 72 Y oy (@) — du(x)

u,veD,
+ ¢ () — pn(v))
0 L= N2 Y nnf (8n(x) — du(y)

u,veD,
2
— ¢n(u) + ¢n(v)) }
This implies the following bound for A, for small ¢:
(3.9) An < etNTWV(EVullZ + Idnll3) < BNV,

where 8, < oo depends on ¢, and V stands for the usual gradient acting on func-
tions defined on R?. Tt follows from (3.6) and (3.7) that

hn(t) = efé(V(r)—An)dr (ﬁn(()) " /f e_/g(v(r)—kn)dr dM,
0
t N
+ /0 e BV —tdry_ (o ds)
(3.10) = i, (0)e RV (I—hydr /t SO —Rdr g
0

t
+ /O SO0y, () ds

&0, (0)eoVOI=2dr L R (1) + Ry 2 (0).

Since R, 1(t) = fé els V(=R dr dMj, (3.8) and [20], Chapter II, Section 6, Corol-
lary 3 and Theorem 29, show that

t t
E[R’% l(l,)] — E|:/ ezfA(V(r)_kn)drAn(s)ds}
’ 0
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In view of (3.9),
! t
E[R; (] < ,BnN_lE[/ V(s)e2 K (VO—andr ds].
’ 0
We have

/z V(s)e2 i VO=rdr g
0

=An /‘l‘ eQIJ(V(r)—An)dr ds + (1/2)(62f6(V(r)7kn)dr _ 1)
0
< Czezfg Vrdr

where ¢ depends on ¢ and n. Thus, for some c3 that depends on ¢ and n,
t
EIR, ) <capuNE| [ 2LV as |
’ 0

For the second remainder, we have the following estimate, using the Cauchy—
Schwarz inequality:

t
E[R, (D] <1° (sup wgn<s))EU Q2L V)= dr ds]
’ s<t 0

t
< C(n)zgztzE[f 21V (=R dr ds].
0
Hence,

E[(Ru1(1) + Ru2(0))?]
(3.11) |
<2(c3BuN~" + cm)2eP)E[e2h VDar],

Recall that, for some 7, there exists @ > 0 such that infy ¢ |1, (0)| = a. Let ng be
the smallest n satisfying this condition. It follows from (3.10) and (3.11) that

E[(liny (t) — ting (O)ef‘;(v(r)_)‘ﬂo)d’)z]
(3.12) t
< 2(C3ﬂn0N_l + C(l’lo)zsztz)E[esz V(r)dr]‘
Suppose that N is large enough (and, consequently, € is small) so that
(3.13) 4(c3BugN " + c(no)*e?r%) < (1/2)a’e ™.
Since [y lloo < 00 and &7 3 |u(x, 1)| = 2, we obtain

(3.14) iy )] =67 D" u(x, D)ny(x)| < ca.

xeD;
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By (3.12), (3.13) and (3.14),

aze_m"O’E[ezfé V(r)dr]
< E[(finy (0)efo V)= 2ng)dry2]
< 2E[(fing (1) — ing (000 VO =200 )2 4 2 B[ (G0 (1))7]
<4(c3BuN™ " + c(ng) 26X E[e2 N0 VO dr] L o2
< (1/2)a2e_2}‘"0fE[e2f5 V(r)dr] + 2@%,

SO

(3.15) E[e2/0V®)dr] < 46247220t

Note that Pu(0), = e i, (0) and let v(x,7) = elo VO (puN-2(0))(x).
We combine (3.10), (3.11) and (3.15) to see that if N — oo (and, therefore,
& — 0), then, for every fixed n and ¢ > 0, i,,(t) — 0, (¢) — 0 in distribution. Then
Lemma 2.2 shows that

3.16) > euM e (x, iy — o Vdr pNe ) s s, in M;(Mp(D)).

xeDg

Step 3. It is not obvious that the normalization of P;u™¢(0) in (3.16) is the same
as in the statement of Theorem 3.2. It is conceivable that a sizeable proportion of
positive and negative particles are tightly interspersed so that their masses cancel
each other in the limit. We will show that this is not the case—intuitively, the two
populations occupy disjoint parts of D.

Let Bs(x) denote a hypercube in D, centered at x, with side length 5. We will
consider only 6 > ¢. We set

Ag(t,x)zmin( Z 17;, Z n;)

y€Bs(x) y€Bs(x)

Note that if ¢ < §/2 and x € Dg, then Bs(x) contains at least (5/28)d sites
y € D;. Fix an arbitrarily small cop > 0. Suppose that, for some Bs(x), we have
As(t,x) > co(8/2¢)?. Given this assumption, we will show that the number of
(4 and —) particles that are located in Bs(x) at time ¢ and collide with a particle
of the opposite sign before time 7 + 8 has expectation greater than ¢j As(z, x).
Suppose, without loss of generality, that there are fewer + than — particles in
Bs(x) at time 7, that is, As(¢, x) = Zye Bs(x) nj. Consider independent continuous
time reflecting random walks Y, 1 <k < As(t, x), starting from the same points
as the locations of the + particles at time ¢ in Bs(x). The distribution of a process
{Yi(s), s > t} is the same as for a single particle in our process 7, except that Y;’s
do not interact with other particles. For k < (1/2)(§/ 26)4 A As(t, x),

P(Ve(t+8) #Yj(t+8),1<j<k—1)> p; >0,
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where p; depends only on the dimension d. This implies that, with probability p2,
the number of different sites occupied by Yy (¢t + 52), 1 <k < As(t, x), is greater
than ¢ (6/ e)d, where p3, c2 > 0 depend only on d and cyp.

Choose Ajs(t, x) locations of the — particles at time ¢ in Bs(x). From each of
these points, start a continuous time reflecting random walk Z;. Assume that Z;’s,
1 <k < As(t, x), are independent, and they are independent of Y;’s. Suppose that
the number of different sites occupied by Y (¢t + 89, 1 <k < As(t, x), is greater
than ¢»(8/¢)? and call the set of these sites I'. Then it is easy to see that, with
probability greater than p3 > 0, the number of distinct sites in I" occupied by
Zi(t +8%), 1 <k < (c2/2)(8/¢)?, is greater than ¢3(8/¢)?.

Suppose that there are at least ¢2(8/¢)¢ sites in ' and the number of distinct
sites in I" occupied by Zj (¢ + 8, 1<k< (02/2)(8/8)d, is greater than C3(8/8)d.
Find the first time #; > # when some Y} and Z; occupy the same site and call these
particles “eliminated.” Then, by induction, find the smallest #,, > #,,_1 when some
noneliminated Yy and Z; occupy the same site and eliminate this pair of particles.
Note that the total number of eliminated pairs by the time ¢ + 8> cannot be smaller
than (c3/2)(8/¢)4.

Now we return to our original model, with interactions between particles. Con-
sider the set of + and — particles in n that reside at the same locations as
Yy’s and Zj’s at time ¢ in Bs(x). Choose from this set a pair (Q 4, Q_) consist-
ing of a 4+ and a — particle and suppose that it would have been “eliminated” in
the scheme described above, that is, if these two particles had been Y; and Z;
for some k and j. If Q4 and Q_ do not meet before time ¢ + 82, it means that
one of these particles must have met a particle of the opposite sign (different from
Q. and Q_) before time ¢ + 82, and hence, at least one of particles Q4 and Q_
has a jump before time ¢ 4 82. Thus, with probability greater than ps p3 > 0, there
will be at least (c3/4)(8/¢)? jumps between times ¢ and 7 + 82, by particles that
are located in Bj(x) at time ¢, assuming that As(#, x) > co(5/ 26)4,

Let K (¢) be the number of collisions before ¢. Then EK () = (N/2)Ef6 V(s)ds.
Let Hs(t) = {x € Ds: As(t, x) > C0(5/28)d}. We see that, for some ¢; depending
on ¢y,

[t/8%1—1

EK®)> Y E Y cilAstks )

k=0 xeHs(k82)

For the same reason, for s € [0, 82],

[(r—s)/6%1-1
EK®)> Y E Y cilAstks +5,0)].
k=0 xeHs(k82)
Hence,
12582
(3.17) EK(t)z/ §T2E Y ci[As(s, x)]ds.
52

xeHs(s)
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For a function f on D, let E(x, 4, ) = > yepyx) f(¥). Recall that u; =
u(x,t) = N‘le_dnx. We have
(3.18) E(x, 8, lus]) — |2(x, 8, u)| =2N"Le = As(t, x).
If x ¢ Hs(s), then either
> 0y =co/29) or 37 g <co(d/2e)".

y€EBs(x) YE€Bs(x)
Hence,
3 (B8, fush — 1B, 8, u)) < > co(8/26)
x¢Hs(s) x¢Hs(s)
(3.19)
< Z co(8/28)" < cocas™,
xeDg

where ¢4 is a constant depending only on D. Recall that N > cse <. In view
of (3.15), (3.17), (3.18) and (3.19),

1—282
E[/Sz (2— > |E(x,5,sdus)|)ds:|

xeDs

1282
_ E|:/62 Y (B, 8, leduy)) — |E(x,8,8dus)|)dsi|

x€Ds

p 1—282 ~ .
:eE[/82 Z(a(x,s,|us|>—|a(x,6,us>|)ds]

xe€Ds

1—242
‘SE[/az S (B8, us) |u<x,a,us)|)ds}
x¢Hs(s)

(3.20)

1—262
+edE[/82 > (s(x,é,|us|)—|E(x,8,us)|)dS}
xeHs(s)
1—282
§COC4Z+28dE /2 Z N_18_dA5(S,X)dS
x€H;s(s)

< cocat +2c6N"'SEK (1)
t
= cocat + 2c682E[ / V(s) ds]
0

< cocyt + C752,

where ¢7 depends on cg. For a fixed ¢t > 0 and n > 0, we can find ¢y > 0 and
8n € (0,27") so small that the right-hand side of (3.20) is less than 27". Let 77, be
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the set of s € [0, ¢] such that, for ¢ < §,,

E|:2— > |s(x,a,gdus)|}zn22—".

x€Ds,

Then, by (3.20), |7,| < n—2. Choose arbitrarily small ¢, > 0 and let ng be so large
that anno |Th] < cs. Let T = (0, 2]\ Unzno T..Fors € 7, and ¢ < §,,

(3.21) P<2— > |E(x,8,8dus)|2n32_”>Sn_l.

x€Ds,

By passing to a subsequence, if necessary, we may assume that >, euN-# (x,
§)i, converges in M1 (M (D)). It follows from (3.21) that any limit of > xeD, ed x
u™-€(x, )i, is supported on measures with the total variation 2, for every s € T.
Since ¢4 > 0 in the definition of T is arbitrarily small, we obtain the same con-
clusion for almost every s € [0, ¢]. This and (3.16) imply that, for almost every
s >0,

(322 Y euME(x,5)iy — PauNE(0) > 8y in Mi(MFp(D)).

xeD,

Step 4. We will next show that, for large N, the process r — [; V (s)ds is close
to being continuous, in the sense that

5]
lim sup lim sup P( sup / V(s)ds > 52> =0.
n

31,600 -0 0<t1,12<t,|t1 —12| <8y

We need the above claim in the last step of the proof.

Let C(s) be such that C(s) Psu™¢(0) = P,uN-¢(0). Note that C(s) € (0, 00)
for all s because the solution to the heat equation in D with Neumann boundary
conditions and nonzero initial condition with finite total variation is never iden-
tically zero and for all s, it has a finite variation. It is easy to see that C(s) is
a nondecreasing function. By assumption, C(0) = 1. Recall that, for some n,
there exists a > 0 such that infy ¢ |, (0)| = a and mn = e %,(0). Since
Imn = [ ¢, dPsu(0) and ¢, is bounded (see the proof of Lemma 2.2), it fol-
lows that the total variation of P,u(0) is bounded below and, therefore, C(¢t) is
bounded above by a constant depending on D, n, a and ¢.

By Theorem 2.1 of [3], for any 0 < s1 < s < 0o, the Neumann heat kernel
ps(x,y) is Holder continuous jointly in (s, x, y) on [s1, s2] x D x D. Let f(s, x)
be the density of Psu(0) at x € D. We see that, for any 0 < 51 < 52 < 00, the
family of densities { f (s, x)} corresponding to all measures u">-¢ (0) satisfying our
assumptions is equicontinuous on [s1, s] x D. This implies that the family of func-
tions {C(s), 0 < s <t} is equicontinuous. Since the family { f (s, x)} is equicontin-
uous and the total variation of Psu(0) is bounded below on [s;, s2] x D, it follows
that the Prohorov distance of Psu(0) from the measure identically equal to O is
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bounded below on [s1, s2] by a constant depending only on D, n, a, s1 and s>. By
(3.16) and (3.22), for almost every s > 0,

(C(s) — el VO pyN-e0) > 5y in My(Mp(D)).

We see that C(s) — elo VI dr must converge to 0 in distribution for almost every s.

V(r)dr

. . . . ~ .
Since C(s) are uniformly continuous and nondecreasing, and elo 1S non-

decreasing, it is easy to see that C(s) — elo Vindr converges to 0 uniformly on
compact intervals, in distribution, as N — oo. This implies the claim stated at the
beginning of Step 4.

Step 5. Next we will show that the convergence holds not only for every fixed
¢ > 0, but also in the Skorohod topology on M (S((0, 00), Mp(D))). Fix a smooth
function ¢ on D and let wf = w; = (u;, ¢). We will show that the family of
processes {w?, ¢ > 0} is tight in M{(S((0, 0c0), R)). In order to prove that, we will
first derive some estimates for w; similar to the estimates for u,,. We have
(3.23) dw; = Lw,dt +dMy(1),
where M, (¢) is a martingale. Since ¢ is smooth, there exists a series expansion
for ¢ that yields

Acp(x) = Ap + Y (x),
where [, (x)| < c,e. We have Ln, = Aln, + Vn, and
we= (@) =¢’ Y N 'e™no@)=N"Y" np@),
xeDg x€D,
SO

Lw=N""3" (Ln)g(x)

xeD,

=N 3 (AMn)e) + NS (Vi)

xeD; xeD;

=N < Y (' ) pyxny — hzl(x)pxynx)>so(x)

xeD; \yeD,

+NTV Y nep(x)

xeDyg

=N"' ) < Y (@) paye(y) — h;1<x>pxyso(x>))nx

xeD; \yeD,

+NT'V Y )

xeDg

(3.24) =N Y n(Aep()) + VN D nep(x)

xeDg xeD;
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=N"! Z e (Ap(x) + Y (x)) + VN Z nr@(x)

xeDyg xeD,

= (u, Ap) + ¥ + Vuw,
where |W,| < cye. Note that
t

(3.25) E[Mé(t)] = /(; E[Ay(s)]ds,
where A, = Ay(t, n) is given by the following formula:
Ag = 1im (1/) E[(w(t +5) = w(®)) ()]

_ _ 2

=N 2 Z hg 1(X)ny{77;_1{ny20}(§0()’) - <p(x))
x,yeD;
_ 2
+ 1, Ly <0y (9 (x) — ()

0 <N 72 Y oy () — e(x)

u,veD;
+ o) —p®)°
+ n;lmy>0}N_2 Z 0 (9(x) — ()

u,veD;

2
— ) + W) |
We obtain the following bound for A, for small :

(3.26) Ap <NV IVelZ + lleliZ) < BNV,

where < oo depends on ¢.
It follows from (3.23) and (3.24) that

ot ! N
w(r) = ot V(r)dr<w(0)+/0 e BYO gap o)
t S
[ BV (1, 0) )+ W) s
1 b
(3.27) — w(0)elo VO 4 / els VO d M, (s)
0
[ Loy
+ / el VAN, (5) ds + / el VOU u, Ag)(s)ds
0 0

& (0o VO L Ri(1) + Ro(t) + R3(1).
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In view of (3.25), (3.26) and (3.15), we have

E[R%(t)] = E|:‘/;t ezfst V(V)d}’An(S)ds]

t t
< CZ,BN_IE[[ V(s)e2le Vrdr ds}
0

= 2 BNTVE[(1/2)(e2 0 VO dr _ )]
< C3ﬂN_1E[e2/3 V(r)dr]
< cpePmol N1,

Since R (t) = fé el Vidr dM,(s) and M,(t) is a martingale, so is Ry (¢). Hence,
by Doob’s inequality,

E[ sup R%(s)] <4E[R}(1)] < 4cge®*n' N7,
0<s<t
A similar calculation and (3.15) show that
t
E|: sup R%(s):| < t2( sup \Ifgz(s)>E|:/ G2V ds:| < cse2t2.
0<s<t 0<s<t 0
Hence,
(3.28) E[ sup (Ri(s) + Rz(s))z] <ce(NT'+e%1?),
O<s<t
where cg depends on ¢ and ¢.
For the last term on the right-hand side of (3.27), we observe that, for 0 < ¢; <
<=t

I
IR3(t2) — R3(t)| = | [ e VDU (4, Ag)(s)ds

1
Ny M veydr
+/, (e e )(u, Ap)(s) ds

o
ef‘2 V(r)dr(u, A@)(s)ds

1

5] t v
+ / B VO IV )y Ag)(s) ds
0

rveydr [
< sup e’ |{u, Ap)(s)|ds
1

0<s<t

l‘2 t]
HETVOT 1) sup FVOU [T, Ag)5) s

0<s<t
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t
< c7l0 VO | Ag|| solt2 — 11]
Fes(e VO 11V O Ag)l

In view of (3.15) and the first claim in Step 4,

lim sup lim sup P( sup |R3(f2) — R3(t1)| > 82> =0.

81,600 &—0 0<t1,0<t,|t; —12]| <5

This, (3.27), (3.28) and Lemma 2.3 show that {w®, s > 0} is a tight family of
processes in M1(S((0, 00), R)). Since smooth functions are dense in the set of
continuous functions on D and the sum of two smooth functions is smooth, Theo-
rem 3.7.1 of [12] shows that the family of processes {3_,p, elulN-¢(x, Hig, £ > 0}
is tight in M/ (S((0, 00), Mr(D))). Since {PouN-¢(0), e > 0} are tight and the
process t — P,uN-¢(0) is a continuous function with values in M (D), completely
determined by Pou™-¢(0), we conclude that

Z eluNe (x, )iy — PulN-¢(0),e >0

xeDyg

is tight in M/ (S((0, 00), M (D))). By (2.13), any convergent subsequence of this
family must be identically equal to 8¢, by the right continuity. [
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