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This paper focuses on recursive estimation of time varying autoregressive
processes in a nonparametric setting. The stability of the model is revisited
and uniform results are provided when the time-varying autoregressive pa-
rameters belong to appropriate smoothness classes. An adequate normaliza-
tion for the correction term used in the recursive estimation procedure allows
for very mild assumptions on the innovations distributions. The rate of con-
vergence of the pointwise estimates is shown to be minimax in B-Lipschitz
classes for 0 < 8 < 1. For 1 < 8 < 2, this property no longer holds. This
can be seen by using an asymptotic expansion of the estimation error. A bias
reduction method is then proposed for recovering the minimax rate.

1. Introduction. Suppose that we have real-valued observations (X,
X2.ny ..., Xnn) from a time-varying autoregressive model (TVAR)

d

(D) Xew=Y 6i((k—D/n)Xp—in+ok/mecn,  k=1,....n,
i=1

where

— {€k.n}1<k<n 1s a triangular array of real-valued random variables referred to as
the (normalized) innovations,

- 0@):=1[61(t)-- -Od(t)]T, t € [0, 1], is a d-dimensional vector referred to as the
local autoregression vector,

— o(t),t €10, 1], is a nonnegative number referred to as the local innovation stan-
dard deviation.

This recurrence equation may be more compactly written as
(2) Xin =0]_1  Xk—1,n + Ok néen, k=1,...,n,
where
Xicn = [XenXi—tn - Xk—dr1n]”
Ok = 0(k/n) = [61(k/m)ba(k/n) -4 (k/m)]T  and o, =0 (k/n).
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TVAR models have been used for modeling data whose spectral content varies
along time (see, e.g., [12, 15, 22] for early references). TVAR models are also
closely related to the general class of locally stationary processes (see [5—7] and
Remark 3 below for definitions and properties).

In this paper we focus on the estimation of the functions ¢ — 0(¢) [we leave
aside o (¢) for brevity] from the observations {Xo¢ ,, X« n,k > 1} (here we add
the initial conditions Xo , in the observations set for convenience). This problem
is reminiscent of nonparametric curve estimation on a fixed design, a problem
which has received considerable attention in the literature. A natural approach
consists of using a stationary method on short overlapping segments of the time
series (see, e.g., [8]). An alternative approach, first investigated by [3] for first
order TVAR models, consists of estimating the regression function recursively
in time. More precisely, at a given time ¢ € (0, 1), only observations that have
been observed before time ¢ are used in the definition of the estimator: én(t) =
én(t,Xo,n, X1 ... Xnr),n), where [x] denotes the integer part of x. This ap-
proach is useful when the observations must be processed on line (see, e.g., [18,
19, 21]). We focus in this contribution on the normalized least square algorithm
(NLMS), which is a specific example of a recursive identification algorithm, de-
fined as follows:

00.,(11) =0,

3) X

1+ X0l

where k goes from zero to n — 1, u is referred to as the step-size and | - | denotes
the Euclidean norm. At each iteration of the algorithm, the parameter estimates
are updated by moving in the direction of the gradient of the instantaneous esti-
mate (Xx41., — 6’TX;<,,Z)2 of the local mean square error E[(Xx41., — OTXk,,,)Z].
The normalization (1 + p|Xx , |2)_l is a safeguard again large values of the norm
of the regression vector and allows for very mild assumptions on the innovations
[see (A1) below] compared with the LMS, which typically requires much stronger
assumptions (see [20]). Extensions to a more sophisticated iterative rule, for ex-
ample, the so-called recursive least-square (RLS) algorithm, are currently under
investigation. We define a pointwise estimate of 7 — 6 (¢) as a simple interpolation
of O3 n(),k=1,...,n,thatis,

(4) 0,(t; 1) :==Opnn(p),  te[0,1],n>1.

Observe that, forall ¢ € [0, 1], én(t; w) is a function of Xg », {X; 4, [ =1, ..., [tn]}
and w.

The paper is organized as follows. In Section 2 we introduce the assumptions
and state the main results of this paper, namely, uniform risk bounds for én, a
lower bound on the minimax L>2-risk and precise approximations of the risk for 9,.

~ N AT
Ok+1.0(0) = Ok n () + (Xt 1.0 — Oy, (W)X )
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We also discuss a technique to correct the bias of the estimator. In Section 3 the
basic results used in the paper for dealing with weak dependence are presented.
In Section 4 a four-step proof of the uniform upper bound for the L?-risk of én is
given. Section 5 then provides the proof of the minimax lower bound. In Section 6
further approximation results are given, from which we obtain the proofs of the
risk approximations for 8, stated in Section 2.

2. Main results. The space of m x n matrices is embedded with the operator
norm associated to the Euclidean norm, which we denote by

(5) |Al:= sup |Ax|.

xeR” |x|=1
Observe that for a row or column vector, its Euclidean norm coincides with its
operator norm. For any random variable Z in a normed space (Z, | - |), we denote
by |Z|, := (E|Z|? y!/P its LP-norm. Throughout the paper, it is assumed that,

(Al) for all n > 1, the random variables { ,}1<k<, are independent, have zero
mean and unit variance and are independent of the initial conditions Xg ,. In
addition, sup, > [ Xo,nllq < oo and 82 '=SUp| <<y l€knllg < 00,

where the moment order g > 2 will be set depending on the context. The trian-
gular array of random variables {Xy ,, | <k <n} defined by (1) is parameterized
by (0, o). To keep track of the dependence on (@, o), for all random variables Z
defined as a function of these variables, we shall adopt the notation conven-
tion Eg [ Z] for the expectation of Z. In the case of a random element Z taking its
values in the normed space (Z, | - |), its L”-norm will be denoted by

IZIl 0.0 := (Eg.51ZI7)"7.

A classical problem in nonparametric estimation is to derive uniform bounds for
the pointwise L?-risk |6, (t; 1) —0(t)|| 0,0 for (8, o) in some appropriate classes
of functions. In the sequel we denote by

d
(6) 0(z;0):=1- 0;z/, ze€C,
j=1

the local time-varying autoregressive polynomial associated with @ at point ¢. The
function classes that will be considered rely on two kinds of properties. First, the
roots of the time-varying autoregressive polynomial associated with 6 are required
to stay away from the unit disk. Second, as in function estimation from noisy data,
0 and o are supposed to be smooth in some appropriate sense. The first condi-
tion is unusual in the nonparametric function estimation setting and deserves some
elaboration. Let us recall some elementary facts from the theory of autoregres-
sive processes. The process {Z;} is an AR(d) process with parameters # € R¢ and
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¢? > 0if {Z;} is second-order stationary and satisfies the difference equation

d
(7 Zi=) % Z_j+ &, keZ,
=1

where {g;}rez is a centered white noise with variance ¢2. A sufficient and nec-
essary condition for the existence of {Z;} is that the autoregressive polynomial
=9 (@)=1— 2?21 17jzj does not vanish on the unit circle (see [4]). In this
case, the stationary solution {Z;} to (7) is unique and there exists a sequence {1},
such that ) |¥;| < oo and Zy = ) ; Yyer—; for all k € Z. Furthermore, the se-
quence {7} is causal, that is, ¥; = 0 for all / < 0, if and only if the function
z > ¥ (z) does not vanish on the disk |z| < p~!, for some p < 1. This motivates

the following definitions in the time varying setting. For p > 0, we denote
®) S(p):=1{0:[0,1]—> RY, 0(z;t) #£0forall |z| < ,(fl and r € [0, 1]}.

Concerning the smoothness condition, different classes of functions can be con-
sidered. In the original paper by [6], it is assumed that the functions ¢ > 6(¢) and
t — o (t) are Lipschitzian. In this paper we consider a wider range of smooth-
ness classes which are now introduced. For any B € (0, 1], denote the B8-Lipschitz
semi-norm of a mapping f: [0, 1]~ R by

5 — sup MO =10
P =P
And define for 0 < L < oo the S-Lipschitz ball
O ML= {81010 Rl < Losup )] <L)
t€l0,1]
For all 8 > 1, the B-Lipschitz balls are classically generalized as follows. Let
k € N and o € (0, 1] be uniquely defined by § = k + «. Then we define
(10)  A(B,L):= {f:[o, 11> RLEO] <L, sup [£(1)] SL},

tel0,1]

where £®) is the derivative of order k.
Foral $>0,L>0,0<p<1,and 0 < 0_ <o < 00, we define

CB,L,p,0-,04+):={0,0):0 € Ag(B,LYNS(p),0:[0,1] = [o—, 04+]}.

We will simply write ©¢ whenever no confusion is possible. It is interesting to
observe that, for particular choices of L and p, C reduces to the more conventional
smoothness class {(#,0):0 € Ag(B,L),0:10,1] — [0—, 0+]}. This follows from
the following lemma.
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LEMMA 1. For all positive p, we have

(11) B(1/y =2+ +p=24) C 8(0) S B((1+ p)! — 1),

where B(a) is the sup-norm ball {0 : [0, 1] — R4, SUP; (0,17 0(1)| <a}l.

PROOF. Note that 6(¢;0) = 1 for all ¢ € [0, 1]. Let A1(¢), ..., Ag(¢) be the
reciprocals of the zeros of the polynomial z +— 6(z; t). Hence, 6 € $(p) iff, for all
tel0,1]andk=1,...,d, |M(@)| <p.Forallr€[0,1]and k =1,...,d, using
the Cauchy—Schwarz inequality, we have

d 1/2
< |0<r)|(Z|xk<r>|—2") :

i=1

d
D 0O (1)

i=1

1=

Hence, the first inclusion in (11). We further have

d

0(z;t) = [[(1 = me(0)2).

k=1

The coefficients of # are then given by

12) GO =D Y M@ A0, k=1,...d.

1<ii<--<ix<d

A simple computation then gives the second inclusion in (11). [
REMARK 1. Inthe case d = 1 considered in [3], §(p) = B(p).

We are now in a position where we can state the main results of this paper.
We first provide a uniform upper bound on the pointwise L?-risk of the NLMS
estimator.

THEOREM 2. Assume (Al) with g > 4 and let p € [1,q/3). Let B € (0, 1],
L>0,0<p<1land0<o_ <o4. Then there exist M,5 > 0 and po > 0 such
that, for all p € (0, uol,n>1,t € (0,11 and (#,0) e C(B, L, p,0-,04),

(13) 10,3 10) —0D)llp.o.o < M(I0O)(1 = 80)™" + /it + (np) P).

COROLLARY 3. Forall n € (0,1) and o > 0, there exists M > 0 such that,
forall 8,0) € C(B, L, p,o-,04),

sup 0,1 an OO —9(0)| o, < Mn~PIOH2E),
te[n,1] o
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The upper bound in (13) has three terms. Anticipating what will be said in the
proof section (Section 4), the first term |0 (0)|(1 — )™ reflects the forgetting
of the initial error of the NLMS estimator. The second term is the so-called lag-
noise term, which accounts for the fluctuation of the recursive estimator which
would occur even if ¢ — 0(¢) were constant. The third term controls the error
involved by time evolution of @(¢) and mainly relies on the smoothness exponent
B. Corollary 3 is then obtained by choosing the step-size in order to minimize
this upper bound. Observing that the first term is negligible for # > n > 0 and
balancing the two remaining ones yields u oc n?#/(1+28) This corollary says that,
for all g € (0, 1], under the B-Lipschitz assumption, for ¢ € (0, 1] the L?-risk of
the NLMS estimator at point ¢ has rate n=8/(1+28)

We now provide a lower bound on the L?-risk for any estimator 3,, of §(t) com-
puted from observations Xo ,, X1, ..., Xnn- Let us stress that this lower bound
is not restricted to recursive estimators, that is, we do not require 8, to depend only
on X, X1,n, .- X[nr],n. Denote by

MSEMg o (8,. 1) :=Eg o[ (5, — 0(1)) (5, — 0(1))"]

the mean square error matrix (MSEM) at ¢ € [0, 1]. Consider the following as-
sumption:

(A2) For alln e Nand 1 <k <n, g, has an absolutely continuous density py ,
w.r.t. the Lebesgue measure whose derivative py , satisfies

Pk Pk 2
E[ A (ek,n)} =0 and J.:= sup E[( A (sk,n)) ] < 00.
Pk,n l<k<n Pk,n

We have the following result, the proof of which appears in Section 5.

THEOREM 4. Assume (Al) withg =2 and (A2). Let B >0, L >0, p € (0, 1),
0 < o_ <oy. Then there exists a > 0 such that, for all n > 1, t € [0, 1], and for

all estimators Sn = Sn(Xo,,,, Xiny-os Xnn) € R,
(14) inf sup u’MSEMy (8, )u> an2A/0+28)
ul=1(9 0)ee

where C:=C(B,L,p,0_,04).

REMARK 2. Note that llTMSEMg’g (Sn, t)u is the mean square error of uTSn
for estimating u” 0 ().

Corollary 3 and Theorem 4 show that, under (A1) with ¢ > 6 and (A2), the L?
error rate is minimax for p > 2 within the class C(8, L, p,o0_,04) if 8 € (0, 1].
The question arises whether the upper bound derived in Theorem 2 generalizes
for B > 1 in such a way that, as in Corollary 3, for an appropriate step-size (n),
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0 2 (t; u(n)) achieves the rate of the lower bound derived in Theorem 4. It turns out
that this is not the case, except in a very particular situation, namely, when 6 is the
constant function. This may be shown by using precise approximations of the risk,
completing the upper bound given in Theorem 2. Such approximations primarily
rely on the fact that, as  tend to infinity, the local sample Xy ,, of the TVAR process
approximately has the same second-order statistics as the stationary AR(d) process
with parameter (6 (k/n), o (k/n)). In the following we provide a precise statement
of this fact and then state the approximations of the risk. For this purpose, we need
to introduce further notation. For 8 >0, L >0, p € (0,1) and 0 < 0_ < 04, we
let

(15) @*(/3914’ p50—70+) = {(0’0) € e(ﬂvL’ p50—70+):0 € Al(ﬂ,O’.}.)}.

We use the shorthand notation €* when no confusion is possible. The obvious
relation

CB.L,p,0-,04)2C*(B,L,p,0-,04) 2C(B,L,p,04,04)

implies that Theorem 2 and Theorem 4 are still valid when replacing C by C*.
Following the formula for spectral densities of stationary AR(d) processes, we
respectively denote

o (1)

2—|9<e’*;t>|—2, —T<i<m,
JT

(16) f()»;t,o,a) =

T

(A7) [2(,0,0)lk :zf D f(s1,0,0)dr, 1<k l<d,
—TT

the local spectral density function and the local d-dimensional covariance matrix

associated with (@, o) at point ¢. The covariance matrix Egva[Xk’nX,{’n] can be

approximated by the local covariance matrix at point k/n as follows.

PROPOSITION 5. Assume (Al) with g > 2. Let $ € (0,1], L > 0,0 < p <
T <1,and 0 < o_ < oy. Then there exists M > 0 such that, for all 1 <k <n and
@,0)eC*(B,L,p,0-,04),

Eg,o (X XP ] — Z(k/n,0,0)| < M(t"E[X0, X 1 — (0,8,0)| +nF).

REMARK 3. This approximation result can serve as an illustration of how the
TVAR process fits into the locally stationary setting introduced by Dahlhaus [5].
Observe that if 8 =1 and E[Xo,nxa 21 =2X(0,0,0), the rate for the approxima-
tion error between the local sample covariance matrix Eg [Xk,nX;Z,n] and its local
stationary approximation X (k/n, @, c) is n~', which coincides with the approx-
imation rate required in the locally stationary setting introduced in [5]. Precise
conditions upon which a TVAR process is locally stationary are given in [6].
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We obtain the following computational approximation of the pointwise MSEM
for 6 n-

THEOREM 6. Assume (Al) with g > 11. Let B € (0,1], L >0, p < 1, and
O<o_<otandlet (0,0) € C*(B,L,p,0-,04). Let t € (0, 1] and assume that
there exists 0; g € R4, L' > 0and B’ > B such that, for all u € [0, ],

(18) 10 —0(t) =0, 5t —w)P| < L't —w)”"
Then there exist M > 0 and o > 0 such that, for all i € (0, wol andn > 1,
. r 1 2(t) |12
MSEMao (8,110 — - L2 0,0,000,) — T2
’ (un)P ’ 2

(19) /
< M(Ju(Vi+ un)P2) + (un) P ((un) ™ + (un)P~F + /),

where T is the usual Gamma function and 1 is the d x d identity matrix.

REMARK 4. Let o € R. The a-fractional power of a diagonal matrix D with
positive diagonal entries is the diagonal matrix D* obtained by raising the diagonal
entries to the power «. The «-fractional power of a symmetric positive-definite
matrix A = UDUT, where U is unitary and D is diagonal, is then defined by
A*=UDUT.

Using (19), as (u + (un)~!) — 0, we have the following asymptotic approxi-
mation of the MSEM:

a(1)
2
If B <1, this gives the leading term of an asymptotic expansion of the MSEM,

which allows one to compare the performance of ] » with other estimators achiev-
ing the minimax rate. The deterministic correction I'(8 + 1)(,un)_/32_ﬁ(t, 0,

MSEMy o (0(t; ) = T(B + D(un) P27 (1,0,0)0: ) = p——1(1 + 0(1)).

. . . 2
0)0; g can be interpreted as the main term of the bias and the term M%I as
the main term of the covariance matrix.

REMARK 5. An essential ingredient for proving Theorem 6 is to approximate
the expectation of the term XkT’nXk,n/(l + ,u|Xk,n|2) appearing in (3). Roughly
speaking, for small enough u, a good approximation is Eg,g[Xlank,n], which
itself is well approximated by X (k/n, @, c) by using Proposition 5. If one re-
places the normalization factor 14 u|X |2 by the more classical (in the stochastic
tracking literature) 1 + |X; ,|?, the computation of the deterministic approxima-
tion would be much more involved as the normalization does not reduce to one as
u tend to zero.
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REMARK 6. Equation (18) is, for instance, valid if # behaves as a sum of
nonentire power laws at the left of point ¢, say, 6(u) =0, 124/t —u + O(t — u).
Another simple case consists in assuming that (@, o) € C*B',L,p,0_,0,) for
B’ > 1. Then (18) is obtained with 8 =1 and 6; g = —6(¢) by using a first-order
Taylor expansion. Hence, in this case, the main terms of the MSEM are of or-
der u + (;m)_2 unless 9(t) =0, in which case thp deterministic correction in the
MSEM vanishes. This implies that the estimator #,,(¢; 1) cannot achieve the min-
imax rate obtained in Theorem 4 in the class (8,0) € C*(8', L, p,0_,04) for
B’ > 1 unless 0 is a constant function.

If the smoothness exponent belongs to (1, 2], the following result applies.

THEOREM 7. Assume (Al) with g > 4 and let p € [1,q/4). Let B € (1,2],
L>0,pe€(0,1),and 0 <o_ < o4. Then, for all n € (0, 1), there exist M > 0
and 1o > 0 such that, for all (0,0) € C*(B,L,p,0-,04),t €[n,1],n>1 and
w € (0, wol,

10, (5 1) —0(1) + (un) ' =712, 0,0)0()l p.0.0 < M (ST + (un) P + (un)~2).

Applying a technique inspired by the so-called Romberg method in numerical
analysis (see, e.g., [2]), we are now able to propose a recursive estimator which
achieves the minimax rates for 8 € (1, 2]. This estimator is obtained by combining
the recursive estimators 6 (¢; ) associated to two different step-sizes. More pre-
cisely, let

~ 1 ~ ~
0n(t; 1, y) == E(On(t; w) = yOu(t;y 1)),
where y € (0, 1). We obtain the following result.

THEOREM 8. Assume (Al) with g > 4 and let p € [1,q/4). Let B € (1,2],
L>0,p<1,and 0 <o_ <oy. Forall n € (0, 1), there exist M > 0 and o > 0
such that, for all y € (0,1), (0,0) € C*(B, L, p,0-,04) ,n>1and u € (0, uol,

sup 110, (t: 1, y) — 0Dl p.o.0
reln, 1]
(20)
1+y

M— h 2.
< y(l_y)(ﬁ+(un) + (un)™7)

PROOF. Letne(0,1),y €(0,1) and ¢ € [, 1]. One easily checks that
0,(t; . v) —0()
=1 =) @at: ) —0(1) + (un) ' =711, 0,0)0(1)
—y@ultiy ) —0@) + (yun) "' 5712, 0,0)0(1))).
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The Minkowski inequality, Theorem 7 and the bounds ./y < y B < y?
yield (20). O

COROLLARY 9. Forally,ne (0,1), 8 € (0,2]and o > 0, there exists M > 0
such that, for all (0,0) € C*(B, L, p,0—,04),

~ _ I+y _
. 28/(1+2p) B/(14+2p)
sup |0,(t; an ,y)—0(@) <M—n .
ze[n,l]” n( ) “p’o’a y(—v)

3. Exponential stability of inhomogeneous difference equations. Let us
consider a sequence {Z, k > 0} of random vectors satisfying the inhomogeneous
difference equation

20 Zy = AxZi—1 + By Uy, k>1,

where {Uy, kK > 1} is a sequence of independent random vectors and A = {Ay, k >
1}, B = {Bx, k = 1} are two sequences of deterministic matrices with appropriate
dimensions. The pair (A, B) is said to be exponentially stable if there exist con-
stants C > 0 and p € (0, 1) such that

k+m
(22) sup l_[ Al < Cp™ forallm >0 and B*:=sup|Bi| < oo,
k=0lj—k+1 k=1

with the convention that ]_[;:,2" Al = AksmAk+m—1- - Ak. We clearly have the

following:

PROPOSITION 10. Let p € [1, co]. Suppose that (A, B) is exponentially sta-
ble. Then there exists a positive constant M depending only on C, p and B* such
that

1Zellp < M(U*p + 1 Zoll p), k€N,
where U* p := supy~1 Ukl p.
Exponential stability implies exponential forgetting of the initial condition in
the following setting. Let (E, | - |g) and (F, | - |r) be two normed spaces, let m be a
positive integer and p a nonnegative real number. We denote by Li(E, m, F; p) the

linear space of mappings ¢ : E™ — F for which there exists A; > 0 such that, for
all (x1,...,xy,) and (y1,...,ym) € E™,

|¢(-x1’ ""xm) _¢()’1, ’ym)|F

(23) <Ai(xi = yile+ -+ [xXm — Ymle)
x (14 |x1 1B+ [y1lE+ -+ [xmlE + 1ymlE).
This implies that there exists A > 0 such that, for all (xq, ..., x,) € E™,

1 1
(24) Bt xm)lF < Ao+ [ [E7 - BT,
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Denote by [¢|Li(p) the smallest A satisfying (23) and (24). Li(E, m, F; p) is called
the linear space of p-weighted Lipschitz mappings and [@|Li(p) the p-weighted
Lipschitz norm of ¢. We now state the exponential forgetting property. In the se-
quel, for any integrable r.v. Z, E¥ [Z] denotes the conditional expectation of Z
given the o-field ¥ and inequalities involving random variables will be meant in
the almost sure sense.

PROPOSITION 11. Let p > 0. Assume that U;_H is finite and that (22) is sat-

isfied for some C > 0 and p < 1. Let ¢ € Li(R?, m, R; p), where m is a positive
integer. For all k > 0, let us denote ¥y := o (4o, U;, 1 <1 < k). Then there exist
constants C1 and C» (depending only on C, p, U;—i—l’ B* and p) such that, for all
O0<l<kandO0=ji < - < jm,

IEF [ @41 1] < CimldlLip (1 + p" P02 7T,
(25) [EF[@ps] — BT [@psr ] < Comp” |lLipy (1 + | Z| P T + EF1|Z | PHY),
IEF [ @ 1] — E[®psr 1] < Camp” |lLicpy (1 + 1Zk|P T + E[Zi |71,
where ®; =¢(ZLjyj,,....2Ljyj,) forall j >0.

PROOF. Define Hy , as the R? — R function mapping x € R¥ to

E[¢(hk,r+j1 (X’ Uk+17 RN Uk+r+j1)» LR hk,r+jm (Xv Uk+1’ EER) Uk—l—r—l—jm))]a

where, forall i, j € Nand (x,uy,...,u;) e R x RY,

j
hijxu, .. u)=al+j,)x+ Y ol + j,i +k) B

k=1
I+m
withx(l,l) =1 and a(l +m, 1) := l_[ A, >0,m>1.
k=I+1
We thus have, for all k£, r > 0,
(26) EP* (@110 = Hy r (Zi).

Using (22), observe that, for all i, j € Nand (x,y,uy,...,u;) € R2d x RY

i j (X, wg) =y, )] < Col [x— ),

J
|hi j(X,ap, ..., u;)] < C<0/|X| + ij_kB*lllH)-
k=1

Using these bounds with the Minkowski inequality, the definition of Hj , above
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and the assumptions on ¢, we easily obtain, for all (x,y) € R24

m
|Hyr (x) — Hi - (y)| < Cl|¢|Li(p)<Zpr+ji) Ix — |

i=1

m
x [1 + 2 p"TIP(XIP + [y|7)
i=1

m [r+]ji p
r+ji—k prp*
+2) <§ P B Up) }
| Hie,r X)| < c1l®lLi(p)

m
x |:1 + Zp(r+.ii)(P+1)|X|P+1

i=1

m (r+ji p+1
ji—k px
+Z<Zpr+1 B ;+1) :|,

i=1 \k=1

where ¢ is a constant depending only on C, p and p. Observing that 21{21 pl =k <
1/(1—p)and 7, p/i® <1/(1—p%) forall j >1,0=j; < < jy and o > 0,
we obtain

27) | Hir ()] < CilglLigpm(1+ p" PV x| 74,

(28)  |Hy,r(x) — Hy ()| < Cimp" |PlLipylx — yI(1 4+ "7 (x| + yI7)),
where C is a constant depending only on B*, U; i1
follows from (26) and (27). Observe now that, for any probability measure ¢ of R,

0~ [ Hk,r(y)ady)] < [ 1) Her 0l @y

C, p and p. Equation (25)

< C1mp" 1 Licy) / x — yI(L+ xI7 + [y1)¢ (dy),

where we have used (28). The two last bounds of the proposition follow by us-
ing (26), [x —y| < |x| 4 |y| and by choosing ¢ respectively equal to the conditional
distribution of Z; given (Zg, Uy, ..., U;) and to the distribution of Z;. [

4. Proof of Theorem 2. We denote by M; and M:{ the space of d x d
real matrices and the subspace of positive semi-definite symmetric matrices, re-
spectively. For all A € My, we let Apin(A), Amax(A) and |A|max(A) denote the
minimum eigenvalue, the maximum eigenvalue and the spectral radius of the ma-
trix A, respectively, that is, Apin(A) := min(sp(A)), Amax(A) := max(sp(A)) and
[X|max (A) := max |sp(A)|, where sp(A) denotes the set of eigenvalues of A. The
proof is derived in five steps and relies on intermediary results which will be re-
peatedly used throughout the paper.
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Step 1. Exponential Stability of the TVAR model. 'We have the following.

LEMMA 12. Let 0 < pg < p and L be a positive constant. Then there exists
C > 0 such that, for all A € My with |A| < L and |XA|max(A) < po, and for all
k e N, |A¥| < Cpk.

PROOF.  We apply Theorem VII.1.10 of [10]. Let y = {z € C:|z| = p}. Then
for any A such that |A|pax(A) < po and for all k € N,

1
Ak = %/ el = Ay dz.
Yy

Hence, putting z = peiy, y € (—m, ), we have

ok

b

Ak <—f I—A/(pe™)) | dy.

4% < 2 [ = A/Goe) ™ dy

Let G:={A eMy:|A| <L, |AMmax(A) < po}. G is a compact set and (z, A) —
|(I — A/z)~!] is continuous over ¥ x G so that it is uniformly bounded. The proof
follows. [

For all ¢ € [0, 1] and for all 8 = (64, ...,6,):[0, 1] — R<, let O (¢, ) denote
the companion matrix defined by

O1(1) Oa(t) ... ... 6400
1 0 ... .. 0

(29) 0@ 0= 0 10 ... o0 |,
0 .. 0 1 0

whose eigenvalues are the reciprocals of the zeros of the autoregressive polyno-
mial. Using this notation, (2) can be rewritten as

(30) Xit1n =0O(k/n,0)Xp n + Okt1n8k+1n, 0=k <n-—1,
where o, = [0(k/n)0---0].
PROPOSITION 13. Let B€(0,1], L >0and 0 < p < t < 1. Then there exists

a constant M > 0 such that, forall 0 € Ag(B, L) N 8(p) and 0 <k <k+m <n,

k+m

[] ©u/n.0)

I=k+1

3D <Mt".

PROOF. For notational convenience, we use A and 4 as shorthand notation
for Ag(B, L) and 8(p). First note that @* = supy s Sup;eo.17 19 (7, 0)| is finite.
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For any square matrices Ay, ..., A, we have

.
[1Ac= A7+ (A, — ApATT!
k=1

(32)

.
+ A (A — ADAT? 4+ ] Ak(Az — ADA,.
k=3

By applying this decomposition to
Bn(k,i;0):= ﬁ 0(j/n,0), O<i<k=n,
j=i+l
Bnli,i:0) =1, 0<i=<n,
we have, forall 0 <k <k+4+¢g <n,
Bk +q,k; 0)| < [O((k+1)/n,0)7]
+q0©*! lrfnjz_igq|0((k+j)/n) —0((k+1)/n)|.

(33)

Let us set p € (p, t). Hence, for all § € §(p) and ¢ € [0, 1], we have |A|max (O (7,
#)) < p. Since ®* < 0o, by Lemma 12 we obtain

sup sup [@7(1,0)] < CpY, g €N.
fcANS t€l0,1]

Observe that, foralln > 1,

sup max max |0((k+ j)/n) —0((k+1)/n)| < L(g/n)".
feh 1<j<q0<k<n—q

Pick ¢ and then N large enough so that C59 < t9/2 and ¢®*7~'L(q/N)? <
79 /2. The three last displays then give, for alln > N,

sup  max |Bn(k+q,k;0) <.
9eans 0=k=(n—q)

Write m =sq +t,0<t <gq. Forall n > N,l €{l,...,n — m}, and for all
e AN,

s—1

Bul+m, 1 —1:0)| <O []|Ba(l + (i + Dg.l+iq: )|
i=0

<(14+6*/t)i™.
The proof follows. [

From Proposition 13 and Proposition 10, we get that under (A1),

(34) sup  sup ”Xk,n”q,ﬂ,a < Q.
(0,0)eC 0<k<n
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Equations (31) and (34) are referred to as uniform exponential stability and uni-
form L7 boundedness, respectively. The bound (34) may be extended to condi-
tional moments as follows.

PROPOSITION 14. Assume (Al) with g > 1 and let p € [1, q]. Let B € (0, 1],
L>0,0<p<t<land0<o_ <oy.Then there exists a constant M such that,
forall (0,0)e C(B,L,p,0_,01)and 1 <k <l <n,

(35) By X1 1] < M(1+ 701X 1),
where Fi n = 0 (Xo,n, Xj,n, 1<j<k).

PROOF. Equation (31) is satisfied by Proposition 10. Then under (A1) we ap-
ply Proposition 11 with ¢ (x) = |x|?, since ¢ € Li(R%, 1, R; p — 1). Equation (35)
follows from (25). [

Step 2. Error decomposition. When studying recursive algorithms of the
form (3), it is convenient to rewrite the original recursion in terms of the error
defined by &k := 0k.n(t) — Ok.n, 0 <k < n. Let us denote, for all v > 0 and
xe R,

(36) L,(x):= and F,(x):=L,x)x".

X
1+ v|x|?
The tracking error process {8k, », 0 < k < n} obeys the following sequence of linear
stochastic difference equations. For all 0 <k < n,

Skn = O + 840 + 6.,

n n

St = (I = nEuXi))35. &, = o,

81 = (I = 1F (Ki))85) + MLy Ke )0k Lnkp1nn 89y =0,

81?—?1,?1 = (1 — ,bLF,u (ka”))(sl(c\j:l) + (0k,n - 0k+l,n)» 5(()\,)\2 =0.

(37)

{8,&“,)1} takes into account the way the successive estimates of the regression co-
efficients forget the initial error. Making a parallel with classical nonparametric

function estimation, 8,?;) plays the role of a bias term [this term cancels when the
function 7 — 6(t) is constant], whereas 8,?31 is a stochastic disturbance. It should

be stressed that the “bias term” is nondeterministic as soon as ¢ — #(¢) is not
constant. The transient term simply writes, for all 0 <k < n,

(38) Set 1 = Wn(k, —1: )80,

where, forall u > 0and —1 < j <k <n,

k
(39) (o jiw) =1 and Wk, jipw) = [] (I = uFu(X1.0).
I=j+1
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Let us finally define the following increment processes, for all 0 < k < n,
5]271) = 0k,n - 0k+1,n and 5]5?2 = MLM(Xk,n)Uk-‘rl,ngk-‘rl,n-

According to these definitions, {8,(:3!} 1<k<n and {5,&‘,‘2}151(5,, obey a generic se-
quence of inhomogeneous stochastic recurrence equations of the form

k
@0) 8%, = (I =P (X)) 8 +&0 =S Wk, is &S, 0<k<n.
i=0
In view of (38) and (40), it is clear that the stability of the product of random ma-
trices W, (k, i; n) plays an important role in the limiting behavior of the estimation
error.

Step 3. Stability of the recursive algorithm. The following stability result for
the product ¥, (k, j; ) defined in (39) is an essential step for deriving risk bounds
for the estimator 6,,.

THEOREM 15. Assume (Al)withg >4.Let 5 €(0,1],L >0,0< p <1, and
0 <o_ <o4. Then for all p > 1 there exist constants M, 5 > 0 and 119 > 0, such
that, forall 0 < j <k <n, n €0, uol and (8,0) € C(B, L, p,0—,04),

(41) 1V, (K, 3 Wl ppo < M1 —8pu)* .

Similar stability results have been obtained in the framework of classical recur-
sive estimation algorithms (see, e.g., [13, 20]), but cannot be applied directly to
our nonstationary and nonparametric context. Let us sketch the main arguments of
the proof in a more general context. Let {Ax(v), k > 0, v > 0} be an M;{-Valued
process such that

(C-1) forallk e Nand v € [0, v], [vAk (V)| < 1.

Here Ag(v), A1(v), ... correspond to the matrices F,(X;11,,), Fu(Xj12.,), ...,
which appear in the product ¥, (k, j; v) for some fixed j, k and n. Taking p =1
in (41) [this can be done without loss of generality under (C-1)], we want to prove
that [E| ]_[;(:1(1 — VA (V)| <C( — sv)! for some positive constants C and §.

First observe that it is sufficient to have EF*[|I — VAr+1(v)|]] <1 —68v or, more
generally, for some fixed integer » and o > 0,

k+r
l_[ (I- vAl(v))H <1—av.

I=k+1

(42) E* [

To obtain this inequality, we expand the product and then use Lemma C.1 so that

k+r
<1- 1)}Lmin< Z AI(V)> + R,

I=k+1

k+r

[ =vA)

I=k+1
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where R is some remainder term which will be controlled by using
Zfi,: 41 1Ai()]* for some s > 1. It turns out that, in the previous display, the
conditional expectation of the RHS given ¥; may be controlled only on a set
{ox < Ry}, where Ry > 0 and {¢y} is a positive adapted sequence (in the TVAR
context, ¢y corresponds to |Xg ,|). This yields the following two conditions:

(C-2) there exists o1 > 0 such that, for all k € N and v € [0, v{],

k+r
E7¢ |:)~min< > AI(V)>:| > a1l(¢r = R1);

[=k+1
(C-3) there exist s > 1 and C; > 0 such that, for all k € N and v € [0, v{],

k+r

I <R) Y. EF[A0I1<CL
I=k+1

In turn, (42) may be shown only on the set {¢py < R;}, and it remains to check
that this happens for sufficiently many k’s. For this we use a classical Lyapounov
condition, namely,

(C-4) there exist A < 1, B > 1 and an adapted process { Vi, k > 0} on [1, co0) such
that, for all k € N,

EF[Viyr1 < AVil(¢r > R1) + BVil(¢x < Ry).

The previous arguments yield the following general result, whose precise technical
proof is postponed to Appendix A for convenience.

THEOREM 16. Let (2, F,P, {1 :k € N}) be a filtered space. Let {¢py, k > 0}
be a nonnegative adapted process and, for any v > 0, let A(v) :={Ax(v), k > 0}
be an adapted M:ir—valued process. Let r > 1, Ry > 0 and vy > 0 such that
(C-1)—~(C-4) hold. Then, for any p > 1 there exist Co > 0, 8o > 0 and vg > 0 de-
pending only on p,vi,ay, Ry, Cy,s, B and A such that, for all v € [0, vo] and

n>1,
E%[

Having this general result in hand, we now prove Theorem 15.

n

[ —vAi(»)

i=1

p
:| < C()e_som Vo.

PROOF OF THEOREM 15. To verify (C-2), which is referred to as the persis-
tence of excitation property in the control theory literature, we need some interme-
diary results which hold under the assumptions of Theorem 15.
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LEMMA 17. There exists C > 0 such that, for all d < j <n and (0,0) €
CB,L,p,0_,04),

(43) Amin(Eﬂ,a[Fv(Xj,n)]) > C, v e [0, 1],
and, forall0 <k < j —d,

(44) Jamin (B " [Fo(Xj.)]) = C,
ﬁ.n
45) kmin(Eovg [Fo(X;.0)]) > mv v e [0, 1].

PROOF. Letxe R’ |x|=1,d<j<n,and (8,0) e C:=C(B,L,p,o_,
O'+).Write

d
Xjn=Bu(jrj —d:0)Xjan+Y Bu(jsj—d+i:0)0j_arinEj—d+tin:
i=1
. Fidnp, Ty . 2 2T 17.
where B, is defined by (33). We have Ee,a [(x" X )] > 02x" Hj , q(0)x,
where H; , 4(0) := Cj’n,d(O)CjT,n’d(O) is the controllability Gramian (see [17])

Cinda®) :=1[pn(j,j—d+1;0)G---B,(j, j;0)G], where G :=[10...0]".

One easily shows that, fori =1,...,d, B,(j, j + 1 —i;60)G has a unit ith coor-
dinate and zero coordinates below. Hence, det(H; , 4(0)) = det(C; , 4(0)) = 1.In
addition, from exponential stability we have, for all (#,0) € C, |C; , 4(0)| <M
for some positive M not depending on (j,n). Hence, for all d < j <n and
0,0)€C,

det(H; ,,q4(0)) > pg—@-n
Abax (Hjna(8)) ~

It follows that, forall 0 < k < j — d, x € R? such that [x| = 1 and (9, 0) € C,

)"min(Hj,n,d(a)) =

Fi n ‘?T.n Fi- n —(d—
46) X" Egh Fo(X;n)Ix =g [By " 1" X )] = 02 M~ 7Y,

showing (44) for any C > o2M~—@-D, Equation (43) also follows for v = 0. For

all 0 <k <j —d and for all v € [0, 1], write

[ XX,
L+ VX0 )12

The Cauchy—Schwarz inequality shows that

‘77]{,]1

Eg ' [(x"X )21 = Ey

(%Xl (1 + v|Xj,n|2>”2}]

ka,n

Fin (B o [(xTX;1)?])?

T
X ETH [Fy (X)X .
0, v Ajn T
i Byt [ X ,)2 (14 v[X )]
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Since |XTXj,n| < IXj, | for |x| = 1, by applying (46) we get, for all v € [0, 1],
2 1y —(d—1)\2
Fin (0ZM )
kmin(Eo [F (X/ n)]) y:
i By o 11X 21+ Ep 5 [1X a1

The proof of (45) then follows from (35). The proof of (43) is along the same
lines. [

LEMMA 18. Let ¢ € Li(Rd, 1,R; 1). There exists M > 0 such that, for all
l<i<k=<n,v>0and (0,0)€cC(B,L,p,0-,04),

k

2
Eg,;,[ > (X)) — By (6 (X)) }sM(k—z>|¢|%i<1)(1+|Xl~,n|4>.
Jj=i+1
PROOF. For j € {i +1,...,k}, denote A; = ¢(X;,) — ;”; [¢(X;..)]. For

fli‘l

alli < j <1 <n, By [A]=Ey " [¢(X1,0] — Ej " [¢(X1,)]. The model is uni-
formly exponentially and L7 stable [see Proposmon 13 and (34)]. From Proposi-
tion 11 there exist T € (p, 1) and C{, C2 > O such that, forall 0 <i < j <[ <n,
(0’ 0) € @(131 Lv P, 0—, G+)’

Fin i
By 2 A < Crt' | lLiy (1 + [Xjal + [Xinl ),

|IE [Al | < C2|¢|L1(1)(1 + X, n| ).

From Proposition 14 we get that there exists C3 > 0 such that, forall 0 <i < j <
l<n,0,0)eCB,L,p,0-,04),

zn in «7:'n
By 1A A = [Eg 2 [A By 2 TA]|

Fin

< By (AT (B [Ey 1 [AD])

< c3|¢|u(l>r’—f<1 + X[,

and the result follows. [

LEMMA 19. For all Ry, a1 > 0, there exists ro > 1 such that, for all (8,0) €
CB,L,p,0-,04),r=>rg,n>r,k=0,....,.n—randv € (0, 1],

k+r
Fien
(47) Egi} |: mln( Z F, (Xln)>:| 2“11(|Xk,n| = R1)7
I=k+1

where F, is defined in (36). In addition, there exist constants § > 0 and g > 0,
such that, forall (0,0) € C(B,L,p,0-,04+),d <k <nandv € [0, v],

(48) |1 = vEg o [Fy Xe, )1 < 1 — Sv.
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PROOF. For any symmetric matrix A, we have [Apin(A)| < |Almax(A) = |A]
(recall that | - | denotes the operator norm) and Amin(A) = infixj—1 xT Ax. From the
last assertion, it follows that, for any symmetric matrix B having the same size
as A, Amin(A 4+ B) > Amin(A) + Amin(B). Therefore,

)\min(A) > )\min(B) + )\min(A - B) > )\min(B) - |A - Bl-

Applying these elementary facts, we get, forall 0 <k <k +r <n,

k+r
Amin ( Z F, (Xj,n))

j=k+1
k+r e k+r #

> Y dmin(Eyly IR X)) — | Y (Fu(Xjn) — By o' [Fu (X))
j=k+1 j=k+1

From its definition in (36), F, (x) € M} for all x € R? and v > 0, and

(49) sup [Fy|Li1) < oo.

v>0

Applying Lemmas 17 and 18, we obtain that there exist C, M > 0 such that, for
all (@, 0)eCand O <k <k+r=<n,

k+r
Cir—d
Eg.' [km( ) Fv(Xj,m)] > G0+ X2

=kt 1 1+ |Xk,n|4

Now pick two positive numbers Rj and oy. If Xy ,| > Ry, equation (47) is clearly
satisfied. If | X4 ,| < Ry, the last equation implies that, forall 0 <k <k 4+r <n,

Fien b C(r—d 4N1/2
Eg(} Amin Z Fv(Xj,n) Zi_M\/;(l'i'Rl) .
’ j=k+1 I+ R

We may thus find rg such that the RHS of this inequality is greater than or equal
to o for all » > rg. This concludes the proof of (47).

From the uniform L2Z-boundedness and (49), we get that there exists M such
that, for all (,0) € C,v € [0,1],d <k <n, |Eg [F,(Xk )| <M. Thus, using
Lemma C.1, forallv €[0,1/M],d <k <n,and (§,0) € C,

[l — VEG,U[FV(Xk,n)“ =1- V)Lmin(EG,a[Fv(Xk,n)])

and the proof of (48) follows from Lemma 17. [J

We now turn back to the proof of Theorem 15 by applying Theorem 16 to the
sequence

{(Ar=FoXjs1410), Fjsi4in), 1 =0,...,k— j—1}.
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It thus remains to show that conditions (C-1)-(C-4) of Theorem 16 hold with
constants r, Ry, vi, o1, C1, A, B and s, which neither depend on (#,0) € C nor
on j,k,n. Set @y =1 and, for [ =0,....k —j—1, V:=1+ |Xj4 | and
¢ = 1Xj+1,nl-

Condition (C-1). For all v > 0 and x € R, v|F,(x)| = v|x|/(1 + v|x|) < I,
which yields (C-1).

Condition (C-2). From Lemma 19, we may choose rg depending only on R
and o1 such that (C-2) holds for all » > rg.

Condition (C-3). From Lemma C.2, sup,>o ||Fv|‘1/2|Li(q_1) < 00. From Propo-
sition 14, there exists M > 0 such that, for all v >0, 0<i <i +1[ <n and
0,0)€cC,

Egy Iy (Xir)?2] < M(1L+ 79 [X101).

Hence, (C-3) is obtained with s = ¢ /2 and C1 = Mr(1 + Rq).

Condition (C-4). Lett € (p, 1). From Proposmon 14, there exists M such that,

forall0<i<i+r<nand #,0) €C, Eogl[|X,+rn|]<M(1+1: 1X; x|); thus,
forany Ry > 0,

Fin
Ep'o 1+ [Xirnl]l <M [Xinl + M +1
M +1
< (Mrr + X > R1>)
1

X (14 Xinl) + M+ DI(Xi x| < Ry).

Choose r > rg and Ry > 0 sothat Mt" 4+ (M +1)/R; < 1. Condition (C-4) is then
satisfied with A :=Mt"+ (M +1)/Ri <land B=1+ M.

Finally, we obtain, for some positive constants r, Cg, 89 and g, for all
ve(,upl, @, 0)eCand0<j <k<nsuchthatn—j>r,

1k, jsWID 5 5 =E[E, ’“"[‘If (k, j; W]

p.0,0
< Coe™ ™" (1 + X410l p.0.0)-

The uniform boundedness (34) then yields (41) when n — j > r. The restriction

n — j > r above is needed because (C-4), (C-2) and (C-3) are well defined only for

n — j < r.Now recall that (C-1) implies |\, (k, j; v)| < 1. Theresultforn—j <r
(implying k — j < r) follows by taking M > (1 —dvy) ™" in (41). O

Step 4. Error bounds. Similarly to (49), one easily shows that

(50) sup |Ly|Lic0) < o0,

v>0
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where L is defined in (36). The L?-boundedness of {Xy ,, 1 <k <n} then gives

(51) F! o= sup sup sup |[Fy(Xen)llg/2.6.6 <0,
(070')66 VEO Ofkfn

(52) Ly = sup sup sup [ILy(Xkn)llg.0.0 <o00.
#,0)eCv=>00<k<n

From now on, for convenience, we let the same M, § and pg denote positive
constants depending neither on the time indices i, j, k, n, ..., the step-size u nor
on the parameter (6, o).

Applying (38) and (41), for all u > 1, there exist M > 0 and o > O such that,
for all € (0, wol, (@,0) e Cand 1 <k <n,

(53) 188 0.6 <M1 =80 I8(0).

Define
k—1
EC (kk):=0 and EW(k, j):=) &%, 0<j<k=n.
i=j
Forall 1 < j <k <n, we have
Wtk =1, js ) =Wntk =1, — 1, 0) = uWy(k — 1, j; WF (Xj-1,0).

By integration by parts, forall 1 <k <n and u € (0, uol, (40) reads
Semy =Wy (k — 1,0, W) (k, 0)

(54) e
) Wtk — 1, 3 WP (Xjo10) B (k, ).
j=1

By applying the Holder inequality and using (41) and (51), we get that, for any
u € (1,q/2), there exists M > 0 such that, for all u € [0, uol, (#,0) € C and
0<j<k=n,

(55) 1 (ks 5 P X1 lug.0 < M1 =8 7+,

We consider now the two terms & ,EVL) and 8,5‘?! separately. We have, for all 0 < j <

k <n,

k—1 )

w

Z Si,n

i=j
Inserting (56), (41) and (55) into (54), we thus get that there exist M > 0, § > 0

and o > O such that, forall (#,0) € C, 1 <k <n and u € (0, uol,

56)  |[EM(Kk, j)|:= =100 — Okl <10]apn Pk — j)P.

k—1
1885 0.0 < M ((1 — 3wy (k/m)? + (1 —8) I ((k — j)/n)ﬁ)-
j=1
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By Lemma C.3, picking u > p, we obtain, for all u € (0, uo] and (0,0) € C,

(57) 16,00 <MIBlAsum ™, 1<k=n.

”p,ﬂ,a

We finally bound 8™ . Note that, for each n > 1, {0inLu(Xin)€it1,n,
i=1,...,n—1}is an ¥4 ,-adapted martingale increment sequence. The Burk-
holder inequality (see [14], Theorem 2.12) and (52) give, for all (f,0) € C and
u =0,
k
(58) > 0inLu(Xin)eit1m <Mk-j+D'"?  1<j<k<n
i=j
By Lemma C.3, using (54), (58) and (55) with u suchthat 1/p=1/u + 1/q, we
get, for all © € (0, uo] and (0, 0) € C,

(59) 1800 00 <MY, 1<k=n.

Equation (13) easily follows from (37), (53), (57) and (59) and Theorem 2 is ob-
tained.

q.0,0

S. Proof of Theorem 4. By writing 8p = uTS,,, (14) simply means that,
for all real-valued estimators 6, (X0, X1,0,-.., Xp,p) and u= (uy,...,uq) € R4
such that ju| =1,

sup By o[16, —u’0(0)[*] = an™ 2P/,
(0,0)eC
Denote by | 8] the largest integer strictly smaller than 8. Let ¢: R — R be a C*®
symmetric function decreasing on R such that ¢(0) =1, ¢(u) =0 for all |u| > 1
and

lpLBD (x) — p(LBD (y)] -

(60) sup = PP <

x,yeR, x#£y

Let A:R — R, be a C! p.d.f. with respect to the Lebesgue measure vanishing
outside the segment [—1, 4+1] and such that

(61) /_11 <i§—j§;>2)\(x) dx < 00,

where A is the derivative of the density A. Let (v,) and (w;) be two nondecreasing
sequences of positive numbers to be specified later such that

B<L.

(62) nlgngo(vgl + wn_1 + n_lwn) =0 and sup vn_lwn

n>0
Let € [0,1] and u € R? such that lu| = 1. Define ¢, :[0,1] — RY, s >
Gn.1(s) =@ ((s — H)wy)u and let 0 :[0,1] - RT, s > o(s) = 04. For n > 1,
define

(63) Xis10=n¢((k/n —yw)u" Xp p + (0 )ekr10,  O0<k<n—1.
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From (A2), it follows that, forall 0 <k <n — 1,

x> Pt a((x — 0 (k/nyul'y) joy) foy

is the conditional density of Xy , given Xy , =y and parameter n. Since the dis-
tribution of Xy , does not depend on 7, and using the conditional densities above
to compute the joint density of {Xo ,, X1, ..., X».»}, the Fisher information as-
sociated with the one-dimensional parametric model defined by (63) is

n . 2
1) =05 "Epp, , o0 [( > ¢n,,(k/n)uTXk_l,n@@k,n)) ]

k=1 Pk.n

Now, under (A2), the summand in this equation is a martingale increments se-
quence whose variances are bounded by ¢r21, (k/)Eye, .o [(uTXk_l,n)z]lg. Since

lul =1, wTX)? < |X|?, and we finally obtain

n
(64) L) <o 74e Yy ¢ (k) MByg, , o [Xko1.0l*].
k=1
From (60) and (62), for all n € [—vn_l, v,

n

wi 16D (5" — Dwy) — pUBD (s — Dw,)| wh
sup <—<L,
s’ — s|P—LP] o

|n¢n,t|A,/3 =<

n 0<s<s'<l

and |n¢, (0)] < vn_l. Hence, for large enough n, n¢, € Ag(B, L) for all n €
[—v, 1 v, 1. By construction, for s € [0, 1] the autoregressive polynomial of n¢;, ;
is given by 1 — ne,, ;(s) Z?:l u;z'. Since lim,_, o v, = 00, for any p,0<p <1,
there exists N, such that, for alln > N, n¢, ; € 8(p), n € [—vn_l, v;l], and, thus,
(M@n.,1, o) € C. Using (34) for bounding Ky, , o [1Xk—1,x 2] in (64), it follows that
there exists M depending only on p, 8,0, and L such that, for all sufficiently

large n and for all n € [—v, !, v 1],

Ln(n) ML,y ¢*(kwy/n — twy).
keZ

Using the fact that ¢ is C' and compactly supported, we have

lim sup h =0.

h—0yecRr

> @2 (kh — x) — f $2(1) di

keZ

Equation (62) shows that, for large enough n and for all n € [—v;"', v !], we have

n >’ n

(65) In() < Mienw,! f¢>2(z) dt(1+o(1)).
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We get that, for all real valued estimators 3,, = Sn(Xo,n, Xinse-or Xnn), as
n— 00,

—1

A vn A
swp Eoo[(5 —0"00)'] 2 | g, o160 = 1
0,0)eC —Up

—1
z( sup 1n<n>+1n<x))

nel—vr o]
-1 20\ —1
Z (O(nwn +vn)) ’

where the first inequality is the Bayesian lower bound of the minimax risk [recall
that, for n sufficiently large, (n¢, ;, o) € C forall | < v, 11, the second inequality
is the so-called van Trees inequality (see [11]) with {,(n) denoting the Fisher
information of the translation model associated with the p.d.f. v,A(v,-) and the
last inequality is implied by (61) and (65). The proof is concluded by choosing
vn = wh and wy, = n!/(1+28)

REMARK 7. Theorem 4 easily extends to cases where the distribution of
{Xo.n,n > 1} depends on @ in a not too pathological way. Assume, for instance,
that X , follows the distribution of a stationary AR process with parameter
(6(0), 0(0)) and with a given white noise (see, e.g., [6]). In this case, the lower
bound (14) holds for ¢ > 0 and n sufficiently large without further assumptions.
This clearly follows from the proof: since the distribution of X , depends only on
(0(0), 0 (0)) and since, for r > 0 and n sufficiently large (n¢, ;(0), o (0)) = (0, 04)
does not depend on 7, the computation of {,,(n) applies and the proof proceeds
similarly.

6. Perturbation expansion of the error. In this section we first derive sev-
eral approximation results for the error terms ") and 8¢ defined by (40) in Sec-
tion 6.1. Computational estimates are then obtained in Section 6.3 and the proofs
of Theorems 6 and 7 are finally given in Section 6.4 and Section 6.5, respectively.

6.1. General approximation results. Observe that Theorem 2 only provides a

bound of the risk. The approach developed in this section relies upon a perturbation
technique (see [1]). Decompose the LHS of (40) as 5,&'21 = k(;;o) + Hk(",;o), with

(o,0) (e,0)
JO,I’l - 0, HO,I’[ == O and
0,0 0,0 .
T = (1= B o [Fu K ) I + 8¢5

HSY = (1 = 1Fu X)) HE + i(Bo,o [P Xin)] — B X)) 57



RECURSIVE ESTIMATION 2635

The inhomogeneous first-order difference equation satisfied by Jk(;;o) yields

k
(66) JED =3 ki 0,008, 0<k<n,
i=0

where, forall u >0,0<i <k <n,and (0,0),
k

Yn(i,i; 0, 0,0) =1 and Y, (k,is 0, 0,0):= [[ (I — uEoo[Fu(X;jn)).
j=i+1
For ease of notation we write Fy , :=F, (X ,), Fk,n =Frn(w) —Eg o [Fin ()],
E instead of Eg », W, (k, i) instead of W, (k,i; ), ¥, (k, i) instead of v, (k,i; w,

0, 0) and so on. This decomposition of the error process {8,:,)1, 1 <k <n} can be
extended to further approximation order s > 0 as follows:

(67) S =J5" + IS+ IS0+ HSY,
where
0.0 e,0 . o0
IS, = (1 — pEF DI + £, I =0,
o, o, = o r—1 o,
IS = = pEBF DI + 1 Fe a0 387 =0,
0<l<r,
HSY = — wFe) S + 1Fin I (50, HY =0,
[=0,...,s.

The processes J, k(;;r) depend linearly on 515.2 and polynomially in the error Fy .
We now show that J ™9 and J™9 respectively, defined by setting £(®) = &™)
and £ = £M™ in (66), are the main terms in the error terms §™) and §) defined
by (40).

PROPOSITION 20. Assume (Al) with g > 4 and let p € [1,q/4). Let B €
0,1, L>0,0<p <1,and 0 <o_ < oy. Then there exist constants M and
wo > 0, such that, for all (0,0) € C(B,L, p,04,0-), u €0, uoland 1 <k <n,

(68) IO < M ()P,

(69) 188 = T 0.0 < MYEG) .



2636 E. MOULINES, P. PRIOURET AND F. ROUEFF

PROOF. From (48) in Lemma 19 (which holds under the assumptions of The-
orem 15), there exist § > 0, ;g > 0 and M > O such that, for all 0 <i <k <n,
wn €[0, wol and (8, 0) € C,

(70) [Yn (K, 5 10,0, 0)] < M(1—8p) .
Note that ¥, (k,i — 1) — ¥, (k, i) = —u, (k, D)E[F; ,]. As in (54), write, for all
1<k<n,

0 k—1
D) IO = Yk —1,0EM (k, 0)+ 10 Y Yk — 1, HE[F;_1 41EM (k, ).

j=1

Using (56), (51) and Lemma C.3 shows (68). By (67) we have §¥) — J.0) —
HWO0 = gw.D) 4 gW.D) where, forall 1 <k <n,

k—1
1 N ,0
(72) I =13 Yk — 1, HF T 000,
j=0
1 = = 1
(73) HO Y = 0 ) Wk =1, DF
j=0

Set ¢ (%) =y (k — 1, HFx)J ", j=0.,....k — 1. Note that, from (49), (70)

and (68), forall u € (0, uol,0<j <k <nand (#,0) € C,

. 0 i _
16j1icty < Wk = 1, DI |Fyliiay < M = 80) 7 (un) ~*.

By applying Proposition B.2 componentwise, we get, forall u € (0, uol, 1 <k <n
and (0,0) € C,

k—1 1/2
< M(un)~* (Z(l - (m)k—l—f) :

k—1

N 0
> Yulk — 1, HFj0d 00
j=0

q/2 j=0
Hence, for all u € (0, ugl, 1 <k <nand (0,0) € C,
(74) 1780, 5 < M)~

Let u be such that2/q +2/qg + 1/u = 1/p. Thus, by Theorem 15 and (51), for all
nwe @, ul,1<k<nand (@,0)€C,

k—1
LES V], <D 1%t = 1 D1l Fallg 2] 5], 2
=1
(75) !
k—1 )
< Mp*(un) 7P Y (1 = 8w < Mp(un) P
j=1 O
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PROPOSITION 21. Assume (Al) with g > 7 and let p € [1,2q/11). Let B €
0,1, L>0,0<p <1,and 0 < o_ < o4. Then there exist constants M and g
such that, for all (0,0) € C(B,L,p,0-,04+), L € (0, ugland 1 <k <n,

(76) 178570, 0)] 9.5 < MV,

(77) 165 — 5000, 0]

pﬂ(r—MH“

PROOF. The Burkholder inequality (see [14], Theorem 2.12) shows that, for
all 1 <k<n,ue(0,up]and (#,0) € C,

1/2 k—1 1/2
17500, < MpoyLye *(an(k—l m) SMM<Z(1—BM)2)

j=0
and (76) follows from (52) and (70). We now bound

I —uanac 1L )Fa00 1<ks=n
j=0

Let us pick 2 < k < n. By plugging (66) with £ = &™) we obtain
(78) JED =12 Xy Kin)Oit 1 aSit s
O<i<j<k—1

where, forall 0 <i < j <k —1,
(19 ¢;jX) :=yYuk—1, PFu(x) and vy ;j(X) =¥, (j — 1, )L, (X).
From (49) and (50) we have, forall 0 <i < j <k, ¢; € Li(R?, 1, R? x R?; 1) and
Vi,j € Li(R?, 1, R?; 0) and, furthermore, from (70),

bjlLicy <M1 =8w)* 7 and yi,jlLioy < M(1 = 8p)’ ",

where, as usual, M and § are positive constants, not depending on indices i, j, k, n,
on u € [0, no] oron (8, o) € C. The following uniform bounds follow:

-1
sup |¢jlLiy <M, Z g lLicy < Mp™!,
O<j<t j=1
12
sup |4, jlLico) = M, sup < Z |Vl]|L1(())> <Mp~ 2
O<i<j<t O<j<t 0<i<j

By applying Proposition B.3 componentwise, we obtain ||Jk(V )||2q /7 < M1 uni-

formly over 1 <k <n, u € [0, uo] and (@,0) € C. As in (75), let u > 1 be such
thatu™'+2/q+7/2g =1/p. Then, forall 1 <k <n, u € [0, ol and (9, 0) € C,

k—
LHSP ], < 3 19k — LD allg2] 7% 1, 7



2638 E. MOULINES, P. PRIOURET AND F. ROUEFF
1 k—1 —i . .
and thus, | V|1, < Mp?F? ) Y471 (1— 80K/, which yields (77). O

6.2. Proof of Proposition 5. We may write, for all 1 <k <n,

k
Xin = Bk, 0;0)Xon + > Bulk, j:0)0 jnejn,
j=l
where o and 8, are defined right after (30) and in (33), respectively. Thus,
Ep o [Xi.n X[ .1 = Balk, )E[X0., X , 18 (k, 0)"

k—1
+ " Bulk, k — Do k—n(Bulk, k — Dog—r)".
1=0
Let 0 € 8(p) with p > 1, t € [0,1] and let {Z;,k € Z} denote the sta-
tionary AR(0(t), o (¢)) with i.i.d. centered unit variance innovations denoted by
{er}kez. Recall that X (¢, 0, o) denotes the d x d covariance matrix of {Zy, k € Z}.
Then, using classical results on AR models (see [4]), we have [Z - - - Zi—all =
2150 Ol(t,0)0 (t)er—_;, where o (1) :=[c(t)0---0]7, © is defined by (29) and the
convergence holds in the L? sense. It follows that

o
2(1,0,0)=> 0 1,0)01)(0 (1,0)01)".
1=0
Denote Oy , := O (k/n,0) and Xy , := X(k/n, 0, 0). We obtain

Eg,o [Xi.n X[ ] — Zien
= Bu(k, 0)(E[X0,,X{ ] — Z0,0)Ba(k,0)"

(80) e
Y Btk k= Do k—gn(Buk, k — Dok—1.n)" — Ok ,01n(Of ,o1)7)
1=0
— T
+ Y (Bu k. 00Oy K000 (Bn(k, 0)Of K50.) — O 0 kn (O ,okn)T).
1=k
Note that, for any matrices Ay, ..., A, and By, ..., B, with compatible sizes,
r r ro/j—1 r
(81) HAi—HB,-:Z(HAk>(Aj—Bj)( I1 Bk>.
i=1 i=1 j=1\k=1 k=j+1

From uniform exponential stability (see Proposition 13 and its proof), there ex-
ists M such that, forall 1 </ <k <nand (0,0) € C*, |B,(k, k = )| < M<t! and
|(~)§{,n| < M<t! and, thus,

[—1
Btk k —1) — O | < M7 Y |O_jn — Opul < Mn~PlIFHL,
j=0
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Similarly, there exists M such that, forall 1 </ <k <n and (@, 0) € C*,
1—k 1—k
|®O,n - ®k,n |
<Mn PR — kP,
|Buk. k= D0 k1.0 (Buk. k = Do k—1.0)" — Ok ,0kn (O o) |
< Mn_ﬂ‘EZZlﬂ+1,
1Bk, 000 £0.1 (Bu(k, )0} F60.,4)" — O 040 (O ,0kn) |
< Mn PP,

The result follows by inserting these bounds in (80). [

6.3. Further approximation results. To derive tractable asymptotic risk esti-

mates, we need to derive approximate expressions for Jk(vrvl’o) and Jk(vn’o). We first
derive approximations for E[Fy ,], 1 <k <n, and related quantities.

LEMMA 22. Assume (Al) withg >4.Let € (0,1, L>0,0<p<t <1,
and 0 < 0_ < 04. Then there exist positive constants §, vo and M such that, for
all0<k<l<n,vel0,v]and (#,0) e C*(B,L,p,0_,04),

(82) (I —vE(/n.0,0)) 5 < (1 —sv)7,
(83)  IX(/n,0,0) —Ego[FoXe)ll < M(tF +n7 Pl —k+1)F +v),
(84) |=(U/n,0,0) —Eg o [LLLT Xp)ll < M(zX +n7 P —k+ 1P + ).

PROOF. By continuity of (0, z, t) — |0(z; t)| [see (6)] and since

d
#eR: 9 <L, 1 —Zﬂizi # 0 for all |z] ip_l}
i=1

is a compact set, there exist § > 0 and M > 0, such that for all (§, o) € C*,

2
I3
§ < inf o7(1)

inf ———— < Anin(S(1; 6,
- |z|=1tel[r(1),1] 16(z; t)|2 = mm( ( a))

(85)

2
(1)

<A 2(1;0,0’) <sup sup ———— <
- ) zl=1ref0,1] 10(z: 012

Equation (82) then follows from Lemma C.1. Similarly, there exists M < oo, such
that forall (f,0) e C*andall0<s <t <1,

(86) |2(t;0,0)—2(s;0,0)|§M(t—s)’3.
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By Proposition 5 we get, forall 1 <k <[/ <nand (§,0) € C*,
1Z(U/n: 6, 0) — EXk X, |
(87) <[Z(/n;0,0) — T(k/n;0,0)|+|(k/n;0,0) — E[Xe o X[, ]l
<M(F+n Pl —k+1)P).
This is (83) and (84) with v = 0. One easily shows that, for all x € R? and

v>0, |F,(x) —xx’| < v|x|* and |LVL]7;(X)| < 2v|x|*. Since q > 4, we deduce
(83) and (84) for v > 0 from (87) and uniform L* boundedness. [J

Let p € (0,1) and let @ € 8(p) and o :[0,1] — RT. Define the following
sequence of recurrence equations applying to some increment process {ék S
0<k<n}

k o
88) S, 0.0):=Y (I —uZ((k+1)/n.0.0)) /e 0<k=n.
j=0

We now show that J™0 and J9 may be approximated by J™ and J™,
respectively, defined by setting & (’)~= gW) and~§(‘) = ¢M in (88) and then we
compute asymptotic equivalents of J™ and of J)’s variance, respectively.

PROPOSITION 23. Assume (Al) with g > 4. Let B € (0,1], L >0, p <1,
and 0 < o_ < o4. Then there exist constants M > 0 and o > 0 such that, for all
@,0)eC*(B,L,p,0-,04),te€0,upland 1 <k <n,

(89) I 00,0) — T80, 0)| < M(un) P ((un) P + ),
ClON PR ‘”(0 ) - (V)w N0 = MJE((un)™F + ).

o))k=1=J for all 0 < j<k<n,u=>0and (f,0). The definitions of J*9 and
J® yield
) J&0 — % = Z Ank—1, ). 1<k=n.
From (81) we get, forall0 < j <k <n,u>0and (0,0) € C*,
k—1 o
Antk =1, ) =pu > Yntk —1,i + D(E[F; ] — Sk/n))(I — ME(k/n))HFl-
i=j
Using (70), (82) and (83), there exist § > 0, g > 0 and M > 0, such that, for all
1<j<k=<n,ue(0,uoland (0,0) € C*,

92)  |Axk—1, DI <Mu =81 (¢ 0Pk — )P+ ik — j)).
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We further write, forall 1 < j <k <n,
Apk—1,j) = Ak —1,j—1)
= pAyk — 1, HE[F ;1 4]
+ (I — wSk/m) TN EIF 1 4] — S(k/n)).

Applying (92), (82) and (83) and observing that F7 is finite, we get that there exist
6>0,up>0,t€(p,1)and M > 0, such that, forall 1 < j <k <n, u € (0, uol
and (0, 0) € C*,

|Antk =1, j) = Ak =1, j —1)|
(93) <Mu( =8 7 =Pk — jP (ulk — j) +1)
+u(puk — j)+1)+ /).

By integrating (91) by parts, for all 1 <k <n, J;5; -0) J~k('n) reads
k—1
Ak = 1L,0)ED (k00 + > (Ank — 1, j) = Mgk — 1, j — D)EW (&, j).
j=1

Using (56) and (58) to bound |E5"| and ||ES"||, respectively, together with (92),
(93) and Lemma C.3, there exist § > 0, ;o > 0 and M such that, forall 1 <k <n,
w € (0, uol and (0,0) € C,

—B k-1 i+ 1\B
|J(W 0 _ (W)‘ < M—FMZ(I—BM)]tk_J(i) ’
(nn)P 20 n

k—1
50 = J21, = (Ve 1+ 1 =501 1)

j=0
Using Lemma C.3, we have, for any o > 0,
k—1 _ .
Y A=swl G+ D
j=0

<(1—1) " sup(l —8u)/ (j +1)*
jeN

<c(-o)~tew™.
We thus obtain (89) and (90). [

PROPOSITION 24. Let € (0,1], L >0, p <1,and 0 <o_ <oy and let
0,0)eC*(B,L,p,0-,04).Lett € (0, 1] and assume that there exists 0, g € R4,



2642 E. MOULINES, P. PRIOURET AND F. ROUEFF

L' > 0and B’ > B such that (18) holds for all u € [0, t]. Then for all ju € (0, o]
andn > 1,

~(w) r@B+1

ke (un)P

n P+ (- 5u)f">
(un)P ’

where M and o are positive constants depending only on B,L,p,0_,0,, L’
and B'.

o (z)ot,ﬂ‘ < M((Mn)_’g/ +

PROOF. Let us write

j(w) _ Jn

[tn],n
[tn]—1

= Y (I — puS(en)/m)"

Jj=0
x [0 —n =P ((tn] — )P — () — 1= j)P)8, 4]
where, within this proof section, we denote

[tn]—1 ]
By =0 3" (1 = pEnl/m) ™ () = P — () — 1 j)P)8, 5.
Jj=0

Using (18), the partial sums of the terms within brackets in the next-to-last equa-
tion satisfy, forall 0 < j <[tn] — 1,

[tn]—1
S [ES = 0P (] = )P — (itn] — 1 = )P)8, 4]

i=j
=0(j/n) — 0([tnl/n) +n"P(tn] — j)P0, 4|
<L'n P (tn] - j)F'.

Integration by parts with this bound and (82), and then Lemma C.3, give that there
exists a constant M such that, for all u € (0, ugl andn > 1,

[T = du| < M (un) ™.

[tn],n
Now, from (82) and using Lemma C.3, we have, for all u € (0, uo] andn > 1,
|Jy —n P S (I — u=([tn]/n))8; g

< M=)l Y (1 =51
>1

<M1 = sw)™(un)=F,
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where Sg(A) 1= ey AN+ 1P —iP). Using the fact that A — Sg(A) is a power
series with unit radius of convergence, (82) and (86), from the mean value theorem
and Lemma C.3, we have, for all u € (0, ug] and all n > 1,

1Ss(I — u=([tn)/n)) — Sp(I — w=@®)| < Mpun=P > (1 —sp)'if
i>1
< M(un)~’.

Collecting the last three inequalities together with Lemma C.3, we obtain the
result. [

PROPOSITION 25. Assume (Al) with g > 4. Let B € (0,1], L >0, p < 1,
and 0 < o_ < oy. Then there exist constants M > 0 and 1o > 0 such that, for all
@,0)eC*(B,L,p,0-,04), 0 €(0,noland 1 <k <n,

< Mu(p+ (un) P + (1 = 80)%).

nvk.n

2
~(v) ~ o“(k/n)
‘Eo,g [Jk(v)J(v)T ] 2/ I

PROOF. Since {& (V)i’n, Jj = 0} is a martingale increment sequence, for any
l<k<n E[j,fj',sz(’vf] reads

k—1 ) i
p2 (1= uEk/m) " o BIL (X)L X)) — wE(k/m)<
j=0

= MO'kZ,n(Gk,n — Gin) + Rin,

where, forall 1 <k <n,

k—1 ,
Grn=p Y (I—pSk/m) I Sk/n)(I — nTk/n))

j=—00

k—1—j

Gin=p Y. (I—pSk/m) " Sk/n)(I — pk/m))

j=—00

k—1—j

k—1
IRl < Mu? - 8102 1= () 4 n =Pk — )P + 1)
=0

< Mu(p+ (un)~F).

For bounding Ry ,, we have used (82), (84), 0 € A(B, L) and then Lemma C.3.
From (82) and (85), we have, for all u € (0, uol, 1 <k <n,

(94) 1G] < M(1—8u)F.
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From the previous bounds, we obtain, for all u € (0, uo]l and 1 <k <n,
©5) (B[O = 102, G| < Mp(pe + (um) ™ + (1 = 5)%).
Now, by definition of G , we have

(I = u2k/n)Gin(I — u2(k/n)) + nE(k/n) = Gi.n, l<k=<n,
which gives, forall 1 <k <mn,

(Zk/n)I =2Gyp) + U = 2Gr ) (k/n)) =2uX(k/n)Gi n Z(k/n).
From (94) sup| <4<, |Gk.n| < 00 uniformly over p € (0, wo]. We thus have, for all
ue€©,upland 1 <k <n,

|Z(k/n)(I —2Gkn) + (I —2Gkn)E(k/n)| < Mp.
For any d x d matrix C and positive definite matrix S, the equation SB 4+ BS =C
has a unique solution B linear in C and continuous in S over the set of posi-
tive definite matrices (see [16], Corollary 4.4.10). Hence, we obtain, for all i €

O, uol and 1 <k <n, |I —2Gy ,(n)| < Mp, which with (95) gives the claimed
bound. [

6.4. Proof of Theorem 6. We use the decomposition of § as
sW 4 (5(W) — J(w,O)) + (5(V) — J(v,O))
(IR0 JO0y (g0 FOY g 0y FO)

Let n € (0, 1). Applying (53), (69), (77), (89) and (90), there exists M > 0 such
that, forall r € [n, 1], u € (0, uol and n > 1,

10, (5 1) —0(r) — j[(t‘:l];n - j[(zzz)],nHz,o,a

< M(Ju(un) P + (un)=2 + ).

We then obtain (19) by applying Proposition 24 and Proposition 25, and using the
fact that o is B-Lipschitz to approximate o%([tn]/n) by o2(z).

6.5. Proof of Theorem1. Weuse § = 8™ 4+ 8™ 4 (8™ — .0y 4 (gW.0) _
JWYy 4+ JW) Observe that there exists C > 0 such that A(B, L) € A(1,CL).
Hence, we may apply (53), (59), (69) and (89), so that there exist M and pg such
that, for all i € (0, uol,

©96)  sup sup B (i) —0) = I | g0 < MV (um) 7).
0,0)eC*te[n,1]

Now, since B > 1, for all (f,0) € C* and ¢ € (0, 1], we may apply the Taylor

expansion 0 (u) = 0(t) +60 (v)(u —t), where v € [u, t], which yields |6 (u) — 60 (7) +

O(t)(t —u)| < |0(v) —0(t)||u—1t| < L|t —u|P~'. Hence (18) holds (8 = 1 and g’

equal to the actual $) at every point ¢ > 0 and we may apply Proposition 24 for

computing J W), which easily yields the result.
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APPENDIX A

PROOF OF THEOREM 16. We first derive two simple lemmas valid under the
assumptions of Theorem 16. We let vy and § denote some constants depending
only on r, Ry, vi, a1, C1, A, B and s and we write E; for E7*.

LEMMA A.l1. Forany a > 1, there exist § > 0 and vy > 0 such that, for all
keNandv e|[0, v],
a
} < efév.

PROOF. Under (C-1) we have |I — vAy| <1 forall k € Nand v € [0, v;] (see
Lemma C.1) so that we may assume a = 1 without loss of generality. We write

k+r

[T ¢ -vA)

o7 I(¢r < Rl)Ek:
i=k+1

k+r
(98) [[ d-vA)=1-vDp+ S,
1=k+1
where
k+r r o
Di:= Y A and Sp:=) (=1)/v/ Y Aigij - Akt
[=k+1 j=2 I1<ij<--<ij<r

For g € (1/s, 1), where s is defined in (C-3) and v > 0, denote
Br(v) :={|Akr| v P A <v7F)

and Bj (v) its complementary set. From (C-1), we have that, for all v € (0, vy],
[vDg| < rv!=PIBr(v)) + rI(B;(v)). Choosing v> € (0, v1] such that rvzlﬂ3 <1,
we get that, for all v € [0, v2], 2[vDi|I(JvDy| > 1) < 2rI(Bj(v)). Hence, us-
ing (98) and Lemma C.1, we obtain, for all v € [0, v2],

k+r

[T d—-vapy

I=k+1

<1 —vAmin(Dy) + 2rI(BL(v)) + | Sk|.

Equation (97) easily follows from this bound with (C-2) and the two following
inequalities, which will be shown to hold for all v € [0, v1]:

(99) I(pr < RDELIBS(v)] < C1v*P,
(100) L < ROEL[ISk]] < MCPM 2 5n2,

where M is some constant depending only on . We now conclude the proof by
showing these two last inequalities successively.
Using the Markov inequality, we obtain [Ex[I(Bj(v))] < Zk+’ Pr{lA;] >

I=k+1
VP < B Yk 1 Ex[[A;[*], which implies (99) using (C-3).
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Forall j =2,...,r, for all ordered j-tuples 1 <ij <--- <i; <r,using (C-1),
we have, forall v € [0, vi], v/ |Ag4, - - .Ak+l~j| < v2|Ak+i1Ak+i2|. Hence, for some
constant M1 depending only on r, for all v € [0, v{],

Exl|Se1 < Miv?  sup  Bal|Axyi Ayl

I<i<j<r

Put § = s A 2. The Holder inequality gives

Eil| Axsi At 11 < (Ball A I {Br[|Agp 17766705,

Observing that =5 — § > 0 and using (C-1), we have, for all v € [0, (],

Bl Ay 13/ 6 D] < Bl Agyj 10~/ E=DH showing

. 15 yG=1)/5
Ek“SkHSMlVS{ sup EkuAka} { sup EknAkﬂ-m}

I<i<r l<j<r

_ _ _ s/s
<Mp* sup Ei[|Arsil'] SMW‘Y( sup Ek[|Ak+i|s]> .

I<i<r I<i<r

The proof of (100) then follows by bounding the above sup by a sum and by ap-
plying (C-3). O

Define N, := Z[[,;/Or] I(¢1» < R1). We have the following.

LEMMA A.2. There exist ag > 0 and y > 0 such that, for all n > 0,

Eo[e_aoN”] <e V"V,.

PROOF. Observe that, using (C-4), for all k € N,

Eir[Vik+1yr] < Vir[M(r > R1) + BI(¢kr < R1)]
— Vkr)\‘I(¢kr>Rl)BI(¢kr§Rl)'

Let {Wy,, k € N} be the process defined by

1NK 7\ Ne—yr
Wo:=Vp and Wy, = (X) (§> Vier k>1.

Since Ny, is Fj,-measurable, we obtain, for all k € N,
1 k+1 A Nir
Err [Was1)r] = (X) <§> Exr[Vik+1yr]

1 k A Nir—U(rr <R1)
= <X> <§) Vir = Wi
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Hence, by induction Eo[ Wy, ] < Wy = Vp and, since Vi > 1, we get
A Ny 1 k+1 A Nir
w[(5) ]2 mG) (5) o]
JO) = (1) () v
< MHE [ Wesyr] < 215

Noting that Ny, 44 = Ny, forallg =0, 1...,r — 1, the proof follows. []

We now turn back to the proof of Theorem 16. From (C-1), for all k € N and
v e [0,v],

(k+1)r p
[T ¢ —van
I=kr+1
(k+1Dr p
(101) < e—(5/2)v1(¢krSR1){ 1_[ (I —vA))
I=kr+1

% e(8/2)v1(¢kr <R+ (¢ > Rl)},

where § is defined in Lemma A.1. Let n = mr + ¢, where m € N and t =
0,1,...,r — 1. Equation (101) and the Cauchy—Schwarz inequality show that

n p
Eq l_[(l —VA)| < 7_[11/27_[21/2’ where 71 = Eg[e %"V ]
=1
and
m—1 (| (k+Dr 2p
ﬂ2=Eo[H: ]_[ (I —vA)| L §R1)+I(¢kr>R1)H-
k=0 Ul=kr+1

Let Up = 1 and recursively define U4 fork =0, 1, ...,

(k+1)r 2p

[T d—vap

I=kr+1

Uky1 = { (i < Ry) + Uy > Rl)}Uk-

Applying Lemma A.1 with a = 2 p, we obtain that (Ui, F,) is a super-martingale.
Consequently, 7o < 1. Lemma A.2 and Jensen’s inequality show that, for all
v € [0, a0/d],

Eole "] < (Bo[e~@0Nn])dv/@0 < o=vovnysy

which concludes the proof. [
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APPENDIX B

Burkholder inequalities for the TVAR process. Throughout this section we
letBe€(0,1,L>0,0<p<1,0<0o_<orandwesetC:=C(B,L,p,0-,04+).
We further let T € (p, 1). The following lemma is adapted from [9], Proposition 4.

LEMMA B.1. Let (2, F,P,{F,;n € N}) be a filtered space. Let p > 2,
p1, p2 € [1, 0o] such that pl_l + pz_l =2p~ ! and let {Z,; n € N} be an adapted
sequence such that E[Z,] =0 and || Z, ||, < oo for all n € N. Then

1/2
(memiﬂm mJ.

(102)

p

PROPOSITION B.2. Assume (Al) with g > 2 and let p > 0 be such that 2(p +
1) < gq. Then there exists M > 0 such that, for all (0,0) € C, 1 <s <t <n and
sequences {¢;}s<i<; in Li(R4, 1, R; D),

t 2

> (¢ Xin) — Eg o[ Xin)])

i=s

=M sup |¢1|L1(p)Z|¢z|Ll(p)
q/(p+1).0,0 i€fs,....r} P

PROOF. Let us apply Lemma B.1 with Z; = ¢;(X; ) — Eg »[¢;(X; )] and
p1 = p2=¢q/(p + 1). From the L4 stability, we see that || Z;lly/(p+1),0,0 =

ll’L

M|®;|Li(p)- It now remains to bound ||IE0 c1Zillg/(p+1).0,0- Using the exponen-
tial stability and the L7 stability, Proposition 11 shows that, forall s <i <k <t,
@,0)eC, ||E0’;1[Zk]||q/(p+1) 0.0 < Mk |¢k ILi(p)- The proof follows. L]

Another application of Lemma B.1 is the following result.

PROPOSITION B.3. Assume that g > 5 and let p,r > 0 be such that u :=
2(p4+r)+5 <gq. There exists a constant M such that, forall (0,0) € C,1 <s <
t < n and sequences {y; j}s<i<j<i and {¢;}s<i<:, respectively in Li(R, 1, R; p)
and Li(R, 1, R; r),

Z Yi.j Xin)Oit1,n€i+1,0(0; Xjn) — Eo [0 (X))

S<i<j<t

2q/u,0,0

t

(103) SMi sup |vijlLipy Y l9ilLicn

ssi<jst =511

t 172 1/2
+ ( sup |@ilLicry ) |¢i|Li(r)> sup <Z|VZJ|L1(I))) }
S<i<t i=s+1 sS<j<t
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PROOF. Let Gi,j = Vi—l,j(Xi—l,n)Ui,ngi,n and Uj = ¢j(Xj,n)
Egolepj(X;,)] forall s <i <j<t Foralls <i=<j<=<t U and ¢ ; are
Fi n-measurable. Throughout the proof, we denote by M some constant indepen-
dent of s, t, n and (0, o) € C. From uniform L9 stability, forall s <i < j <t,

(104 1¢i,jllg/p+1).0,0 < Myvi—1,jlLipy and  [[Ujllg/¢+1).0,0 < MIPjILir)-
Denote Z; :=U; Z{ZH] ¢i,j- The LHS of (103) then reads

Y &Uj

S<I<j<t 2q/u,0,0
(105) .
< > |EgoleijUill+ | Y. (Zj —EgolZ;])
s<i<j<t j=s+1 2q/u,0,0
By Proposition 11, foralls <i < j <1,
Fin j—1
(106) IEy o (U1l g/o+1).0.0 <Mt ) ILicr-

Using (104) and (106), forall s <i < j <t¢,
IEg,o[¢i,;U;1l = |E0,0[§i,ng,i§[Uj]]’
< 181260 1By 2 U112,

< Mt i1 Lo 19 L) -
It then follows that

t J
Y [Eoolei Uil <MyvL o Y lo5lLicy Y. o < Myl 91,

s<i<j<t j=s+1 i=s+1

where y1, . == sup,;_ i< 7i.jlLi(p) and ¢l = > oi1 |®ilLicr; applying this
bound to the RHS of (105), we obtain the first term of (103).

We now bound the second term in the RHS of (105). Applying Lemma B.1 with
p=q/u,pr=q/(p+r-+2)and pr =q/(p+r + 3), this terms satisfies

t

2. Zj

j=s+1 2q/u,0,0
4q t o t P 1/2
S(; > IIZjIIq/(p+r+2),o,aZIIEg,](;"[Zk]llq/(p+r+3),o,a) ,
j=s+1 k=j

where Z; := Z; — E¢.o[Z:]. Applying the Holder inequality, (104) and the Burk-
holder inequality (see [14], Theorem 2.12) shows that, for all s < j <t,

1Z g/ pr+28.0 < M1651Li V1 oo
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with

1/2

V; ‘= Ssup |: Z lvi—1 J|L1(p)i| .
s<jstli=sq1

From the two last displays, we see that, in order to obtain the second term in the

RHS of (103) and thus conclude the proof, it is now sufficient to show that, for all

s < j<t,

t
:f’TA R L
E 1y 5 [Zikllg/(ptr+3).0.0 < M¢goy;oo,
k=j

where ¢, := sup, <i<t |PilLi¢r)- In fact, below we bound the LHS of the previ-
ous equation by A; + B; and show this inequality successively for A; and B;.
Denoting ¢; x Uy := & kUx — Eg o[£ kUk], we have

t
Fo—
D B Zilg (ptri3)0.0 < Aj+ B,
k=j

where

Z Efj" [k U]

i=s+1

3

k=j

’

q/(p+r+3).0,0

B; —Z Z ||IE kUl (para3).0.0-

k=ji=j+1

The bound on A is obtained as follows. The centering term in the definitionin A ;
may be forgotten by multiplying the leading term by a factor 2. Then we use the
factthat ¢; y € ¥ , forall i < j and all k > i with the Holder inequality, and finally
apply (106) and (104) with the Burkholder inequality for martingale sequences to
the obtained norms. These three steps read

Aj <2Z

k=j

Z E, " [k U]

i=s+1

q/(p+r+2),0,0

Z;

i=s+1

J‘ n
< 22 1By 21U g jr41).0.0

q/(p+1),0,0

I i 1/2
< MZrk‘fltblei(r)( > |Vi—1,k|%i(p))

k=j i=s+1

= M¢ooy2 [olol
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It remains to show a similar inequality for B;. From (104) and (106), for all
s<i<j=<k=t,

IIEo kUl g/ (p1r+2).0.0
< 1By 1560 g/ pr120.0.0
(107) <2[15jkEq i WUklllg/(p+r+2).0.0

Fi n
<20&kllg/p+1).0.01Eq 5 (Ul g/¢r+1).8.0
< Mfk_jIVj—l,kILi(p)|¢k|Li(r).

This bound is in fact useful only when k& — j is large. We now derive another
bound for the same quantity useful when j — i is large. Since for all i < j <k,

Fin
Eg.o[¢j k] =Ep ' [¢j k] =0, we have

fl n

0 P [;] kU]l = 0 p [¢k(Xk n)V] 1 k(XJ 1 n)UJ n€j, nl
—Eo,0 [0k Xi,n)Vj—1.6Xj—1,0)0 n€jnl

Note that oj,€j, = Xjn — GJT_Lan_L,, is linear in (X;_1,,Xj,). By
Lemma C.2 and since sup; , 1010 <00, ¥j—1.kXj—1,1)PkXk,n)0j n€Ejn, as a
mapping of (X1, X », Xk, »), belongs to Li(Rd, 3,R; p4+r +2) and its norm
is bounded by M|y;_1 k|Li(p)|9xILi(-)- Hence, applying Proposition 11 and L4
stability to the RHS of the previous display gives, for all i < j <k,

‘flﬂ

IEg o (& kUl g/ (ptr43).0.0 < My o1k Lion 19k ILic) -

Combining with (107), we get

IEq 'U" [ kUl g/ (prri3).0.0 < MTYU™VED 1y 4 Lion 1ok lLic) -

Applying these bounds to the definition of B;, since for all i <t

Y, UTVED <o)z — 1) (1 - V7)),

i<j<k=t

we finally obtain B; < M ygo’oo(blo <M yi Ooqbgo, which yields the proof. [

APPENDIX C: TECHNICAL LEMMAS

LEMMA C.1. Let A be a positive semi-definite symmetric matrix and let |
denote the identity matrix with the same size as A. Then |I — A| <1 — Apin(A) +
2|AII(JA| > 1).
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PROOF. Since | - | denotes the quadratic operator norm, we have |I — A| =
max(l — Amin(A), Amax(A) — 1). If 1 — Amin(A) > Amax(A) — 1, the claimed in-
equality is trivially true. Since A is positive semi-definite, Amax(A) = |A]. If
1 — Amin(A) < Amax(A) — 1, |1 — A] = |A| — 1. In addition, in this case, we nec-
essarily have |A| > 1. Hence, the right-hand side of the claimed inequality in this
casereads 1 — Apin(A) +2|A| =1+ |A| + Amax(A) — Anin(A) = [A]— 1. O

LEMMA C.2. Let (E,|-|g) and (F,| - |F) be two normed spaces.

(1) Let (G, | - |g) be a normed space. For any py, p2 > 0, there exists C > 0 such
that, for all ¢ € Li(G, 1, F; py) and € Li(E, m, G; p>),
+1
|6 0 W lLipr prtpr+p) < CloILipn (1 + W IT]))-

(2) Let (G, | - |g) be a normed algebra. For any pi, p» > 0 and any integers
my, my > 1, there exists C > 0 such that, for all ¢ € Li(E,m1, G; p1) and
¥ € Li(F, ma, G; p2),

OV |Lipi+pat1) < CIPILi(p) |V ILi(pa) -

LEMMA C.3. Let B8 =>0andv € (0, 1). Then there exist constants Cy, Cy de-
pending only on B such that

supt? (1 —v) < v,
t>0

o0
Z(l _ v)ssﬂ < sz—(Hﬂ)’

s=1

with the convention 0° = 1. Assume now that g > 0. Then, as v |, 0,

(108) YU =) (s+1DF —sP)=TB+DvP(1+0®W),
s=0

where I is the Gamma function.

PROOF. The result is trivial for 8 = 0, so we assume 8 > 0. A straightforward
computation shows that sup, - tB(1 — v)! is attained at 1 = 19 := —B/log(1 — v).
Since log(1 — v) is bounded above by —v, the first bound is obtained. The sec-
ond bound is obtained by bounding (1 — v)*s? by this sup for s < o + 1 and by
bounding the remainder of the sum (whose terms are decreasing) by

T vysPd ! T 5B
[)(—v)s s_(—log(l—v))ﬁH/o e SsPds,

which easily yields the first bound. For all 8 > 0 and v € (0, 1),

S = Z(l _ V)‘Y((S + 1)/3 _ sﬂ) — ,B Z(l B \))S /erl tﬁ—l "
s=0 s

s=0




RECURSIVE ESTIMATION 2653

The proof of (108) follows by then writing

(1]
(2]
(3]
(4]

(5]

(6]
(71
(8]
(9]
(10]
(11]
[12]
(13]
[14]
(15]
(16]

(17]
(18]

(19]
[20]

(21]

(1-v)S < ,3/000(1 — )P lar
=T(B+ 1)(—log(1 —v)) P <. O
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