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ESTIMATES OF MOMENTS AND TAILS OF
GAUSSIAN CHAOSES!

BY RAFAL LATALA
Warsaw University

We derive two-sided estimates on moments and tails of Gaussian

chaoses, that is, random variables of the form 3 a;, . ;, &, - &i,» Where g;
are i.i.d. N (0, 1) r.v.’s. Estimates are exact up to constants depending on d
only.

1. Introduction. The purpose of this paper is to give precise bounds on mo-
ments and tails of Gaussian chaoses of order d, that is, random variables of
the form S = Zi1<i2<~-<id aiy,....iz8i - 8iy- In the sequel, we will only con-

sider decoupled chaoses S = P aigl-(ll) = -gi(j), where gi(k) are independent stan-

dard N (0, 1) normal random variables and (a;) = (a;,,....i;)1<i,....igq<N 18 a finite
multi-indexed matrix—under natural symmetry assumptions, moments and tails of
S and S are comparable with constants depending only on d (cf. [5]).

For d = 1, we obviously have for p > 2,

1/2
Y aigi| = (Za?) lgllp ~ ﬁ(Za?)
i p i i

For the chaoses of order 2, we have for any finite rectangular matrix (a;;) and
p=>2,

1/2

ey

1 2
@) Zaijgi( )gﬁ‘ "~ Pll@idllinay + pli@) e,
ij p
where [(a;j)ll1.2) := Il(ai)llns = (X a;;)"/* and

(@il = Supizai]’xi)’j Hxll2 = 1L lyllz < 1}-
ij

The upper part of the estimate (2) was obtained in [6]; the lower one is much easier
(cf. [7]). One of the reasons why the case where d = 2 turned out to be relatively
simple is that every square matrix is orthogonally equivalent to the diagonal matrix.
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For d > 3, Borell [4] and Arcones and Giné [3] showed that

3)  ISI,~ Zpk/zEsup{Zalnx(k) [T e |x®), <1 1<1<k

i =1 I=k+1

The above formula gives the precise dependence on p, but unfortunately involves
suprema of empirical processes that are, in general, not easy to estimate. (For gen-
eralizations of the above formula to the non-Gaussian case, cf. [1] and [10].) In
this paper, we present bounds on moments and tails that involve only deterministic
quantities.

The paper is organized as follows. In the next section, we present notation and
definitions that will be used in the rest of the paper and formulate main results.
In Section 3 we obtain bounds on entropy numbers for distances on products of
Euclidean balls. This will provide a crucial tool to estimate suprema of certain
Gaussian processes that naturally appear in the study of Gaussian chaoses. Finally,
in the last section, we present proofs of main results.

2. Notation and main results. We use the letter C to denote universal posi-
tive constants that may change from occurrence to occurrence and C(d) to denote
positive constants depending only on d. [C(d) may also differ at each occurrence.]
We write f ~gif & f <g <Cf andfwdgifﬁfSgSC(d)f.Thecanoni—
cal Euclidean norm of a vector x is denoted by ||x||». Recall that the pth norm of
areal random variable X is defined as || X||, := (E|X|P)V/P.

Letd > 1 and A = (ai)1<j,,...,iy<n b€ a finite multi-indexed matrix of order d.
Ifie{l,....,n}%and I C{1,...,d}, then we define i; := (ij)jer. For disjoint
nonempty subsets I, ..., Iy of {1,...,d}, we put

. 1) *) . (Dy2 (k)\2
1AL .=sup{zaix,-,l e = 1L R <
1 l[1 l[k

and

2, 172
Il (@iji) (13 (2.3} =SUP{<Z<Zaiiji) ) Y xf < 1}
kN

i

_ up{(Z@aijkxjk)z)l/z:jzkx;k51}.

i
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By S(k, d), we denote a set of all partitions of {1, ..., d} into kK nonempty dis-
joint sets Iy, ..., Ix. For p > 1, we put

d
mp(A) =Y p* " 1Al

k=1 (U1, I ES(kyd)
Our main result is the following:

THEOREM 1. For any multi-indexed finite matrix A = (ai)1<i,,....ij<n and
p =2, we have

) ——mp(A) =

C(d) < C(dym ,(A).

Zal l—[ g(])

Theorem 1 may be easily translated into the following two-sided estimate for
tails:

COROLLARY 1. Foranyt > 0andd > 2, we have

1 ¢ 2/k
exp[ C(d) m min <7) ]
C() 1<k<d (...leSk.d) \ || Al 1,

<P< Xi:al ]_[ gl = ) """

2/k
< C(d)exp |: — —— min min (;) ]
C(d) 1zk=d (I,...IneSk.d) \||All1,...1,

In view of (3), it is clear that the proof of (4) should be based on the estimation
of norms of some random Gaussian matrices. The next theorem is, in our opinion,
of independent interest and has recently been applied in [2] to obtain moment
estimates for canonical U -statistics.

THEOREM 2. For any d > 2 and any finite matrix A, we have for p > 2,

()

REMARK. We suspect that a stronger estimate may actually hold, namely

E (Z aigid>
i (1}..{d—1)

< C(d) mf(sd 1(A) + p 1Ay + PO 1Al )

< C(d)p" D m,(A).

®)) E‘
{1}...{d—1}

d—2)/(d—1 1/(d—1
< Cd)(sa—1(A) + AN 2 AN ).
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where

sq—1(A) == Z Al ,ay 0 1<i<d—1,1%)-
1<j=d-1

However, we are not able to show this result for d > 3.

3. Entropy estimates and Gaussian processes. By y,;, we will denote

the distribution of ¢G,,, where G, = (g1, ..., g;) is a canonical n-dimensional

Gaussian vector. We also put G,(f) = (g{i), cees g,gi)) for i.i.d. copies of G,.

If p is a metric on a set T, N(T, p, t) is the minimal number of closed balls
of radius ¢ that are necessary to cover 7. The closed unit Euclidean ball in R” is
denoted by Bj.

LEMMA 1. For any norms ay,az on R", y € S C B} and t > 0,

=2
Vi (¥ o1 (x — y) < 4tEai(Gy), a2 (x) < 41Eax(Gp) + o2 (y)) > 2™ /2,

PROOF. Let
K:={xeR":a1(x) <4tEai(Gy), ar(x) < 4tEay(G,)}.
By Chebyshev’s inequality,
1 — s (K) <P(a1(tGp) > 4Ea 1 (tGp)) + P(a2(1G,,) > 4Ea2(1Gy)) < 1/2.
By the symmetry of K, we obtain for any y € B,

—v|? 2 2
Pualy+ K) = e PP [ 090 ay, )
— P /K L2 4 o=/ gy (1)

> exp(—12/2)yn i (K) = g exp(—172/2).
Finally, note that if x € y + K, then o1 (x — y) <4tEa1(G,) and ar(x) < aa(x —
y) tax(y) <4tEar(Gy) +aa(y). U

Let @ be a norm on R and the distance p, on R"! x --- x R" be defined
by

d d
Pa(X, ) 2=a<®xi - ®yi> forx=(x',....x) y=0" . yD,
i=1 i=1

where ®?:1xi = (]—[z:1 xﬁ)hfnl _____ ig<ng- Fort >0, T CR" x ... x R"™ we
put

d
W (1) =) t* > Wl (@),

k=1 Ic{l,..d}:#I=k
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where

WIT(oe) = supEoz((l_[ xikk 1_[ gl-(f)> )
i1yees iq

xeT k¢l kel

To simplify the notation, we will write W; and W; instead of WdT and WIT if
T =By x---x By".

LEMMA 2. Foranyt>0andx € By' x --- x By, we have

(6) Vit (Ba (%, WY (@0, 41))) = 27 exp(—d1 7% /2).
PROOF. We will proceed by induction on d. For d = 1, we have

By (x, Wi (a, 41)) = {y e R" :ae(x — y) < 41Ea(Gy,)}

and (6) then follows by Lemma 1.
Now, suppose that (6) holds for d — 1. We will show that it is also satisfied for d.
Let us first observe that

d d -1 d—1
(7 a(®xi—®yi> Sa‘(xd—yd)+oeyd(®xi—®yi>,
i=1 i=1 i=1 i=1

where o! and ay are norms on R"¢ and R"!""4-1 respectively, defined by

d—1

al(z):= a(@xi ®z> and oy(z)=a(z®Yy).

i=l

Then, obviously,

(8) Ea'(Gy,) = W (@).
Moreover, if we put 7(x) = (x!,...,x4"1) and define a norm oztz on R"* by the
formula
200y . it}
a; (y) =W " (ay, 1),
then
9) tEa?(Gp,) + o (x9) = 3 W (o, 1).

Ic{l,....d}: 1#2,{d)

Observe also that by the induction assumption, we have for any z € R"4,

d—1 d—1
Vn1+~-~+nd_1,t(y c R+ Fna-1 Lo, (®xl _ ® y1> < 062;(2)>

(10) - | i=1 i=1
> 2 "exp(—(d — 1)t77/2).
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Finally, let
A(x) := iy e Rt gl (x4 — ydy < 4Eal (G,),

O‘%t(yd) = 4tEo{4%t (Gnd) + O‘Azft (xd)’
d—1 . d—1 '
oy (®xl — ® y’) < af,(yd)}.
i=1 i=1

By (7)~(9), we get A(X) C By (x, Wi (a, 41)) and, therefore, by (10), Lemma 1
and Fubini’s theorem, we get

Vi totngt (Ba (X W (@, 40))) = Yy tny  (AX)) = 274 exp(—dt—2/2). O
COROLLARY 2. Forany T C By' x --- x By* and t € (0, 1],
N(T, pa, Wj (. 1)) < exp(Cdt™?).

In particular,

N(B3' x ---x By, po, Wa(a, 1)) < exp(Cdt ™).

PROOF. Obviously, WdT (o, t) > supyer WCEX} (o, t). Therefore, by Lemma 2,
we have forany x e T,

(11) Viny 4oeng.t (Ba (X, W, (@, 41))) = 274 exp(—dt ™2 /2).
Suppose that there exist xi,...,Xy € T such that pu(x;,X;) > WdT(oz, t) >

2WTI (e, 1/2) for i # j. Then the sets By (x;, W] (@, t/2)) are disjoint, so by (11),
we obtain N < 2¢ exp(32dt_2). Hence,

N(T, po, W) (@, 1)) < 2% exp(32dt™2) < exp(33dt—2). O
To finish this section, let us recall standard estimates for Gaussian processes.

LEMMA 3. Let (X;)er be a centered Gaussian process and T = /L, T;.
Then
Esup X; <maxEsup X, + C\/@ sup (E(X; — Xs)z)l/z.

teT l teT; t,seT

PROOF. Obviously, Esup, . X; = Emax; supteTl(Xt — Xy,) forany 1o e T.
The lemma follows by integration by parts and the classical estimate (cf. [8], The-
orem 7.1)

P(sup(Xt — X4) > Esup X; +usup(E(X, — X,0)2)1/2> < exp(—u?/2)

teTy teT; teT)

foru>0. O



GAUSSIAN CHAOSES 2321
LEMMA 4. Let (X;)ieT be a centered Gaussian process. Then for any p > 2,

sup X¢| + ﬁa) <
1

teT

sup X;
teT

=
p

sup X;
teT

12 !
I

+ C/po,
1
where o 1= supteT(Eth)l/Q.

PROOF. The lower bound follows from the easy estimates

sup X;
teT

=
p

supmax(X;, 0)

> sup || max(X;, 0)||, = sup [ X[ ,/2
teT T

p teT te

and the upper one by the concentration of suprema of Gaussian processes (cf. [8],
Theorem 7.1) and integration by parts. [

4. Proofs. Let us start with some additional notation. For a matrix A =
(@i)1<iy,...,iy<n Of order d > 2, we set

si—1(A) = Z NAlGay (s 1<i<d—1,1 )
1<j=d-1

andfor1 <k <d —2,
sp(A) = > Al 1

(1, ) eS(k,d)
On R@=Dn — (R")4=1 we introduce the distance p4 by the formula
d—1 d—1 2\ 172
pA(X,y) = (Z( > ai<]_[ =11 yﬁ)) ) :
ig Nits..., id—1 k=1 k=1

where x = (x1, ..., x971) andy = (yl,...,yd_l). We have

(13) pa(x,y) = (E(Xy — Xy)?)"/?,

.....

For T c R@-Dn e put
AA(T) :=sup{pa(x,y):x,y € T}.
Let us note that in particular, we have
(14 AaBHT =2suplpax,0):x € (B} =2]|Ally..qa)-
Foraset T CRUDnand 1 c{1,...,d — 1}, we put

2\ 172
Wf(A)::sup(Z( Yooa ] xi))
i

xeT i10{d} d—1ng - kefl,...d=11\1
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andfor 1 <k <d-—1,

Wl (A) = > W/ (A).
Ic(l,....d—1},#I=k

The next lemma shows how the results of the previous section may be adapted
to the case of the particular metric p4.

LEMMA 5. ForanyO<t<landT C (Bg)d_l, we have

d—1
(15) N(T, pa, Y t*wl (A)) <exp(Cdt™?).
k=1
In particular,
d—1
(16) N(T, pa tWl(A)+ ) tksd_k(A)) <exp(Cdt ™).
k=2

d—
PROOF. Note that p4 = py, where for z € R” 1,

2\ 12
o(z) = <Z( Z aiZil,.A.,id_1>> .
i1

id Nilseesld—1

We have for any x € (R~ land I c {1,...,d — 1},

1/2
k (k) 2 k (k)
g T TR = (et T s TTE))
ke(l kefl

..... d—1]\1 kel yend—11\1 kel

2\ 12
irudy NiQt,..d—1png - ke{l,....d—1N\1

yeeny

Hence,
Wi (@) < Wi (4)
and (15) immediately follows by Corollary 2.
Inequality (15) implies (16), since

(Bn>d71
WA <W,"2 (A = Al 1uay. 40 1eq1....d—1\T)- O

We are now ready to present a stronger version of Theorem 2. To formulate it,
let us define for T C (R™")4—1,

d—1
Fua(T) = Esup(Zai 1_[ xligid)-

X€l'\'j k=1
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THEOREM 3. Forany T C (Bg’)d_l and p > 1,

d—1
(17) Fa(T) < C(d) (ﬁAA(T) +> p“"‘>/2sdk(A)).

k=1

Let us observe that E|| (Zid aigi)l1y..fd-1) = FA((Bg)d*I) and, therefore,
Theorem 3 implies Theorem 2 since by (14), A4 (B}~ <2[All1}...1a)-

We will prove (17) by induction on d, but first we will show several conse-
quences of the theorem. In the next three lemmas, we shall assume that Theorem 3
(and thus also Theorem 2) holds for all matrices of order smaller than d.

Forx,y e (R™)4=1 we set

&A (X) = Z Zaixij;

I<j#k<d—11 i;

’

{k.d}{{l}: 1=l=d—1,l%#k, j}

Zai(xijj - yijj)

Ly

PAX.Y) = dax—y)= Y
1<j#k<d—1

{k,d}{{l}: 1<l<d—1,l#k,j}
and for T C (R4,
aA(T) :=sup{da(x):xeT}.

LEMMA 6. Forany p>1andl >0,

d—1
N((Bg)dl, pa 27y p“k>/2sd_k<A)) <exp(C(d)2% p).
k=1

PROOF. Note that @4 is a norm on (R*)4~1 = R@=D" and that

> aigi,

Ly

Ed(G—1yn) = Z E
1<j#k<d—1

{k,d}{{l}: 1<I<d—1,l#k,j}

Letus fix 1 < j #k <d — 1 and observe that

Zaigij Zbil ~~~~~ iq—18iq-1

l'_,' id—1

{k,d}{{l}: 1<i<d—1,l#k,j}

(1}..{d—2)

for an appropriately chosen matrix B = (b;, .. ;, ,) (we treat a pair of indices k, d
as a single index and renumerate indices in such a way that j would become d — 1).
Moreover, forany 1 </ <d — 1,

> IBlny,.b = Y.  lNAln...;, <si(A).

(I1,....1DeS,d—1) (I1,....1neS.,d)
{k.d}el
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Thus, by (5) (applied to the matrix B of order d — 1),

E aigij
ij

E

(k. d}{{l}: 1=l<d—1,1#k, j}

=E Zbigidq
ig—1 {1}..{d -2}
d—1
<C@d) ) pdth > IBll,...1
=1 (Iy,....I;)eS,d—1)
d—1

<Cd) Y p* V254 4(A).

s=1
Hence, by Corollary 2 (with d = 1), we have for ¢ € (0, 1],

d—1

N((Bé’)”“, pa, City p<”>/2sd_k<A>) < exp(Cr™?)
k=1

and it suffices to make the substitution r = (C (d)2/ JP Lo O

LEMMA 7. Suppose thatd >3,y € (Bé’)”l*1 and T C (Bg)dfl. Then for any
p > 1andl >0, we can find a decomposition

N
T=J71;. N <exp(C(d)2% p)
j=1

such that for each j < N,
Fa(y +Tj) < Fa(T})

(18) d—1
+Cd) (&A W +a()+27" ) p“‘"”zsdk(A))
k=2
and
d—1
(19) Aa(T) <27 p7 PG + 272 p7 254k (A).
k=2

PROOF. Forl G{l,...,d—1},x,%e (R")? land S ¢ (R")?~!, let us define

en=(( £ alli( 11 o= ] )

ig Nit,onig_) kel j<d—1,j¢l j=<d—1,j¢l

A% (8) == sup{p’! (x. %) :x, X € S}
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and
A j
Fg (S)::EsupZail_[yi l_[ xijjgid.
XeS i kel  j<d—1,j¢l

Note that if / # &, then (17) applied to the matrix

Ay, D)= (Zmﬂxﬁ)

i kel

of order d — #I < d gives for any S C (Bé’)d_1 andg > 1,

d—#I1—1
FPl ) <cwd- #1)<q1/2AZ;’(S> + > g sy k(A 1))).
k=1

But, sq—#1-1(A(y, ) < sa—k(A) for k > 2 and sq—#7—1(A(y, I)) < @a(y), hence,

d—1
20)  FY'(S)<C@) (q‘”Afg’(S) I NIEDD q“’””sd_k(A)).
k=2

Since E} ai[[r<4—1 yl.kkgid =0, we get

1) FaO+S—Fa$)< > .
@£IC{1,....d—1}

Observe also that forany I C {1,...,d — 1}, 0 <#[ <d — 3, we have
W/ (A(y, 1)) < sup{@a(x):x € T} = FA(T).
Thus, we may apply 247! — d times (16) with + = 27/ p~1/2 and find a de-
composition T = U?’Zl T;, N < exp(C (d)2? p), such that for each j and I C
{1,...,d—1},0<#I <d —3,
d—1
(22) AV (1) <27 p T Paa ) + 270 Y p T sk (A).
k=2
Moreover,if I C {1,...,d—1} with#I =d — 2, then A(y, I) is a matrix of order 2
and for S C (Bg)dfl,

(23) FY1(S) < 1Ay, Dllus < &a(y).

Estimate (22) reduces to (19) for I = & and (18) follows by (20) with g = 22 P
and (21)-(23). O

LEMMA 8. Suppose that S is a finite subset of (Bg’)d_l, with #S > 2, such
that S — S C (Bé’)d_l. Then there exist finite sets S; C (BQ’)d_1 andy; €8S,i =
1,..., N, such that:
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(i) 2< N <exp(C(d)2* p),
() S=UN (yi +8), 8 — S CS— S, #S; <#S—1,
(iil) Aa(S) <272 Y21 p=k25,_4(A),

(iv) @a(S) <2719z pd=072g, 1 (A)
and
(V) Fa(yi +Si) < Fa(S) + C(d)@a(S) + 27 TI=! pa=h12g, 1 (A)).

PROOF. By Lemma 6, we get

Ni
S=J@i+T),  Ni<exp(Cd)2%p),
i=1

yi €S,0€T; and

d—1
Fa(T) <270 pU 025, (A).

k=1
Notethat ; CS—y; CS—S C (Bg’)d_l. Hence, by Lemma 7 (with / + 1 instead
of 1), we get
Ny
=UT,. MN=epC@d?2’p),
j=1

where

d—1
Fa(yi +T;.j) < Fa(T;. ) + C(d) <&A () +aa(T) +271 Y p“’”/zsd_k(A))
k=2

d—1
< Fa(T; ) + C(d) (azA(S) +270) p“"‘)/zsd_k(m)
k=2

and

d—1
AT ) <277 p 2 (T) + 27272 p 7254 4(A)
k=2

d—1
<2773 p sk (A).
k=1

Therefore,

S=Jui+Ti)).
iJ
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We have N = N| Ny <exp(C (d)2% p). Moreover, we may obviously assume that

N > 2, and by making the sets 7; ; disjoint, we may assume that #7; ; < #S — 1.

Obviously, T; j —T; ; C S—Sand @a(T; ;) < @a(T;) <27/ Y021 pU=0725,_ 1 (A).
g

PROOF OF THEOREM 3. We proceed by induction on d. Ford =2 and A =
(aij), we have

2\ 172
Fa(T) < FA<B§‘>=E(Z(ZaUgj> ) <|lAllus = 51(A).
J

i
Suppose that d > 3 and that (17) holds for matrices of order smaller than d. Let us
put Ag:= Aa(T), Ag:=aa((B})4™1) < C(d)sa—1(A) and

d—1

Ap:=222%" p s kA,
k=1

- d—1

Ap:=218 " pUPg, (4 forlz L
k=1

Suppose first that T C %(Bg)d_l and define
cr(r, 1) :=sup{Fa(S):Sc (BH4= 1, s —ScT-T,
#S <1, Aa(S) < A1, GA(S) < Al
Note that any subset S C T satisfies A4(S) < Ag and @4(S) < Zo, therefore,
(24) cr(r,0) = sup{Fa(S):SC T, #S <r}.
Obviously, c7 (1, 1) = 0. We will now show that for » > 2,

crr,D)<cr(r—1,1+1)
(25)

d—1
+ C(d) (Z, +2lpAr+27 ) p“—k)/zsd_k(A)).
k=1
Indeed, let us take S C (Bg’)d —1 as in the definition of ¢z (r, [). Then by Lemma 8,

we may find a decomposition S = lNzl(yi + ;) satisfying (i)—(v). Hence, by
Lemma 3 and (13), we have

Fa(S) = C/log NA4(S) +max Fy(y; + S;)

d—1
(26) <C() (&A(S> +2lypar+27 Y p<“">/2sd_k(A>)
k=1

+ max Fa(S;).
1
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We have As(Si) < Ajg1, @a(S) < Ajp1, Si—SiCS—SCT —T and #S; <
#S — 1 <r — 1, thus max; Fs(S;) <cr(r — 1,1+ 1) and (26) yields (25).
By (25), we immediately obtain

o0 d—1
cr(r,0) <er(l,r — 1)+ C(d) Z(Zz +2 par+27 Y p“—")ﬂsd_k(A))
=0 k=1

d—1
<C() (ﬁmm +> p“—k)/st_k(A)).

k=1
1/ pn\d—1
For T C 5(By)“" ", we have by (24),

FA(T) =sup{Fs(S):SCT,#S < oo} <supcr(r,0)
r

d—1
<C(d) (ﬁAAm +> p<1—k)/2sd_k<A>>.

k=1

Finally, if 7 C (B})?~", then 1T c 2(BY)?~! and A4(AT) = 2'=4AA(T),
hence,

Fa(T) =2""F4(3T)

d—1
<C(@) (ﬁAAm + p“’”/zsd_k(A)). -
k=1
PROOF OF THEOREM 1. First, we prove by induction on d the estimate from
below. For d = 1, it follows by (1). Suppose that the lower estimate holds for
matrices of order smaller than d. Then by the induction assumption, we have for
any matrix B = (bi)i,,...i;_»

9

p

-1
>ni[1s]
i =l

1/2
>C(d- l)lﬁ(zb?> >C@)”!
p i

E bigil ..... ig—1
i

where (g;,.....i, ;) is asequence of i.i.d. & (0, 1) r.v.’s independent of (gl.(:)). There-
fore, by (2),

>C(d)™!
P

d .
>al]e
j=1

i

d
Zaigils---aid—lgi(d)
i

@7) !

>C( ) 'PlIAl.....a)-
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Let (I1,..., Iy) € S(k,d) with k > 2 and Y, (x{)? <1forl=1,..., k. Then by

the induction assumption applied twice [first conditionally on (gi_ ) jen ], we have

Zan 1—[ g(J) Z“ l—[ gz(J)l_[ 0]
i

i jel

>C(d #1,) " pk=D/2

p

> (Cd —#)CH) ™ P Y a 1‘[x§f)
i =1

and, hence,

(28) >C<d> k20 Al

l—[ g(])

Inequalities (27) and (28) 1mply the lower part of estimate (4).

Now (again by induction on d), we prove the estimate from above. For d < 2,
the estimate follows by (1) and (2). Suppose that d > 3 and the estimate holds for
chaoses of order smaller than d. By the induction assumption, we have

Zéln 1—[ g(j)
i

p

d—1
<cd-nY P ) (EH(Zalg“”)

k=1 (I,..., I)eSk,d—1)
However, for (I, ..., Iy) € S(k,d — 1), we have by (12),

(el(z)], )

d
<CJPlAlL....ua) + EH (Z aig)’ >)

iq

29)

.....

(30)

Theorem 2 gives

o )

Inequalities (29)—(31) then yield the upper estimate in (4). [

<Ck+1)p™%m,(A).

I, Iy

PROOF OF COROLLARY 1. Let §:=37 ai]_[ 1glj) By Chebyshev’s in-
equality and (4), one gets for p > 2,

(32) P(IS| > eC(d)m,(A)) <P(IS| = e||S]lp) <e””
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Since [|Sll2p < C1(@)|IS]lp (cf. [9], Section 3.2, or use (4) and my,(A) <
2412 »(A)), we get by the Paley—Zygmund inequality for g > 2,

P(S=27"|IS|l,) =P(S|? = 277E|S|%)

g2 (EIS|9)? -
>(1-2 Q)ZW > (2C1(d)) ™.
Fix p > 0 and take g := p/(2In(2C(d))). Then g > 2 for p > po(d) and ||S|4 >
C@)'my(A) = C(d) max21n(2C1(d)), 1)™?m ,(A) = 2C2(d)'m p(A).
Thus, for p > po(d),

P(IS| = Co(d) "' mp(A)) = P(S > 271|S]l,) = 2C1(d) ™ = e
and, therefore, for any p > 0,
(33) P(IS| > C2(d)"'m(A)) = min(e 7@ ¢7P),

Finally, note that if m,(A) = s > m»(A), then p is comparable (with constants
depending only on d) with

min{(s/IAllp,....;)" 1<k <d.(1,.... L) € Sk, d))
and, therefore, Corollary 1 follows by (32) and (33). O
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