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MULTIVARIATE SPATIAL CENTRAL LIMIT THEOREMS WITH
APPLICATIONS TO PERCOLATION AND SPATIAL GRAPHS

BY MATHEW D. PENROSE

University of Bath

Suppose X = (Xyx,x in z4) is a family of i.i.d. variables in some
measurable space, By is a bounded set in R4 and for t > 1, H, is a measure
on t By determined by the restriction of X to lattice sites in or adjacent to 7 By.
We prove convergence to a white noise process for the random measure on By
given by t_d/z(H, (tA) — EH;(tA)) for subsets A of By, as t becomes large,
subject to H satisfying a “stabilization” condition (whereby the effect of
changing X at a single site x is local) but with no assumptions on the rate of
decay of correlations. We also give a multivariate central limit theorem for the
joint distributions of two or more such measures H;, and adapt the result to
measures based on Poisson and binomial point processes. Applications given
include a white noise limit for the measure which counts clusters of critical
percolation, a functional central limit theorem for the empirical process of
the edge lengths of the minimal spanning tree on random points, and central
limit theorems for the on-line nearest-neighbor graph.

1. Introduction. Several approaches have been developed for proving central
limit theorems for random variables which arise as the sum of contributions from
points of a Poisson or binomial point process in R?, when each contribution is
locally determined in some sense. These include Stein’s method, the method of
moments and a martingale method.

By keeping track of the location of each contribution in R?, one can often
in a natural way create a random measure, that is, a random field indexed by
subsets of R or by test functions on R?. It is of interest to look for multivariate
central limit theorems for such random fields, typically with weak convergence
of finite-dimensional distributions to those of white noise. Multivariate central
limit theorems of this type were recently derived using the method of moments
by Baryshnikov and Yukich [2] and can also be derived using Stein’s method [20].
Both of these methods seem to require, in addition to a “stabilization” condition
which formalizes the locally determined contributions, a form of exponential decay
of spatial correlations.

It is of interest to extend these results to cases which satisfy stabilization
but are not believed to satisfy exponential decay. These include, for example,
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measures associated with the minimal spanning tree (MST) on a Poisson point
process or with critical percolation. The martingale method is especially powerful
in giving central limit theorems for these examples [9, 27]. For an exposition of
this method in a general setting, see [14, 18]. However, these works do not address
the convergence to white noise of random measures.

In the present paper we extend the martingale method to give such a
convergence to white noise of stabilizing random fields indexed by subsets of R?,
and illustrate the method both for percolation and for the minimal spanning tree.
A further multivariate direction in which we extend the existing literature is by
considering convergence to a multivariate normal for two or more random fields
based on the same underlying spatial process; in particular, we shall show that
the finite-dimensional distributions of the empirical process of the lengths of the
MST on random points, suitably scaled and centered, converge to those of a certain
Gaussian process.

A further aim of this paper is to treat discrete examples (such as percolation)
and continuous ones (such as the MST) in a unified manner. In this spirit we shall
derive our basic general result for Poissonian continuum systems (Theorem 2.2)
by direct application of the basic result for lattice systems (Theorem 2.1), although
some extra work is needed to give the limiting covariances for Theorem 2.2 in a
more explicit form than was done in previous continuum central limit theorems
proved by the martingale method. For this reason, in the continuum we consider
only uniform densities of points over a fixed d-dimensional set (denoted By in
the sequel), unlike Baryshnikov and Yukich who consider nonuniform densities.
It is likely that with extra work, the martingale-based proof of Theorem 2.2
could be extended to give multivariate central limit theorems for point processes
with nonuniform densities. For martingale-based proofs of univariate central limit
theorems on nonuniform points, see [11] and [15], Section 13.7.

In the continuum, stabilizing random fields are often defined in terms of
graphs G which are themselves stabilizing, that is, locally determined in a certain
sense. Stabilizing graphs include the MST, k-nearest-neighbor and sphere of
influence graphs. Given a stabilizing graph G, the theory presented here applies to
random fields (indexed by subsets A of R?) which count, for example, the number
of leaves of G in A, the number of components of G that include vertices in A, or
the sum of weighted edge lengths ¢ (|e|) with the sum over edges e of G having
endpoints in A.

One stabilizing graph which has not been considered in previous discussions of
stabilizing graphs is the on-line nearest-neighbor graph, in which random points
in By are randomly ordered, and each point (except the first) is connected to its
nearest neighbor amongst its predecessors in the ordering. This graph is of recent
interest in connection with the modeling of scale-free networks [3, 6]. Unlike
methods based on exponential decay, our methods provide central limit theorems
for this graph too; see Section 3.4.
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The rest of the paper is laid out as follows. The next section contains statements
of the main general results. Section 3 contains applications of these to percolation,
MST and nearest-neighbor type graphs. Sections 4 and 5 contain proofs of the
general results.

2. General multivariate central limit theorems.

2.1. Notation used throughout. Let d > 1 be an integer and let 0 denote the
origin of R4, For x € R?, write |x| for the Euclidean norm of x. For A C R,
teR,and y € R9, let t A denote the scaled set {tx:x € A}, and let 7,,(A) denote
the translated set {y + x:x € A}. Let d(A) denote the boundary of A, that is, the
intersection of the closure of A with that of its complement. If A is (Lebesgue)
measurable, write |A| for its Lebesgue measure, and if A is finite, write card(A)
for the number of elements of A. Write diam(A) for sup{|x — y|:x € A,y € A}.
Given a sequence of sets (A,)n>1, write liminf(A,) for US2 (Mo, Am)-

For z € Z%, and ¢ > 0, let Q¢ denote the cube ., ([—¢, 0)4). For x € R?, and
r > 0, let B, (x) be the closed Euclidean ball of radius » centered at x. Let p be
a finite constant, satisfying p > J/d but otherwise arbitrary. For A C RY, let A
denote the discretization of A given by

(2.1) A:={zeZ?:B,(2) NA#2).

The condition p > +/d ensures that Q¢ C By(ez) fore < 1.

For o > 0, let (0, 02) be the normal probability distribution on R with density
fx)= Qro?)~1/? exp(—xz/(Zaz)). Also, let & (0, 0) represent the degenerate
probability distribution on R consisting of a unit point mass at zero, which
we view as a special case of the normal. Given a nonnegative definite k x k
matrix X, let N (0, X) denote the centered multivariate normal distribution with
covariance matrix X, that is, the distribution of a random k-vector X satisfying
a’X ~ N (0,a’Xa) for all deterministic k-vectors a (this definition includes the
case when X is singular). Denote convergence in probability by i>, convergence
. LP e D .
in pth moment by —, convergence in distribution by — and denote equality in
distribution by 2

We say a subset of RY is Riemann measurable if it has Riemann integrable
indicator function; in other words (see [22]), we say a subset of R4 is Riemann
measurable if it is bounded and has Lebesgue-null boundary. Let R(R?) denote
the collection of Riemann measurable subsets of R?. In the sequel, we shall assume
By is a fixed set in JR(Rd ) (so in particular By is bounded); we shall also assume
that |Bo| > 0, which is equivalent to assuming that By has nonempty interior.
For example, By could be the d-dimensional unit cube. Let R(Bg) denote the
collection of Riemann measurable subsets of By.

For y, z € Z4, write y < z if y precedes z in the lexicographic ordering on Z¢,
and write y < z if either y < z or y = z.



1948 M. D. PENROSE

2.2. A central limit theorem for lattice systems. Let (E, &, Pp) be an arbitrary
probability space. On a suitable probability space (2, F, P), let X = (X, z € Z%)
be a family of independent identically distributed random elements of E, each X,
having distribution Py, indexed by the integer lattice, and let X, be a further
E-valued variable with distribution Py, independent of X (i.e., an independent
copy of Xg). For existence of such an (2, ¥, P) and X, see, for example,
Section 8.7 of [24]. For y € 74, let 7y X denote the translated family of variables
(Xz+y, Z€ Zd)

Suppose By € J?(Rd ) with | Bg| > 0. By a random set function on By we mean a
collection H = (H;(A):t > 1, A € R(By)), where foreacht > 1 and A € R(By),
H;(A) is a random variable that is a function of (X;,z € ﬁ?o), so that, strictly
speaking, H,(A) is itself a measurable function from E’ Bo to R. If we wish to
emphasize the dependence on X of the value of H;(A) we write H;(X, A) for
H;(A). In many examples H;(-) is a (random) measure or outer measure (see,
e.g., [5]) on Borel subsets of # By but we do not need to assume this for the general
result (we restrict attention to Riemann measurable A). For t > 1, y € Z¢ and
A € R(By), define

2.2) H; y(A) = H; (X, A) := H(1,X, A).

In [14], a CLT is established under a stabilization condition which says, loosely
speaking, that the effect on a given random set function H of resampling the value
of X at a single site is local. To extend this to central limit theorems for random
fields, we require a modification of the stabilization condition used in [14].

Let X? be the process X with the value Xg at the origin replaced by the
independent copy X of Xg, but with the values at all other sites the same [i.e.,
X0 = (Xg,z € Z%) is the random field given by X? = X, and X? = X, for
z € Z4 \ {0}]. Given a random set function H, define the increment Afy (A) for
yeZandt> 1, A € R(Bo), by

(2.3) AL (A) = Hyy(X, A) — H; y(X", A).

We consider random set functions H with the property that there exists a random
variable Afo such that for all A € R(By), and all [1, 00) x Z%-valued sequences

(tn, yn)nZI:

P e

(2.4) Atlj,yn (A) — AL if I}ln_1>1£f(tyn (ta A)) =RY
and also

(2.5) AL (A) =50 if liminf(zy, (1 (Bo \ A))) =R,

Equations (2.4) and (2.5) are our stabilization conditions. The second condi-
tion (2.5) is a novel feature of this paper; it was not required for the CLTs pre-
sented in [14, 18]. The first condition (2.4) is similar to the stabilization condition
in Definition 2.3 of [14].
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We shall require also that there exist ¥ > 2 such that the moments condition
(2.6) sup(E[|A/_ (A)]"]: A € R(Bo).1 = 1,y € 1Bo} < 00

is satisfied. Observe that Aff_y(A) is identically zero for y € Z% \ 1By, and
therefore condition (2.6) is equivalent to

2.7 sup{E[|AF__(A)|"]:A e R(By),t>1,y e Z%} < 0.

t,—y
Fory e 74 let Fy be the o-field generated by (X, z < y) (recall that < denotes

the lexicographic ordering on Z?). Now we can state our main general result for
lattice systems.

THEOREM 2.1. Suppose By € R(R?) with |By| > 0. Suppose that H',
..., H* are random set functions on By, each of which satisfies the stabilization
conditions (2.4) and (2.5), along with the moments condition (2.6) for some y > 2.
Let the k x k matrix (Gi’;)f-" j=1 be given by

(2.8) o :=E[E(AL | F)E(AL |%0)].
Then if A, ..., Ay are Riemann measurable subsets of By, for 1 <i < j <k we
have
. —d ] j

2.9) tl_l)rgot Cov(H, (A)), H/ (A)) = ai"j‘.IA,- NA;
and as t — 00,

— i i D
2.10) (e (H](A)) — EH[(A)))i_; —> N (0, (514 N A;DE ;).

In many examples, we consider only the case of a single random set function,
that is, the case where each of H', ..., H¥ is the same random set function H.
In this case the result says that all the finite-dimensional joint distributions of
(+—4/2(H,(A) — EH,(A)), A € R(By)), converge to those of a centered Gaussian
process (W(A), A € R(Byp)) with covariance function

E[W(A)W(A)]=|AN A E[(E[AZ | F0D)?],

that is, a white noise process.

2.3. Central limit theorems for continuum systems. By a point process set
function we mean a real-valued functional #(X, A) defined for all A € R(RY)
and finite subsets X of R, such that:

1) (x1,...,xx) = h({x1,...,xr}, A) is a Borel-measurable function, for all
keN,AeRRY);

(ii) for all A € RRY), y € RY, and all finite X C R?, h satisfies the
translation-invariance condition

@2.11) h(ty(X), 7y (A)) = h(X, A).
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For A > 0, let & denote a homogeneous Poisson point process in R? of
intensity A (viewed as a random subset of R4 ). Given By € R(R?) with |Bg| > 0,
define the point processes

ﬂ))\J =%, N (tBy), t>1.

We derive a multivariate central limit theorem for (h(Py ;,1A), A € R(Byp)) as
t — 00. The conditions on % for our central limit theorem are defined in terms of
the “add one cost on A” defined by

(2.12) 8(A, X):=h(XU{0}, A) — h(X, A).

We shall say the point process set function £ is strongly stabilizing at intensity A if
there exist almost surely finite random variables 8, (P;.) (the stabilizing limit of h
at intensity A) and S (a radius of stabilization of h at intensity A) such that with
probability 1, &, is such that for A € R(R?) and for all finite 4 C (R? \ Bs(0)),

(2.13) S(A, (J’A N BS(O)) U A) = 800 (P2) if A D Bg(0),
and
(2.14) S(A,(?XHBS(O))UA)zO if AN Bg(0) =@.

Thus, S is a radius of stabilization if the add one cost on A for the restriction
of &, to a region containing the ball Bg(0) is unaffected by changes in the
configuration outside the ball Bg(0) if Bs(0) C A or Bs(0) N A = &, taking the
value 840 () if Bs(0) C A and the value zero if Bg(0) N A = @. Our notion of
strong stabilization (2.13) is similar to that used in [18]. The second stabilization
condition (2.14), like its discrete counterpart (2.5), is new to this paper.

As in [18], as well as strong stabilization we have a notion of “weak stabiliza-
tion” which we shall describe in Section 5. Loosely speaking, the distinction is that
in (2.13) and (2.14), the set + runs through all finite sets in R4 \ Bs(0), whereas
the corresponding weak stabilization conditions [(5.1) and (5.2) below] refer only
to subsets of the underlying Poisson process &) . Theorem 2.2 below is stated un-
der the strong stabilization conditions (2.13) and (2.14) but actually still holds if
these are replaced by the weak stabilization conditions (5.1) and (5.2). Theorems
2.3 and 2.4 really require the strong stabilization conditions (2.13) and (2.14). All
the examples discussed here satisfy (2.13) and (2.14) but there may be examples
satisfying weak but not strong stabilization, for example, in relation to germ-grain
(Boolean) models [2, 8, 13] with no bound on grain sizes, or to the random con-
nection model with long-range connections [13, 21].

Let » > 0 and let By € R(R?) with |Bg| > 0. Given ¢ € [1,00) and m € N, let
Um.; be a point process consisting of m independent random d-vectors, each of
them uniformly distributed on # By. Also let u ; be the expected number of points
of P 1, thatis, let

(2.15) s = A4 By).
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We consider functionals /4 satisfying the moments condition

(2.16) sup sup {E[8(zc(tA), e (Um.)) ']} < 0.
1>1,A€R(By),xe—t Bome[ )1 /2,311, /2]
In the sequel, it is likely that the fourth moments condition (2.16) can be replaced
by a 2 + & moment condition, but this would not greatly expand the range of
applications known to the author.
We also require a mild uniform bound on # in terms of the size of X, whereby
there exists a constant 8, such that for all finite sets X C R, and all A € R(R?),

(2.17) 1h(5, A)| < Bo(diam () + card(X))"2.

We now give a multivariate CLT for h(% ;,tA). This is the first of our
continuum analogues to Theorem 2.1.

THEOREM 2.2. Let A > 0, and let By € R(RY) with |By| > 0. Suppose that
h', ..., h* are point process set functions which satisfy the stabilization conditions
(2.13), (2.14), the moments condition (2.16) and the uniform bound (2.17). Define
the k x k matrix (O‘i)})k by

i,j=1
(2.18) ofs = E[E(8L, (P F)E(SL (P01 F)].
where ¥ denotes the o-field generated by the Poisson configuration in the half-
space {x = (x1,...,x%) e R¢:x; <0}, and 85, (P2) is the stabilizing limit of h'.
If Ay, ..., Ay are sets in R(By), then as t — o0,
(2.19) 7 Cov(h' (Prs, tA)) B (Prs, tA))) = Aol A N Al
and

t—d/l(hi (Pos, Aj) — Eh' (Pt Ai))f:]
(2.20) D

= N (0, o5 |Ai DA =)

The next result is a de-Poissonized version of Theorem 2.2.

THEOREM 2.3. Let > 0 and suppose By € R(R?) with |Bo| > 0. Suppose
that h', ..., h* are point process set functions, each h’ satisfying the strong

stabilization conditions (2.13) [with stabilizing limit denoted 81 (P)] and (2.14),
along with the moments condition (2.16), and the uniform bound (2.17). Let the

matrix (Gi)]‘-)i-‘,j:1 be given by (2.18). Then if Ay, ..., Ay are sets in R(By), if we

define the matrix T* := (Ti)})ﬁjzl by

A
221) . Ol AN AGL A - 1A
: ij 2
| Bol | Bol

E[8L (POIEISL (P)],
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and if (ty)n>1 is a [1, 00)-valued sequence satisfying

(2.22) limsupn~1/2|(Atd|Bo| — n)| < o0,
n—oo
then fori, je{l,...,k},
(223) nli}lc‘)lon_l COV(hi (u”vtn’ I”Ai)’ h/ (unvln ’ tnA])) = ‘Ei)}

and as n — 00,

224) V2 (U taAi) — BB (U ta A 2> N (0, T,

Given y € R, we shall say & is homogeneous of order y if
(225) h(aX,aA)=a’h(X,A) VYaecR,AeRRY), finite X C RY,

If h satisfies homogeneity, it is easy to deduce from the above theorems a
multivariate CLT, either for a homogeneous Poisson process of intensity A on By as
A — 00, or for a sample U, ; of nonrandom size n from the uniform distribution
on By as n — oo. Here, we just state a result of the second type.

THEOREM 2.4. Suppose By € R(RY) with |Bo| > 0. Set Ao :=|Bo|~". Sup-
pose h', ... h* are point process set functions, satisfying the strong stabilization
conditions (2.13), (2.14), the moments condition (2.16), the uniform bound (2.17)
and homogeneity of order y (2.25) for some y € R. Suppose that Ay, ..., Ax
are sets in R(By), and let T = (Ti)}o)ﬁjzl be given by (2.21). Then for i, j €
{1,...,k}

(2.26) nli)ngon(zy/d)_l Cov(h' (Un,1. Ai) b (Un,1, A))) =T,
and as n — 00,

@27)  aYDTV2 (R (U, 1, A) — BR (Uny, AD)E_| -2 N (0, TH0).

Theorem 2.4 is easily proved by applying Theorem 2.3 with 7, = n'/? and using
homogeneity of /' to deduce that

i k D i k
("R (Un,1, AD)—y = (B (U a0 AT

Many applications are concerned with functionals of graphs of the form G :=
G (X) defined for each locally finite point set X C R? (a locally finite subset of R?
is one with no limit point), where G (X’) has vertex set ;. See Sections 3.2 and 3.3
for examples.

We shall say G is translation invariant if translation by y is a graph
isomorphism from G(X) to G(ry(X)) forall y € R4 and all locally finite point
sets X. We shall say G is scale invariant if G(aX) is isomorphic to G (X) for
all X and all @ > 0.
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We use the following notion of stabilization for these graphs. Given G, and
given a vertex x € X, let &7 (x; X) be the set of edges of G(X) which are not
edges of G(X \ {x}), and let &~ (x; X) be the set of edges of G(X \ {x}) which
are not edges of G(X). Let J’f := &, U{0}. Our stabilization condition for graphs
is that there exists an almost surely finite random variable R such that

(2.28) €1 (0; 0) = &T(0; (£ N Br(0)) U 4)
and
(2.29) E7(0; PL) = &7 (0; (P2 N Br(0)) U 4)

for all finite A C R? \ Bg(0).

The stabilization conditions (2.28), (2.29) say that the local behavior of the
graph in a bounded region is unaffected by points beyond a finite (though possibly
random) distance from that region. As we shall see, the minimal spanning tree
(with the definition suitably extended from finite to locally finite point sets), the
k-nearest neighbors and sphere of influence graphs all satisfy (2.28) and (2.29).

Another technical condition that turns out to be relevant to stabilization is
uniqueness of the infinite component for G (5,) and for G(?AO). For a locally finite
point set X;, we say that uniqueness of the infinite component holds for G(X) if
there is almost surely at most a single infinite component of G (X).

Given G, we consider three types of functional based on G. First, we consider
the number of components of G (X) with at least one vertex in A, which we denote
KG (X, A).

Second, functionals such as total length of edges in A, number of edges in A or
number of edges in A of less than some specified length may be interpreted as a
total of ¢p-weighted edge lengths in A, that is, as a sum

(2.30) LY(X,A):=3 Yo b,

xeXNA e={x,y}eG(X)

for some appropriately specified function ¢ : (0, co) — R.

Third, we consider functionals such as the number of vertices in A of some
specified degree, or the number of components in A with a specified number of
vertices, which are obtained by summing over all vertices in A some function of
the local graph landscape of G (not the edge lengths) at that vertex. To make this
precise, let JX denote the set of unlabelled connected rooted graphs (i.e., connected
graphs with a single vertex distinguished and denoted the root). For k € N, let K
denote the set of graphs in J which have all vertices a graph distance at most «
from the root (the graph distance between two vertices is the minimal number
of edges in a path between them, or infinity if no such path exists). For k € N,
let B(X,) denote the class of all bounded real-valued functions from X, to R.
For ¥ € B(X,) and for any vertex x of any locally finite point set X C R?, let
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G «(X) denote the rooted subgraph of G(X) induced by all vertices a graph
distance at most ¥ from x (with root at x), and let

VI, A) = D" ¥(Gri(X).

xeXNA

LEMMA 2.1. Suppose G is translation invariant and satisfies the stabilization
conditions (2.28) and (2.29). Then if we set h(X, A) = Lg (X, A), the stabilization
conditions (2.13) and (2.14) hold. If instead, for some k € N and € B(K,), we
set h(X, A) = VI/?(X, A), then, again, conditions (2.13) and (2.14) hold.

Suppose in addition that uniqueness of the infinite component holds for G(5)
and for G(PY); then if we set h(X,A) = K9 (X, A), then the stabilization
conditions (2.13) and (2.14) hold.

As we shall see in examples below, one can use Lemma 2.1 to check the
applicability of Theorems 2.2, 2.3 and 2.4 to a variety of point process functionals
based on stabilizing graphs.

2.4. Marked point processes. In the application in Section 3.4, we need to
consider the extension of the results of the preceding section to functionals of
marked point processes with marks in the unit interval. A marked point set in R¢
is a locally finite subset of R? x [0, 1] with no two elements having the same
coordinate projection onto R?.

If X = {(xi,t),i =1} C RY x [0, 1] is a marked point set in R4, and X =
{x;,1 > 1} is the corresponding unmarked set (i.e., the projection of X onto R ),
then we shall often abuse notation slightly and write X for X, keeping in mind
that each element x; of X carries a mark ¢#;. Then all the notions and results of the
previous section carry through, as we now describe.

For y € RY, the translation operator 7y, on marked point sets in R is to be
understood to preserve the values of all marks. Then the notion of a (marked) point
process set function 2(X, A), defined for finite marked point sets X in R¢ and for
A e R(RY), is as given at the start of Section 2.3. Also, the notion of translation
invariance of a graph G(X) is as defined in Section 2.3. When we consider edge
lengths and so on, the vertex set of G(X) is still viewed as a subset of R4, not
R?+!. Also, it is to be understood that scalar multiplication operator X > a3 on
marked point sets in R?, seen in the homogeneity condition (2.25) for example,
leaves all marks unchanged.

In the marked setting, the points of the d-dimensional point processes
P+ and U, are to be understood to carry marks which are each uniformly
distributed on [0, 1] and independent. Also, the inserted point at 0, when defining
add one costs such as at (2.12), is assumed to carry an independent mark which is
also uniformly distributed on [0, 1]. The stabilization conditions (2.13) and (2.14)
are to be understood to hold for any choice of values for the marks of points in .
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Likewise the uniform bound (2.17) is to be understood to hold for any choice of
the marks on X.

With these interpretations, all of the results in Section 2.3 remain valid for
marked point set functionals on the marked point processes and stabilizing graphs
on the marked point processes.

3. Applications of the general results.

3.1. Percolation. Let E = {0, 1}, let & be the power set of E (i.e., the
collection of all subsets of E), with Py({1}) = pand Py({0})) =1—p, p€(0,1) a
fixed parameter. Let X = (X;),7« and X 0 (the same as X but with X, resampled)
be as described in Section 2.2 with this choice of (E, &, Py). Let the sets @, O’
(the random set of “occupied sites” induced by X and by X, resp.) be given by

(9:={Z€Zd:Xz=l}’ (9,={Z€deg=1}

(so that @" A O is either the empty set or the set {0}).

For any subset S of Z4, let G(S) be the graph with vertex set {z € §: X, = 1},
and with edges between each pair of vertices at unit Euclidean distance from each
other. Then G (@) is a Bernoulli site percolation process with parameter p (bond
percolation versions of the results in this section also hold, and are proved by
similar means taking E = {0, 1}¢; see [14], page 1517).

For background information on percolation see [7]. Let p. be the critical value
of p, that is, the supremum of the set of p for which the components of G(@) are
a.s. all finite. Provided d > 2, it is known that 0 < p. < 1.

By the uniqueness of the infinite cluster in percolation (see, e.g., [7]), there is
almost surely at most a single infinite component of G (). For later use, we denote
the vertex set of this infinite component of G(©@) by C (possibly the empty set),
and denote the vertex set of this infinite component of G(O’) by C/..

Also for later use, observe that for y, z € Z¢,

3.1 (yX); =1 = y+z€0 < z€1,(0).

We shall give two applications of Theorem 2.1 to percolation. Suppose By €
R(RY) with |Bog| > 0. The next result adds to previously known central limit
theorems for the total number of components in 7By (see [4, 7, 14, 27]), and
says that the number of components of G(O@ N ¢Bp) in disjoint subregions of a
large region tBp are asymptotically normal and asymptotically independent of
each other. It is of particular interest in the case when p = p. since in this case,
correlations are not believed to decay exponentially.

For percolation and also for some of the other spatial graphs that we consider,
there are several ways to count the “number of components” in a subregion A
of R¥, since one has to decide whether to include components that lie only partially
in A. In results given here, such components are counted fully, but the same results
should hold if they were counted only partially, or not at all.
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THEOREM 3.1. Suppose By € R(R?) with |Bg| > 0. Fort > 1, A € R(By),
let H;(A) be the number of components of G(O Nt By) which include at least one
vertex intA.

Let ACI;IO be the number of components of G(QO) that include at least one vertex
at or adjacent to the origin, minus the number of components of G(O') that include
at least one vertex at or adjacent to the origin.

Then the conditions (2.4), (2.5) and (2.6) for Theorem 2.1 are satisfied, and
therefore the conclusions (2.9) and (2.10) of that result are valid (with H' = H for
all i).

REMARK. Following the approach of Cox and Grimmett [4] to the central

limit theorem for the number of components in ¢Bp, one could generalize
Theorem 3.1 by taking H;(A) to be of the form ZCE@([,A) Y (C). Here C(t, A)

denotes the set of C C Z? such that C is the vertex set of a component of
G (O Nt By) which has at least one vertex in t A, and v is some function defined on
finite S C Z¢ such that G (S) is connected (in Theorem 3.1 we consider the special
case where v is identically 1). In this more general setting, by a modification of
the proof of Theorem 3.1, one can still check the conditions (2.4), (2.5) and (2.6),
and hence apply Theorem 2.1 provided y satisfies the following conditions:

1. ¢ is translation invariant, that is, ¥ (7,(S)) = ¥ (S) for all y € Z4 and all
S ¢ Z4 such that G(S) is connected.
2. ¥ (S) converges to a finite limit as | S| — co.

The above conditions imply that i is bounded. Unlike in [4], we do not require
to be monotone here and we can take any p € (0, 1), including p = p.. On the
other hand, the corresponding set of conditions on i in [4] does not include
translation invariance.

PROOF OF THEOREM 3.1. Letr>1, y € Z4 and A € R(By). By (3.1),
H; y(A) is the number of components of G((t—,@)N 1 By) which intersect 1A (i.e.,
contain at least one vertex in t A). Hence, H; y(A) is the number of components of
G (O N1y (tBy)) which intersect Ty (tA).

Thus —A fy (A) is the increment in the number of components of G(O N
7y (¢ Bp)) which intersect 7y, (fA) when we resample X (i.e., when we replace the
process X by X9).

With A glo defined in the statement of the theorem, we assert that (2.4) and (2.5)
hold. To verify (2.4), suppose that liminf;, , o (7y, (1, A)) = R¢. Suppose first that
Xo =0 and X, = 1. Then there exists a (random) N such that for n > Ny, every
pair of vertices lying adjacent to the origin and in the same component of G(0O),
is connected by a path in G(0), all of whose vertices lie in 7y, (, A). Then for all
n> Ny, A{Z’ y, (A) = Afo as described above. A similar argument applies in the
case with Xo =1 and X, = 0, and for other cases clearly H,, ,, (A) =0 for all n.
Thus (2.4) holds.



MULTIVARIATE SPATIAL CLTSs 1957

Next, suppose liminf(t, y,(Bo \ A)) = RY. Suppose X( = 0. There exists a
random N; such that for all large enough n > N, the set 7, y, (Bo \ A) contains
all finite components of G () lying adjacent to the origin.

There exists a random N3 such that for all n > N3, each pair of vertices of Co
which lie adjacent to the origin is connected by a path in G (O) all of whose vertices
lie in the set 7y, (t,(Bo \ A)). We assert that if n > max (N2, N3), changing the value
of X from 0 to 1 does not affect the number of components of G(O N t,, (1, Bo))
that intersect ty, (1, A). This is because for n this big, any two occupied vertices
adjacent to the origin which are both connected by paths in G () to vertices in
Ty, (1, A), must be part of C, and therefore are connected by a path which avoids
the origin, so that they are already part of the same component of G(O N1y, (1, By))
even before we add a vertex at the origin to @. In other words, G(O N 7, (1, Bo))
has at most a single component which intersects both the set 7y, (1, A) and the set
of sites adjacent to the origin; see Figure 1. The assertion follows, and one argues
similarly for X, = 0. Thus (2.5) holds.

Since all vertices in G(Z%) have degree 2d, the absolute value of A; y(A) is
uniformly bounded by 2d — 1, and therefore the moments condition (2.6) is valid
for any finite y. Therefore Theorem 2.1 is applicable here. [

We now consider the largest component of G(O Nt By), adding to the central
limit theorem for the largest component size given in [14]. A largest component
of G(O NtBy) is a component such that no other component has more vertices.
There could be more than one largest component; in the sequel, the “vertices
which lie in a largest component” means the vertices lying in the union of all
largest components as defined above, while any discussion of properties of “the
largest component” refers to the case where there is a unique largest component.

L]
}

FIG. 1. The rectangle represents the region ty, (t, By), and the region to the right of the jagged line
is Ty, (tn A). The other rectilinear lines indicate the components of G(O) adjacent to the origin.
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The following result says that the distribution of the vertices lying in a largest
component in ¢ By is asymptotically a white noise distribution. In it, we assume By
is rectangular, that is, that By is a product of bounded intervals. Presumably, the
proof can be extended to other shapes of By.

THEOREM 3.2. Suppose that p > pc, and that By is rectangular. For t > 1
and A € R(By), let H;(A) be the number of vertices of t A which lie in a largest
component of G(O NtBy). Set

Card(COO\C(/)o)’ l‘fX():l’X*:O’
A =1 —card(C/ )\ Co),  if Xo=0,X,=1,
0, if Xo = X

Then the conditions (2.4), (2.5) and (2.6) for Theorem 2.1 are satisfied, and
therefore the conclusions (2.9) and (2.10) of that result are valid (with all
H'=H).

PROOF. Observe first that AZ is indeed almost surely finite. For example, if
Xo=1and X, =0, then C,) € C and Cw \ C,, consists (in the case where
0 € C) of those finite components of G (') lying adjacent to the origin, along
with the origin itself (with Coo \ C,, = @ in the case where 0 ¢ C).

Observe also that for any r > 1, y € 74 and A € R(By), by (3.1), H; y(A) is
the number of vertices in 7 A in a largest component of G(7_, (@) Nt By), and so
is the number of vertices in 7, (tA) in a largest component of G (O N 1, (t By)).

In what follows, a few plausible (and actually true) facts are stated without
proof. For details of their proofs, see [14].

Suppose that liminfy, , ~ (7y, (t, Bo)) = R?. Then with probability tending to 1,
the largest component of G(O Ny, (t, Bp)) is unique, and is the largest component
of G(Cx N 1y,(t,Boy)), and if 0 € Co, then the largest component of G(O N
Ty, (1, Bp)) is the component of G(C N Ty, (1, Bo)) containing the origin.

Suppose that liminfy, o (7y, (1, A)) = R4, Then with probability 1, the set
Coo A Cl is contained in Ty, (1, A) for all large enough n. Hence, the probability
that A, y,(A) is equal to Afo defined above tends to 1, and so (2.4) holds.

Suppose that liminf,_, s (7y, (t:(Bo \ A))) = R4, Then with probability 1,
the set Coo A C. is contained in Ty, (ty(Bo \ A)) for all large enough n. If
Coo ACL, C Ty, (t:(Bo \ A)) and also the largest component of G(O N 7, (1, Bo))
is the sole component of G(Cx N Ty, (#, Bp)) containing a vertex adjacent to the
origin, and also the largest component of G (9’ N t,, (1, Bo)) is the sole component
of G(CL,N Ty, (1, Bo)) containing a vertex adjacent to the origin, then changing the
value of X¢ from 1 to O will not remove any vertices of the largest component lying
in Ty, (£, A) so that it does not change the value of H;, y, (A). Hence the probability
that Ag’ Y (A) is equal to zero tends to 1, and so (2.5) holds.

We need to check the moments condition (2.6). Most of the ingredients in the
proof of this are given in the proof of Theorem 3.2 of [14]. The main difference is
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that we now need to account for a possible decrease in the number of elements in
Ty(tA) of a largest component when we change the status of site 0 from “vacant”
to “occupied.” (In [14] we needed only to consider the largest component size,
which by contrast really is monotone in Xy.) Such a decrease could happen either
if G(O N1y(tBop) \ {0}) has more than one largest component, or if two or more
components of G(O N 1y (tBy) \ {0}) lying adjacent to 0, when merged, form a
component larger than and disjoint from the previous largest component. However,
the probability of either of these possibilities occurring decays exponentially in
1471 (see, e.g., Theorem 4 in [16]), and using this we can check (2.6) here. [J

3.2. The minimal spanning tree. Given a locally finite set X C RY d > 2,
and given a > 0, let §,(X) be the graph with vertex set X and with edge set
{{x, y}:|x — y| < a}. Let MST(X) be the graph with vertex set X obtained
by including each edge {x, y} such that x and y lie in different components of
Gx—y|(X) and at least one of these components is finite. If X is finite with distinct
interpoint distances, then MST(X) is the minimal spanning tree on X, that is,
the connected graph with vertex set X of minimal total edge length; see [1],
Lemma 12. Clearly MST(X) is translation and scale invariant.

Recall the definitions of Vf , Lg and B(XK,) from Section 2.3. The first part
of the following result tells us that the totals of a local graph landscape function
(e.g., the numbers of leaves), summed over points of the random minimal spanning
tree in disjoint regions, scaled and centered, are asymptotically independent
normals. The second part says that the totals of ¢-weighted edges of the random
minimal spanning tree in disjoint regions, scaled and centered, are asymptotically
independent normals. In this result, say ¢ is polynomially bounded if there exists
a constant ¢ such that ¢ (r)] < c(1 + r)¢ for all r > 0.

THEOREM 3.3. Suppose G(X) is MST(X). Let A > 0, and suppose By €
R(R?) with | By| > 0.

Let k € N, and suppose v € B(K,). If we set h(X) = VWG(X,A), then h
satisfies all the conditions (2.13), (2.14), (2.16), (2.17) and (2.25) (with y =0) of
Theorems 2.2, 2.3 and 2.4 and therefore satisfies their conclusions (2.19), (2.20),
(2.23), (2.24), (2.26) and (2.27) [with h/ (X, A) = Vf(X, A) for all j and with
y =0].

Suppose instead that we set h(X, A) = Lg(X, A) for some ¢:(0,00) — R.
Then the stabilization conditions (2.13) and (2.14) hold. If ¢ is bounded, or if
¢ is polynomially bounded and By is convex, then the moments condition (2.16)
holds and so Theorems 2.2 and 2.3 apply and their conclusions (2.19), (2.20),
(2.23) and (2.24) (with h/ = h for all j) hold.

If also ¢ (r) =r® for some constant «, then the homogeneity hypothesis (2.25)
holds and hence the conclusions (2.26) and (2.27) of Theorem 2.4 are valid with
Yy =a.
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The proof of this uses the following lemma which we shall use again later.

LEMMA 3.1. If By € R? is bounded and convex with |By| > 0, then

3.2 inf ~d1B_(x) N By| > 0.
(3.2) xeBOl’rrle(O’I]r |B,(x) N By| >

PROOF. The assumptions on By imply that By has nonempty interior, so that
there exists a ball B contained in Bg. For any x € By, the convex hull of {x} U B
is contained in By, and since By is bounded, the angle subtended by this conelike
set at x is bounded away from zero, so the result follows. [

PROOF OF THEOREM 3.3. Condition (2.28) follows from Lemma 2.1 of [19].
Condition (2.29) is more complicated but follows from the proof of Proposition 1
of [11]. Therefore, Lemma 2.1 of the present paper can be applied to give us
the conditions (2.13), (2.14) in the case where either £ (X, A) = Vv? (X, A) or
h(X, A) = L (X, A).

Given a finite set X C R?, consider the effect on the minimal spanning tree
MST(X) of adding a point at the origin 0. Let edges of MST(X U {0}) that are
not in MST(X) be denoted added edges, and let edges of MST(X) that are not in
MST(X U {0}) be denoted deleted edges.

By the revised add and delete algorithm of Lee [10], the added edges are
precisely those incident to 0 in MST(X U {0}), and there are fewer deleted edges
than added edges. Moreover, there is a uniform nonrandom bound on vertex
degrees in the minimal spanning tree (see [1]), and hence there is a uniform
bound both on the number of added edges and on the number of deleted edges.
The moments condition (2.16) for (X, A) = Vf (X, A) is immediate from these

remarks. Moreover, if ¢ is bounded, then (2.16) for A(X, A) = Lg(X, A) also
follows from these remarks.

Suppose that ¢ is polynomially bounded and By is convex. By the preceding
remarks, to prove (2.16) in this case, it suffices to show that for any K > 0, there
is a deterministic uniform bound on the Kth moment of the length of the longest
added edge when a point at 0 is inserted into U, ; with t > 1, 0 € 7, (¢ Bp) and
m/(rt?|By|) in the range [1/2, 3/2], and likewise for the longest deleted edge.

We assert that the longest deleted edge in a finite set X is at most twice as
long as the longest added edge. To see this, suppose that {X, Y} is a deleted edge.
Then, since all added edges are incident to the added point at 0, and there must
be a path from X to Y in MST(X U {0}), there exist points X, Y’ in X such that
X', Y’ are both adjacent to 0 in MST(X U {0}), and such that there is a path in
MST(X) from X to X', and a path in MST(X) from Y to Y’. By the triangle
inequality, | X’ — Y| is at most twice the length of the longest added edge, and also
|X — Y| <|X'—Y’| since otherwise we could start with MST(X), then replace
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edge {X,Y} by {X’, Y’} to obtain a spanning tree on X of smaller total length,
a contradiction. This completes the proof of the assertion.

Thus, to check (2.16) for h(X, A) = Lg(x, A) when ¢ is polynomially
bounded and By is convex, it suffices to prove the Kth moment of the longest
added edge is uniformly bounded. This can be proved by an argument along the
lines of Lemma 2.1 of [26] [using convexity of By, and (3.2)].

The uniform bound (2.17) is trivial for Vl/? and also holds for Lg since ¢ is

assumed polynomially bounded. The homogeneity condition (2.25), for Vf or Lg
with ¢ (r) = r*, follows from the fact that the graph MST(X) is scale invariant.
g

REMARK. In the univariate case Kesten and Lee ([9], Theorem 2) give a CLT
for Lg (Bp) when ¢ is monotonically increasing. Our result gives central limit
theorems, for this univariate case, without this restriction on ¢.

REMARK. Consider the empirical distribution of MST edge lengths. That
is, let Ns(X) be the number of edges of MST(X) of length less than s. For
arbitrary By, the finite-dimensional distributions of the scaled, centered empirical
process

(3.3) (=2 (Ng(Py.0) — ENg(P.1)), s > 0)

converge as ¢t — oo to those of a Gaussian process. Moreover, the finite-
dimensional distributions of the corresponding scaled, centered empirical process
for a binomial sample, namely

(3.4) (n™V2(Ny=1/ay(Un.1) — EN,=1/a,(Un 1)), s > 0),

converge as n — oo to those of another Gaussian process.

In the case of the first empirical process (3.3), this follows by taking an arbitrary
set of positive “times” S1,...,5¢ and applying Theorem 2.2 with h'(X, A) =
ng‘ (X,A) and ¢'(r) = 1{,<y,) for 1 <i < k. The limiting Gaussian process in
this case has covariance function given by the function E[Y; Y], s, s” > 0, where
we set

(3.5 Yy = E[8;(c0)| F],

with §; (co) denoting the stabilizing limit for the functional 4 (X, A) = Lgs (X, A)
with ¢ (r) := 1{,<s), and with F denoting the o-field generated by the Poisson
configuration in the half-space {x = !, xD eRY:x; <0).

In the case of the second empirical process (3.4), the convergence of finite-
dimensional distributions follows similarly but this time using Theorem 2.3
and the observation that (Ns(U, ,1/4),s > 0) has the same distribution as
(N,,-1/a3(Up.1), s > 0). The limiting covariance function is this time given by
Cov(Ys, Yy), s, s’ > 0, with Y given once more by (3.5), but now with A = | Bo| .
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3.3. Nearest-neighbor type graphs. Let k € N. The k-nearest-neighbor graph
(k-NNG) on a locally finite set X C R¢ is obtained by including an undirected
edge connecting each vertex x € X to each of its k nearest neighbors (using the
lexicographic ordering as a tie-breaker in the event of a tie). We also consider the
sphere of influence graph (SIG), in which, denoting the distance from x € X to its
nearest neighbor by R, we connect vertices x, y of X by an edge if and only if
Br,(x) N Br,(y) # 2.

White noise limits for functionals such as Lg and Vf (defined in Section 2.3)
can be derived using either the results in this paper or other methods based
on exponential decay, as in [2]. We concentrate here on the component count
K9 (X, A), for which exponential decay is not so clear.

THEOREM 3.4. Suppose G(X) is defined to be the k-NNG on X. Let A > 0
and let By € R(R?) with |By| > 0. Then h(X, A) = K¢ (X, A) satisfies all the
conditions (2.13), (2.14), (2.16), (2.17) and (2.25) (with y = 0) for Theorems
2.2,2.3 and 2.4. Therefore, h(X, A) = K9 (X, A) satisfies the conclusions (2.19),
(2.20), (2.23), (2.24), (2.26) and (2.27) in those results (with h' = h forall i, and
with y = 0).

PROOF. There is a deterministic uniform upper bound on the degree of
vertices in G (X) (see, e.g., Lemma 8.4 of [25]), and hence a uniform deterministic
bound on the change in the number of components of G (X) caused by inserting a
single point; the moments condition (2.16) follows.

We can obtain the stabilization conditions (2.13) and (2.14) by using
Lemma 2.1. This result is applicable because conditions (2.28) and (2.29) hold
by the proof of Lemma 6.1 of [18], while uniqueness of the infinite component in
G(P) and G(P?) holds by Lemma 6.4 of [18]. The uniform bound (2.17) and the
homogeneity (2.25) are obvious. [

THEOREM 3.5. Let A > 0, and suppose By C RY is convex and bounded
with |Bg| > 0. Suppose G(X) is defined to be the SIG on X. Then h(X, A) =
K9 (X, A) satisfies all the conditions (2.13), (2.14), (2.16), (2.17) and (2.25) (with
y = 0) for Theorems 2.2, 2.3 and 2.4. Therefore, h(X, A) = K9 (X, A) satisfies
the conclusions (2.19), (2.20), (2.23), (2.24), (2.26) and (2.27) in those results
(with h' = h for all i, and with y = 0).

PROOF. We need to check the moments condition (2.16). This can be done
as in the proof of Theorem 7.4 of [18]. The “regularity” condition in that result is
implied by the condition (3.2) here; see the remarks on page 1010 of [18].

The rest of the argument is similar to that for Theorem 3.4. For conditions
(2.28) and (2.29), see the proof of Lemma 7.1 of [18]. For uniqueness of the infinite
component of G(#), see Theorem 7.3 of [18]. The infinite component of G(PY
is also unique, by the proof of Lemma 6.4(b) of [18]. [
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3.4. The on-line nearest-neighbor graph. Suppose X1, X2, ..., X, are points
in RY. In the on-line nearest-neighbor graph (or on-line NNG for short), the
points are assumed to arrive sequentially and each point X;, i > 2, is connected
by an undirected edge to its nearest neighbor in the set of preceding points in
the sequence {Xi,..., X;_1} (using the lexicographic ordering on R4 to break
any ties). The resulting graph is a tree, which we will denote the on-line nearest-
neighbor graph on the sequence of points (X1, X2,..., X,). One could also
consider the on-line k-nearest-neighbor graph defined analogously, with each
point X; connected to its k nearest-neighbors in {Xy,..., X;_1} if i > k, and
connected to each of X1, ..., Xy if i <k. In our case, the points in the sequence
will be random, independent and uniformly distributed over By or over ¢ By.

The on-line nearest-neighbor graph on random points is a natural growth model
for spatial random graphs, although it was apparently introduced only recently, by
Berger et al. ([3], Section 3). There, the motivation comes from the search for a
simple model of scale-free networks, the graph being itself a simplification of a
model of Fabrikant, Koutsoupias and Papadimitriou [6].

To fit this graph into our present setup, consider a marked random finite point
set X in RY, where each point X of X carries a random mark Ty which is
uniformly distributed on [0, 1], independent of the other marks and of the point
process X. The points are listed in increasing order of mark, that is, the marks
represent time of arrival. With this ordering, we connect each point of X to the
nearest point that precedes it in the ordering, to obtain a graph which we also
call the on-line nearest-neighbor graph on the marked point set X. This definition
extends to infinite but locally finite point sets.

Clearly the on-line NNG on U,, ; (defined via marked point processes) has
the same distribution as the on-line NNG (with the first definition) on a sequence
X1, ..., X, of independent uniform points on ¢ By. Likewise, the on-line NNG
for & ; (defined via marked point processes) has the same distribution as the on-
line NNG on (X1, ..., Xn) with {X;} independent uniform points on # By and N
an independent Poisson variable with parameter At?|By|.

As it turns out, the on-line nearest-neighbor graph is a nice example of our
methods because it is stabilizing but has only polynomially decaying correlations
(i.e., a polynomially decaying tail on the distribution of the radius of stabilization).
In the following discussion, although we think of the graph as undirected, we shall
refer to an edge connecting marked points X and Y with Tx > Ty, as an outgoing
edge from X and an incoming edge to Y. Each vertex (except one if X is finite)
has a single outgoing edge.

The existence of an almost surely finite radius of stabilization satisfying
(2.28) and (2.29) will be shown later on. To see that its distribution does not have
an exponentially decaying tail, let L be the length of the outgoing edge from the
origin in the on-line nearest-neighbor graph on $°. With ; denoting the volume
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of the unit ball in R?, we have

1 )errd
PIL > r] =/0 exp(—Amqrit) dt =r1nd—1r—d/0 e “du,
which shows that the tail of the distribution of L decays only polynomially, and L
is clearly a lower bound for any radius of stabilization.

Recall the definitions of Vf , Lg and B(K,) from Section 2.3. The following
result says that for certain ¢ the totals of ¢-weighted edges of the on-line nearest-
neighbor graph on random points in disjoint regions, scaled and centered, are
asymptotically independent normals, and likewise for the totals of any bounded
function of vertex degrees summed over vertices in disjoint regions.

THEOREM 3.6. Suppose G(X) is the on-line NNG on X. Let A > 0 and
suppose By C R is convex and bounded with |Bg| > 0. For any ¥ € B(X1),
if we set h(X) = Vf(X, A), then h satisfies all the conditions (2.13), (2.14),
(2.16), (2.17) and (2.25) (with y = 0) of Theorems 2.2, 2.3 and 2.4 and therefore
satisfies their conclusions (2.19), (2.20), (2.23) (2.24), (2.26) and (2.27) [with
hi (X, A) = VwG(.‘Xi, A) for all j and with y = 0].

Suppose instead that we set h(X, A) = Lg(.‘x, A) for some ¢:(0,00) - R.
Then the stabilization conditions (2.13) and (2.14) hold. If ¢ satisfies the growth
bound

(3.6) sup((1 +r)"%|p(r)]) < oo some a < d /4,
r>0
then the moments condition (2.16) holds and so Theorems 2.2 and 2.3 apply and
their conclusions (2.19), (2.20), (2.23) and (2.24) (with h/ = h for all j) hold.
If also ¢ (r) = r% for some constant a < d /4, then the homogeneity hypothe-
sis (2.25) holds and hence the conclusions (2.26) and (2.27) of Theorem 2.4 are
valid with y = «.

REMARK. Provided By is convex, Theorem 3.6 gives, among other things,
a central limit theorem for the number of vertices of any fixed degree in the on-line
NNG on U1 or on & ;. Since any bounded function of the edge lengths satisfies
the growth bound (3.6), Theorem 3.6 also enables us to obtain similar functional
central limit theorem results on the empirical distributions of edge lengths in the
on-line nearest-neighbor graph, to those described in the preceding section for the
minimal spanning tree.

Provided d > 4, Theorem 3.6 gives us a central limit theorem for the total length
of the on-line NNG on U, or on & ; [since the function ¢ (r) = r satisfies the
growth bound (3.6)]. This leaves open the question of the asymptotic behavior of
the total length of the on-line NNG on U, 1, in dimensions d < 4. As mentioned
earlier, it is likely that fourth moments condition (2.16) can be replaced by a2 + ¢
moments condition in Theorems 2.2 and 2.3. If this can be done, the total length of
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the on-line NNG on U, will satisfy a central limit theorem for d =4 or d = 3.
We suspect that a central limit theorem also holds for d = 2, but do not have a
proof. We believe that the limiting distribution of the (centered) total length is
nonnormal for d = 1; Penrose and Wade [17] have shown this to be the case for
a related graph in which X; is joined to its nearest neighbor to the left in the set
{X1,...,Xi—1}.

Theorem 3.6 also carries through to the on-line k-nearest-neighbor graph,
although we give a proof only in the case k = 1.

The proof of Theorem 3.6 uses the following three lemmas. The first two of
these are purely geometric in nature. Given distinct points x,y € R?, let C,, y
denote the cone with its point at x and with angular radius 7 /12, centered on
the half-line from x passing through y.

LEMMA 3.2.  Suppose By C R? is convex and bounded with | By| > 0. Then

inf |Cx,y N Bjy—x|(x) N By -

7 0.
X,YEBy: xF#y |y — x|

PROOF. Take x,y € By with |y —x| =r > 0. Let z = (x 4+ y)/2. By convexity
Z € By, and geometrical considerations show that
B 2)sin/12)(2) € Cx,y N By (x),

so the result follows from Lemma 3.1. [

LEMMA 3.3.  Suppose C is an open cone in R¢, of angular radius v /6, with its
pointat x € R?. Then for y € C and z € C we have |z — y| < max(|z — x|, |y — x|).

PROOF. Assume without loss of generality that x = 0 and that |y| < |z|. Let 6
be the angle z0y. Then 8 < /3, so cos6 > 1/2 and by the cosine rule,

1z —y> =z + |y = 2|y| - |z] cos b < |z|*. O

Recall from Section 2.3 that if a graph G(X) is defined for locally finite point
sets X C RY, then for x € X, €7 (x; X) denotes the set of edges of G(X) which
are not edges of G(X \ {x}), and &~ (x; X) denotes the set of edges of G(X \ {x})
which are not edges of G (). Also, |e| denotes the Euclidean length of edge e.

LEMMA 3.4. Let G(X) denote the on-line nearest-neighbor graph on the
marked point set X, and suppose By C R? is convex and bounded with | By| > 0.
Let A > 0 and let p; ;== A4\ By|. Let 0 < o < d /4. Then

4
(3.7 sup sup E[( > (1+ |e|)°‘) } <00

t>1,xetBome[py 1/2,3us, /21NZ ec&+ (x; U U{x))
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and

4
(3.8) sup sup E[( > 1+ |e|)“> } < 0.

t>1,xetByme[ua, /2,351 /21NZ €& (x; Uy U{x ]

PROOF. Fixt,mand x witht > 1,m/u; € [1/2,3/2] and x € t By. Take cones
C1,Ca, ..., Ck,each with angular radius 7 /12 with point at x, and with union RY,
where K is a constant depending only on d. For 1 <i < K, let Ci+ be the cone
of angular radius 7 /6 with point at x, concentric to C;. Let 1 <i < K, and let the
random variable R; be defined as follows:

(a) If there exists a point Z of U, ; lying in the cone C;, and carrying a mark
T7 < Ty, let R; be the distance from x to the nearest point ¥ of U,, ; lying in the
cone Ci+, and carrying a mark Ty < 7.

(b) If no such point Z exists, set R; to be sup,¢, g nc, |y — x|, the furthest
distance from x to any element of t Bo N C;.

By Lemma 3.3, all incoming edges to x from points of U,, ; in C; must be from
points at a distance at most R; from x.

Let Y; be the set of points of U, lying in the cone C; at a distance less
than R; from x. By definition of R;, necessarily all points of Y%; carry a mark
greater than 7. Listing the points of ¥; as Y; 1, ..., Yi ,), in order of increasing
mark, let M; be the number of points ¥; ; of ¥; such that ¥; ; lies closer to x
than do any of the points Y; 1, ..., Y; j—1 (we include Y; ; in this set of points). By
Lemma 3.3, each incoming edge at x with an endpoint in the cone C; is from such
a point, so that

4 K 4
( > (1+|e|>“>5(2(1+M,-)(1+R,-)“>
{xH

ec&1 (x; Up U i=1

(3.9)

K
< K*3 (1 + M)* (1 + R)*.
i=1

When x is inserted into U,, ;, all removed edges are outgoing from points that are
connected to x after it is inserted. Hence, the removed edges outgoing from points
in C; are the edges outgoing from the points in the set {Y; 1, ..., Y; )}, which
are connected to x after insertion of x. Since these points lie in C; N Bg, (x), by
Lemma 3.3 they lie within distance at most R; of each other so that the removed
edges outgoing from the points in C; are of length at most R;, with the possible
sole exception of the outgoing edge from Y; ;.

Also, we assert that the removed edge from Y;; (if there is one) has length
at most 2maxj<¢<k Ry. To see this, note that if x carries a lower mark than any
point of U, ;, then all of # By lies within distance maxj<¢<g R¢ of x; if not, then
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for some £ < K there is a point of U,, ; in Cj at distance R, from x carrying a
mark which is lower than T, and hence also lower than Ty, , ; the assertion follows.
By the preceding remarks about removed edges, it follows that

( S a4+ |e|>0‘)4

e€&~ (x; U, Ufx})

« K 4
< <K<1 +2£%%§<Ri> + ZMi(l + Ri)"‘)
(3.10) =
K 4
< (Z(l + R)*(2*K + M,-))

i=1
K
<K*Y QUK + Mp)*(1+ R)™.
i=1

Conditional on the set of points ¥; (but not their marks), any of the v(i)! possible
orderings of the marks of points of ¥ is equally likely. Note that (A:{") is the

number of collections of four distinct points ¥; ;, ..., Y; j, such thateach of ¥; j,,
1 <k <4, lies closer to x than any point of ¥; 1,...,Y; j, 1.

Given v(i) = ¢, for any j; < jo» < j3 < ja < £, the probability that each of
Yi j» 1 <k <4, lies closer to x than any point of ¥;1,...,Y; j,—1 is equal to
gty Vi it Hence,

E[(Mi>‘v(i):£}: 3 <(+logt)*/4, €0,

4 i1igi3ig —

1<ii<ir<iz<ig<t

and since trivially
M} <256 (Af) 1iat,24) + 811141, 41 < 256 ({{") 8,
we obtain
E[M}v(i) =£] <81+ 11(1 + log £)*, 2> 0.

Choose ¢ € (0, 1) with 4o + de < d. Conditional on v (i), the distribution of M;
does not depend on the value of R;, so that for some constant ¢y > 0,

E[Mﬂv(i), R;1 <81+ 11(1 + log v(i))41{v(,-)>0} < C1(1 + U(l')g).

Next, we assert that the conditional distribution of v(i), given R; =r, is
stochastically dominated by the Binomial Bi(m, wqr?/(t?|By|)), where for p > 1
we set Bi(n, p) := Bi(n, 1). To see this, let U, , denote the set of points
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of U, which carry a mark less than T, and let ‘L{;, = Um, \ Uy, Let
N :=card(U,, ;). Then

v(i) = card(U;, , N Bg,(x) N C;),

while the value of R; is determined by the configuration of U, ,. The conditional
distribution of ‘L(,’,L,, t» given U, ;, is that of m — N points independently uniformly
distributed in 7 By (thus, this conditional distribution depends on U, , only through
the value of N). Hence, given R; = r and N = n, the conditional distribution
of v(i) is binomial

Bi(m — n.|B,(x) N C; N1 Bo| /|1 Bol),

and since all possible values of m — N are at most m, this conditional distribution is
stochastically dominated by Bi(m, mar? / (4| Bo))), justifying the assertion above.
By the preceding assertion, since we assume m < 221%| By|, we have

E[M}|R;) < c1E[1 + (Bi(m, maRY /(t*| Bo))))°]
<c1(1 4+ @rmgRYF)
by Jensen’s inequality. Hence, for suitable ¢,
(3.11) E[(1 + M)*(1 4 R)*] < coE[max(1, R}*T)].

For any r > 0, we have P[R; > r] = 0 unless there exists y € tBg N C; with
|y — x| =r, in which case by Lemma 3.2,

IC;" N B, (x) N1Bo| = |Cx,y N B (x) N1 Bo| = c3r,

for some constant c3 > 0 depending only on By. Hence, by conditioning on the
value of 7 we have for large enough s that

1 c3usd/(4a+d£) m
l——— ) du

0

(3.12) 0

1
< f exp(—mczus® @+ (14| By))) du
0

and since we assume m > At?|By| /2, this is bounded by a constant times
s~4/@atde) Hence, there is a constant ¢4 such that

o
E[max(1, R;‘O‘erg)] =/1 P[R?“ere > s]ds < ca.

Hence, using (3.9) and (3.11), we obtain (3.7). The proof of (3.8) using (3.10) is
similar. [

PROOF OF THEOREM 3.6. We assert that there exists an almost surely finite
radius of stabilization R satisfying (2.28) and (2.29). To see this, take a finite
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collection of cones C;r with point at 0 and angular radius 7 /6, with union R?;
let R be the distance from 0 to the nearest Poisson point in C;r to 0 with a
lower mark than Ty. It is not hard to see that R} is almost surely finite. Then
by Lemma 3.3, no point placed in Ci+ at a distance greater than R* from 0 will
be connected to 0 in the on-line NNG. Also, by Lemma 3.3 again, any Poisson
point in CI.Jr N Bg: (0) and carrying a higher mark than 0 has a lower-marked
Poisson point within distance at most R;, even before addition of a point at 0,
so that its nearest lower-marked neighbor (before insertion of 0) lies in B, g+ (0).
Hence the set of edges added or removed upon insertion of a point at the olrigin
is unaffected by changes to &5 outside Bjpgy; R (0); in other words, 2max; R}
is a radius of stabilization in the sense of (2.28), (2.29). Thus we can apply
Lemma 2.1 to get the conditions (2.13) and (2.14) for either £(X, A) = Vlf (X, A)
or h(X, A) = LG (X, A).

The case @ = 0 of Lemma 3.4 gives us the condition (2.16) for the functional
h(X,A) = Vf(X,A) for any i € B(K). Also, the uniform bound (2.17)
is obvious for any such h, and by scale invariance of the on-line NNG, the
homogeneity condition (2.25) with y = 0 also holds. Thus Theorems 2.2,
2.3 and 2.4 are all applicable in this case.

Turning to the case where (X, A) = Lg(X , A), with ¢ satisfying the growth
bound (3.6), once again Lemma 3.4 gives us the condition (2.16). Also, (2.17) is
again obvious in this case, so that Theorems 2.2 and 2.3 are applicable in this case.
By scale invariance the homogeneity condition (2.25) holds (with y = «) for the
case ¢ (r) =r®, so that Theorem 2.4 is also applicable in this case. [J

4. Proof of the general CLT for lattice systems. Assume throughout this
section that X = (X;,z € Z4) is as described in Section 2.2. Assume also that
By € R(RY) satisfying |Bg| > O is fixed, and that for i =1,2,...,k, (H,i (A),
t>1,A € R(Bp)) is a random set function on By as described in Section 2.2,
satisfying the stabilization conditions (2.4) and (2.5) along with the moments
condition (2.6) for some y > 2. Assume also that (#,),>1 is an arbitrary
[1, co)-valued sequence which tends to infinity as n — oo.

For y € 74 and i € {1,2, ..., k}, since the shifted family of i.i.d. variables 7, X
has the same joint distribution as X, by (2.4) there exists a random variable Aéo, y
such that for A € R(By) and z, € Z%, n > 1 with liminf,_, «(t;, (t,A)) = R?, we
have

. . P .
.1 Hl (X, A) = H] _ ((tyX)", A) — AL, .

In other words, Af)o’ y is defined in just the same manner as Afoi at (2.4) but using
the shifted family of i.i.d. variables 7, X.
For y € Z4, let

4.2) Fj :=E[AL, |F;].

o0,y
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By the conditional Jensen inequality, Fatou’s lemma and the moments condi-
tion (2.6),

43) E[(F)’1=E[E[AL, ,|FD*] <El(AL ) 1=E[(A%)*] < .
LEMMA 4.1. Let A € R(By), with |A| > 0,and leti, j €{1,2,...,k}. Then

_ i i L' i
@A~ > FlF] = E[F§Fy]
4.4) ye(t,A)NZA

= E[E(A)(00)| Fo)E(Af (00)| Fo)].

PROOF. Since ¥y is the o-field generated by (7yX;).<0, the definition of
F;ij in terms of 7, X is the same as that of F{;FJ in terms of X. Hence the
random field (F; ij ,y € Z% is a stationary family of random Variablgs. Also,
each variable F}i, has finite second moment by (4.3), and likewise for F /. so that

| F} F§/| has finite first moment by the Cauchy—Schwarz inequality.

Also, the o-field of translation-invariant o (X)-measurable events is trivial
(see [5], Chapter 6, Lemma 4.3).

The result follows from the classical ergodic theorem ([5], Chapter 6, Section 2).
For details, see the proof of (2.8) of [14]. In the terminology of [14], the sequence
of sets (#,A),>1 has vanishing relative boundary because of the assumption that
A is Riemann measurable. This assumption also implies that card(z, A N Z%) ~
t1Alasn — co. O

For y € Z4, let X be the random field X with the value X y at site y replaced
by the independent copy X [i.e., X = (XY, z € Z¢) with XJ = X, and X} = X,
forz# y].Fort >0,and 1 <i <k, set

(4.5) A} (A):=H/(X,A) — H (X", A).
Observe that X = ‘L'_y((‘EyX)O), so that
(4.6) Al (A)=H/_ (1,X,A)— H _((t;X)" A).

Therefore by the definition (2.3), since the translated random field 7, X has the
same distribution as X,

4.7) Al (A Z Al (A).

LEMMA 4.2. Let A € R(By) and i € {1,2,...,k}. Suppose (yp)n>1 is a
74 -valued sequence. Then

@8  lim E[(A] , (A)= AL, )*]=0  if liminf(z_y, (1,4)) =R
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and

4.9)  lim E[(A] (A)*]=0  ifliminf(z_y, (t.(Bo \ A))) = R%.

PROOF. The second limiting expression (4.9) follows from the distributional
identity (4.7) along with the second stabilization condition (2.5) and the moments
condition (2.6) (see [24], A 13.2(f)).

To prove (4.8), observe that since Aéo’ y is defined in terms of 7, X in the same

manner as A foi is defined in terms of X, we have by (4.6) that

E[(A] |, (A) — AL, )]

o0, yn

; ; 0 P \2
=E[(H, -y, (1. X, 4) = H;, _,, (7, X)7, 4) = Ase,y,)]

00, Yn

= E[(H! (X", 4) — AHH2.

In,—Yn

(X, A)—H _,

If liminf(zr_y, (1,A)) = R4, then this tends to zero as n — 0o by the stabilization
and moments conditions (2.4) and (2.6) (again see [24], A 13.2(f)). U

Recalling the definition of A at (2.1), define the sequence of sets (Bj,),>1 in 74
by

(4.10) B, := 1, Bo.
Forie{l,2,....k},yeZ% t>1,and A € R(By), let
(4.11) F/ ,(A) :=E[A] (A)|F].

For y > 1, the conditional Jensen inequality implies that
(4.12) E[|F} (A" 1=E[[E[A] ,(AIF "] <ElIA] ,(A)]]

and therefore the distributional identity (4.7) together with the moments condi-
tion (2.6) imply that for some y > 2,

(4.13) sup(E[|F{ ,(A)|"]:A € R(Bo),1 > 1,y € 1By} < co.

LEMMA 4.3. Forany A € R(By), A’ € R(By), and any i, j € {1,...,k}, as
n — oo we have

. . . . 1
(4.14) ¢4 > (F (WF (A)—FiF]) 550
x€(tn (ANAHNZA)
and
. . 1
(4.15) Y FL(AF (A 0.

x€Bp\ta(ANA")
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PROOF. By the triangle and Cauchy—Schwarz inequalities,
E[|F (A)F/(A) = F{F]|]
(4.16) < (ELF (%) P (E[(FA) = FI)*])'
+ (E[(F () = Fi)*]) P EIED)

By (4.13) and (4.3), E[(Ff’x (A))z] and E[(F){)z] are uniformly bounded.
Moreover, by definitions (4.2), (4.11) and by the conditional Jensen inequality,

E[(F! .(A) - Fi)’]

E[(E[A] ,(4) — AL, ,|%:])’]
4.17) <E[E[(Al . (4) — AL )’1F]]

E[(A}(4) — Al )]
and similarly,
(4.18) E[(F/ (A" — F{)’] <E[(A] .(A) — AL, )7):
For A € R(By), define “interior” and “exterior” lattice sets for the set 7, A by
int, (A) = {z e Z¢: Bip(x) StA};  exty(A) =inty(Bo \ A),
and the “boundary” lattice set
3u(A) = By \ (int, (A) Uext, (4)),

which consists of lattice points near the boundary either of 7, A or of 1,,(Bg \ A).
We assert that

(4.19) lim  sup E[|F (A)F/ (A)—FiF{|]=o0.
>0 ycint, (ANA) "
Indeed, if this were untrue we could take a sequence (x,,),>1 with x,, € int,(ANA’)
and
limsup E[|F} . (A)F! . (A)~F. F]|]>0.

Xn ™ Xn

This would imply by (4.16), (4.17) and (4.18) that

(A)— AL, VL E[(A] (A — AL )] >0,

o0, Xy

limsupmax (E[(A]
n—oo
which contradicts (4.8) from Lemma 4.2.
By a similar argument to the proof of (4.19), this time using (4.9) and (4.12),
we obtain

(4.20)  lim sup E[F .(A)*]=0, lim sup E[F] . (A)*=0.

nﬁooxeext”(A) n_)ooxeextn(A/)
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By (4.20) and the Cauchy—Schwarz inequality,

421 lim sup E[|Fi (A)F] (A)[]=0.

>0 y cexty, (A)Uexty (A7)

Using the uniform boundedness of both E[|Ft’;hx(A)F,{“X(A’) — F; Fi|] and
E[|F} (A)F; (A)|] [see (4.13) and (4.3)] we may deduce (4.14) from (4.19)
and (4.15) from (4.21). We here elaborate only on the argument for (4.15). The
absolute value of the sum in the left-hand side of (4.15) is bounded by four terms,
namely a sum over x € ext,(A) a sum over x € ext,(A’), a sum over x in a subset
of 9,(A) and a sum over x in a subset of 9,,(A’). The first two of these terms tend
to zero by (4.21), while the other terms tend to zero by the uniform boundedness of
the terms in the sum and the fact that the number of sites in d,,(A) is small relative
to t,‘f (by Riemann measurability of A and of By \ A), and likewise for A’. [

PROOF OF THEOREM 2.1. We consider linear combinations. Recall that
(t2)n>1 1s an arbitrary sequence tending to infinity, and let b1, ..., by be arbitrary
constants. By the Cramér—Wold device (see, e.g., [5]) it suffices to prove that with

(4.22) oty = EE[AL | RE[AL157)),
we have

k X .
1,2 " b (HY (Aj) —EH{ (A)))
j=1

k
2, N(O, 35 bbelA; mAda;‘E),

j=1¢=1

(4.23)

and that the variance of the left-hand side of (4.23) converges to that of the right-
hand side. We shall represent the left-hand side of (4.23) as a sum of martingale
differences.

For j, € € {1,2,...,k}, let Ay j¢:=t,(A; N Ag) N Z4. Recall that B, :=
t,Téo [see (4.10)]. Let v, = card(B,) and v, j¢ := card(A, j (). Since By, Aj,

Aa, ..., Ay are all Riemann measurable we have (for each j, £)
. d . d
@24)  lim /i) =Bol, T (v je/t0) =1A4; 0 Aql.
Define the filtration (0, $1. ..., $%y,) as follows: let §o be the trivial o-field,
label the elements of B, in lexicographic order as xi, ..., x,, and let §; = ¥,

for 1 <i <v,. Then

k . . Vp
bj(H}(A)) —EH](A)))=>_D;,

= i=1

j=1
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where we set D; := le’:l b;D; ; with

D :=E[H] (A))|9:] — E[H] (A))|Gi_1].

By orthogonality of martingale differences,

k Vp
Va{z biH; (AJ-)} =EY D;}.
j=1 i=1

By this representation of the variance, along with the central limit theorem for
martingale difference arrays (Theorem 2.3 of [12], or Theorem 2.10 of [15]) it
suffices to prove the conditions

(4.25) supIE[ max (174 D; |)} < oo,
n>1 1<i<v,
_ P
(4.26) 1742 max |D;| — 0
I1<i<vy,
and
Vn
(4.27) _dZD2—> ZZb belAj N Agloy.
j=1t=1

With A{’y(A) defined at (4.5), and Ft{y(A) defined at (4.11), we have
(4.28) Dij = E[A] . (ADIF] = F L, (A).
First we check (4.25). By (4.28), we have

Vn k 2
—d 2 —d 2 —d '
E[?sz) } <t ZE[D 1=t ZIEKZlb,Ft{M(AJ)) ]
i Jj=
which is bounded, uniformly in n, by (4.24) and (4.13).
For the second condition (4.26), let ¢ > 0 and use Boole’s and Markov’s
inequalities to obtain

" E[|D;|Y]
a2, sy
P[lgzgﬁnlD|>t ]<l 1 742y

which tends to zero, by (4.24) and the fact that for some y > 2, E[|D;|"] is
bounded, uniformly over n > 1 and i < v,, by (4.28) and (4.13).

It remains to prove (4.27). It suffices to prove that for each j, ¢ € {1,2,...,k}
we have

V,
—d — L!
(4.29) t, > " DijDie —> |Aj N Al
i=l1
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Using (4.4), (4.14), (4.15) and (4.24), we obtain

_ j L! j
(4.30) Y F(ADFL (A = |Aj N AE[Fy Fy .

X€EBy,

By the definitions (4.2) and (4.22), the right-hand side of (4.30) equals |A; N
Ag|aj-1,. By (4.28), (4.30) gives us (4.29). The proof is complete. [J

5. Proof of general continuum results. In this section we prove the results
stated in Section 2.3. Recall the definition of a point process set function at the
start of Section 2.3 and the definition of add one cost §(A, X) given at (2.12). First
we give some consequences of the stabilization and moments conditions given in
that section.

Given A > 0, given a point process set function # and a random variable
800 (P2), let us say h is weakly stabilizing at intensity A with stabilizing limit
800 (Py), if for any By € R(R?) with |Bg| > 0, for any A € R(Bp), and any
([1, 00) x ]Rd)—valued sequence (f,, X, )n>1, We have

5 8(Ta, (1 A), P 0 (T, (1 B0))) = 800 (P2)

' if liminf(z, (1,4)) = R
and
(5.2)  8(t, (10 A), P50 (15, B))) =0 if liminf(zy, (1 (Bo \ 4))) = R”.

Weak stabilization can be viewed as a continuum version of the condi-
tions (2.4), (2.5). We also consider 4 satisfying the moments condition

(5.3) sup [E[8(1y (tA), P, N1.(¢By))*]} < o0,
AeR(By),t>1,xeR4 : 0ct, (1 By)

which is a Poisson point process version of the condition (2.6).

LEMMA 5.1. Let . > 0. Suppose h is a point process set function. Then:

(1) If h is strongly stabilizing at intensity A with stabilizing limit §o0(5P).)
li.e., satisfies (2.13) and (2.14)], then h is weakly stabilizing at intensity A with
stabilizing limit 50 (P).) li.e., satisfies (5.1) and (5.2)].

(i1) If h satisfies conditions (2.16) and (2.17), then h satisfies (5.3).

PROOF. Part (i) is obvious. Part (ii) is proved by an argument similar to the
proof of Lemma 4.1 of [18], which we omit. [

Suppose that A > 0 and we are given a point process set function 4 that is weakly
stabilizing at intensity A with stabilizing limit 5, (#;). For any locally finite set
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X c RY and any x € RY, define

Soo(x, X6) :=limsup(h[(X N B, (x)) U {x}, By(x)]
(5.4) n—00
— h[X N B,(x), B, (x)])

By the definition (2.12) of add one cost, and translation invariance (2.11), we have
Soo(x, P) :=limsup §(B(0), (t—x (£1)) N B, (0)).
n—oo
Since 7_, () is a homogeneous Poisson process of intensity A, by taking A =
Bo=B1(0),x, =0and ¢, =n in (5.1) we see that §,(x, &) almost surely equals

the stabilizing limit 6o (7—,(P5)) of h with respect to the shifted Poisson process
7_(£,). Thus for all x € RY, we have as n — oo that

(5.5) h((5. N Bu(x)) U {x}, Bu(x)) = (P N By (x), By(x)) == Soo(x, ).
LEMMA 5.2. Let A > 0 and let the point process set function h be weakly

stabilizing at intensity L. Given ¢ € (0, 1], let the random vector & (&) be uniformly
distributed over the cube Qy, independent of P).. Then

(5.6) Soo(E(8), ) —> 80(Py)  ase L0

PROOF. As K — 00, we have by (5.1) and (5.5) that
h((#. N Bk (0)) U {0}, Bg (0)) — h(P, N Bk (0), Bk (0))
= 8oo(Ph),
h((Pr N Bk (5(e))) U{E(e)}, Bk (£(e))) — h(P1 N Bk (§(¢)), Bk (£(e)))
25 8oo(£(8), P2

Also, for any K it is the case that P[P, N Bx (£(¢)) # P N Bx(0)] > 0ase | 0.
Hence, it suffices to prove that for any integer j > 1, and any K > 0, if Xy, ..., X
are uniformly distributed over Bk (0), independent of each other and of £(¢), then

h({&(e), X1, ..., X}, Bk (§(¢)))

L h({0. Xy, ... X;}. Bx(®)  ase )0,
h({X1,....X;}, Bk (§(2)))

L h((X1..... X;} Bg(0))  ase 0.

By (2.17), the above random variables are uniformly bounded by a constant
(dependent on j and K). Define A : (R?)J — R and h*: (RY)/ - R by

(1, .-, yj) = h({0, y1, 2+ y1, ¥3 + Y1, -, ¥j + 1}, Bk (0)),
R*(yi, ., yi) =h({y1, 2+ y1. 3+ y1, ..., yj + y1}, Bk (0)).

(5.7)

(5.8)
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If x; lies at a Lebesgue point (see, e.g., [23]) of ft(-, X2 — X1, X3 —X[,...,Xj —X1),
then

e—d/Q£|h({x,x1,xz,...,xj},BK(x))—h({O,xl,xz,...,xj},BK(O))|dx
0

:8_df |h({0, x1 —x,x2 —x,...,x; —x}, Bk (0))
0

(59) —h({O,X1,X2, ...,XJ'}, BK(O))|dX
:e_d/F |fz(x1 — X, X2 = X[,...,Xj —X])
0
—ﬁ(xl,xz—xl,...,Xj —Xx1)|dx

-0 ase | 0,

where the last line comes from the definition of a Lebesgue point. Similarly, if x;
lies at a Lebesgue point of A*(-, xp — x1, X3 — X1, ...,x; — x1), then

e~ | |n({x1,x2,..., %}, Bk (x))
(5.10) 0%

— h({x1,x2,...,xj}, Bg(0))|dx — 0 ase | 0.

Since we assume h({xy,...,x;}, Bk(0)) is a Borel-measurable function of
(x1,...,x;), it follows that for all (y2,...,y;) € (R9)/~! the function
fz({-, ¥2,...,y;}) is Borel measurable, and hence, by the Lebesgue density the-
orem (see [15] or [22]), that almost every x € RY is a Lebesgue point of
h(, y2, Y350, Y))-

Suppose X1, ..., X; are independent and uniformly distributed over By (0).
Then for almost every possible collection of values for (X — Xy, ..., X; — Xy)
the conditional distribution of X conditional on these values of (X; — X1q,...,
X; — Xy) is absolutely continuous with respect to Lebesgue measure on R4
(in fact, uniform over a certain region). Hence, given the values of (X, —
X1,...,X; — X1), the conditional probability that X; lies at a Lebesgue point
ofﬁ(', X2 — X1, X3—X1,...,X;j—Xy)is 1. Thus, with probability 1, X lies at a
Lebesgue point offz(-, X2 — X1, X3 — X1,...,X; — X1). Hence by (5.9), and the
dominated convergence theorem,

EHh({%‘(&‘), X1,...,Xj}, BK(F;-'(S))) —h({ﬂ, X],...,Xj}, BK(O))H

:E[g—d[Q3|h({x,X1,...,Xj},BK(S(e)))

—/’l({O,X], ...,Xj}, B]((O))|dxi|

-0 ase | 0.
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Since convergence in L! implies convergence in probability, (5.7) then follows.
Also, by an argument similar to the above, X; lies almost surely at a Lebesgue
point of A*(-, Xo — X1, X3 — X1,..., X; — X1) so that using (5.10) we obtain
convergence in L' of h({X1,..., X}, Bk (§(e))) to h({X1, ..., X}, Bk (0)), to
obtain (5.8). O

Next we use discretization and application of Theorem 2.1 to prove a weaker
statement of Theorem 2.2, which does not include the expression (2.18) for 03.. In
the proof we introduce a parameter ¢ which we shall later on make tend to zero to
establish (2.18).

PROPOSITION 5.1. Let » > 0 and let By € R(R?) with |Bo| > 0. Suppose

that h', ..., h* are point process set functions which satisfy the weak stabilization
conditions (5.1), (5.2), and the moments condition (5.3). Then there exists a k x k
matrix £* = (O‘i)})ﬁjzl such thatif A1, ..., Ag are sets in R(By), then as t — oo,
(5.11) = Cov(h' (Prs. tA)), Y (Prs tA))) = hofs|Ai N A
and

(R (P AD = ER (P, AD),y
(5.12) > .

—= N(0, (Aofi|Ai N A ).

PROOF. Fix ¢ € (0, 1]. To apply Theorem 2.1, for z € Z¢ define X, to be the
point process 7_.(Py N Q). Then X, (z € Z%) are independent and identically
distributed (they are independent Poisson processes on Qy of intensity A). Also,
define the random set function
(5.13) HI(A) :=h' (P, ;. teA), t>1,A€eRE "By,

—_—

which is a function of (X;,z € (¢/¢)Bp); here we denote this function by
8((X;,z € (t/e)By)). Set Hf ,,:= H/(ty X, A), as at (2.2). Then H/ , = g((X 4,
z € (t/e)Bo)), and hence by the translation-invariance property (2.11) of ht we
have

(5.14)  H{ ,(A) =h'(t_ey(P2) N1 By, teA) = h' (P N Tey (1 B), Tey (1£A)).

[E.g., if ' (X; A) is simply the number of points of X in A, then (using the

definition of X, above) g((X;, z € (t/€)Bp)) equals ), card(z,;(X;) NteA), and
hence,

—_—

8((Xytz,2€(t/e)Bg)) = Y _ card(te; (X y47) N1 A)
= anrd(r_sy(eﬂ N QI ) NteA)

= card(7_g, (o) NteA),
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which is consistent with (5.14).]
We need to check conditions (2.4), (2.5) and (2.6) in this context. These refer to
the increment

A{{;(A) =H/ (X, A) - H,{y(xo, A)

which, by (5.14), is (minus) the increment in (PN Tgy (1 Bo), Tey (1€ A)) when we
resample the Poisson process & in the cube Qg. The stabilization condition (5.1)
refers instead to the insertion of a single point at the origin; however, the required
stabilization (2.4) (in the present Poissonian context) can be deduced from (5.1) by
the argument used to prove (3.2) of [18]. Moreover, a virtually identical argument
can be used to deduce (2.5) from (5.2).

The proof of (2.6), in this context, from the assumed condition (5.3), proceeds
essentially by the argument given to prove (3.3) of [18]; because of this
similarity we do not give further details. Having established conditions (2.4),
(2.5) and (2.6), we may apply Theorem 2.1 to deduce the results (5.11) and (5.12)
[see (5.16) and (5.17) below]. [

The proof of Proposition 5.1 just given actually provides us with some
information about the limiting variance matrix (ai)})ff’ j=1- In the context of this
proof, the o-field F¢ appearing in Theorem 2.1 is, in effect, the o -field generated
by the restriction of the Poisson configuration £ to U,cza <9 QF, that is, to
cubes in the division of R into cubes Q¢ of side &, up to and including Qy in
the lexicographic ordering. To emphasize its dependence on &, we denote this
o-field by ¥y . With the random set function H,i defined by (5.13), define a;; (¢)

(which also depends on A) by
(5.15) o7i(e) ==E[E(AL |7 E(AL 17)].
Then the application of Theorem 2.1 in the preceding proof gives us

lim =4 Cov(h' (Ps1, tA), B (Pr 1, 1A)))
t—> 00

(5.16) = lim 14 Cov(H/ (¢~ A)), H (¢7'A)))

r— 00
—d
= 4A; N Aj|ol.’;~(s)
and as t — 00,

_ ; ; k
i (=2 (i} (Prrs 1A) = Ehy(Pos 1AD))iy
(5.17) o g .
—> JV(O, (8 Oij(8)|A,' N Aj|)i,j:l)‘

In other words, the matrix (al% j)ﬁ j=1 in the statement of Proposition 5.1 is given,
for any ¢ € (0, 1], by

(5.18) of; =1""e "o} (e).
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PROOF OF THEOREM 2.2. In view of Lemma 5.1, Proposition 5.1 and the
discussion above, it remains to prove that if 4!, ..., h* are weakly stabilizing at
intensity A, and satisfy the moments condition (5.3), then al?j‘., given by (5.18) for
any ¢ € (0, 1], is also given by (2.18).

With i and j fixed, define point process set functions 4 := h’ + h/ and b’ :=
h' — h’, along with the corresponding random set functions H := H' + H/ and
H':=H' — H/ [where H' and H/ are given at (5.13)]. The definition of H' also
depends on ¢, as does the limiting increment Aglol; from now on we denote the

latter quantity by Afoi’e, and define A¢ and Afo/’s analogously. By linearity, for
all ¢ > 0 we have

o7y(e) = JE[BIAL |7 ) — (B[a% | 75))7).

To prove (2.18), we use the fact that the value of e al.";. (¢) does not depend on the
choice of ¢, since the left-hand side of (5.16) does not depend on ¢ and therefore
neither does the right-hand side. The aim is to show, by taking ¢ | 0 in (5.18), that
ai}j‘. equals the expression

E[E(5L, (P F)E(8L (P01 F)] = SE[(El8s0 (P F1)* — (EL85 (P F )],

where 8o (P2) [resp. 8,,(P2)] is the stabilizing limit of the point process set
function 4’ + h/ (resp. h' — h/). In other words, it remains to prove that

(5.19) liir(}s_d]E[(E[Agloﬂ}‘oe])z] = AE[(ElSo (20| F 1)),
&
and also a similar limit for H’, for which the proof will be identical.

By following the proof of [18], Lemma 3.1, and observing that c¢(u) in that
proof tends to zero as u | 0, we see that

(5.20) limE[(AZ#)*] =0.
el0
Let N, (resp. N/) be the number of points of &, in the cube Qp (resp. the number

of resampled Poisson points in Q). If N; = N, =0, then AR =0. Also, N, is
Fy -measurable. Hence,

E[Aglo’sl{NgzmITOS]I{NSZO} = E[Afo’slwg,:o}l{mzo}|JL,~05]
=E[0|F;1=0  as.
Hence
(BIAL 17§ 1 v,=01)” = (BIAL (Lvz=0) + Livz-0) 175 Thive=0))”
= (E[AL 10| 76 T in=0))

< (E[Aé{o’gl{Né>0}|$08])2 a.s.
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Hence, by the conditional Cauchy—Schwarz inequality (see, e.g., [5]), and the
independence of N| and %,

(BIAL®| e 1 n.—0) <ENAL2|FEIPIN. > 0] as.
Taking expectations, then using Jensen’s inequality and (5.20), we obtain
e E[E[ALS1FE D 1 n,=0)] < e PN, > O[E[(AZ%)?]
(5.21) < AE[(AL-5)H1/2
-0 ase | 0.

Let Y, = (E(Aé{o’£|?0€))2. By the Cauchy-Schwarz and Jensen inequalities,
and (5.20),

(522) e B[Yeliy,>2] <& (PINe = 2)' P[]/
<const. x E[(AZ5)N'2 >0 ase 0.
Similarly,
e_dE[Ysl{stl,N;zl}] —-0 ase | 0.

It remains to consider E[YSI{NF],NS/ZO}]. Since P[N, =1,N, =0] ~ red as
e | 0, to establish (5.19) we must show that

(5.23) 11%E[(E[A§v£|$08])2|Ng =1, N/ =0] =E[(E[500 (L) F1)*].

&
Given ¢, let Y, (resp. Y/s) be the restriction of the Poisson process &, to the union
of cubes Qf with z € 7% and z < 0 (resp. with 0 < z).

Given that N, = 1 and N/ = 0, the restriction of & to Qf) consists of a single
point uniformly distributed over Qg and independent of (Y, Y}); we denote this

random point by &’(¢). Then, given that N, = 1 and N/ = 0, almost surely Ago’s
equals the increment 8o (§'(¢), Y. U'Y,) [using notation defined at (5.4)]. Thus,

E[(EIALS 155D INe = 1, N, = 0]
= E[(E[800(6(6), Ye UYL)IE), Ye])?]

where, as in Lemma 5.2, £(¢) is uniformly distributed over Qg and is independent
of cyj)\’ .
By the Cauchy—Schwarz and Jensen inequalities,

E{(E[5c0(£(e). Ye UYL)IE(e), Ye])® — (El8oo (P[5 (e), Ye1)?)
=E{E[x0(&(), Ye UY,) + 800 (P (), Ye]
(5.25) x E[doc (£(e), Ye UY,) = 80c(P1)IE(e), Ye]
< E[(80c(6(). Ye UYL) + 800 (£0) ]
X E[ (800 (E(6), Ye UYL) — 800 (P1))7]2.

(5.24)
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By the moments condition (5.3), the stabilization condition (5.1) and Fatou’s
lemma, E[§o0(P5)*] < 00. Also, by definition 8.0 (85 ) is almost surely the same
as 800(0, #,) which has the same distribution as §o,(£(¢), #5) by translation
invariance, so that

ElSo0 (P2)*] = E[800 (E(e), #3)*]
> P[P, N Q= DIE[S (5 (e). 22) 12 N Qf = 2]
= e E[50(5(e), Yo UYL)Y],

so that E[§s(£(g), Y, U Y/s)4] remains bounded as ¢ | 0. Combining all these
estimates, we obtain

(5.26) limsupE[ (800 (£(¢), Y. UY,) + (Soo(cﬂ))z] < 00.
el0

As ¢ | 0, it is the case that P[Y, UY, # £, ] tends to zero, and hence
P
800 (6(8), Y, UY,) —800(6(e), Po) — O.

Combined with (5.6) from Lemma 5.2, this implies that §oc(£(¢), Y U YL) LN
800 (1), and hence, using also the fact that §o0(£(g), Y, U Y,) has uniformly
bounded fourth moments, we obtain the limit

E[ (800 (£(e), Yo UYL) — 800 (P2))°] =0 ase | 0.
Combined with (5.25) and (5.26), this shows that

im(E{(E[8s0(E(e), Ys UY.)|E(e), Y. ])
(5.27) el0

— (E[8os (P2)I(e), Ye1)?}) = 0.

If we denote by V, the union of the cubes Q¢, z < 0, then by the definition of Q¢
in Section 2.1, we find that V; C V,s for 0 < ¢’ < ¢, and also |J,- o Ve is the half-
space {(x1,...,xq) € R:x < 0}. Hence the o-field generated by Y, increases
as ¢ decreases, and the smallest o-field with respect to which all Yg,& > 0
are measurable is the o-field & generated by the Poisson configuration in the
aforementioned half-space (which is the same as ¥ given in the statement of
Theorem 2.2).

By the independence of £(¢g) from §o(#,) and Y., along with the martingale
convergence theorem, as ¢ | 0

E[8o0 (PIE(€), Yol = Eldoo (Pi)Ye] = Eldoc(PIF]  as.

Since IE[(SOO(J’X)“] < 00, the variables (]E[cSOO(J”A)|§(s),Yg])2 are uniformly
integrable, so that

E[(ElBso (POIE(), Yel)'] > E[(EBoc(POIF)?]  ase L 0.
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Combining this with (5.27) and (5.24), we obtain (5.23) as required. [

To de-Poissonize the limits (2.19), (2.20) and obtain (2.23) and (2.24), we use
a coupling technique related to that used in [9] and [10]. Let By € JQ(R") with
|Bo| > 0, and let A € R(By). Let Uy, Uz, Uz ;... be independent and uniformly
distributed over tBp; we assume that the point processes Up;, Uz, U3, are
coupled by setting

(5.28) Umr ={U1ss--., Unsl, m e N.

With this coupling, given point process set functions %, i’, we make the definition
(5.29) Rt (A) = h(Un1,6.1A) — h(Un s, 1A),

(5.30) R,’M(A) =h (Umi1.s,tA) —h' (U, tA).

Let A > 0, and recall from (2.15) the definition
Mo = At By).

We shall use the following coupling lemma, which resembles Lemma 4.2 of [18].

LEMMA 5.3. Suppose h is a point process set function which is strongly
stabilizing at intensity A li.e., satisfies (2.13) and (2.14)] with stabilizing limit
800 (P2). Suppose h' is a point process set function which is also strongly
stabilizing at intensity ) with stabilizing limit 8 (). Let the random d-vector
Y be uniformly distributed over By and independent of P,. Let ¢ > 0. Then
there exists 1 > 0 and ty > 1 such that for all t > ty and all integer m, m’ €
[(A = mus, (1 4+ n)ae] with m < m’, there exists a coupled family of variables
D, D', R, R" with the following properties:

(@) D has the same distribution as do0(P3)1{yecay;

(b) D' has the same distribution as 8.,($)1{ycay;

(¢c) D and D’ are independent,

(d) (R, R’) have the same joint distribution as (R ;(A), R’/n,,t(A));
() P{D#R}U{D'#R'}] <e.

PROOF. Suppose we are given ¢. On a suitable probability space, let # and 5’
be independent homogeneous Poisson point processes in RY of intensity A;
let U,U’,Vy, V,,... be independent variables uniformly distributed over 7By,
independent of & and &’.

Let #” be the point process consisting of those points of $# which lie closer
to U than to U’ (in the Euclidean norm), together with those points of $’ which lie
closer to U’ than to U. Then $” is a homogeneous Poisson process of intensity A
on R?, and moreover it is independent of U and of U’.

Let N denote the number of points of $” lying in 7 By (a Poisson variable with
mean ;). Choose an ordering on the points of #” lying in 7By, uniformly at
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random from all N! possible such orderings. Use this ordering to list the points
of P intByas Wi, Wa, ..., Wy. Also, set Wy 1 =V, Wyio=Vo, Wyiz=V3
and so on. Define the point process ‘W, := {Wy, ..., W, } (for each n > 1), and the
increments

R :=h(W,, U{U},tA) — h( Wy, tA),
R =W (Wy_1 U{U, U}, tA) — h' (W1 U{U}, 1 A).

The variables U, U’, W, W5, W3, ... are independent uniformly distributed vari-
ables on 7By, and therefore the pairs (R, R") and (R, ;(A), Rl/n,’l(A)) have the
same joint distribution as claimed.

Let & be the translated point process 7_g (). Similarly, let £ := t_y/(P").
Then & and ' are independent homogeneous Poisson processes of intensity A
on R¢. Moreover, U and U’ are independent of # and #’. Let S be a radius of
stabilization of & with respect to £, and let " be a radius of stabilization of h’
with respect to P'. Recall the definition of the add one cost § (A, X) at (2.12), and
define

D =8(Bs(0), # N Bs(0))ljyera), D' =8(Bs/(0), P N Bg(0)11yera)-

Then D and D’ are independent, and D has the same distribution as 8o (P3)1{yea),
while D’ has the same distribution as 8/ (P3)1{yea)-

It remains to show that (D, D’) = (R, R") with high probability. Choose K such
that P[S > K] <¢/9 and P[S’ > K] < £/9. Using the assumption that By and A
are Riemann measurable, take ¢ to be so large that except on an event (denoted Ey)
of probability less than /9, the positions of U and U’ are Euclidean distance at
least 2K from d(¢ By), from d(¢A) and from each other. Set = 8(2K)_d/(18k).
We assume |m — ;| < nu; and |m’ — ;| < nuy. Define events Ey, E, E' by

Ey:={IN —m|>2nu} U{IN —m'| > 20w},
E:={W,NBxWU)#P" NtByN Bx(U)},
E':={Wuy NBgU')# P " NtByN Bg(U")}.

Event E occurs either if one or more of the (N — m)™ “discarded” points of "
lies in Bg (U), or if one or more of the (m — N)* “added” points of {Vy, V>, ...}
lies in Bg (U), and similarly for E’. Hence,

PIE|ES] < 2nu) QK (/) < £/9, P[E'|Ef] <¢/9.

Using the defining properties (2.13) and (2.14) of the radii of (strong)
stabilization S, S’ for & and &’, and using Boole’s inequality, we obtain for large
enough ¢ that

P[(D, D") # (R, R"] < P[Eol + P[E1]+ P[S > K]+ P[S' > K]
+P[E\E|]+ P[E'\ Ef] <e. 0
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LEMMA 5.4. Let » > 0 and let By € R(RY) with |By| > 0. Suppose that h
and h' are point process set functions which are strongly stabilizing at intensity X,
with stabilizing limit 8o0(Py.), 85, (Pr), respectively, and h and h' both satisfy
the moments condition (2.16). Suppose A € R(Byg). Let g:[1,00) — (0, 00)
be a function with g(t)/t? — 0 as t — oo. Then Ry and R,’n/’t defined
at (5.29), (5.30) satisfy

A
(5.31) lim sup ERy (A) — (u>E800(,7’A) =0.
1700 i —g (O =m=ji; +g(t) | Bol
Also,
lim sup ERp. (AR, (A)
(532) 1700 15 i —g () <m<m' <5 1 +g(t)
) e
— (M) (ESOO(J’A))IESQO(?;L) =0
| Bol
and
(5.33) lim sup max(E[Ru.:(A)*], E[R, ,(A)*]) < oo.

1700 s i —g (O <m<m’ <5 1 +g(1)
PROOF. We start with (5.33); this follows from the moments condition (2.16).
Suppose (¢(n), n > 1) is an arbitrary (0, co)-valued sequence tending to infinity
as n — 00. Suppose (m(n),n > 1) and (m’(n),n > 1) are N-valued sequences
which satisfy

(5.34) Potmy — 8 () <m(n) <m'(n) < pyrny + g(t(n)).

By Lemma 5.3, with (D, D’) distributed as in that result we have as n — oo that

D D
(5.35) Rum),tm)(A) — D, Rinny.t ) (DR (1) 1y (A) —> DD’

By (5.33), the random variables Ry, (),:(n)(A),n > 1, are uniformly integrable,
and so are the variables Rm(n),t(n)(A)R,/n/(n) t(n)(A),n > 1. Hence we have the
convergence of expectations corresponding to the convergence in distribution

given by (5.35); that is, as n — oo we have that

|Al
IE[Rm(n),l(n)(A)] — E[D] = —lBO|E500(f7)A)s
, o AP ,
B[R 101 () R, 10 ()] = BID D) = 120 (B (1) BB (P)

and since the choice of 7(n), m(n) and m'(n) was arbitrary subject
to lim,,_, 5, (¢ (n)) = oo and to (5.34), this gives us (5.31) and (5.32). O

PROOF OF THEOREM 2.3. Assume (;),>1 1S a (1, 00)-valued sequence
satisfying (2.22), which says that M,‘ﬂBol —nis 0(n'’?)asn — oo.
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Assume the point processes &, U1, U2z, U3z, ... are coupled by having
Um,1, defined by (5.28) and setting P, = {U1,1,, U2s,, ..., Un,.1,} With N, an
independent Poisson variable with mean p,, := u; ;, = M,f |Bg|. For1 < j <k,let

¢l =0 (Unsys tadj), & i=hI (P, taA)).

Define the k-vector

A .
o= (o(j);.czl with o= <ﬁ>E[5éo(f7)A)]

The first step is to prove that as n — oo,
(5.36) E[(n2(Z) — ] — (N, —n)ej))*] = 0.

To prove this [writing 7 (n) for ¢, when typographically convenient], note that the
expectation in the left-hand side is equal to

Yo ElnT N (Ui taAj)

m:|m— i, | <n3/4

(5.37) — 1 (Upytny» tnA}) — (m — n)er;)*] PN, = m]

+n B[] = &l = (Vo = ”)O‘j)zl{Wn — teamy| > n¥ ).

Lete > 0. By (5.29) and Lemma 5.4, there exists ¢ > 0 such that for large enough n
and all m withn <m < u, +n3/4,

E[(h? (Un, ey tn A7) — B (Un 1 ays 1aA ) — (m — m)et;)]

m—1 ) 2
= E[( Y (RY o (A)) = 0‘/)) }

{=n
<e(m— n)2 +c(m —n),

where the bound comes from expanding out the double sum arising from the
expectation of the squared sum; the c(m — n) term comes from bounding the
diagonal terms using (5.33) and the fact that bounded fourth moments imply
bounded second moments. A similar argument applies when w, — n3* <m<n,
and hence the first term in (5.37) is bounded by the expression

n'Ele(N, —n)? + ¢|N, —nl]
=n"[e(EL(N, — ttn)*1 + (i — n)%) + cE[|N, — nl]].

By assumption (2.22), we have that w, ~ n and ¢’ := limsup(u,, — n)z/n < 00,
so that for large n the first term in (5.37) is bounded by (3 + ¢)¢ for n large
enough. By the uniform bound (2.17) and the Cauchy—Schwarz inequality, there
is a constant 83 such that the second term in (5.37) is bounded by ,8311/33 (P[|N,, —
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Unl| > n3/4])1/2, which tends to zero, for example by Lemma 1.4 of [15]. Since ¢
is arbitrary and does not depend on ¢’, this completes the proof of (5.36).

Let by,...,br be arbitrary real constants. Define the column vector b :=
by, ..., bk)/. Let

k k
toi= Y bigls = bt
j=1 j=1

We prove convergence of n~! Var(¢,), using the identity
n_l/zg,; = n_l/zgn +nY2(N, —n)a'b + n‘l/z(g,; — & — (N, — n)a’b).

In the right-hand side, the third term has variance tending to zero by (5.36), while
the second term has variance tending to (e’ b)2 and is independent of the first term.

It follows that with the matrix X* = (aik)f." j=1 given by Theorem 2.2, and the

J

matrix ¥44 = (aié’A)f."jzl given by
“ANA;
ALA Ul'jl i _/|
o=,
| Bol

we have from Theorem 2.2 that
MAR 1 -1 Y -1 2
b’ 4b = Jlim n Var({)) = nll)ngo(n Var(g,)) + (a'b)”,
so that £*4 — e’ is nonnegative definite and n~! Var(¢,) — b'(Z*4 — aa’)b.

This gives us (2.23).
The proof of Theorem 2.2 (since it is derived by taking linear combinations) tells

us that n=V2(¢! — Eg!) -2 A (0, b'=*4b). Combined with (5.36) this gives us
(5.38) = 2(g — Bty + (Ny — m)a'b) -2 W (0, 'S 4b).

Recall that w, := At,‘,’lBol =EN,. Since n_l/z(Nn — wn)e'b is independent of ¢,
and is asymptotically normal with mean zero and variance (e'b)? = b'aa’b, we
can deduce from (5.38), by considering characteristic functions, that

(539) 0 V2(g, —BE. + (n — ma'b) 2> (0, b/ (T4 — aa')b).

By (5.36), the expectation of n_l/z(g“,/, — ¢, — (N, — n)a’b) tends to zero, so
in (5.39) we can replace —E¢, + (14, — n)a’b by —E¢,, which gives us

n V2 —Egy) -2 N (0,1 (54 — aa)b).

Then (2.24) follows by the Cramér—Wold device. [
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LEMMA 5.5. Let A > 0. Suppose the graph G := G(X), defined for each
locally finite % C R, is translation invariant and satisfies the stabilization
conditions (2.28) and (2.29). Then with probability 1, for each X € J’f there exists
R(X) < oo such that the set of edges of G(!P)? ) incident to X is unaffected by
changes to IPS outside Brx)(X), and for each X € P there exists R'(X) < 0o
such that the set of edges of G(P,.) incident to X is unaffected by changes to P
outside Bg(x)(X).

PROOF. The existence of finite R(X) for all X € ﬂ))? is given by Lemma 3.3
of [19]. The existence of finite R'(X) for all X € $ is proved in the course of the
proof of Lemma 3.3 of [19]. U

PROOF OF LEMMA 2.1. Firstset 7(X, A) = Lg(x, A), as defined at (2.30).

Let the random variable R satisfy (2.28) and (2.29). Let A € R(R?), and let A C
R4 \ Bg(0) be finite. Then if Br(0) C A, the increment §(A, (5 N Br(0)) U A)
is equal to

(5.40) ( > ¢<|e|>)— > o (lel),

ec&T(0;22NBR(0)) e€&~(0;2°2NBR(0))

since all added and removed edges have both endpoints in A. Hence (2.13) holds
with 8.0 (P;,) equal to the expression displayed in (5.40). If instead AN Bg(0) = &,
then §(A, (£» N Br(0)) U A) = 0 since added and removed edges have neither
endpoint in A. Hence, (2.14) holds.

Next, suppose we set 1(X, A) = vf(x, A), where Y € B(K,), with k € N.
We assert that there exists an almost surely finite random variable R such that
(2.28) and (2.29) hold, and such that for every vertex X of G(ﬂ))? N Br(0))
at a graph distance at most 2« from some endpoint of some edge in either
&1(0; J’AO N Br(0)) or € (0; J’f N Br(0)), the set of edges incident to X is
unaffected by changes outside Br(0). The existence of such an R follows from
Lemma 5.5 along with an inductive argument in «.

Let A C RY \ Bg(0) be finite. Suppose X € ((#» N Br(0)) U A) lies at a graph
distance more than k in G((J’f N Br(0)) U A) from any endpoint of any edge in
either &7 (0; (JPAO N Br(0)) U A) or & (0; (?f N Br(0)) U A) (all vertices in
fall in this category). Then

Y (Gx.[(P2 N Br(0)) U A]) = v (Gx.[(£1 N Br(0)) U A).

Also, for the remaining X € #, N Bg(0), at a graph distance at most « from the
endpoint of some edge in either &+ (0; (,7’)? N Br(0)) UA) or & (0; (JP)? N Br(0))
U ), the value of 1//(GX,K((JPO NBr(0) UA)) — ¥ (Gx (P NBr(0) UA)) is
unaffected by changes to the set + outside Bg(0). The conditions (2.13) and (2.14)
(with S = R) follow for this case.
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Suppose now that uniqueness of the infinite component holds, and set
h(X, A) = K9(X, A). The stabilization conditions are proved, essentially by a
slight modification of the proof of Proposition 6.1 of [18]. For the convenience of
the reader, we describe the argument in the present, more general context.

Let R be a radius of stabilization, as given at (2.28) and (2.29). Choose a finite
R’ > R such that for any two points of & in Bg(0), either they can be connected
by a path in G(&) all of whose nodes lie in Bg/(0), or at least one of them lies
in a finite component contained in Bg/(0), and such that a similar statement holds
for 0. The proof that we can choose such an R’ is based on the uniqueness of the
infinite component in G ($) and G(PY), and is given in more detail in [18].

By Lemma 3.3 of [19], there almost surely exists R” > R’ such that for all
X € P N Bg(0), the set of edges incident to X in G (£°) is unaffected by additions
or deletions of points outside Bg~, and moreover, by the proof of Lemma 3.3
of [19], we can choose R” to be so large that in addition, the set of edges incident
to X in G () is unaffected by additions or deletions of points outside Bg».

Suppose that A € R(RY) and Bg»(0) C A. Suppose 4 is disjoint from B~ (0).
When we change from G(# N Bgrr(0) U A) to G (PN Bgr(0) U A), the effect
is first to add a vertex at the origin, then to add the edges of &*(0; £9), and then
to remove the edges of & (0; P°). Consider adding successive edges, in some
specified order. Each edge reduces the number of components that intersect A
by 1 if it joins two points that were previously not connected by a path, and
otherwise does not affect the number of components. The question of whether
a particular added edge changes the number of components is determined by the
graph structure of the restriction of G (J) to vertices in Bg/(0), and therefore does
not depend on A or 4 [always presuming A € R and Bgs(0) C A]. A similar
argument applies with deleted edges.

It follows from the above that if we set 5o (Py) := 8 (Bg~(0), $ N B (0)) and
S = R”, then (2.13) holds.

Now suppose that A N Bg#(0) = & [and A is also disjoint from Bg~(0) as
before]. Consider again the process of successive additions and deletions described
above. If an added edge connects two previously disconnected components, then
at least one of them has a vertex set entirely contained in Bgs(0), and therefore
does not have any vertices in A, and so this change does not cause any increment
in the number of components that have at least one vertex in A. A similar
argument applies with removed vertices; hence, if Bg»(0) N A = &, we have
8(A, (P N Bgr(0)) UA)=0, so that (2.14) holds. [J

Acknowledgment. [ thank the referee for carefully reading the first version of
this paper, and pointing out some inaccuracies and obscurities therein.
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