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LOWER BOUNDS FOR THE DENSITY OF LOCALLY ELLIPTIC
ITO PROCESSES

BYy VLAD BALLY

Université de Marne-la-Vallée

We give lower bounds for the density pr(x,y) of the law of X;, the
solution of dX; = o (X;)dBs + b(X;) dt, Xg = x, under the following local
ellipticity hypothesis: there exists a deterministic differentiable curve x;, 0 <
t < T, such that xg = x, x7 =y and oo ™*(x;) > 0, for all 7 € [0, T]. The
lower bound is expressed in terms of a distance related to the skeleton of the
diffusion process. This distance appears when we optimize over all the curves
which verify the above ellipticity assumption.

The arguments which lead to the above result work in a general context
which includes a large class of Wiener functionals, for example, Itd processes.
Our starting point is work of Kohatsu-Higa which presents a general frame-
work including stochastic PDE’s.

1. Introduction. It is well known that under uniform ellipticity and bound-
edness assumptions for the diffusion coefficients matrix, the law of a diffusion
process is absolutely continuous with respect to the Lebesgue measure and one
may obtain Gaussian-type lower and upper bounds for the density of the law. This
classical result has been extended (see [7, 12, 17]) to the more subtle case where,
instead of ellipticity, one assumes a Hormander-type hypothesis. In this paper, we
do not proceed in this direction. On the other hand, as an application of Malli-
avin’s calculus, it is proven that under appropriate hypothesis, a large variety of
functionals on the Wiener space (e.g., solutions of stochastic PDE’s) have absolute
continuous laws and the density is smooth (see [16]). Using already standard tech-
niques, one may prove that some Gaussian upper bounds hold true. In a number
of cases, one may also succeed to prove that the density is strictly positive (see
e.g., [1,3,5,15] or [16]). But the techniques used to prove strict positivity are
rather qualitative and do not provide lower bounds. So, this remains a challeng-
ing problem. In a recent paper, Kohatsu-Higa [13] developed a strategy which
permits an attack on this problem for abstract Wiener functionals. The author pro-
poses a framework which essentially expresses the idea of uniform ellipticity for a
Wiener functional and then develops a methodology for computing lower bounds.
He employs this method for the stochastic heat equation. More recently, Dalang
and Nualart [6] provided applications to potential theory for hyperbolic SPDE’s.
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The paper of Kohatsu-Higa was the starting point for our work and several im-
portant ideas come from it. But we give a local approach which permits the treat-
ment of a significantly larger class of problems. On one hand, we avoid bound-
edness assumptions on the coefficients of the equations at hand. In recent work,
Guérin, Méléard and Nualart [9] used this local approach in order to obtain lower
bounds for the solution of Landau’s equation—a serious difficulty there is that the
coefficients are not bounded. But the main purpose is to relax the uniform ellip-
ticity hypothesis: we simply assume that there exists a deterministic differentiable
curve such that the ellipticity assumption holds true along this curve. This gives
access to a large class of problems which are far from uniform elliptic diffusions,
such as stochastic integrals and solutions of non-Markov stochastic equations (see
the examples in [2]). These problems are also out of reach of the criterion based
on Hormander’s hypothesis (but the method presented here does not cover this
criterion).

Although our main applications concern diffusion processes, we present the
method in a more general context which is close to the abstract setting put forward
by Kohatsu-Higa. We consider a g-dimensional 1t6 process of the form

X et . ro
X;=x6+Z/OU;Jng+/O Vids, i=1,...,q,
j=1

where B/, j € N, are independent Brownian motions. We are interested in the
density pr(xg, y) of X7 at a point y. We assume that U and V are smooth in
Malliavin’s sense so that X7 is also smooth. We now give the nondegeneracy
assumption. We fix a deterministic differentiable curve x;, 0 <t < T, such that
X0 = X0, X = y and some deterministic functions r;, K; > 0for0 <t <T. We
also consider a family of deterministic ¢ x ¢ symmetric positive definite matri-
ces 0;,0 <t <T, and denote by A; > 0 the lower eigenvalue of Q;. Given ¢ and
8 > 0, we define

. X prtd iy ) +8 .
y(r) = Z/t (Us — Uy)Y dB] +‘/t- V, ds.
j=1

Then our hypotheses are the following. Forevery 0 <t <T and0<é§ < T —1,

(H,1) UU; > 0y,

(H", i) ITs )k ps < K0S, v>0,
on the set defined by |Q; /2(X (1) — x(1))| < r (t).
Let us explain this definition. One writes

O . .
(D f+s =X, + ) U’(B].s— B)) + ).
=1
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The random variable G§(t) =: X, + Zj?il U,j (Blj+(S — B,j ) is Gaussian condition-

ally to F; = o(Bl,s < t, j € N) and has the covariance matrix § x U, U;. (H,1)
therefore says that this term is nondegenerate; it represents the ellipticity assump-
tion. Fg (t) is a remainder and (H",ii) says that this remainder may be ignored
with respect to the principal term Gs(¢), which is essentially of order §'/2. v is a
strictly positive number which depends on the problem at hand—in the context of
diffusion processes, v = % and for the stochastic heat equation, v = }‘ (see [13]).
The norm || o ||, ., is a@ Sobolev norm which involves the L”-norms of the first k
Malliavin derivatives where p, k are some integers depending on the dimension g.
The lower index ¢ signifies that we work with conditional expectations with re-
spect to F; and not with usual expectations; we use a conditional version of the
Malliavin calculus. Let us now comment on the localization. Both U; = U;(w) and
ITs (@) Ik, p,r = IT5(t) ||k, p,s (@) are random variables. So, the hypotheses (H, i) and

(HY, ii) hold true only for w € {|Q; "/*(X (1) — x(1))| < r(1)}. Let us consider the
example of the diffusion process d X; = o (X;)dB; + b(X;)dt. Then U; = o (X;)
and so (H, i) says that co*(x) > Q, for x such that |Q; /*(x — x(1))| < r(?).
Therefore we need the ellipticity assumption only on a tube around the curve x;.

Roughly speaking, in order to obtain lower bounds for pr(xg, y), we proceed
as follows. We construct a time grid 0 =ty <--- <ty =T and let §; =¢t; — t;_1.
We denote by p;(z) [resp. p;(z)] the Fy;-conditional density of X (#;41) [resp. of
Gs;,, (t;)] with respect to the Lebesgue measure. We first note that if | Q, (X (#;) —
2)| < 6;, then p;(z) > l/ez(Znéi)d/z. This is an easy computation based on the
fact that Gy, (;) is a Gaussian random variable and we control the covariance
matrix by means of (H, 1). Next, we want to use the fact that the reminder Is,_, (#;)
is small in order to derive a similar evaluation for p;(z). This is a more involved
computation because p;(z) = ES§;(X (ti+1)) = E6;(Gs,, (t;) +T's;,, (t;)) where §;
is the Dirac function. Since the Dirac function is not smooth, the fact that I's,_, (#;)
is small in L?-norms is not sufficient—we need the Sobolev norms (in Malliavin’s
sense) to also be small—this is why ||, (%)), p,, appears in (H",ii). We may
then use a development in Taylor series and Malliavin’s integration by parts for-
mula (this is very similar to the calculus in [13], except for a localization argument
which allows the avoidance of uniform ellipticity assumptions). This evaluation
represents the basic element in the calculus and now our problem now is to trans-
port it, by means of a “chain argument,” along the curve x;. This is done in the
abstract context of the “evolution sequences” in Section 2. In Section 3, we dis-
cuss the It6 processes presented before and in Section 4, we deal with diffusion
processes.

There is a certain analogy between the strategy used here and the one employed
in the analytical approach to this problem (compare the decomposition used in (1)
with (4.1), (4.2) page 14 in [8]; see also [4]). The advantage of the stochastic
method is that it permits localization on the set of trajectories which remain in a
tube around the deterministic curve. This allows the treatment of certain classes of
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diffusions which are not uniform elliptic and which do not have bounded coeffi-
cients. But the drawback is that we need much more regularity for the coefficients
of the diffusion process.

In the context of diffusion processes, we are able to give a nice form of the lower
bound by means of a distance based on the skeleton of the diffusion process. More
precisely, suppose that X; € R?, t > 0, solves the SDE

d
(%) dX, =Y oj(X,)dB] +b(X,)dt, Xo = xo.
j=1

We denote pr(x0,y) = P(X7 € dy). We assume that the coefficients have linear
growth, are ¢ + 2 times differentiable and have bounded derivatives. Moreover,
we consider some functions A, A*: R? — R, and assume that A*(x) > o0 *(x) >
Ax(x) > 0. In particular, A, may be the lower eigenvalue of oo™, but for techni-
cal reasons, we accept smaller functions as well. Finally, we consider a control
¢ = ((l)l, e qbd), (/)j S LZ[O, T], and denote by x? the solution of the ordinary
differential equation

d .
(k%) dx,‘b = Zaj(x,d))qﬁ,jdt, xg’ = Xg.
j=1

We consider a set of parameters 0 = (u, x,v,n,h), u,v,n>1,h, x >0, and we
define ®g(xg, y) to be the set of the controls ¢ € (L%([0, T1))¢ such that

¢
¢ ) As(X/) 1 / ® 1
Xo = X0, Xr =Y, 2 T )" (-x ) Z _ Vt € [07 T]’
0 r P T Ty
|| < nls] Vs —t| <h, lpe| < v vt <T.

Then we define

T 12
de(xo,y>=inf{||¢||rz(/o |¢t|2dt) :¢e<be<xo,y>}

=00 if ®g(xg,y) =9.
Our lower bound is given by
1
>
prxo.y) = 462(611 /g T)4/2/deto o™ (y)

X exp(—Kq(l + In(un))

4 42 4 2 1
X <M dg(xo,y)+T<M V(e +x) Kdiff+z+v)>>,

where Kgitr depends on the bounds of the diffusion coefficients and K|, is a con-
stant depending only on q.
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2. Evolution sequences.

2.1. Conditional Malliavin calculus. We consider a probability space (€2, F,
P) with a filtration F;, t > 0, and an infinite-dimensional Brownian motion B =
(BY) jen with respect to this filtration (we do not need to assume that the filtra-
tion F; is generated by the Brownian motion itself). Moreover, we fix some ¢ > 0,
4 > 0 and denote by E; the conditional expectation with respect to F;, that is,

E(®):=E(Q|F).

We will use a conditional version of Malliavin’s calculus that we shall now out-
line. We work with the standard Malliavin derivative operators, but we will con-
sider some specific norms which permit vs to focus on the derivatives with re-
spect to By, s € [¢,t + §] (instead of s € [0, 00)), on one hand and we will replace
the expectation E by the conditional expectation E; on the other hand. Let us
briefly recall some notation (we refer to [16] or to [14] for a complete exposition
of this topic). D*? is the space of random variables which are k times differen-
tiable in Malliavin’s sense, in L”. For F € D*P | the derivative of order k is D¥F,
an element of the space Hy which is defined in the following way. We denote by
Oy the set of the multi-indices a = («q,...,ar),a; € {1,2,...} and let RO =
{(*«)aec®, 1 X4 € R}. For a measurable function V : [0, 00)k — RO we define

|V|k _/ k Z [V (s1, ... Sk)| dsi,...,dsy and
0,00) a€®y
Hi :={V:[0,00)" = R®:|V|? < o0}.
H; is a Hilbert space with the scalar product
(V, Uy —/ Z Vs, ....,s0)U%(s1, ..., ) dsq, ..., dsg.
[0,00)* IC)"

For F € D*P, we denote by D F the derivative of order k, that is, Dfl’._ F =

., Sk
(D5 Flacoy (see [16]) and we have E|D¥F|] < 0. So, D*F € Hy.
The above scalar product is used in the standard Malliavin calculus. In our
framework, for every fixed ¢, § > 0 we define

(v, U)t,é,k3=/ D Vst sOUGst, - ) dst, . ds,
[t,t46)

axe®y

VGt .. s dsy, . ds

ae®y

|V|t5k—(VVt8k—/ Lok

For F € D*?, we define the following Sobolev norms:

Tae —Z|D1F|,51 5 Zf o FPds. ... ds,

i=0xe®; H'(S)l

IFN s =B F 150 NEN sk = IFI s, — Ex(FIP).
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Moreover, for a multidimensional functional F' = (Fi,..., F,), we denote
WEN] 50 =21 I F2I
t,zS:k,p i=1 [ t,(S,lg,p‘ .

Notice that ||F|l; s, i not a constant (as in the standard case), but an
F;-measurable random variable. Notice also that using || F[|; sk, instead of the
standard norm || F|lx,p, = || Fll0,00,k,p amounts to using the differential calculus
with respect to By, s € [, t + &], only and taking conditional expectations instead
of the usual expectation.

In the sequel, we will employ the following inequality. There exists a universal
constant (k) such that for every F € D*?, every p > 1 and every ¢ € C flf, one
has

2 o (F)Ne,5.k,p < @Ik, 00 1 F M7 51,24

where [|@lk,c0 1= max;—o x SUP,cr |¢® (x)|. This is a straightforward conse-
quence of the chain rule and inequality (22) from the Appendix.

We now define the Ornstein—Uhlembeck operator L; s associated to By, s € [t,
t + 4], by

S )

where the above stochastic integral is the Skorohod integral (see [16] or [14]). If
F e Dom(L), where L is the standard Ornstein—-Uhlembeck operator, then L; s F
is well defined. In our framework, we will assume that F' € (1 ¢y D**2P for some
k € N and so, in view of Meyer’s inequalities, F € Dom(L) and LF €[ ,en Dkp.
We will use the following form of Meyer’s inequality which is proved in [16]: there
exists an universal constant c(k, p) such that for every F € ),y D27,

3) LisFllzs.k,p <clk, P)IFIlzsk+2,p-

In the sequel, we assume that c(k, p) increases in both k and /. If not, we take the
maximum over k' <k and p’ < p.
It is easy to check (the standard argument) that for F, G € D2,

Ei((DF,DG)is,1) = Ei(FL;5G) = E(GL; 5 F).

Here and in the sequel, we use the notation D instead of D'.

This is a conditional version of the standard duality relation which is the starting
point for Malliavin’s calculus. The same arguments as those used in the classical
case give the conditional version of the integration by parts formula presented in
the following theorem. Before stating this result, we define the Malliavin covari-
ance matrix corresponding to [¢,7 +8]. Let F = (Fy, ..., Fy), F1,..., F; € D'2,
We define

¢s p :=(DF;,DF}); 5.1, i,j=1,...,q.
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We now state a localized version of the nondegeneracy assumption in Malliavin
calculus. We consider a measurable set A C {det¢; s r 7 0} and denote

vp(F, A) = (E;(1V (detgy.s.r) P1a)) 7.

We assume that v, (F, A) < oo for every p € N and denote by @57 r(w) the in-
verse of ¢; 5. r(w) for w € A. We denote by D’;‘ the class of random variables
Ge ﬂpeN D*P such that G(w)=0and D'G(w)=0,i=1,...,k, for w € A°.
The following lemma gives the localized version of the nondegenerancy condition:

LEMMA 1. Let F = (Fi,...,F,) with F; e D" i =1,...,q, and G =
(G1,y..., Gq)Awith G, e Dk, i=1,...,q. Assume that v,(F, A) < o0 for every
pEN.Then ¢ 57 x G € (Npen D*PY4 . Moreover, there exists a universal con-
stant c(k, q) such that for every p > 1,

—~ . k+1 4942
@ 1@, G llskp < €l DG lrskapVhih s DNFILE | i

The proof is straightforward and so we leave it for the Appendix.
The same proof as in the standard case gives the following integration by parts
theorem:

THEOREM 2. Let F = (Fy,..., Fy) with Fy, ..., Fy € (,cy D*P. Consider
a measurable set A such that v,(F, A) < oo for every p € N and a random vari-
able G € Dl‘. Then for every smooth function f :R? — R and everyi =1, ...,q,
one has

af
E(32(F)G) = E(f(F)Hi(F. G)
(IP;) ’ ,
with Hy(F, G) = =Y (G5 pLi5(Fj) + (DFj, D] 1G))1.5.1)-
j=1
Suppose that F\, ..., Fy € (\pey DFFIP and G € Df\ for some k € N. Then for
every multi-index o = («y,...,or) € {1,..., q}k, one has
E/(D* f(F)G) = E;(f(F)Hy(F, G))
(IP,) |
Wlth H(X(Fv G) = H(Xk(Fv H(Ol],...,()lkfl)(Fv G))v

where D f = 3% f/3xq,, ..., Xq,.

We now give some evaluations of the norms of H, (F, G).
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PROPOSITION 3. Suppose that F\, ..., Fy € ,eny D*'42P and G € DI}
for some k,l € N. Then there exists a universal constant c(k,l, q) such that for
every multi-index o with || =1 and every p € N, one has

”Ha(F, G) ”t,(S,k,p

1(k+1) I(4g—1)
S C(k, la Q) X ”G||t,5,k+l,23lpU24l(k+l+l)lp(F» A)”|F|||t,3,k+l+1,21(q+4>p'

In particular (taking k =0, | = q + 1 and p = 1), there exists two universal con-
stants depending only on q, ¢* = ¢*(q) and p* = p*(q), such that

1 H(dg—1
©)  E(IHa(F. G))) < *|Gllrsgrr v (F AIFIGDG0D

for every multi-index o with |o| < q + 1.

We leave the proof for the Appendix.

To finish, we give the following simple fact concerning the Malliavin covariance
matrix. We denote by A, s  (resp. Xt’g’ r) the smaller (resp. the larger) eigenvalue
of ¢, 5.F. They are given by

)‘t(SF—lsm_f Zfléjﬁﬁta,p» )\t(SF—Sup Z$I§J¢;5F

i,j=1 |&1=1 i,j=1
PROPOSITION 4. Let F, G € (D"2)4. Then

1 1 3
(detdy 5, F+G) /4 > At 5. F —M.8.G-

PROOF. Using the elementary inequality (x + y)* > le — y2, one obtains

t+§
(et 5, r+6) "4 Z&t”w—@}“ﬂz/ (Z&D“(F’ + G )) ds

1448
1 1,r
>2|§|nf1 E / (E S,D F) ds

i=1

— sup Z/t+8<Z$lD1’G) ds

&1= lr 1

)\. )\.t,&G. |:|

l\)l"

2.2. Short-time behavior and density evaluations. 'We consider some mea-
surable processes h'/(s),s € [t,1 +6],i=1,...,q, j € N, such that hi(s) is
F;-measurable and we assume that Z?: 1 Z?’; A | (s)|*ds < co. We define

N
Jih) = Z/z+ Wi (s)d B (s).
j=1"
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Since h(s) is F;-measurable, conditionally with respect to F;, J(h) is a Gaussian
vector with covariance matrix

. X s ,
C”(J(h)):Zf h'*(s)hi*(s) ds.
k=1""

Given some F,-measurable random variable V = (V1, ..., V9), we define G =
V + J(h). That is,

i i o [T ij j i i :
G'=V +Z/f hI(s)dB/(s)=V'+J'(h), i=1,....q.
j=1

Moreover, we consider a deterministic symmetric positive definite matrix M
and denote by Ay, the smallest eigenvalue of M. We assume that Ay > 0 (so
that M is invertible) and define

Il g1 = (M~ 1x, x),

where (-, -} is the scalar product on RY.
Given a point z € RY, anumbera > 1 and aset A C {w: ||V (w) — z|l -1 <1}
we consider the following hypothesis. For every o € A,

(Hy,a,A,z2) aM > C(J(h))(w) = M.
Note that, in particular, we have

detM <detC(J(h))(w) <aldetM.

Finally, we consider ¢ : R? — R defined by ¢ (x) = c exp(—1= HIXIIZ

and ¢(x) =0 for ||x|| > 1, with ¢ chosen such that [ ¢ = 1. We construct the
sequence ¢, — §o defined by ¢, (y) = 9o y).

) for ||x]| <1

LEMMA 5. Suppose that (Hy,a, A, z) holds true. Then for every n € (0,
VAu),
1
2(2mwa)i/?2/det M

E/(¢7(G —2))(w) > forwe A.

PROOF. Conditionally with respect to Fy, G — z is a Gaussian random variable
and so we have

1
Ei (¢ (G —2)) :/¢’7(y) (27)4/2/detC(J (h))

1
x exp(= 31y = (V= Dy 1) .
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If ¢p(y) #0, then [[yllcymny-t = IvIl/vAu = n/~/Au < 1. Moreover, in
view of our hypothesis, ||V — zllc(yny-t < IV = zlly—1 < 1 so that

CXP(_%”)’ - (V - Z)”%(](h))—l) = e—Z
Since [ ¢, =1 and det C(J (h)) < a? det M, the proof is completed. [J

The following evaluation concerns a perturbation of G by means of a remain-
der R which is small in an appropriate sense. We consider a g-dimensional random
variable R = (Rl, ..., R?) such that R* € ﬂ;ozl DItZr i=1,..., q, and we de-
fine

F=G+R=V+JMh)+R=V+M7"*IH)+Ry)

with Ry = M~1/2R and I(h) = M~ J(h) = J(M~"/?h). Here, M'/? is also a
symmetric invertible positive definite matrix such that M'/2M'/? = M. The ran-
dom variable I (4) will play a role in the following reasoning. Although not a
standard normal random variable, it is not far from this; more precisely, under the
hypothesis (Hy, @, A, z), one has

(N I = Hgillllf](C(I(h))f,S) < sup (C(I(h))§,§) <a  onA.
= I&1=1

Given z, A, a asin (H», a, A, z), we assume that for every w € A,

1

Ho,a, A,z R =
(Hy ) IRMN¢,5,g+2,p, = a4(‘1+1)2Cq

with
pq =221 p*(g),

)
C, = c*(@u(q + e Q2m)1/243a’ (g 4 1)9+43,

where ¢*(q), p*(g) are those which occur in Proposition 3 and w(g) is that which
occurs in (2).

REMARK 6. The above constants are neither optimal nor particularly impor-
tant. What we need is simply to express C, and p, as universal constants depend-
ing only on the dimension q.

REMARK 7. In concrete applications we verify that || Ry ||7,5,4+3,p < C A* for
some A, A > 0. We then require that A* be sufficiently small in order to verify the
above inequality. In the context of diffusion processes, A = % and in the context of
the stochastic heat equation, A = % (see [13] or [2]).
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We also let

+5 400

t ,
A*:=|DRyl}; :/t > > IDY Ry ds
i=11=1

and note that

q .
As.Ry = Sup Y EE;(DRy, DRy)is
1E1=1; j=1
t+8
= sup Z(é,DSI’lRM)2ds§A2.
|E|=11 I=1

The key evaluation in our approach is given by the following proposition.

PROPOSITION 8. We consider a point z € R, a set A C {w:||V(0) —
Zllp—1 < 1} and some 1 € (0, VAy). Suppose that (Hy,a, A, z) and (Hy, a, A, z)
hold true. Then

Pp(2) (@) := E{(¢py(F —2))(w)
1
= 4e2(2ma)d/?/det M

REMARK 9. Let us give the main ideas of the proof. We write 2 =T" U I'°,
where I" is a set on which the Malliavin covariance matrix of F is sufficiently large
and I'“ is a set on which we do not control the nondegeneracy of F, but which is
supposed to be small [in the proof below, we work with ® which is a regularization
of the indicator function of I', so Q ="' UT“ becomes 1 = ® + (1 — ®)]. The key
question is how we control things on I'°, when we have no information about the
nondegeneracy. We write

Ei¢y(F —2) = E(¢y(F — 2)1r) + Et(¢y(F — 2)1re)
= Et(¢n(F - Z)]lF)-

The above inequality allows us to ignore I'“. Then, following an idea in [13] we
use a development in Taylor series of order one to obtain E;(¢,(F — z)1r) =
E;(¢y(G — 2)1r) + r, where r is a reminder. We are able to evaluate this remain-
der using Malliavin’s integration by parts formula because we are working on the
set ' on which the Malliavin covariance matrix is under control. In order to con-
trol the first term, we have to “come back to the whole space,” that is, to write
E/(#y(G — 2)1r) = Ey(y(G — 2)) — E(¢(G — 2)1r¢). The previous lemma
gives the needed evaluations for E;(¢,(G — z)), which is the principal term, but
we must also evaluate E;(¢,(G — z)1rc). But (contrary to F), G is nondegenerate
on the whole space, so we are able to treat this term, even if we are on ['“.

(€))

forwe A.
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PROOF OF PROPOSITION 8. Since ¢ and § are fixed, we will drop them from
the notation. So, we write ¢ instead of ¢, 5 F, || F|lk,p instead of || F||; sk, p, and
SO on.

Step 1. Localization. In the sequel, we will assume (without special mention)
that we are on the set A and, in particular, that |V — z||;,~1 < 1. Since I (h) is
Gaussian, its Malliavin covariance matrix coincides with the usual covariance ma-
trix. Moreover, A; hy = 1 [see (7)] and so, using Proposition 4, we obtain, for every
p€(0,1),

! A X 2
(det@rimpra) ! = 010y = Rory = 5 = Phry = 3 — A

The aim of this step is to localize on the set on which A < 1/2 and consequently
detd;ny+pry = 1/49. We consider a localization function 6 € C;°(R; Ry ) such
that 0 <6 <1,0(x)=1if x <1/4 and 6(x) =0 if x > 1/2 and we denote ® =
6(A). We may (see [10], Chapter 1) choose 8 such that for every 0 <k < g + 1,
one has |0®) || <m(q) :=4913(g + 1)413.

Step 2. Sobolev norms. Let us evaluate the Sobolev norm of ®. First, it is clear
that |®|, = (E;|®|7)!/P < 1. Using (2) and (23), we obtain

MO A g+1,2p = mlg + Dm(@) AN g41,20+2 p=
<29 (g + Dm@ IR 120243 < 1,
the last inequality being a consequence of (Hy, a, A, z). We conclude that
1Ol g1,2p+ <2.

We now evaluate the Sobolev norms of 1 — ®. Since0 <® <1land ® =1 on
the set defined by A < 1/4, we have

1\ /P 1\Vp
ol =p(azy) =n(ar=;)

<4E,(AP)P <16]IRu I3 -

Since D*(1 — ®) = —D¥@®, the same evaluation as for © gives ||1 — Olllg41,p* <
297 (g 4+ Dm(@) | Rl 4. 224+2 p+ s0 that

11— ©llg,p < (16 + 297 (g + Dm(@) IRl 42,222 -

Finally, we evaluate the norm of / (k). Note that DITi(h)y = (M~ V2hy)li | =
1,....,q, j € N and D%I(h) = 0 for || > 1. Since ftt+8 (DI (h),
Dy I7 (W) 1|ds = (M~YV2C(J(h)(M~V2)*)J < a, we use (7) and obtain
I )Mk, p < a.

Step 3. Development in Taylor series of order one. We first localize (multiply
by ®) and then use a development in Taylor series with respect to R in order to
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obtain

(@) = E/(¢y(V —z+ J(h) + R)®)

1
— E(¢,(G — 2)0) +]O E/((Véy(V — 2+ J(h) + pR), R)O) dp
=:A+ B.

Let us now evaluate the remainder B. We define
X1 Xgq
@, (x) ::/ dyl"'/ dyy by (V — 2+ M'?y)
—0o —00

so that
01D,

Voz4MPry=—"70_

(x).

We also have
01,
dxy---0xg

v¢,,(V—z+M1/2x)=M1/2v( )(x) and 0 <®,(x) <

1
JdetM'
The last inequality is obtained using the substitution x = V — z + M!/2y and the

fact that [ ¢, = 1.
We now write

E((V¢y(V —z+ J(h) + pR), R)O)
= E/((Vy(V — 2+ M'2(I(h) + pRu)), R)®)

= E, (<v<ﬂ>(1(h) + pRy), RM>®).

dxy---0xg

We use Malliavin’s integration by parts formula g 4 1 times to obtain

E( LY (I(h) + pRy)R: @)’
! 0x; 0x -+ dxgq pEM) R

= |E((®,(I(h) + pRm)H 2.....q.0)(I () + pRy, R}y ©))]
1
=<
detM

We will use Proposition 3 in order to evaluate the above term. Using the no-
tation from Theorem 2 with F = I(h) + pRy,G = ORy; and k =g + 1, we
define the localization set A := {A < 1/4} [note that, since DAY =0, i =
0,...,qg +1, for A > 1/4, R;,IG) and its Malliavin derivatives vanish on A€¢].
Since det @ n)+pr, = 1/49 on A, we obtain

E/(|Ha o...q.0(I(h) + pRu, Ry ®)|).

v (1(h) + pRyt, A) = (E:((1V detrayrpry) " Laziym)) /7 <49,
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Moreover, using (22) and the evaluations from step 2,
IRMOllg11.p+ <27 IRMllg11.2p1®llg 41,25+ < 277 Rallg 1,257
Finally, using the evaluations for 7 (k) and hypothesis (H», a, A, z), we obtain
11 (h) + pRumllg+2.p* < I (W lg+2.p* + | R llg+2.px < 2a.
It follows (see Proposition 3) that

Ei(|H( 2....q.0 (I (R) + pRu, R} ©)])

2
< cF x 4q(61+1) X 2q+2”RM”q+l,2p* % (2a)(q+1)(4q—1)

<c* x 43(q+1)3||RM||q+1 2p% X a(61+1)(4q—1)
and, consequently, that
|E:((Vep(V —z+ J(h) + pR), R)O)|
a@a—Dg+D

/det M
_ 1
T 4e2(2ma)?/2/detM’

the last inequality being a consequence of (H», a, A, z). Finally, B satisfies the
same inequality.
We now evaluate A. We use the previous lemma to obtain

1
e2(2wa)d/2/detM

In order to evaluate E;(¢,(G — z)(1 — ©)), we integrate by parts g times with
respect to I (h) obtain

E(¢y(G —2)(1 = ©)) = E/ (¢ (V — 2+ M2 1 () (1 — ©))

3(g+1)3
<q x x c* x 4D Rysll 1.2

Et(¢n(G - Z)) =

8,
=& (5 - ©)
X

dx1 - xg
= E(®y(I (M) Hq 2,...9)(I (1), (1 — ©)))
< (detM)™'2E,(|Hq 2....q) (I (h), (1 — ©)))).

Using Proposition 3, the fact that A; ) , > 1 and the evaluations from step 2, we
see that the above term is dominated by

- 4(g—-1)—1
(det M) ™2 x |1 = @llg, pr x 11 ()[AHTDY
< (detM)—l/Zc* X (16 + 2‘7"’1“(6] + l)m(C]))|||R|||q+2,224+2p* X a4(4q—5)
1

< 9
T 2e2(2ma)1/?/det M
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the last inequality being a consequence of the hypothesis (Hj, a, A, z). It follows
that

E(¢y(G — 2)0©) = E((¢y(G — 2)) — E;(¢y(G — 2)(1 — ©))
- 1
T 2e2(2a)4/2/detM
Finally, using the evaluation of | B|, we obtain
1 1

Pr@) = — - ~ B> — :
2e2(2ma)i/2/det M 4e2(2ma)i/?y/det M
and the proof is completed. [

2.3. Evolution sequences. In this section, the following objects are given:

e A time grid Iy = (¢, ..., ty) With 0 =1 < t; < --- <ty = T. We denote
Sk =1 — the—1.
e A sequence of matrixes My, k =0, ..., N, which are deterministic, symmetric,

positive definite and invertible. We define by Ay the lower eigenvalue of My and

define the norms
-1
lxllx = IIXIIM;1 = (M "x,x).

Clearly, |lx]lx < A, "“llx|l. We also consider a sequence of numbers Hy > 1
such that szMk > Mj—_1 in the matrix sense. This is equivalent to

1/2|

lxllxe < Hellx k=1

and this is the inequality that we need.
e A sequence of numbersay > 1, k=0,..., N.
e A sequence of points x; € R?, k=1, ..., N, such that

1
lxk — xe—1llk < 7-

e A sequence of measurable processes h;'{j (s), s €tg—1, 1), i=1,...,q9, jEN,

such that hfcj (s) is F;,_,-measurable and Z?Zl Z?‘;l tik-l |h§€j ($)|2ds < oo al-
most surely. We define

. X ok i .
=Y hl()dB/(s).
j=17T=1
Conditionally with respect to F;, ,, Ji is a Gaussian vector with covariance ma-
trix
o

ci=3"[" nlsni's)ds.

=111
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e We now introduce the main object of this section, the evolution sequences. We
consider a sequence of R?-valued random variables Fy, ..., Fy of the form

X e )
Fr=Fe1+Y, hi(s)dB’(s) 4+ Ry = Fx—1 + Jx + Ry,
j=I1 k-1
where Ry are g-dimensional Fj -measurable random variables. In particular,
Fy is a constant.
We are interested in the density of the conditional law of Fj with respect to
Fy,_,. Since we do not know that a conditional density exists, we work with the
following “regularization of the conditional density”:

pr),k(Z) = Elkfl (d)n(Fk - Z))
This quantity makes sense independently of any nondegeneracy assumption.
e Finally, we define the sets

(10) Av=lo:|IFi1(@) —xilli <3,i=1,....k} € F_,.
'DEFINITION 10. We say that Fo, ..., Fy is an elliptic evolution sequence if
R} € ﬂ‘;ozl DIt2P i=1,...,q,k=1,..., N, and, on the set Ag, one has
(H, 1) axMy = C(Ji) = M,
(H, ii) 1M P Rellyegazpy < ———
’ k k—1,0k,4+2,pqg = c 4(q+1)2°
q9%

where Cy and p, are as given in (8).

REMARK 11. The framework of the above definition is inspired by the one
introduced by Kohatsu-Higa in [13].

The time grid I1y, the path x = (xq, ..., xy) and My, Ag,ar, Hy, k=1,..., N,
are the parameters of evolution sequence and all evaluations are given in terms of
these parameters.

As a consequence of the proposition from the previous section, we have the
following result:

PROPOSITION 12. Let Fy, ..., Fy be an elliptic evolution sequence and let
kell,...,N}. Forevery z € RY such that ||x; — z||x < % and every 0 < n < /A,
one has

1
>
Pk e G ran e Jaet My

on the set Ag.

PROOF. Suppose that we are on the set Ag. Since ||x; — z|[x < %, we have

I Fe—t — zllk < 1Fx—1 — xille + ok — zllx < 5+ 5 =1 and so Ag € {|| Fx—y —
zllx < 1}. Since we have an elliptic sequence, the hypothesis (Hy, ax, Ak, z) and
(H3, ai, Ak, z) hold true and we may employ Proposition 12. [J
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2.4. Tubes evaluations. The aim of this section is to give lower bounds for
P(Ap). We first prove the following lemma:

LEMMA 13. For every n € (0, zLITk“/Ak—l ), one has

(1) Pa0 = £ty f{ P10y )

ly—xk—1llk—1<(1/4Hr)—n//Ag—1}
PROOF. We write

P(Ar) = E(Lay_, Eq_, (L Fesy—xille<1/2}))

= E<11Ak_1 E; , (f dy ¢n(Fx—1 — y)ll{Fk_l—xkuksl/2}>>a

the second equality being a consequence of [ ¢, (Fx—1 — y)dy = [¢,(y)dy = 1.
Using the time—space relation ||xx—; — xx||x < 1/4 and the definition of Hj, we
obtain

1Pt = xille < 5 + 1 Femt = X llx < § + Hell Feor = X1 e
< 14 HellFr—1 — yll—1 + Iy — xx—1lle=1)-

If ¢(Fx—1 — y) #0, then || Fi—1 — yl| <n and so [[Fx—1 — yllk—1 <0/ Ak—1.
Consequently,

1 n
| Fr—1 — xelle < — +Hk(
4 A1

Moreover, if ||y — xk—1llk—1 < (1/4Hr) — n/+/Ak—1, then || Fp_1 — xgllx < 1/2
and so we may drop this restriction from the integral. We obtain

E; , (/ dy ¢y (Fr—1 — y)ﬂ{anl—xknksl/z})

+ 1y — xk—1 ||k—1>-

>

Ey (¢ (F—1 — y))dy
'/{||y—xk1kli(l/4Hk)_n/m} Tk 2( n )

and the proof is completed. [

COROLLARY 14. Let Fy,k=0,..., N, be an elliptic evolution sequence. For
everyk=1,...,N,
1

12 P(Ay) > P(Ai_1).
(12) (Ap) > S HT S 2qar )il (Ak—1)
In particular,

1 N—-1N—-1 1 Nad
13 Pz (g ) LI

8a+le2(2qm)a/ e aZ/ H,
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with

(14) = In(8%¢*(2¢m)'/?) + oy Z Inag + — Z In Hy.

PROOF. We take n = 8H ~/Ar—1sothat (1/4Hy) —n/+/Ak—1 = 1/8Hy. Us-
ing Lemma 13,

P(AD = E(ﬂAH /{ Poie1 () dy).

ly—xk—1llk—1=<1/8 Hy}

Since Hy > 1, one has ||y — xg—1llx—1 < 1/8H; < 1/2. We are on the set Ax_; S0
we obtain || Fr—2 — Xk—1llk—1 < [Fr—2 — Xp—1llk—1 + |y — xk—1llk—1 =< 1. So, we
may use Proposition 12 in order to obtain a lower bound for p, x—1(y) and then

1
T 4e2(2mai_1)4/?/det M,

where m is the Lebesgue measure. We use a change of variable and the inequality
m(||lx|| <r) > (r//q)? in order to obtain

1
P(A — Xi—1 k=1 < — | P(Ar-1),
(Ap) = (lly Xk—1llk 1_8Hk> (Ar=1)

1 1 _
W <||y—xk k- 1587>Z(8Hk\/5) 1

It follows that

P(Ap) =

P(A_
> 1 Onar )il X T x P(Ak-1)

and (12) is proved. In order to prove (13), we employ recurrence to obtain

k=241

Since || Fo — x1]l1 = [|[x0 — x1]]1 < 2, (13) is proved. [

2.5. The main result. Our final result is as follows. We look for lower bounds
for the density of Fy. We say that the law of Fy has a local density pfg, in a
neighborhood of xy with respect to the Lebesgue measure on RY if there exists
some § > 0 such that for every smooth function i with the support included in the
ball Bs(xy), one has

Evy(Fy) = f V() pry () dx.
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THEOREM 15. Let Fi,k=0,..., N be an elliptic evolution sequence. Sup-
pose that the law of Fy has a continuous local density pr, in a neighborhood of
xn with respect to the Lebesgue measure on R1. Then

1 —Ng#
xy) > e 4
Pry(N) 2 4e2(2man)i/2/det My

with 6 given as in (14).

PROOF. We use Proposition 12 and the fact that Ay is Fy, ,-measurable to
obtain

fR Py (= xn) dx = E(@y(Fy = xw)) = E(Eyy y(Fy = xx)

> E(Ey_,(¢y(FN —xn))1ay)

1
> P(A
Z W2rayyaeity Y
> : e Nao.
T 4e2Qman)i/2/det My

We now use the continuity of pr, and take the limit with » — 0 in order to obtain
the result. [J

3. Elliptic Itd processes. We consider a g-dimensional Itd process of the
form

. Xt ; Lo
X;:x5+2/ U;’dBSf+/ Vids, i=1,...,q,
j=1"0 0
and assume that for every 7' > 0,

(i) E(fOT(||Us||2+|Vs|>ds)<oo,

(i) Uy, Vse (| DIT*P  YO<s<T
PEN

with

qg o0 q
WU =" ST 1UH 1 and  [Ve2 =Y VIR

i=1j=1 i=1

We fix T > 0 and y € RY and study the density of the law of X7 in y. In
order to do this, we have to give a nondegeneracy assumption on X7 and this
assumption is related to a deterministic path from xg to y, that is, a continuously
differentiable function x : [0, T] — R9 such that x(0) = x¢ and x(T') = y. We also
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consider continuous, strictly positive functions r, K : [0, T] — R4+ and a number
a > 1. The significance of these functions is as follows. We work on a tube around
the deterministic path x(¢); r(¢) represents the radius of this tube and K controls
the small increments of our process. The number a comes on in the ellipticity
assumption. Finally, we consider a family Q;, t € [0, T'], of symmetric, positive
definite and invertible matrixes. We denote

Cciwy =Y u'nui o),
=1

) S & ) .. . 48
o=y [ wo-uvyiasi+ [ vids.
j=1 t t
Our ellipticity hypothesis as follows.

DEFINITION 16. Let v > 0. We say that the path x is (r, K, a, Q, v)-elliptic
for X if foreveryO <t <T and0 <38 < T —1¢,

(H, 1) ax Q;=CU) = 0,

.. —1/2
HY, i) 107 T lns.q12.p, < K@) +v

on the set {w: || X (f, w) — x(t)||Q71(,) <r(t)}. Recall that p, is given in (8).

We need some more notation. Given m > 1, h > 0 we denote by L(m, h) the
class of the strictly positive functions f :[0, T] — R4 such that
(15) f(s)<mf@)  for|s—1t|<h.

If the above inequality holds true for every ¢ and s in [0, T'], then we take h = oc.
Moreover, we say that Q € L(m, h) if

(16) ||x||Q:| §m||x||Q;1 fort <s<t+h.

Note that this is still equivalent to Q; < m2Qs.

THEOREM 17. We suppose that the law of Xt has a continuous local density
in y and that there exists a path x(t), t € [0, T] such that x(0) =x,x(T) =y and
which is (K, a,r, Q,v)-elliptic for X. We also consider two functions m;, y; such
that

(1) < min{r2(t), (C,K,a*@ V) ~1V),

0%l g1 = V(O rxe, ) <y (1) Vi e[0T,
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where Cy is given in (8). Finally we assume that Q € L(mg, hg),w € L(my, hy),
y € L(m,, hy) for some constants mg,my,m, > 1 and hg, hy, h, > 0. We de-
note h:=hg N hy A hy. Then

1
T 4e22nTmga)?/?\/det Q7

xexp<_CI(a+%) X /OT(I zr(t)

where a = In(8¢ 2 q)!/*) +Inmg + 4lnm, + Inm.

pr(xo,y) =

7))

REMARK 18. We may take y; = ||9;x;|| ol but in concrete examples, it may
be difficult to work with this function (to compute m,,, e.g.)—this is why we al-
low y; to be larger. The same holds for 7.

PROOF OF THEOREM 17. Step 1. We define a time grid #, k € N, in the fol-
lowing way. We take 7o = 0 and, if # is given, we define

. ltu 2 1
‘rk:lnf{u>0:/ ds > }, terl =t +h A(ty) A T
Tk 16mQ

We put N = min{k :#; > T} and claim that

17) N < / ( + 16mQyt )dt.

In order to prove this, wedenote I ={k <N :fry1 —tr =7}, I'={k < N:tgy1 —
tr=m(ty)}and I" = {k < N :ty 11 — ty = h} and write

T /1 te+Tk
dt > / 16m%y? dt
fo (h <) ) 2 oY

kel

A W) m, /tk+h 1
t

+Z/ e dt + —dr.

kel k-1

kel”

We claim that all terms in the above sums are greater than one; hence, (17) holds
true. For k € I, this follows from the definition of 7; and for k € I”, it is trivial.
Suppose, now, that k € I” and note that in this case, 7 (tx) < h < hy. Then 7 (¢) <
mym(ty) fortp, <t <t + m(t;) and so

I+ (i) My
/ﬂ dr > 1.
73 7T(t)

The proof of (17) is thus completed.
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Step 2. We define an evolution sequence as follows. We define §; := #; — tx—1,
Fi, = X () and write
Ik

Fp = Fk1+2 Usdesj—l- Vids = Fr_1 + Jx + Rk

Tk—1 Tk—1

with Jy = Y52, [ UJ(tx—1)dB) and Ry = T's, (te—1).

Coming back to the notation concerning the evolution sequences, we have
hi(s) = U(tx—1) for s € [tx—1, &) and so C(Ji) = 6xC(U (tk—1)), My = 6x O (tk—1)
and a; = a.

Step 3. We denote sz = mQ(m;‘/ V my) and check that szMk > My—1,
that is, szSk Q(tk—1) = 8k—1Q(tx—2). Since & < h < hg, we use (16) to obtain
moQ(tx—1) = Q(tk—2). So, it suffices to show that (sz/mQ)Sk > 8r_1, which
reads

H(h Amt(tp—1) ANTk—1) = h ATt (tr—2) A Tk—2

(%)
H2
: k4
with H := =m, V nMy.
mgo
Since H >my and ty—1 —ty—2 < h < hy, we have Hm (t;_1) > 7w (tx—>) and so
(k) H(h A JT(tk_l)) >h Am(ti—2).

If Htg—1 > h > h A mp(tg—2) A Tx—2, then (xx) guarantees that (x) holds true.
We now consider the case where Ht;—; < h and, in particular, 7z <h < h,,
(because H > 1). Forevery t € [tx_2,tx—2 + Htg—1),0ne has [t — x| <h <h,,
so we may use (15) (twice) to obtain

/‘tk 2+ HTE— 2d 1 )
Y dt = —vy,  Ht-
p t m2 Tk—1

k=2 y
- H  [l-1FT-1 2 4 H 1 - 1
> — Y =——F>—7F.
m;‘, h_1 ! m;‘, 16m2Q 16m2Q

This proves that Ht;_; > 14> and this, together with (%), gives ().

Step 4. Our aim is to check that Fy,k =0, . , is an elliptic evolution se-
quence (see Definition 10). We take x; = x(tk) We will first check the space—
time relation ||x(t) — x(te—1) |Ix < }t. We write x (1) — x(ti—1) = f,i’“_l 0;x; dt and
using (16), we obtain

1
lx(t) = x(t—D Ik = —F=

m

173 Tk
th; dt” ||8;xt|| -1 dt
/lk—l e 1) /_ fe1 0~ (te—1)

173

_ftkl

t 5 1/2
§mQ< y(t)dt) <

Tk—1

|atxt||Q 1 dt < (1) dt

f/zkly

1
4’
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the last inequality being a consequence of the definition of 7. So, the space—time
relation is verified.
Moreover, if w € Ay [see (10)], we have |[x(t;) — X (tr—1) ||x < % and so

X (tr—1) = X (-0l o-1¢4,_))
< Voi(llx (i) — x Dl + 1x (1) — X (61 l1x)
< V(3 +3) = Vo <r(t—),

the last inequality being true because & < mw(fr—1) < r(tk_l)z. We have proved
that Ay C{||x(tr—1) — X (te—1) || 0t = r(tx—1)}, so we may use the hypotheses
(H,1), (H,ii).

Using (H,i), we obtain ayMy = adxQ(tx—1) = C(Jy) = 8 C(U(tx-1)) >
3k O (tx—1) = M. In particular, det C (Ji) < adi det Q(tx—1).

Since Mk_l/sz = S;I/ZQ_I/Z(tk,l)ng (tx—1), the hypothesis (H", ii) gives

—1/2 v
< =0
1M Relle -y 5.q+2.p, < K -8} < Coa®a+?

the last inequality being a consequence of &y < 7 (#—1). So, we have proved that
we have an elliptic evolution sequence.

Step 5. We are now able to use the density evaluations from the previous section.
We note that % 21](\;1 InH; <Inmg + 4Ilnm, + Inm, and ﬁ 21](\;1 Ina = 3,
there by obtaining

1
—1 822r )+ —3N"1 InHy <o+ —
n( 2rq) )+2NZ na—i—NkX;n A a—l—z

Further, note also that a?/2(det My)'/? = a‘I/zég,/Z«/detQ(tN_l) < aq/zm(gzx
Tq/zx/detQ(T). Finally, we use Theorem 17 and our evaluation (17) for N
to obtain

1 —Ngb
X0, ) > e V4
pr(xo.y) = 4e2(2ma)i/?/det My
1

= 4e2(2nTmoa)i/?/det Q(T)

a T/1  er(h) ) 9
xexp(—q(a—l—i) x/o (E—l— 20 —|—16mQyt)a’t>

and the proof is thus completed. [
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4. Diffusion processes. In this section, we will study the diffusion process X
which is the solution of the SDE

d
dX; =Y oi(X)dB] +b'(X)dt, i=1,....q,
j=1

Xo = xo.
We fix ¢; € {0,1},i =0,..., g, and denote
q .
N> (x) =te0+ Y _eilx'|%.
i=1

We assume that the coefficients o and b are of class C9*2 and verify that

(A1) mlax(no—i(x)n + b (x)]) < CoN (x),

(A, ii) mgx(uo"(x) — o' )|+ 16 (x) = b' (»)]) < Collx — v,

(A, iii) max _max (| D%} (x)] + |D*b' (x)]) < Co.
la|<g+2 i,j

The reason to use N (x) (instead of the usual Euclidean norm) in order to con-
trol the growth of the coefficients is that for different choices of ¢;,i =0, ...,q,
we obtain different type of hypothesis—bonded coefficients, linear growth, log-
normal types diffusions, and so on—and the behavior of the lower bound of the
density is different in these cases.

As an immediate consequence of (A), one has

(A, iv) A*(x) = sup (o0*(x)E, &) < gCIN*(x),
IElI=1
sup (oo™ (x)E, &) — (0™ (E, £)]
(A.v) IElI=

<qCi(2N(x) + [lx — yl)llx — yII.

|detoo™*(x) —detoo™(y)]
(A, vi) ) 201
<q!Cy'2N ) + lx — yI)™ llx — .

It is clear that X is an It6 process and that
, d  ri+8 . , +8
5() = Z/ (0" (Xs) — 0" (X)) dB! +/ b' (Xy)ds.
j=1 t t

We will employ the following standard lemma:
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LEMMA 19. Suppose that (A) holds true. Then for every t >0,1>§ > 0,
0<m<g+2,peN,onehas

(18) ITsOl7,8,m,p = C(m, p)N(X;)8,

where C(m, p) is a constant which depends on Cy and on m, p.

PROOF. The proof is straightforward, but rather long and tedious, so we just
outline the main arguments (see [11] for a complete approach to such evaluations).
In order to simplify the notation, we take b = 0. The first step is to check that
fort <s <8 <1, (E;(IN(Xs)|?)!/? < CN(X;). Here and in the sequel, C is
a constant which may change from one line to another. We use the SDE of X,
Holder’s inequality, Burckholder’s inequality and hypothesis (A, i) in order to ob-
tain E;(|Xi|7) < C|X!|? + C' [’ E|N(X,)|? dr. We then take >°7_, & E;(|X|P)
and employ Gromwell’s lemma. This proves the above inequality. The same argu-
ment gives

. . S
E/(IXi — XI|P) < C87/>! / EN(X)|P dr
t

< CNP(X,)8P/2.

It follows that
p/2

. 4q t+8 . . 5
Erien ¢ S E([ 10l - ojxPar)

j=1
< CNP(X;)é".
Let us now deal with the first-order Malliavin derivatives. For t <u <s <t <
t+8andi=1,...,q,l=1,...,d,one has
) ) d s .
DLX!=0/(X,)+ Y | Voi(X,)D,X,dB].
j=1""

We look to s — Dqu; = (D;Xf;, e, foXé) as an R?-valued process and use
Burckholder’s inequality (for R%-valued martingales) in order to obtain

. . d p
E/|D,X.|IP < CE|lo’ (X)IIP +C Y E

j=1

S . . .
/ Vo!(X,)D\X.dB]
u

d K . p/2
< CEINCP +C Y E( [ 1voice DX, 1 ar )
j=t

K p/2
<CNX,)? + CE, (f ||DuX,||2dr> .
u
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It follows that

t - p/2
E(/ I DX ds)
u

t )
<cor! [ B DX ds
u

t s p/2
<C8PPN(X)P + csP/>! / E; (/ ||DuXr||2dr) ds.
u u
Using Gromwell’s lemma, we obtain
¢ ) p/2
E (/ ||DMX§||2ds> < C8PPN(X,)P.
u

Finally, for u € [t,t + 8], one has D.Ti(t) = o/ (Xu) — o/ (X))
+Z§:1 ff‘s Va; (X,)D,llXi dBj] and, so, using (A, ii), Holder’s inequality and
Burckholder’s inequality we obtain

t+8 ) ) p/2
E([ T ID.rioPdu)
t

< cap/2—1/t+8E | DL TE()|1P d
=< tPuls u
t

p/2—1 =+ i ) p
<Cé E/ o' (X,) — o' (Xp)|IP du
!

p

+4 . . .
Voi(X,)D,X,dB]| du

t
u

d
o [P3
t
L
<cal’/2—1/t+8E 1 X, — X, 1P d
= A&y t u
t

1438 t+8 . p/2
+ caP/H/ E; </ ||Df,x;||2dr) du
t u

<C8’N(X,)P.
So, we have proved that ||[T's(t)|l;,s,1,p < CN(X;)é. The proof is analogous for

higher order derivatives, so we omit it. [

We denote by A, the smallest eigenvalue of oo * and let
A A (x)
N(x)

Roughly speaking, p? is of the same order as the quotient of the smallest and the
largest eigenvalues of oo *.

p(x) =
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LEMMA 20. (i) Suppose that (A) holds true and let x = (x;),<T be a dif-
ferentiable path such that A(x;) > 0, for all 0 <t < T. Then the path x is
(r, K, a, Q,v)-elliptic (in the sense of Definition 16) with v = %, a=3/2and

1, p?(x:)
0= 500 (xr), ry = 6q3/2th ,
(19 1 1
K = C 2, )
' 4+ pq)<,0(xt) * v)»*(xt))

where C(q + 2, pg) is the constant from (18) and py is given in (8).

(i) Assume that there exists a measurable function My, t € [0, T, and a num-
ber hg € (0, 1) such that for every t € [0, T),

l0x 1| < M;N(x;),
G)

Then for every s,t € [0, T] such that |s — t| < hg, we have

N(x5) <4N(x;).

PROOF.  Suppose that || X; — x|l ;-1 < ry. In view of (A, iv), A*(x) < qCix

N?%(x) and so (c0*)~!(x) > (1/gC3N?(x)) x I, where [ is the identity matrix. It

follows that || X; — x| < (/gCoN ()| X; = xtl 51 < /GCoN (x)r. Let § € R
t

with ||&]| = 1. Using (A, v) and ,/qCor; < 1, we obtain

oo *(X)E, &) — (00™ (x)E, &) < qCF (2N (x¢) + /GCoN (x1)r:)/gCoN (x0)r
Ase(Xr)
7

the last inequality being a consequence of the choice of r;. This gives

(00" (X)§, &) = (00" (x1)E, &) + ((00™(X1)E, §) — (00" (x1)E, §))

<3¢*2CIN*(x)ry <

% )\.*(Xt) 1 *
> (00" (x)§,8) — > 25(00 (x)§,8) =(0:8,8).
Moreover,
N N As(xe) 3
(007 (X1)E,8) < (oo™ (x)§, ) + > ia(Qzé,‘?)-

So (H, i) holds true with a; = 3/2.
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Note that N(X;) < N(x;) +r < N(x;) + 1. Using the previous lemma with

m =gq + 2 and p = p,, we obtain

1 1 C(m, p)
1Q; Tslt,8,m,p < Wwen) ICs@e.6.m.p < )\'*(Xt)N(Xt)S
C(m, p) _
< 7_}\*(%) (N(x;) +1)8 = K/8.

So, we have an elliptic path with parameters given in (19).
Let us now prove (ii). Suppose that ¢ < s and write x; = x; + f,s 0x, dr so that

s
f dx, dr
t

q q q 2
N2(x)) =eo+ Y eilxl* <eo+2) ailxlF+2) &
i=1 i=1 i=1

q s
<2y +2) et =) [ IMN G
i=1

By the choice of g,

t+hg
sup  N%(xy) <2N%(x))+29 sup N2(xp)hg / M?dr
t

t<s<t+hg t<s<t+hg
<ON?(x)+3 sup NZ(xy)
t<s<t+hg

and the proof is completed. [J
We are now able to state our result.

THEOREM 21. Suppose that (A) holds true and that x = (x;);<7 is a dif-
ferentiable path such that xo = xo, x7 =y and p(x;) > %, A;Q(xt) < x for all
0<t<T, for some w>1, x > 0. We assume that there exists a number hg €

[0, 1) and a measurable function M such that (G) holds true and M € L(np, hyr)
for some ny > 1, hpy > 0. Then

1
>
pr(x0,y) = 4¢2(6j1/qn T)4/2/detaa*(y)

X eXp(—KqT(l +InCo+Inp +Inny)

C2 4 T
x( ok / M,er
0

(20)

T
+ 1tV (u+ x)* Kair + ;»
! hg Nhy

with Kgisf = Cng(q +2, pg) [recall that Cy is given in hypothesis (A) and C(q +
2, pg) given in (18)] and K is a constant depending only on q.
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REMARK 22. Usually, the constants which appear in the lower bound are in-
dependent of xg, y and T, but the dependence on the coefficients o, b is not ex-
plicit. So, the lower bound is not significant for y in a compact set, but only for
y — oo. Here, the constants are explicit (although not optimal), so the result is rel-
evant for every xg, y—this is the motivation of the (rather tedious) effort to keep
the constants under control.

PROOF OF THEOREM 21. Under our assumptions, oo *(xg) > 0 and so the
law of X7 has a continuous density with respect to the Lebesgue measure. We
will use Theorem 2 in order to obtain the lower bound. By the previous lemma,
x is (r, K, a, Q, v)-elliptic and we know the corresponding parameters [see (19)].

Since p~1(x;) < u, we take
1
Kt:C(CI‘i‘Z,P)(M'i‘X)s ry = .
4 612q3/2C}

We also have
1 1

2
re A 7=
C2KZaf @V’ 36ptq3Ch

1 1
VAN X
(cg(3/2)8<q+1>2 (n =+ x)?C%q +2, pq)>
1 1
> X Z ) =!TTt.
Ky x Kaire - pn* V(e + x)

Since the function 7 is constant, m,; = 1 and h, = co. Moreover, using (G), we
have

2N2(x
e

[EEA < <
! )V*(xt) !

g =
o

ll9x
Ase(X7) '

so we take y; = «/EMM, and have m, =ny and hy, = hy.
We now take hg = hg and compute mg. Using point (ii) for the previous
lemma, Nz(x,)/Nz(xs) <16 for |s — t| < hg. Moreover, by (A, iv),

o' < 2
Ase(X1)

—55 o =
qCyN 2(xs)
so that

2 c: N?
=10 Q(X’) x — < 16¢C2020;".
As(xs)  po(xs)  N2(xs) C]C()Nz(xt)
So, we take mg =4,/qCou. Finally, h = ho AN hy Ahy, = hg A hy. We compute

-1
Qs E

o= 1n(8e(2q71)1/4) +Inmg +4lnm, +1Inmy,
= 1n(32qe(2qn)1/4) +InCo+1Inp +41Inny,.
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‘We now use the evaluation from Theorem 2 to obtain
( ) > !
X0, e
pTixo.y 4e?(6p/qnT)4/?\/detoo*(y)

X exp(—Kq(l +InCo+1Inp+ Innyy)

r 1
4 2 2 Ang2
_— \% Kaite + Cou" M/ | dt
X/o (hMAhG+“ (1 =+ )" Kaift + Cou t) )
and the proof is completed. [J

We will now write the path x in a special form, given by (a variant of) the
skeleton of the diffusion process X. More precisely, we consider some ¢ (t) =
@' (1), ..., %)), t €0, T], such that ¢ € L>([0, T])? and we denote |¢|3 =
fOT llp: 1> dt. We associate with ¢ the path x = x® which solves the deterministic
differential equation

d .
(Ep) dx(t)=>)_o;(x(®)¢] dt, x(0) = xo.
j=1

REMARK 23. Note that for every differentiable path x; such that oo *(x;) >
Asx(x7) > 0, there exists ¢ such that (Ey) holds true. Indeed, if one takes ¢, =
o*(x1)(00*) 7 (x;) ,x;, then o (x1) ¢y = 9yx;.

We consider a set of parameters 6 = (u, x,v,n,h), u,v,n>1, h, x >0, and
we define ®g(xg, ¥) to be the set of the controls ¢ € (L%([0, T1))? such that

¢ ¢

XO:xO, xT:y$
1 1
pu%z;, ¢Mu%z; vt €[0, T1,
ol <nllgsl Yis—t<h, |l <v Ve<T.

We then define
dg(x0,y) =inf{[|@|1: ¢ € Py (x0, y)}

=00 if ®g(x9,y) =2.

THEOREM 24. We assume that (A) holds true. We fix xo,y € R1 and 6
and suppose that dg(xo, y) < 00. Then the law of Xt has a continuous density
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pr(x0, y) which verifies
(x0.7) = .
X0,Y) =
pr{X0, Yy 482(6MﬂﬂT)Q/2 dCtO'O'*(y)

X exp(—Kq(l +In(Copn))

21)
X (Céu4d92(x0, y) + T<M4 v (u+ x)* Kaite

),

where K giff = CS’ C 2(q +2, pg) [recall that Cy is given in the hypothesis (A) and
C(q +2, py) is given in (18)] and K is a constant depending only on q.

PROOF. We fix ¢ € @y and take x to be solution of d;x; = o (x;)¢;. Using
the orthogonal decomposition ¢; = o*(x;)v + w with v € R? and w such that
o (x;)w = 0, one obtains d;x; = o (x;)o *(x;)v. Consequently,

((00*(x)) " 8rxs, 8rx:) = (v, 00" (x)v) = lo* x)v 1> < llde 1%
Using (A, iv), we obtain
10x, 11> < C3N*(x1) < (0™ (x) L dyxr, 3rx0) < CEN?(xp) [l |17,

so we take M; = Co||¢; || in (G). We take hg = 1/2,/qCov and these by obtain
t+hg 1
th M?ds < h%C3v? < —.
t 4q

So (G) holds true.
Since ¢ € Py, one has ny =n, hpyr = h. Moreover, fOT Mr2 dr = C§||¢||2T. Sub-
stituting this into (20), we obtain

24
>
pT(x()v y) - 482(6/.1«\/@77T)q/2\/m

X exp(—K(q)q (14 1In(Coun))

X <C6‘M4II¢II2T
1
+ T<KdiffM4 V(1 + ) +2/qCov + E)))

We now take the infimum over ¢ € @y and the proof is completed. [J
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APPENDIX
We will use the following Holder inequalities for the conditional Malliavin

norms.

LEMMA 25. Let H, Q € (), D*"'P. Suppose that Q(w) =0, D' Q(w) =
., DFQ(w) = 0 for every w € A€, where A is some measurable set. Then for
every p > 1,

(22) IH Qlles k. p < k2N H e 5. 52p, 4l Qllt 5 k.20, 45
23)  I(DH,DQ)s.1llr.s.k.p < K2XNH e 554120, 4 11 Qr.6.k51.2p. 4
where

WHN 55 poa = Ec@QalHIL5 1),

WEND s g poa o= NH I s g poa — Ee(LalHIP).

PROOF. Let us introduce some notation. Let I C {1,...,k}, I = {iy,...,i,}
with 1 <i; < --- < i, < k. We denote |I| = r. Given a multi-index a =
{al,...,ak}e{l,...,d}k ands = (s, ..., Sk) eRk,wedenotea(l)={ai1,...,a,-r}
and s(I) = (si;,...,si,). We also put ds =dsy...dsy and ds(I) =ds;, ...ds;, .

We denote D¥4 = D¢k ... D§! and we write
a 18] k—i,a(I°)
DEHQ) =Y 3" DIV H x DI 0.
i=0 |1]=i
Since the sum has 2¥ terms, we have
k. k ia(l) pk—iald®)
IDy(HQ)? <2 ZZ\Ds(n x| D{Ge 0.
i=0|I|=i

Let us denote

u(HQ) = /[ LGOS

81k

Since
ia(l) k—i,a(I) 2
/[z ooy Dsiny H X Dy 0 ds

_ DD 2 g1y % f DEEadD o2 gy (e
[t,t+5]i| s(1) | ) [1.1+8]5~ l| s(1€) Q| )

= aq(1)(H)oae)(Q),
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we obtain

k
(24) 2a(HQ) <23 " aaiy(H)aa(e)(Q).

i=0|1|=i

We claim that this implies

IHOI .= D aa(HQ) <k2* Y ap(H) x Y ae(Q)

lal<k |b|<k lcl<k

k 2 2
= k12N HI7 s 1 I CN7 s,

In order to check this inequality, we consider two multi-indices, b and c, such that
|b| <k and |c| < k. The term op(H)o(Q) will appear in the right-hand side of
(24) for any multi-index a such that b = a(I) and ¢ = a(I€) for some I. It follows
that the components of a are fixed (they are the reunion of the components of b
and c). It follows that there are at most k! such terms. So, (25) follows.

Since Q and its derivatives are null on A€, we have ||H||, skl Q||, sk =

(25)

1allH || rs. il Q||t’ 5.k and we use Holder’s inequality in order to obtain (22). The
proof of (23) is similar. [J

PROOF OF LEMMA 1. Let I''/ be the cofactor corresponding to i, j of the
matrix ¢ s r and let d := det¢, 5. r. We have a;;fa’F(w) = 51"’7 (w) for w € A.
Using (22),

1(Br.5.FG) M54 p < Z||¢,”Gf||,akp Zud TG sk p
j=l1

q
2(k+1 —1 i ] j
<226 DN 1a s kap, Al T s k,ap, Al G llis k. 4p.4-

j=1
Moreover, using (22) and (23), we have ||F'j||,,37k,4p < 22@=D&+D
2(g—1 .
NEITS D pen, and Id s ksp < 229CEDNFIS L ogen - Then using the

chain rule for the function %, we obtain

ld™ e s.k.ap.a < e, vy, (FL A)lld s k.58

<c(k, q)vg(H])p(F A)|||F|||, 5 k+1,2242) >

where c(k, g) is generic notation for a constant which depends on k£ and ¢g. It
follows that

-~ j k+1 4g9—2
1167 G lle6k.p < €k DIG 1.6k 4p Vs 1) p Fs DNFIG 5y 2002,

and the proof is completed. [
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PROOF OF PROPOSITION 3. We denote by ¢ a constant which depends on
k,l and ¢ and which may change from one line to the next. Using (22), (23), (4)
and (3), we obtain

|t,5,k,p

q
Z 1G] pLes(F))
+(DFj, D@]'s pG))i.s1llisk.p)

q
~ji
<c > (1GHs pllrskaplLis(FPllisk2p
j=1

+WFjllles.k+1.2p1GB; 5 pllrsk+1.2p)

k+1 4q-1
= C”G||t,6,k+1,4pvl6(k+1)p(Fa A)”|F|”t,8,k+2,2‘1+3p'

Consider now a multi-index o with |«| = [. We iterate the above relation to
obtain

1(4g—1)
| Ho(F, Gl s kp = 1G5 k0,250 gy p s DIFIGA L i,

and the proof is completed. [J
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