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HOW MANY ENTRIES OF A TYPICAL ORTHOGONAL MATRIX
CAN BE APPROXIMATED BY INDEPENDENT NORMALS?'

BY TIEFENG JIANG
University of Minnesota

We solve an open problem of Diaconis that asks what are the largest
orders of p, and g, such that Z,,, the p, x g, upper left block of a random
matrix I';, which is uniformly distributed on the orthogonal group O (n), can
be approximated by independent standard normals? This problem is solved
by two different approximation methods.

First, we show that the variation distance between the joint distribution
of entries of Z,, and that of p,q, independent standard normals goes to zero
provided p, = o(y/n) and g, = o(4/n). We also show that the above vari-
ation distance does not go to zero if p, = [x/n] and g, = [y+/n] for any
positive numbers x and y. This says that the largest orders of p, and g, are
o(nl/ 2) in the sense of the above approximation.

Second, suppose I'y = (¥ij)nxn is generated by performing the Gram-
Schmidt algorithm on the columns of Y, = (y;j)nxn, where {y;;; 1 <i,j <
n} areii.d. standard normals. We show that e, (m) := max|<j<p,1<j<m NZE
Yij — Yij| goes to zero in probability as long as m = mp = o(n/logn). We
also prove that &, (m,) — 2./« in probability when m,, = [na/logn] for any
o > 0. This says that m,, = o(n/logn) is the largest order such that the en-
tries of the first m,, columns of I';, can be approximated simultaneously by
independent standard normals.

1. Introduction. LetI'; = (y;;) be a random orthogonal matrix which is uni-
formly distributed on the orthogonal group O(n). Let Z, be the p, x g, upper
left block of IT';,, where p, and g, are two positive integers. The open problem in
Section 6.3 from [10] is as follows: what are the largest orders of p, and g, such
that the variation distance between the joint distribution of the entries of Z,, and
that of p, g, independent standard normals goes to zero as n — oco. We answer this
question here. Before stating the results formally, let us first review some history
of this problem.

In studying “Equivalence of Ensembles” in statistical mechanics, Borel [5]
showed that

1 x 2
1.1 P(/n <x)— —/ e 2 qr
(1.1) (Vnyi1 <x) N2
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as n — oo for any real number x. For more information about this formula, one is
referred to [27], page 197 in [26], page 412 in [23], page 342 in [4], [11] and [24,
25].

Similar results for fixed m are derived through Brownian motion by Gallardo
[16] and Yor [32]. Let y; be the first column of I';,. Stam [30] proved that d,,, the
variation distance between the distribution of the first m coordinates of y; and the
distribution of m independent standard normals, goes to zero provided m = o(y/n)
as n — 0o. He applied this result to a geometric probability problem.

In studying a finite representation theorem of the de Finetti type, Diaconis and
Freedman [11] showed that the above d,,, goes to zero as n — oo provided m =
o(n). On the other hand, in studying a de Finetti-type theorem on a finite sequence
of orthogonal invariant random vectors, Diaconis, Eaton and Lauritzen [14] proved
the following.

THEOREM A.l. For each n > 1, let Z, be the p, x q, upper left block of
a random matrix T';, which is uniformly distributed on the orthogonal group O(n).
Let also 8, be the variation distance between the distribution of the pnq, en-
tries of Z,, and the joint distribution of p,q, independent standard normals. Then
8n — 0if pp =0(n%) and g, = o(n*) for « = 1/3.

Since the publication of [14], there have been various speculations on the max-
imum value o to make the variation distance go to zero. Here are three major
ones: (a) p, = O(n'/?) and g, = 0(n'3); (b) pp, = 0(n'/?) and g, = o(n'/?);
(¢) pp =o(n) and g, = o(n). Recently Collins [7] showed that the variation dis-
tance in Theorem A.1 goes to zero when p,, = O ('3 and qn = 0 ((n'’3).

Attempts to improve on the orders of p, and g, are partly motivated by the
following reasons. First, it is well known that the above I';, is close to I‘;, an
n x n matrix with independent normals as entries. Mathematically, it is interesting
to know in what sense they are close. Diaconis and Shahshahani [12], Diaconis
and Evans [13] and Rains [28] characterized relationships between the traces of
I, and those of T'/, in terms of expectations; Johansson [20] obtained the speed of
convergence of traces of I';, to a normal random variable; D’ Aristotile, Diaconis
and Newman [8] showed that the linear combination of entries of I',, also con-
verges weakly to a normal distribution. Second, improving the orders of p, and g,
has a lot of applications; see [14] and [19]. In the last paper Jiang also proved the
following coupling result.

THEOREM A.2. For each n > 2, there exists matrices I'y = (yij)1<i,j<n and
r, = (Vi/j)lii, j<n Whose 2n? elements are random variables defined on the same
probability space such that:

(i) the law of T}, is the normalized Haar measure on the orthogonal group Oy;

(i1) {yl-/ ft 1 <i, j <n} are independent standard normals;
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(iii) set €, (m) = maxi<j<n,i<j<m |\/NVij — yl/j|form =1,2,...,n.Then
en(my) — 0 in probability,

as n — oo provided m, = o(n/(logn)z).

It says that n2/(logn)? elements of T',, can be approximated by the correspond-
ing elements of I'), in terms of convergence in probability, which is weaker than
the convergence in variation norm.

This theorem highlights the interest in improving the orders of p, and g,. It
seems to suggest that Theorem A.1 holds for much larger p, and g,. This is why
people conjectured that the maximum orders of p, and g, are o(n). At the same
time it would be interesting to know the largest order of m,, such that Theorem A.2
holds.

In this paper we prove that the maximum value of o as in Theorem A.1 is
actually 1/2, and the largest order of m,, such that &,(m,) — 0 in probability is
o(n/logn), where ¢,(my) is as in Theorem A.2. To state our results formally, let
us recall the definition of variation distance first.

Let ;« and v be two probability measures on (R, 8), where 8B is the Borel
o -algebra. The variation distance between p and v, denoted by || — v||, is equal
to

(1.2) [lw—=vll=2- sup |u(A) —v(A) =/ |f(x) —g(o)ldxidxy - - - dxm,
AcB R™

provided p and v have density functions f(x) and g(x) with respect to the Leb-
segue measure, respectively. For each n > 1, suppose that Z,, is the p, x g, upper
left block of a random matrix I',, which is uniformly distributed on the orthog-
onal group O(n). Let G, be the joint distribution of p,¢g, independent standard
normals. We use £(y/nZ,) to represent the joint probability distribution of the
Pnqn random entries of /nZ,. It is not difficult to see that ||L(/nZ,) — G, | is
nondecreasing in p, and g, respectively.

THEOREM 1. If p, = o(y/n) and g, = o(y/n) as n — oo, then
Tim | £(VAZs) — Gy = 0.
As usual, the notation [a] stands for the integer part of a positive integer a.

THEOREM 2. Let x > 0 and y > 0 be two numbers and p, = [xn'/?] and
qn = [ynl/z]. Then

where ¢ (x, y) = E| exp(—ngy2 + %f) — 1] € (0, 1) and & is a standard normal.
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One can see that ¢(0,0) = 0, which roughly reflects the flavor of Theo-
rem 1. This is rigorously true if the conclusion in Theorem 2 is replaced by
lim,,— o0 | L(/1Z,) — G|l = ¢ (x, y). A further analysis shows that the inequality
in the theorem is actually strict.

Why are the maximum orders of p, and ¢, equal to o(n'/?) as shown in Theo-
rems 1 and 2?

There are two reasons. First, Diaconis and Freedman [11] showed that the vari-
ation distance between the distribution of the o(n) entries of the first column of I',,
and that of independent normals goes to zero. We know that Z,,, a p, by g, sub-
matrix of I',;, has p, g, elements. One can guess that the number of approximated
entries are fixed (loosely speaking). So the largest « in p, = 0(n*) and g,, = 0(n%)
must be 1/2. Second, we can see this mathematically. Let f,(z) and g,(z) be the
density functions of \/nZ, and G,, respectively. By (1.2),

(13) | £L(VnZn) — Gl =f [n®) InX)

gn(2) &n(Xn)
where the integration region in the first integral is RP#9" and the p,q, entries of
the matrix X, are independent standard normals. The term f(X,)/g(X,), as will
be shown later, converges weakly to a lognormal distribution when both p,, and
qn are of order nl/2, f(X,)/g(X,) converges to one when both p, and g, are of
order o(n1/?).

Now we consider the approximation method as in Theorem A.2.

Let Y, = (yij)1<i, j<n» Where y;;’s are independent standard normals. Let also
Iy = (Vij)1<i, j<n be the orthogonal matrix obtained from performing the Gram-—
Schmidt procedure on the columns of Y,, (the procedure is briefly reviewed at the
beginning of Section 3). Define

-1 1

gn(x)dz=E

’

gn(m)= max |V/nyij — yijl-

I<i<n,1<j<m

We have the following theorem.

THEOREM 3. Let {m, <n; n > 1} be a sequence of positive integers. Then:

(1) the matrix T',, is Haar invariant on the orthogonal group O (n);
(i1) &,(m,) — 0 in probability, provided m, = o(n/logn) as n — o0;
(iii) for any a > 0, we have that ¢,([na/logn]) — 2./« in probability as
n— oo.

This theorem tells us that the maximum order of m, such that g,(m,) — 0
in probability is that m, = o(n/logn), where the typical orthogonal matrix T,
is obtained through performing the Gram—Schmidt procedure for a matrix whose
elements are independent standard normals.

We prove Theorems 1 and 2 in Section 2. Theorem 3 is proved in Section 3.
Technical lemmas used in Sections 2 and 3 are given in Section 4. At last, a couple
of known results needed for the proof of Theorem 3 are listed in the Appendix.
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2. The proofs of Theorems 1 and 2. First we list some lemmas needed for the
proofs of Theorems 1 and 2. The proofs of these lemmas are listed in Section 4.1.

LEMMA 2.1. Let I'(x), x > 0 be the standard Gamma function. Then:
I Tn+(1/2)

. [N +1)/2) 3
(ll) m— ‘<§ foralanI.

LEMMA 2.2. Let f(u,v) be a real-valued function. Suppose the three second-

order derivatives of f exist, bounded below and above by —M and M, respectively,
over [a, b] x [c,d]. Then

1 LB i Gat+)/n plia+1)/n
Sy D)= pnaxay
n nn j i

Jj=ji=i 1/n 1/n

1 J2 i2 , i J
DI WA

J=ii=i

1 2 i i ]
/
o 2 2 A() e
J=Ji=in
where |e| < (ip — i1)(jo — j])M/n4for any iy, iz, j1 and jp such that na <iy <
ih<nb—1landnc< ji < jo<nd-1.

We will use the following setting a couple of times.

Let X = (x;;) be a p by ¢ matrix, where {x;;, 1 <i < p;1<j <gq} are
2.1
i.i.d. standard normals. Let A1, A2, ..., A4 be the eigenvalues of X'X.

A sequence {X;;n > 1} will be studied, where X, is of the above setting for
each n. We still use notation X for X, sometimes when there is no confusion.

The next lemma is a standard result when using the moment method to show
weak convergence of certain functions of eigenvalues of matrices with independent
and identically distributed random variables as entries. It is can be seen from, for
example, (2.15) and (2.16) in [3].

LEMMA 2.3. Let {py;n > 1} and {g,; n = 1} be two sequences of positive
integers such that p, — oo and p,/q, — n € (0, 00). For each n, assume the
setting in (2.1) with p = p, and q = qy. The following two statements hold. For
each integer k > 1,

() Er(X, X)) ~ prgn kil ﬁ(q—”)r (f) (k R 1)

r=0 Pn
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asn — Q.

(X, X)) b ke (k=1
@ e ()
qn r:Or+1 r r

in probability as n — 00.

LEMMA 2.4. Lete € (0,1). Let {p,; n > 1} and {g,; n > 1} be two sequences
of positive integers such that € < p,/qn, < e~ for all n > 1. For each n, assume
the setting in (2.1) with p = p, and q = q,,. Assume p,, — 00 as n — oo. Then:

(i) Var(tr((X}, X)) ~ p2qZ + 8Pndn(pn + qn)* as n — o0;
(i) Cov(tr(X,Xu), tr((X}, X)?)) ~ 4Pnqn(pn + qn) as n — .

The following lemma is Proposition 2.1 from [14] or Proposition 7.3 from [15].
This is the starting point of the proofs of Theorems 1 and 2.

LEMMA 2.5. Let U be an n by n random matrix which is uniformly distributed
on the orthogonal group O, and let Z be the upper left p x q corner block of U.
If p+q <nand q < p, then the joint density function of entries of Z is
—pq w (I’l - P> Q)

w(n,q)
where 1y(z'z) is the indicator function of the set that all q eigenvalues of 7'z are in
(0, 1), and w(-, -) is the Wishart constant defined by

s .
L seDfayrs I F(ﬂ)
w(r,s) 2

22) f(z2)=(v2r) {det(I, — 2/2)" P~ D2} [h(7'2),

j=1

Here s is a positive integer and r is a real number, r > s — 1. When p < q, the
density of Z is obtained by interchanging p and q in the above Wishart constant.

To simplify notation, when there is no confusion, we write p for p, and ¢ for gj,.

Let g(z) be the joint density function of entries of X = (x;;),xq, Where x;;’s
are independent standard normals. So, g(z) = 2w)~P? /2 exp(—tr(z'z)/2), where
z is a p by g matrix. We need to understand the ratio f(z)/g(z) in later proofs.
Assuming the pg entries of z are independent standard normals, then f(z)/g(z)
can be written as a product of a constant part and a random part. They are analyzed
in the following two lemmas.

LEMMA 2.6. Given x >0 and y > 0, let p = p, = [xnl/z] and g = q, =
[yn'/2]. Set

K _(2)”4/2 4 T(n—j+1)/2)
n=\7 |

AT=p=j+D/2)
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Then

2 2 3 3 2.2
X 2x 2x 3x
P°q+ pq y y+2xy” + y) 0(1)},

23) K, =expl—
(2:3) Kn eXp{( an 1 24

as n is sufficiently large.

PROOF. Suppose p = 2k. Using the fact that I'(x + 1) = xI"(x), we have that

2\P4/2 L (22K 2i+j—1
Ko=(= it i

()G T ne-
2.4)

q 2. ._1

21_[1_[<1_ i+ )::eB,,’

j=li=1 n

where

S (B

j=0i=1
Let f(s,t) = log(1 —2s —t) with 25 +¢ < 1. Then f/(s,1) = —2/(1 =25 — 1) =
24+ 0@, fl(s,t) =—1/(1 =25 —t) =—1+0(n~"/?) and

3 f

ot?

82
9s2

(1 =2s=02| "7

—1
= <5
’(I—ZS—Z)2 -

and

2 _

o f =‘ 2 <5
ds ot (1—=2s—1)2|

for all (s,t) € [0, p/n] x [0, g/n], as n is sufficiently large. By Lemma 2.2,

g/n pGk+1)/n 3kq 1
B,=n / / log(1 =25 — ) dsdr +—— +0(—)
1/n n

Jn
n v u
2.9 = —/ / log(l +s+t)dsdt
2 Jo Jo
2 v p=2/n 3 1
n Xy
- — log(1 Hdsdt+ —+ 0| — |,
2/0/0 og(l+s+1t)ds +4+<«/ﬁ>
as n is sufficiently large, where u = —(p + 2)/n, v = —q/n. We now estimate the

above integral. By Taylor’s expansion, there exists 6 > O such that

(s +1)?

log(1+s+t)—<(s+t)— )'§(s+t)3
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for all s and ¢ such that s 4 ¢ € (0, §). Thus,

v u
U / log(1 + s + 1) ds dt
0 JO

2.6) —[/vaou(s—i—t)dsdt—%/()U/()M(s+;)2dsdt”

v u
5/ / (s + 1) dsdt,
0 JO

as both u and v are in (0, §/2). It is trivial to verify that

v u 1
k k+2 _ k42 k42
s+)dsdt=————(W+v —u"—v
fy e+ FrDETy Y )
for k > 0. Plugging this into (2.6), we obtain

vV oru 2 2 1
/ / log(1+s+1t)dsdt = [% — E(Zuv3 +2uPv + 3u2v2)]
0 Jo

+ O ((u +v)°),
as n — 00. [The actual formula for the integral is
v u
/ / log(1+s+1t)dsdt
0 Jo

= %(1 +u+ v)zlog(l +u—+v)
— (1 +w)?log(l +u) — 1(1+v)*log(1 +v) — 3uv.]

Now substituting u = —(p + 2)/n and v = —¢g/n back into the two integrals
in (2.5), we have that

n2 v u
—/ / log(1 45 + 1) ds dt
2 Jo Jo

2.7) :_[M+xy+y_2+2Xy3+2x3y+3x2y2i|+0(i>
4n 2 24 Jn
and
2.8) ﬁfvf_z/nlog(l+s+z)dsd;:—y—2+0<i),
2 Jo Jo 2 Jn

as n is sufficiently large. Combining (2.4), (2.5), (2.7) and (2.8), we obtain

2 2 3 3 2.2

2 2 3

(2.9) Kn:exp{_(%ﬂ+%+ X7y + xzy4 +3x%y >+0(n_1/2)}’
n

as n is sufficiently large.



NORMALS APPROXIMATE MATRIX ENTRIES 1505

Now, suppose p =2k — 1. Let

ﬁ F((n—j—p+1/2)
i T =j=p)/2)yn—j —p)/2

By Lemma 2.1, the jth term in the product, say, C,, ;, has the following property:

forall j=1,2,...,q aslong as p + g <n — 3. Therefore,

1 4 1 4
(ipa) 0y
n—p-—¢gq n—p—¢gq

Since (1 4+ x,)% =1+ O (kyx,) as x, — 0, k, — oo and k,x, — 0. It follows
that C, = 1 4+ O(n~'/?), provided p = O(/n) and ¢ = O(/n). So

© _L<g>1’qli[ T((n—j+1)/2)
"7 C,\n i D= j =2k + 1)/ = j=2k+ D)2
¢ ki 1) (Ln—j-22+1)
~{HH— Hn— } =K} K],

where the fact I'(x + 1) = xI"(x) is used in the second step. Now

1J 42k — 1
logK, = ) Zlog(l - L)

j=1 "
1 L . 1
(2.10) =%g(1+2k—1)+0<ﬁ)
2
Yy +2xy L
X2 +0<ﬁ),

as n — oo. In notation, K, is identical to K, in (2.4). Keep in mind that the k in
(2.4) is equal to p/2; but the k in the definition of K, is equal to (p + 1)/2. Apply
(2.9) to K, to obtain

(p+1D*q+ (p+ g +_y+2x3y+2xy3+3x2y2

4n 4 24

p2q+pq*  3xy+y*  2x3y +2xy3 4 3x%y? _ip

= + + +0((n /7).
4n 4 24

This together with (2.10) thus yields (2.3). U

—logK/ = +0m™17?
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LEMMA 2.7. Suppose x > 0and y > 0. For each n > 1, assume the setting in
(2.1) with p = p, = [xs/n) and q = g, = [y/n]. Define

q Iy (n—p—q=1)/2 14
Ln:{n<]__l)] exp(EZK,‘)I(O<X1,)\.2,...,)\,q <n).

i=1 n i=1
Then, e~% L, converges weakly to the distribution of e°¢, where & is a standard
normal, and

P*q+pq®  3xy+x3y+xy Xy
— + and o =—.
4n 12 4

n

PROOF. Set

x n—p—q-—1 by )
R T L () IR E

—00, otherwise.
Then, L, = exp(Z?:1 f(A)). For any x € (0,n), by Taylor’s expansion, there
exists £ =&, € (0, x) such that

1 (1 x> ! X x2 x3 x4 1
0 - )=l-—— -
g n n 2n?2 3n3 4 (£-—n)*

Then
1 —p—qg—1
f(x):P+Q+ x_” pP—dq 2
2.12) 2n 4pn?
) 4
n—p—q-—1 3 X
e g . xeOn),

where g,(x) = —n3n — p—q— 1)/BE — n)%). It is trivial to see that
SUPQ<x<gn 182 (X)| < (1 — a)~* for any « € (0, 1). Recall that Ay, A2, ..., A, are
eigenvalues of X/ X,, where the entries of the p x ¢ matrix X, are independent
standard normals. Note that p ~ x+/n and g ~ y./n. By the Theorem from [17] or
Theorem 3.1 from [31], there exists a constant ¢(x, y) € (0, co) such that

maxlfifq )\i

(2.13) NG —>c(x,y)
in probability as n — oo. Define 2, := {maxj<j<4 A < (c(x,y) + 1)4/n}. Then
(2.14) P(2;)—0

as n — oco. Now on €2,, by (2.12),

q
N_ptg+l o n—p—qg-—1 2
; FOD) =" = (X'X) = — 57— (X'
(2.15) . 4
—p—q-— X'X
S P T w0 + 8 rX X X ),
6n n
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where |g,| € [0, 2), as n is sufficiently large. Note that tr((X'X )y are well-defined
random variables which do not depend on 2,. Easily, E(tr(X'X)) = pq. By
Lemma 2.3,

Eu((X'X)*) ~ pg(p* +4¢*+3pg) and Eu((X'X)") =C(x,y)q’
for some constant C(x, y). It is easy to check that

q p 9 P
(XD =YY" x4+ >0 3w

j=li=1 j=li#l=1
P q 5y 5

+Z Z xijxik+ Z XijXik X[k Xj -
i=1 jk=1 il j#k

Then E tr(X'X)?) = pq(p + g + 1) [this is sharper than the_ one correspor_lding
to the case k =2 in (i) of Lemma 2.3]. Now set /; = tr(X'X)" — E(tr(X’X)") for
i =1,2,3. By simple algebra, we have from (2.15) that

q 2 2 3 3

+ 3xy+x’°y+x 1
Zf('\i) P 9+ pq y y+xy 0( )
i=1

4n 12 Jn
p+q+1 n—p—q-—1 n—p—q-—1 . ha
hy — hy — —————h —=
+ 2n 1 4]’[,2 2 6}’[3 3+gnn3

on €2, as n — o0. Recall that L,, = exp(Ziq:1 f(Ai)). By (ii) of Lemma 2.3, both
h3/n? and hy/n go to zero in probability. By (2.14), to prove the lemma, it suf-
fices to show that
ptqg+1 n—p—q-—1
= hl —_
2n 4n?

converges to N (0, o) weakly,

(2.16) W, : h

where o is as in the statement of the lemma. Since tr(X'X) = )3 j xizj, which
is a sum of independent and identically distributed random variables, Var(h|) =
Var(tr(X'X)) = 2pq. Therefore, by Lemma 2.4, Var(h,)/n* converges to a posi-
tive constant. By Theorem 4.1 from [21], (h1/+/Var(h1), ha/+/Var(h;) ) converges
weakly to a normal distribution with mean zero. It follows that W, converges
weakly to a normal distribution with mean zero. We only need to calculate vari-
ance o2. Now,

(n—p—q—17°
16n*

(p+q+1)?
4n?
(p+g+DHn—p—g-—1)
B 4n3

Var(W,) = Var(tr(X' X)) + Var(tr((X' X)?))

- Cov(tr(X'X), tr((X'X)?)).
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Since Var(tr(X'X)) = 2pgq as calculated earlier, by Lemma 2.4 again, the above
yields
Var(W,) — ﬂ
16
as n — 00. Therefore, 02 = lim,,_, oo Var(W,,) = x2y2/16. The proof is completed.
O

COROLLARY 2.1. Forx >0and y >0, let p, = [xn'/?] and qn = [ynl/z].
Let f,(z) be the joint probability density function of Z,, as in Theorem 1 and g, (z)
be the joint probability density function of p,qn independent standard normals.
Then as n — 00,

X7y Xy

fa(Xn) ( 2y? )
converges weakly to exp| ——— + —& |,
gn(X,) T8 S

where & and all the entries of X,, are independent standard normals.

PROOF. Without loss of generality, we assume y < x. Hence, g, < p, for any
n > 1. By Lemma 2.5, the density function of \/nZ, is

— 1N\ (n=p=q—=1)/2
fu(2) == («/ﬂ)_pqn_Pq/zw(wnT];’)Q){det<lq — zn_z) }Io(z/z/n).

Obviously, g,(z) := (V27 )P~ U@/ Lethy, A, ..., A4 be the eigenvalues of
X, X,. Then

fiXn)

- Kn : Lm
gn(Xyn)
where
/2 4 .
2.17) K= <E)”q [ fe—ithm
q A (n—p—q-1)/2 w
(2.18) L,= {E(l - ;)} exp<§ ;x,)

if all A;’s are in (0, n), and L,, is zero otherwise. The desired conclusion immedi-
ately follows from Lemmas 2.6 and 2.7 on K, and L,, respectively. [

PROOF OF THEOREM 2. First, we show that the lower bound is strictly be-
tween zero and one. Recall ¢ (x, y) = E|exp(—(x2y%/8) + (xy&/4)) — 1|. Then
¢(x,y) > 0 because & is a nondegenerate random variable. Second, by Holder’s

inequality,
X232 xy 2,1/2
sy = |Elew(-55+ Ze) 1]
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By expanding the square and using the fact that E exp(t£) = exp(z2/2) for any
t € R, we have that

B(x, y)2 < e V8 eI NR2 4y

Letp(t) = e /8 —2¢73/32 4 1 fort € R. Then ¢(0) =0, ¢(+00) = 1 and ¢/ (1) =
(3/16)e™1/8(e!/32 — (2/3)) > 0 for any ¢ > 0. Thus, ¢ (x, y) < 1 for any x > 0 and
y>0.

Now we prove the remaining part of Theorem 2.

Let us continue to use the notation in Corollary 2.1. First,

2(2) n(Xn)
(2.19) d(£L(VnZ),Gn) =/R,,q ;(; Z:n(Xn) !

where X, has the density function g, (z), that is, the pg entries of X,, are indepen-
dent standard normals. Second, by Corollary 2.1,
X7y Xy

X 2.2
Sn(Xn) converges weakly to exp(—— + —g),
&n(Xn) 8 4

where £ is a standard normal. Then, applying Fatou’s lemma to (2.19),

x2y?  x
exp(—Ty + Iyé) — 1’.

—1

gn(x)dz=E

’

liminfd(£(v/nZ),G,) > E

n—oo

The proof is completed. [

PROOF OF THEOREM 1. Let p/, = ¢, = py + qn + [n'/*]. For an n by n
random orthogonal matrix U which has the normalized Haar measure, let Z, ,
denote the upper left p by g block of U, 1< p, g <n. Thus, Z,, 4, is a sub-
block of Z, .. As a consequence, the joint density function of entries of Z), 4,
is a marginal density function of that of Z ... Therefore, by formula (1.2),

(2.20) |L(V1Zp,.40) = G puan| < | LNZ 1 1) = G g

where G is the joint distribution of pg standard normal distributions [one can
verify this by choosing B = A x RPx4n~Pnn for any Borel set A € RP4n and then
plugging them into definition (1.2)].

So, to prove the theorem, without loss of generality, we assume p, = g, for all
n>1, p,— ooand p, =o0(/n).

As in the proof of Theorem 2,

H°C(\/ﬁzpnaq:1) - Gann ” = E|Kn . Ln - 1|,

where K, and L, are as in (2.17) and (2.18). By following the proof of Lemma 2.6
step by step, we obtain that

k]

2 2
2.21) Kn:exp{—%ﬂ —i—o(l)}
n
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as n — 0o. We claim that
(2.22) e—(P24+Pq2)/4nLn -1,

in probability as n — oo. If this is true, then K, - L, — 1 in probability
as n — oo. Note that K,, - L, > 0 and it is easy to see that E(K, - L,) =
Jrra Ju(x)dx = 1. These three facts imply that {K, - L,} is uniformly inte-
grable, that is, limsup, , ,  limsup, . E(K,L,l(k,1,>r}) = 0. It follows that
E|K,L;, — 1| — 0 as n — oo. The proof is then complete.

Now we prove claim (2.22). Let us go back to the proof of Lemma 2.7. Since
Pn = qn = 0(y/n), the term c(x, y) in (2.13) is equal to zero. So, correspondingly,
Q, = {maxj<j<g A < J/n}and P(Q5) — 0 as n — oo. Recall the definition of
fx)in2.11)and L, = exp(ziq:1 f(A)). On €,, similar to (2.15),

4 1 —p—q—1
S ron =2 wxx) - B LT xx)?)
= 2n 4n

r((X'X)3)

n2
(2.23) ) )
_pratre prgtl . n-p-gq-1,
4n 2n ! 4n? 2
_ w((X'X)%)
nT,

where g, is a random variable satisfying |g,| € [0, 2), as n is sufficiently large, and
hi =tr(X'X)" — E(tr(X’X)"). Obviously, A; is well defined on the same probabil-
ity space as those of x;;’s which do not depend on ©,. Note that p =g = o(/n).
Then
DYDY ENCHEN)

(2.24) Ppy= Lo Zi=lzi=tis - L,

n n p
in probability as n — oo by the classical central limit theorem of independent and
identically distributed random variables. We will show next that the third term on
the right-hand side of (2.23) also goes to zero in probability. Indeed,

P(Ih_zl . 8) 5 Var(tr((zXz/X)z)) _ O((pq)2 + 8p2q(p + q)2> o
n n<e n

by (i) of Lemma 2.4. This says that
n—p—q—1

4n2 h2 — 0,

(2.25)

in probability as n — oo. Last,

r(X'X)") _ pt w((X'X)Y) — E@((X'X)%) | E@((X'X)%))

n2 2 o 02
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By (ii) of Lemma 2.3, the first term on the right-hand side goes to zero in proba-
bility. By (i) of Lemma 2.3, E tr((X'X)3) ~ pq(p?> + ¢*> + 3pq) as n — 0. So
the second term on the right-hand side goes to zero. Consequently,
r((X'X)%)

N

(2.26) -

0
n

in probability. Combining (2.23)—(2.26), we obtain

q 2 2
pP°q+pq
> f(i) — —an 0
. n
i=1
in probability, which, together with the fact that P(Q2)) — O, implies (2.22). U

3. The proof of Theorem 3. The main tool of proving Theorem 3 is the
Gram—Schmidt algorithm. Let us briefly review it first.

Suppose {y1,¥y2, ..., ¥n} is a sequence of n x 1 vectors. Set w; =y and
i=1 yTw.
YW

(3.1) Wiy Cw, =23,

= wi]
where ||w‘,-||2 = wjrwj (j=1,2,...,n). Then, {w;, 1 < j < n} are orthogonal,
that is, Wiij =0forany 1 <i < j <n. Let Y= (I/w;lDw;, j=1,2,...,n.
Then the matrix I', = (y1, Y5, ..., ¥,) is orthonormal. So (3.1) can be rewritten
as follows:

j—1
(32) Wi=yi— 2 iydv  Ji=23,....n

l

i=1
The reader is referred to Section A.5 on page 603 from [1] and page 15 from [18]

for further details.
Define

j—1
Ay=0, A;j=) (yjy)y; and

i=
L —’ " 1
! Iw; 1|2

Note ijy,- e R! and rewrite (yjry,-)yl- = (y,-yiT)yj. It is easy to check that

1
(3.3)
, j=1,2,...,n.

(34) wj:(In—F,,,jI‘,f,j)yj, Aj:l“,,,jl‘,{,jyj and
' _Yi A
N N

where T j = (¥1, ¥2,...,¥j—) andu; = (1 —n~ 2 |w;[Dy ;.
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One repeatedly used fact in later proofs is that if the n> elements of Y =
(Y1,¥2,-..,¥n) are i.id. standard normals, then ', = (y,¥5,...,¥,) follows
the normalized Haar measure on the orthogonal group O (n). In particular, y;’s are
identically distributed and

(3.5) L) = £(y_1>
lyull
foranyi=1,2,...,n.
For any n x n orthogonal matrix G, observe that cC(GI‘;I) =L(T,GHH=
LT, 1Y by the invariance property of Haar measures. Also, r, = I"Z . From the

uniqueness of Haar measures, we obtain another useful fact that

(3.6) L(Ty) =L@,

We will use the following notation. Let A = (a;;) be a p by g matrix. Then
(3.7 All== _. max q|aij|-

The following definition will also be used:

g,(m) = max m|ﬁyij—yij| and

(3.8)

na=| " a
logn — (5/4)log(logn)
fora >0and n > 2.
The following says that, to prove part (iii) of Theorem 3, we only need to work
on maxa<;<m [ All.

LEMMA 3.1. Let g,(m) and ny be as in (3.8). Then

g

asn — oo forany o > 0 and § > 0.

28)—)0,

én(ng) — max [[A;l
2<j<ng

The following lemma is the key in the proof of Theorem 3. A recursive inequal-
ity is derived. It implies that all A ;’s are almost independent when j < n,.

LEMMA 3.2. Let & be a standard normal. Given o« > 0 and t > 0, define

£k = P<|g| > t<\/§+ (1052)8»’ k=1,2,....n,

and f,; (k) as the probability above when “+” on the right-hand side is replaced by
“—." Then there exists a constant C = Cy; > 0 such that P(maxa<j<g+1 Al <
t) is bounded below and above, respectively, by

) (logn)©
(1= nfy-(0) P max 1Al <) =280
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and

C
o | (logn)
(1=t o) P max 1A <) + 280

uniformly on n/(logn)® <k < ny as n is sufficiently large, where ny, is as in (3.8).
PROOF OF THEOREM 3. Part (i) is obvious. As for (ii), take r = 1/logn,
s=(ogn)’* t=t, m= m), = [6n/logn] for some § < min{1/4, t?/100} in

Lemma A.4. Trivially, 12/(3(m + /n)) > t*(logn)/(6n8) and 1/s < 1, as n is
sufficiently large. We obtain that

P (&, (m)) > 3t)

2 2 —n/2
= dpe=n/@logn? 4 3,2 ,—(logn)*?/2 4 3%(1 + ! 10gn> '

65 n
— 0,
as n — oo by the choice of 8.

Now we prove (iii). To simplify notation, set m = n,. We actually will show
that

1, ift>2.a,
(3.9) P< max [IA; ] St) P R I N
2<j<m .
0, if 1 € (v3a, 24a),

where K = (8+/27)~!. Since P(maxo<j<u [|A|l < 1) is increasing in ¢, the
above implies that the left-hand side above goes to zero for any ¢ € (0, 24/ ). This
together with (3.9) implies that maxa< < | A ;|| converges to 2/« in probability.
Lemma 3.1 says that ¢, (ny) — maxz<j<p, [|A;|| converges to zero in probability
as n — oo. It follows that

(3.10) en(ng) — 2\/aa

in probability as n — 0co. We next show that this implies that &, ([nc«/logn]) —
2/a as n — oo. Indeed, set ky, = [na/logn]. For any & € (0, ./« ), choose o
such that

(f—%)2<a1<a.

Then ny, < ky < ngy, as n is sufficiently large. It follows from the definition of
en(m) that &, (ny,) < €,(ky) < €4(ng), as n is sufficiently large. Therefore,

P(|en(ke) — 2v/a| > 8) < P(en(ky) > 24/ + 8) + P(en(ky) < 24/t — 6)

< Plen(na) > 2/ +8) + P(en(nal) <2 @ - g)
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as n is sufficiently large. The above two terms go to zero as n — oo by (3.10).
Then (iii) follows.

Now we show (3.9).

We continue to use the notation in Lemma 3.2. Set

A= P( max [|A;[ < r), b =1—nffk), by =1-nf; k),
2<j<k

1 C
_ (ogn) and m/=[ " ]—I—Z.

N ) (logn)?

By Lemma A.1, P(|§| > x) ~ (2/(/27x)) exp(—x2/2) as x — +oo for a stan-
dard normal &. Here and later, the notation “ f (x) ~ g(x) as x — 400 means that
limy_s 00 f(x)/g(x) = 1. The same interpretation applies to o, ~ 8, as n — Q.

It is easy to check that
1/2
2 <§) P2 e
t\/2m \n

uniformly on m’ < k < m as n — oo, and also that

(3.11) both f,F (k) and f, (k) ~

(3.12) 1> max{b],b7; m <i<m}—1
as n — oo, provided ¢ > /2. By Lemma 3.2,
by Ax—1 = cn < Ax b Ap—1 + ¢

for all m" < k <m, as n is sufficiently large. By iteration, we obtain

m m—m'+2 j
(3.13) Ap > ( I1 b;)Am/_l —cn Y [ max {b;}] :
j=m' =0 m'<i<m

By (3.12), the second term on the right-hand side is no larger than nc, <
(logn)€/ n(t*/ @)=3 as n is sufficiently large. Further, applying the same argument
in (3.13) to the “+” case, we obtain

m c " ¢
_ (logn) + logn)”

(3.14) (l_[,”f )A’""‘ ~ e = An = (1107 JAwar G0

j=m J=n

as n is sufficiently large. By definition, Ay = P(maxz<j<k [|Aj|l < t). From
the proved (ii), we know that A, _; — 1 as n — oo for any ¢ > 0. Evidently,
(log n)Cn3_(t2/“) — 0, provided ¢ > +/3c. So to prove (3.9), we only need to show
that
m m 1, . ifr >2/a,
(3.15) both [] bjand [] b — e K ifr =2/,
j=m' j=m' 0, ift € (V3e, 2/),
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as n — 00. Recall bj+ =1—nf, (k) and b; =1—nf, (k). Since |log(1 + x) —
x| < x? for x small enough, by (3.11) and (3.12),

l_[ b;r < exp(—n Z f,f(k)) -exp(—i-n2 Z f,f(k)z),
j=m' k=m’ k=m’

[1 %7 = exp(—n > fn‘(k)) -exp(—n2 > fn‘(k)2>,
j=m'

k=m' k=m'

as n is sufficiently large. Also, the fact fnJr (k) < f, (k) implies that bj > b;. So
(3.15) is reduced to show that

m
n* > fHk)*—0 and

k=m’'
(3.16) "
m 0, ifr >2./a,
n Y fit)— {Kﬂ, if t =2/,
ke=m’ +00, if 7 € (V3a,2Ja),

and that the above is also true if fnJr (k) is replaced by J;n_ (k).
By (3.11) again, n? Iy f,f(k)2 < (logn)¢n3~/® — 0 as n — oo, pro-
vided t > +/3. Similarly, n? Y7 .= (k)* — 0 for t > +/3e. Let
2 1/2 —12/(2x)
xX)=——x""¢
8 t/2m

for x > 0. By the uniform convergence of f,"(k)/g(k/n) and f, (k)/g(k/n) as
n — oo over k € [m’,m] as in (3.11), to prove the second part in (3.16), it is
enough to show

[k
(3.17) ny. g<—> goes to the second limit in (3.16)
n
k=m’

as n — oo. Note that g(x) is nonnegative and increasing in x over [0, +00), it is

elementary to see that
1 & [k m/n (m+1)/n m' /n
S e(5)- [Mewax| < [T ewa+ [ g,
n p— n 0 m/n 0

Using ﬁe"z/ 20 < e~/ on x € [0, 1], the first integral on the right-hand
side is bounded by (1/n) exp(—nt2/(2m +2)) < n~1=*/C0) (10g )€ as n is suf-
ficiently large; the second one is bounded by exp(—(logn)?) as n is large because
m’ ~ n(logn)~3 by definition. Hence,

s LEA) [ maeme()
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as n — oo if t > +/2a. Now we evaluate the integral.
Write /X exp(—12/(2x)) dx = (2t=2x3/2)d(e~"*/®9). By integration by parts,

m/n

5/2
In - m/n ﬁe_tz/(zx) d.x — E(ﬂ) e_nt2/(2m) _ i
0 n

2
5 5 Vx3e /%) gy
t t“ Jo

Note that vx3 < (m/n)+/x on [0, m/n]. The last integral is less than or equal to
(m/n)l,. But m/n — 0, thus,

5/2
I~ E(ﬂ) P em)
t n

By the definition of m, nt?/(2m) = (t1*/Qa))(logn — (5/4)logyn) +
O(n_l(log n)?) as n — oo. It follows that

20921 52
~ /Ba)=5/2
(3.19) I, PRy (logn) .
From (3.18),
m k m/n
n Z g(—) anf gx)dx
k=m’ n 0

2n? ; 4a>/? 1
V2re " 2w ptt/C-2
provided ¢ > +/3a. Recall K = (8+4/27 )~!. The above implies (3.17). O

. (logn)Stz/(&x)—S/Q’

4. Technical lemmas. Now we prove the lemmas used in the previous sec-
tions. To see them clearly, we break them into two subsections.

4.1. The proofs of lemmas used in Section 2.

PROOF OF LEMMA 2.1. (i) First, when n =1, T'(n + (1/2))/(y/nT'(n)) =
J7/2 € (5/6,1). So (i) is true for n = 1. Now assume n > 2.

Using the fact that I'(x + 1) = xI'(x) for any x > 0 and '(1/2) = /7, we have
that

F(n+(1/2))  mn (2n)!
T(n) 22 ()2

By Stirling’s formula (see, e.g., Lemma 1 on page 45 from [6]), n! = ~/27xnn" -
e t0n/(20) for all n > 2, where

n
4.1 LS
@1 PR VITIC
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It is easily checked that

42) P+ (1/2) _ <9n - 49;,>

Jnl(n) 24n
for some 6, corresponding to 2n and 6, corresponding to n in (4.1). Evidently,
(6, —40/)/24 € (—1/6,0) for all n > 2. Then the desired result follows by using
the inequality e* > 1 + x for all x # 0.

(i1) A direct verification shows that (ii) is true for n = 1. Now assume n > 2. If
n = 2k for some integer k > 1, then (ii) follows from (i). Now suppose n = 2k + 1
for k > 1. Trivially,

T'((n+1)/2) _(F(k+(1/2)))_1. 2k
Vn20(n/2) — \ VT (k) Vok+1
By (i), the above ratio is between /2k/(2k + 1) and (1 — (6k)~")~!. By a simple

calculation, /2k/(2k + 1) > 1 — (3/5n) and (1 — (6k) ™)~ <1+ (5k)~! for all
k > 1. So (i1) follows. [

PROOF OF LEMMA 2.2. By the multivariate Taylor’s expansion formula (see
page 361 from [2] and page 172 from [22]),

ren =5 (L) (=) 5 (G D) (v - L) + e,

for some & € [i/n,x] and n € [j/n, y], where

1 i\232f
3ij(X,)’):§((X—;> 92
(4.3)

By the given condition,

s <H((c= )+ o-2)) =w(o-2) + (-2

Then
G+D/n pG+D/n
f / f(x,y)dxdy
j/n i/n
1 (i 1,(ij)1,<ij)/
=—f-,= — -, = — - = 5,
nzf(n n>+2n3fx n’n +2n3fy n'n + o
where
) G+D/n pGi+1)/n I/n pl/n ) ’ 2M
syl =|[ [ s maxay| < m [ [T yaray =25
j/n i/n o Jo 3n
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since |8;;(§,n)| < M ((x — i/n)2 +(y— j/n)z) by (4.3). The desired result follows
by taking the sum over i from i; to i3, and j from j; to jp. 0O

PROOF OF LEMMA 2.4. (i) It is not difficult to check that

q P
r(X'X) =" xj;

j=li=1

(4.4) WX =Y Y+ Y B

j=li=1 j=li#l=1
+Z Z x,,x,k+ Z XijXik X1k X1j -
i=1 j#k=1 i#l, j#k
Let
9 p a P
j=li=I j=li#l=1
P4
Z Z — (A - 1), By = XijXikX1kX1j -
i=1j#k=1 i#l, j#k
By a simple algebra,
4
(4.5) tr((X'X)?) = (Z B,-) +2(p+q —2) (X' X) +Cpq,

where C), , is a constant on p and q. It is easy to check that EB; = 0 for 1
i <4, Cov(B;,Bj)=0forall 1 <i# j<4,and Cov(B;, tr(X'X)) =0 for i
2,3, 4. Also, each B; is a sum of uncorrelated random variables. Therefore,

1A

4
Var(tr((X' X)?)) = (Z Var(B;)) +4(p +q —2)* Var(tr(X'X))
i=1

+2Cov(By, tr(X'X)).

Now it is easy to verify that Cov(By, tr(X’ X)) = O(p?) and Var(B;) = O(p?) for
i=1,2,3as p — 0o. Moreover, Var(B4) = pg(p—1)(g — 1) and Var(tr(X' X)) =
2pq. Combining these quantities together, we obtain (i).

(i1) By (4.5) again,

Cov(tr(X'X), tr((X'X)%)) = Cov(tr(X'X), By) +2(p + g — 2) - Var(tr(X'X))
~4pq(p+q)

asn— oo. [
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4.2. The proofs of lemmas used in Section 3. Before the proof of these lem-
mas, we need some preliminary results for a preparation.

LEMMA 4.1. Let E;, i =0,1,2,...,n, be events in a probability space
(Q2,F,P). Then

P(ﬂ Ei> — P(Eo)+ ) P(Eo\E)|= ) P(EE)).
i=0

i=1 I<i<j<n

PROOF. First, P(Eg) — P((/_o Ei) = P(U;_, Eo\E;). By Bonferoni’s in-
equality, it is bounded above and below, respectively, by

n n
D P(Eo\E;) and Y P(EQ\E)— Y, P((Eo\Ei)N(Eo\E))).
i=1 i=1 I<i<j<n
Note that (Eg\E;) N (Eo\E ;) C El‘Ej The desired conclusion follows. [

LEMMA 4.2. Let {&;;i > 1} be a sequence of i.i.d. random variables with the
standard normal distribution. Set Sy = Zf: 1 Siz. Then

S, n m*x?
P<——— 2x>§6exp<— )
Sm m 48n3

foranym > 1,n>1and x > 0 satisfying m <n/2 and x <n/m.

PROOF. Write
Sn _ ﬁ . (m —n)(Sm —m) +m[(Sp — Sp) — (n —m)]

Snw m mS;,

Then
Su n

< max{|S — ml, [(Sy— Sw) — (n — m)]}.
Sy m

mS,,

Since the distribution of S, — S, is equal to that of S,,_,,, we have that

Su n
oY i
Sn m
2
m m-x
46) sP(Sms—)+P(|Sm—m|>—)
2 2n

2
+ P(|Sn_m ——m)| > M)
2n

Let Pi, P, and P; stand for the previous three probabilities in order. Define
I(x) := supgcpifx — log(E exp(@f;‘lz))} for x € R. It is not difficult to verify the
following:
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1) I(x)=x—1-1logx)/2forx > 0; I (x) =+o0 for x <O0;
(i) I (x) is increasing on [1, oo0) and decreasing on (0, 1).

The above two facts can be also seen in Lemma 3.2 from [19]. By (i) of
Lemma A.3,

Py <2¢7™ /D < exp(—(log4 — 1)m/4) < 2exp(—m/12).

Define n(x) = x —log(1l + x) — (x2/3) for x > —1. Then n(0) =0 and ' (x) =
x(1 —2x)(1 +x)~1/3. Hence, n’(x) > 0 for x € [0,1/2] and n'(x) < O for x €
[—1/2,0). It follows that x —log(1 4 x) > x2/3 for |x| < 1/2. Therefore,

mx mx
P, < Zexp{—m -max{l(l + —), 1(1 — —)H
2n 2n

< 26—m3x2/(24n2)

provided x < n/m, where property (ii) of / (x) above is used. Similarly,
Su_m ‘ m2x )
n—m 2n?

m2x m2x
< Zexp{—(n —m) -max{l(l + W), 1<1 - W)”

< pp—m*x?/(48n?)

P3§P(

provided m <n/2 and x < n?/m?, where the fact that n — m > n/2 is used in the
last step. Thus,

P+ P+ P;<6 < {m ma? m4x2})
exp| —min] —, ——, ——
12w 3 =hexp 12° 24n2 " 4813

if m <n/2 and x <n/m. By a simple verification, the minimum above is actually
m*x? / (48n3). This together with (4.6) proves the lemma. [

PROOF OF LEMMA 3.1. Write m = n,, for simplification. By (3.4), we know
that

’

jmax [lVny; —yj+ Al < max [lvnu;

—1/2

whereu; = (1 —n w;l)y ;. By the triangle inequality,

euon) = max. 1Al < ma. |||

2
L Iwil

< { max iy 1} m\ .
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where the inequality |1 — /x| < |1 — x| is used in the last step. Proposition 1 from

[19] implies that
- ly Il 52
max N —
logn 1<j<n Vi

as n — 00. To prove the lemma, it suffices to show that

4.7 B, :=,/logn 1max

<j<m

12
1_M‘%0

in probability as n — oo. By orthogonality, (1, — r,,,jr,{’j)z =1,— Fn,jI'Z’j. This
says that [, — Fn,jI',{j is an idempotent matrix. So by (3.4), w; ~ N,(0, I, —

l“n,jl“,{’j) conditioning on yi,y2,...,yj—1, where I, ; = (yl,yz,...,yjfl).
In this context, “~” means that both sides of “~” have the same probability
distribution. It also follows that rank(f, — I',, ;T J) = trace(l, — T, jI‘T ) =

trace(l,) — trace(T',, ;T'! J) =n—j+1.ByLemmaAZ2, ||w;|>~ x*(n—j+1).
Obviously, 2tn/+/logn — j > tn//logn for all 1 < j < m, as n is sufficiently
large. Let {&1, &>, ..., &,} be independent standard normals. Then

(-t
(2

1
((n j+ D12

< exp(—n1/3),

> 2t (logn)_1/2>

Z(%k—)

n—j+1 ‘

n—j+1

Z & -1

4.8)

<P

>n)

uniformly for 1 < j <m as n is sufficiently large, where Lemma A.3 is used in
the last inequality [heuristically, since Z" / +l(;§k2 — 1) is a sum of i.i.d. random

variables with mean zero and variance equal to two, one can think of Z" i+l €3 kz —
1)//n — j + 1 as a normal. Then the last inequality above is 1ntu1t1ve] By the
union bound,

112
P(Byz2t) <n- max P(‘l - M‘ > 2t(logn>—1/2) <n-exp(-n'"?) =0
n

1<j<m

as n — 00. So (4.7) follows. [

We need the following two lemmas for the proof of Lemma 3.2.
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LEMMA 4.3. Let Aj be as in (3.3) and ny in (3.8). Write Aj = (Ay;,
Ngjy .., Anj)T € R". Then, for any t > 0,

P(|A1jl =1, |Agjl=1) < et"n/i | g=(logm?/11
uniformly on j € (n/(logn)®, ny) as n is sufficiently large.
PROOF. Again, write m = ny. By (3.4), Aj = I‘n’jI',{’jyj, where T, ; =

V1,72, -, vj—1) and y; = (15, 25, ...,ynj)T € R”. It is easy to see from the
orthogonality of the y;’s and the independence between y; and I, ; that

d
(4.9) A =T, (12, yja )l

Here and later, the notation «d means that the distributions of both sides are
identical. Thus,

T
(4.10) (Arj, AT (Z V1kYkj Z)/Zkykj) .

Observe that yy, y5, ...,y ;_; are functions of yj,y2,...,y;—1. We know from
(4.10) that (Ay;, AZJ)T ~ Nz([l,, X)) conditioning onyy, y2, ...,y 1. Easily, u =
0 and Var(A ;) ~ Zk 1 ypk for p =1, 2, and the correlation coefficient of Aj;
and Aj; is

Zk 1J/1k)/2k
\/Z Vlk\/zk | Vi

Therefore, there exists two independent standard normals & and 5 such that the
conditional distribution of Ay; and Ay; given y;,y2,...,y;—1 is the same as that

i—1 i—1
of (Z,’czl ylzk)l/zé and (Z£:1 yzzk)l/z(pjé +./1- ,012.77). It follows that

P(Arjy1l =t [A2jy1l =2 |y1,¥2, .-, ¥))

j —1/2
(4.12) §P<Ié|2t(z Vﬁ) »
k=1

4.11)

j —-1/2
] zr(Z yﬁ) —lpjsi&l Y1»yz’---’yf‘>-
k=1

Now, by (3.5) and (3.6), ther¢ exists a sequence of i.i.d. standard normals
Y1, ¥, ..., ¥y, such that QC(Zi:l ygk) = L(S;/Sy) for p =1,2, where §; =
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Y/_, w2 By Lemma 4.2,
S, n

S; J

4 _2/5
<6 max {exp(—]ﬁ; 3 )} Se_ﬁ,
n

n/(logn)d<j<m

max P (

n/(logn)3<j<m

Zn_l/s)

as n is sufficiently large. By (4.12),
P(|Ayjr1l =1, [Azjp1l >1)
(4.13) <P(El =t/ (/) —n=15, In| =t/ (n/j) —n~1/3 —|pj 1))
+2e7 V7.
Since P(|€] > x) < (1/x) exp(—x2/2) for any x > 0, by Lemma 4.4 below,
(logn)°

P(lpj41€] = (logn) /n'/) < P<|p,~+1| > ) + P(E] = logn)
< 26—(logn)2/10

for sufficiently large n. Thus, combining this with (4.13), we obtain from the inde-
pendence of & and n that P(|Ay 11| >1, [Az;4+1] > 1) is bounded above by

P(IE| =t/ (n/j) —n=1/5, |0l = 1/ (/) —n=V5 —n~V*(logn)’)

A B

4 3¢~ (logn)*/10

< 2e—z2n/j +e—(logn)2/11,

uniformly on j € (n/(logn)3,m) as n is sufficiently large, where A and B are
essentially #4/n/j when using Lemma A.1 in the last step. [J

Now we measure how fast the correlation coefficient p; goes to zero. The idea
behind the proof is that we view y;;’s in the expression of p; in (4.11) as indepen-
dent normals with mean zero and standard deviation n~!/2. This intuition will be
carried out rigorously by using Lemma A.4.

LEMMA 4.4.  Let pj be as in (4.11). Then

_ 2
P(1pj11] = (logn)®/n!/*) < ¢=toem™/10,

uniformly on j € (n/(logn)3, ng) for sufficiently large n.
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PROOF. Write m = n,, for simplification. Note that (y11, y12, ..., V1) has the
same distribution as that of (y21, ¥22, ..., Y2,) because of the Haar invariance of

I'=wi,¥72,--.,¥,). Forany a > 0,
—1
2n
= 2_> +2P<<ZV1]<) > 7)

By (3.5) and (3.6), the sum appearing in the last probability in (4.14) is equal to
S;j/Sy in law as in Lemma 4.2. By this lemma,

J
> viyn

k=1

(4.14) P(lpj+1l=a) = P(

j —1

n n S, n n

P Vi -z =P<———Z—.)

((El ”‘) J J) S JIT

4 2

Jj n

4.15 <6 — -
15 = e"p( 48n3<j))

<e7‘/ﬁ,

uniformly on j € (n/(log n)3, m) for n sufficiently large. Recall (3.6) again.
Choosingm =2, t =n~'/*logn, s =logn and r = (logn)?//n in Theorem A.4,
by (3.6), we have 212 i.i.d. standard normals {yijs 1 <i <2, 1 <j <n}such that

1 2
P(e2= B

(bgn)“)
16

<4n? exp(—
(4.16)

2 -n2
+3n2e—(10gn)2/2+3n5/4(1+ (logn) ) "

3/n(n+2)

< ¢~ (ogm?/9

for n large enough, where ¢, (2) = maxj<;<2,1<j<n IV/nyii i — Yijl. Notice that

J
Z YikY2k| =
k=1

(1ogn)2 2 J 2j (logn)*

A ZZ' Yikl + T

i=1k=1

4.17) n

on {g,(2) < (logn)?/n'/*}. Note that E exp(|y11y21]/8) < oo and E|yi1| < 1. By
Lemma A.3, there exists a universal constant C > 0 such that

j
<ZZI)’ikIZ3j)§eCj and
i=1k=1

(4.18)

J
p ( > vy

k=1
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uniformly on j € (n/(log n)3, m), where the first one comes from (i) of Lemma A.3
and the second is obtained by (ii) of Lemma A.3 in the same way as in (4.8). If nei-
ther of the events in the above two probabilities occurs and &, (2) < (log n)? / nl/4,
then from (4.17)

J
D vy

k=1

3j(logn)®  2j(logn)*
<Vjlogj+ ](li) 1 2 QBT 5304 og 2.
n N

n

uniformly on j € (n/(logn)3,m) for sufficiently large n. Thus, from (4.16)
and (4.18),
P(

as n is sufficiently large. Choose a = (10gn)6/nl/4 in (4.14). Then, aj/(2n) >
5(log n)z/nl/4 forall j € (n(log n)=3,m),asnis sufficiently large. It follows from
the above that

J
> vy

1/4
k=1 n

2
> 5(logn) ) < 26—(logn)2/9’

J
> vieva

k=1

(4.19) P(

> ﬂ < 26_(10&’”)2/9’
ST

uniformly on j € (n/(logn)?, m) as n is sufficiently large. It is easy to see that the
last probability in (4.14) is bounded by the first probability in (4.15). Combining
(4.14), (4.15) and (4.19) together, we obtain that

P(ij+1| > (logn)é/nl/“) < Ze—(logn)2/9 +2e_‘/ﬁ < e—(logn)z/lo’

as n is sufficiently large. [

PROOF OF LEMMA 3.2. Write m = ny. Rewrite Ag 1 = (A1 k+1, A2 k+1s - - -
M) €RY. By (4.9) and (4.10), £(Aricp1) = LI viyies 1), S0 condition-
lng onyi,y2,..., ¥k

k
(4.20) Ajjy1~N (0, Z Vﬁ)
=1
Let Eg = {maxzsjsk |||Aj||| <t}and E; = {|A; k+1| < t}. Although each E; de-

pends on n and k, we would rather use the notation E; for simplification. This will
not cause confusion in the context. Evidently,

n
4.21 Al <t} = E;.
(4.21) {251}1§;<+1||| il < } Q) ;

To apply Lemma 4.1, we now calculate P(Eg\E;). Define

/ ~1/2
( y.z.) _
ij
1 [

j=

8, = max
(i,1)eQe

’
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where
Q,={G.0; 1<i<n, n/(logn)® <l <m}.
Recall (4.20). Let S; be as in Lemma 4.2, then by the lemma and the fact that

IVa—~bl<la—blifa>1,

8
@22 p(s= ) < macp (|25 —“"?) )< etoen?
n )i n

for sufficiently large n, where the max above is taken over all / such that
n/ (logn)3 [ < m. By (4.20), for some standard normal &, we have A; ;41 ~
(Z 1%, 1/25 condltlomng on yi,y2,...,Yk. Thus, P(Ef | ¥1,¥2,..-,¥k) =

P(|§|>(ZJ 1y” ) Y2t | y1,¥2, ..., y&). It follows that on {8, < (logn)8//n},

R R “"%)8))

(4.23) < P(E;|y1,y2,---Yk)

< P(|s| > z(/g— (10%)8)) = £ (),

uniformly on (7, k) € 2,,. The key observation for this proof is that the above con-
ditional probability is bounded above and below by unconditional probabilities.
Obviously, Ej is a set in the o -algebra generated by yi,y2, ..., yk. By (4.22) and
(4.23),

P(EQ\E;) = E{Ig,(P(ES | y1.¥2. ... y0))} < P(Eo) f; (k) + ¢~ osm”’

for all (i, k) € 2, when n is sufficiently large. Similarly, use the first step above to
obtain

Sn

P(EQ\E;) > P(EqN F,) - f;F (k) = P(Ep) - ;7 (k) — e~ ogn)”,
for all (i, k) € Q,, where F, := {8, < (logn)®/./n}. Therefore,

nP(Ep) - f; (k) —ne~1em” < 3" P(Eg\E;)
(4.24) =l

<nP(Eo)- f;7 (k) + ne~ 102",
uniformly on n/(logn)® < k < m as n is sufficiently large.
Finally, note that e/l s increasing in j. By Lemma 4.3, P(E{ES) <
n—r/a (logn)€ for some constant C > 0 as n is sufficiently large. Also, the n

random variables in (Aj k41, A2 k+1, - .., An k+1) are exchangeable by the Haar-
invariance. Hence,

2 C
(4.25) Y PEE)=T P(ECEZ)_M

I<i<j<n
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as n is sufficiently large. By (4.24), the quantity P(Eo) — >/ P(Eo\E;) is
bounded above and below respectively by

(1 — nfn+(k))P(E0) + ne—(logn)z and (1 _ nfn_(k))P(Eo) _ ne—(logn)z'

This together with (4.25) yields the desired conclusion via Lemma 4.1. [

APPENDIX

The following is a standard result. It can be found in, for example, Lemma 3 on
page 49 from [6].

LEMMA A.1. Suppose X ~ N(0, 1). Then
! 2 <PX>x)< —1 . le_xz/2

NZETa V2r X
forall x > 0.

The following lemma is part (ii) on page 186 from [29].

LEMMA A.2. Suppose 'y is an R"-valued random vector with multi-normal
distribution with mean 0 and covariance matrix ¥ of rank r. If £* = %, then there
exists a sequence of independent standard normals {§;; j=1,2,...,n} such that
Iyl has the same distribution as that ofz;:l 512, that is, ||y|I> ~ x*(r).

For A C R, the interior and the closure of A in R are denoted by A°® and A,
respectively. The following are Chernoff’s bound and a moderate deviation result.
They can be found from, for example, (c) of Remarks on page 27 from [9] and
Theorem 3.7.1 on page 109 from [9].

LEMMA A3, Let {X,X;,i =1,2,...} be a sequence of i.i.d. random vari-
ables. Let S, =" | X;,n > 1. Then:
(1) Forany ACRandn > 1,

P(Sp/n e A) <2 A,

where I(x) = sup,g{tx —log E(e'X)} and 1(A) = inf,ca I (x).

(ii) Assume further that EX = 0, var(X) = 02 >0 and Ee"X < oo for some
to > 0. Let {a,;n = 1,2, ...} be a sequence of positive numbers such that a, — 0
and na, — oo as n — o0. Then

li 113“”5A—'fx2
B @ OB L\ T on €A ) =7 1 202

for any subset A C R such that inf{|x|; x € A°} =inf{|x|; x € A}.
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The following lemma is Theorem 5 from [19].

LEMMA A.4. For each n > 2, there exists matrices I'y, = (yij)1<i, j<n and
Y, = (3ij)1<i, j<n Whose 2n? elements are random variables defined on the same
probability space such that:

(i) the law of Ty, is the normalized Haar measure on the orthogonal group Oy;

(i) {yij; 1 <i, j <n} arei.id. random variables with the standard normal dis-
tribution;

(iii) set £, (M) = max|<j<n,1<j<m |ﬁyij —vijlform=1,2,...,n.Then

e 1 _2, 1 2 /2
Plentm 2 rs +20) dme 1 3mn( [P 4 L (14 5o )

foranyr e (0,1/4), s >0, t >0, andm < (r/2)n.
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