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On n-phantom and n-Ext-phantom Morphisms

Kaiyang Lan and Bo Lu*

Abstract. This paper extends many conclusions based on phantom envelopes and
Ext-phantom covers of modules, and we find that many important properties still
hold after replacing phantom and Ext-phantom with n-phantom and n-Ext-phantom
respectively. In addition, we also obtain some extra results. Specifically, we give a
characterization of the weak dimensions of rings in terms of n-phantom envelopes and
n-Ext-phantom covers of modules with the unique mapping property respectively. We
show that wD(R) < 2n whenever every right R-module has an n-phantom envelope
with the unique mapping property or every left R-module has an n-Ext-phantom cover

with the unique mapping property over left coherent rings.

1. Introduction

Unless stated otherwise, throughout this paper, all rings are associative with identity 1
and all modules are unitary, that is, for all € M, we have 1x = x, where M is a left R
module. For a ring R, gpM (Mp) denotes a left (right) R-module. The character module
Homy(M,Q/Z) of M is denoted by Mt and dp: M — M™*+ stands for the canonical
embedding. fd(M) is the flat dimension of M and wD(R) stands for the weak global
dimension of R. Hom(M, N) and M ® N mean Homp(M, N) and M ®pr N, respectively.
And in similar way, we use Ext" (M, N) and Tor,, (M, N) to stand for the derived functors
Ext (M, N) and TorZ (M, N), respectively. Let R-Mor denote the category whose objects
are left R-module morphisms, and where the morphism from a left R-module morphism
M, S M, to a left R-module morphism N; ﬁ) Ny is a pair of left R-module morphisms
(M, N Ny, My 5 N3) such that the following diagram

M, —>= N,

b

My —"= Ny

is commutative.
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Let R be a ring, we use R-Mod (respectively, Mod-R) to represent the category of left
(respectively, right) R-modules and Ab the category of abelian groups. We know that an
additive subbifunctor of the bifunctor Hompg(—, —): R- Mod®® x R-Mod — Ab is called
an ideal Z of R-Mod. That is, given left R-morphisms f, g, h, t with f,g € Z, we have
f+g9 €Z and hft € T provided they are defined. The ideal of phantom morphisms is
an important instance of ideals. The exploration of phantom morphisms has its roots in
topology in the searching of maps between CW complexes [18] and was first introduced into
the field of a triangulated category by Neeman in [20]. In 2002, the theory of phantom
morphisms was also developed in the stable category of a finite group ring by Benson
in [1]. Soon after, the definition of a phantom morphism was generalized to the category
of modules over any ring by Herzog in [§]. He called a morphism f: M — N in R-Mod a

phantom morphism if the induced morphism
Tori (A, f): Tori1 (A, M) — Tor;(A, N)

of abelian groups is zero for any (finitely presented) right R-module A. Similarly, a
morphism ¢g: X — Y in R-Mod is called an Ext-phantom morphism [9] if the induced
morphism

Ext!(B,g): Ext'(B,X) — Ext!(B,Y)

of abelian groups is zero for any finitely presented left R-module B. Ext-phantom mor-
phisms are also called cophantom morphisms in the work of Fu et al. in [6]. In 2018,
Mao introduced the concept of n-phantom morphism [14], which is a higher dimensional
generalization of phantom morphisms.

We know that the concepts of preenvelopes and precovers (approximations) were intro-
duced by Enochs in the eighties of the twentieth century [4]. Let A be any category and
C a class of objects in A. We know that a morphism ¢: X — Y in A is a C-preenvelope
of X [4] if Y € C and, for any morphism f: X — Z with Z € C, there is a morphism
g: Y — Z such that go = f. A C-preenvelope ¢: X — Y is said to be a C-envelope of
X if every endomorphism ¢g: Y — Y such that gp = ¢ is an isomorphism. Dually, we
have the definitions of a C-precover and a C-cover. Covers and envelopes provide common
frames for a lot of classical notions such as projective covers and injective envelopes, and
the results is extremely fruitful for general module theory as well as for representation
theory. Recently, ideal approximation theory has been raised and developed by Fu et
al. in [6/7]. Let Z be an ideal of R-Mod. A morphism ¢: M — N in Z is an Z-preenvelope
of M [6] if for any morphism ¢: M — C in Z, there is a morphism 0: N — C such that
0o = 1. An Z-preenvelope p: M — N is called an Z-envelope if every endomorphism h
of N such that hp = ¢ is an isomorphism. An Z-precover and an Z-cover of a module are

defined dually. It is easy to know that ideal approximation theory is a generalization of
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the classical theory of envelopes and covers (approximation theory) since it just needs to
be set forth by the morphisms instead of the objects. In recent years, ideal approximation
theory has experienced an ever-increasing development [6,(7].

In 2007, Herzog proved that any left R-module has a phantom cover which is an epi-
morphism with its kernel pure injective. In 2013, Mao proved that any left R-module
has an Ext-phantom preenvelope which is a monomorphism with its cokernel pure pro-
jective [13]. In 2018, Mao proved that every left R-module has an n-phantom cover in
R-Mod [14]. We note that the existence of Ext-phantom preenvelopes is a special case
of the works [6, Theorems 32 and 33]. In Section [2 of this paper, we prove that if a
monomorphism is an n-phantom envelope of a left R-module, then its cokernel is pure
projective; if R is a left coherent ring and an epimorphism is an n-Ext-phantom cover of
a left R-module, then its kernel is pure injective. In addition, We describe n-phantom
envelopes and n-Ext-phantom covers of modules using left F'C' rings and left coherent
rings.

In 2016, Mao investigated when every module has a phantom preenvelope or an Ext-
phantom cover. And in 2018, under certain conditions, he proved that every module has
an n-phantom preenvelope or an n-Ext-phantom cover [14]. In Section [3| of this paper,
we study every module has an n-phantom envelope or an n-Ext-phantom cover under
certain conditions. In addition, we describe the weak dimension of a ring R according
to n-phantom envelopes and n-Ext-phantom covers with some special conditions such as
coherent rings or having unique mapping properties. We conclude this section by giving

the following two definitions.

Definition 1.1. |21, Page 461] Let R be a ring and M a left R-module. If there is a

finite flat resolution
0 —F,— - —F —F—M-—70,

then fd(M) < n. If no such finite resolution exists, then we write fd(M) = oo; otherwise,
fd(M) = n if n is the length of the shortest flat resolution of M.

Definition 1.2. [21, Page 474] Let R be a ring. The weak dimension of R is defined by

wD(R) = sup{fd(M) | M € R-Mod}.

2. n-phantom and n-Ext-phantom morphisms

We start by the following definitions.
Recall that a morphism f: M — N in R-Mod is an n-phantom morphism [14] if the
induced morphism
Tory, (A4, f): Tor,(A, M) — Tor,(A,N)
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of abelian groups is zero for any (finitely presented) right R-module A. Analogously, a
morphism ¢g: X — Y in R-Mod is called an n-Ext-phantom morphism if the induced
morphism

Ext"(B,g): Ext"(B,X) — Ext"(B,Y)

of abelian groups is zero for any finitely presented left R-module B.

Obviously, 1-phantom morphism in R-Mod is exactly a phantom morphism; 1-Ext-
phantom morphism in R-Mod is exactly an Ext-phantom morphism. And both n-phantom
and n-Ext-phantom morphisms in R-Mod are ideals in R-Mod.

We also recall that an exact sequence 0 —+ A — B — C — 0 of left R-modules is
pure [23] if the induced sequence Hom(X, B) — Hom(X,C) — 0 is exact for any finitely
presented left R-module X, or equivalently, if the induced sequence 0 - Y ® A - Y ® B
is exact for any (finitely presented) right R-module Z by [23, Proposition 3]. In this
case, A — B is called a pure monomorphism and B — C is called a pure epimorphism.
A left R-module G is called pure injective (respectively, pure projective) if the functor
Hom(—, G) (respectively, Hom(G, —)) preserves the exactness of any pure exact sequence
of left R-modules. And we also know that a ring R is left coherent [11] if every finitely
generated left ideal of R is finitely presented.

The next lemma comes from [16] and it will be used frequently.

Lemma 2.1. Let 0 > X S Y g Z — 0 be an exact sequence in R-Mod and n a positive

integer. Then the following conditions are equivalent:
(1) 0-x3v 2z 50 is pure.
(2) The induced sequence
0 — Tory, (A, X) — Tor,(A,Y) — Tor,(A,Z) = 0
is exact for any right R-module A.
Furthermore, if R is a left coherent ring, then the above conditions are equivalent to
(3) The induced sequence
0 — Ext"(G,X) — Ext"(G,Y) — Ext"(G,Z) = 0
is exact for any finitely presented left R-module G.

Recall that a left R-module X is FP-injective [22] if Ext}L(B, X) = 0 for every finitely
presented left R-module B. The FP-injective dimension of X, denoted by FP-id(X), is
defined to be the smallest nonnegative integer n such that Ext";'l (Y, X) = 0 for any finitely
presented left R-module Y. If no such n exists, set FP-id(X) = oco. In [16, Corollaries 2.2
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and 2.3], the author proved that a left R-module M is flat if and only if every pure
monomorphism M — N is a phantom morphism. In addition, if R is a left coherent ring,
he also proved that a left R-module N is FP-injective if and only if every pure epimorphism

M — N is an Ext-phantom morphism. Here we have the following two results.

Proposition 2.2. Let R be a ring and n a positive integer. Then the following conditions

are equivalent for a left R-module X :
(1) fd(X) <n-—1.
(2) Every monomorphism X — N is an n-phantom morphism for any left R-module N .

(3) Ewvery pure monomorphism X — N is an n-phantom morphism for any left R-module
N.

(4) There exists an n-phantom and pure monomorphism f: X — N for any left R-
module N .

Proof. (1) = (2) is trivial since fd(X) < n — 1 if and only if Tor, (B, X) = 0 for all right
R-module B.

(2) = (3) is clear.

(3) = (4) is easy since X is a pure submodule of a pure injective left R-module
by [23, Corollary 6].

(4) = (1). For any right R-module Y, we have

Tor, (Y, f): Tor, (Y, X) — Tor,(Y,N)

is a monomorphism by Lemma Since Tor, (Y, f) = 0, Tor,(Y,X) = 0. So fd(X) <
n—1. Ul

Proposition 2.3. Let R be a ring and n a positive integer. Then the following conditions

are equivalent for a left R-module Y :
(1) FP-id(Y) <n —1.

(2) Every epimorphism M — 'Y is an n-Ext-phantom morphism for any left R-module
M.

(3) Ewvery pure epimorphism M — Y is an n-Ext-phantom morphism for any left R-
module M .

(4) There exist an n-Ext-phantom and pure epimorphism g: M — Y for any left R-
module M .
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Proof. (1) = (2) is trivial since FP-id(Y) < n — 1 if and only if Ext},(F,Y) = 0 for all
finitely presented right R-modules F'.

(2) = (3) is clear.

(3) = (4) is easy since Y is a pure quotient of a pure projective left R-module by [23|
Proposition 1].

(4) = (1). For any finitely presented left R-module B, we have
Ext"(B,g): Ext"(B,M) — Ext"(B,Y)

is an epimorphism by Lemma [2.1] Since Ext™(B,g) =0, Ext"(B,Y) = 0. So FP-id(Y) <
n—1. t

In |16], Mao proved that if R is a left coherent ring and f: M — N is a phantom
preenvelope in Mod-R, then f*: N* — M™ is an Ext-phantom precover in R-Mod. By

the similar method, we obtain the following results.

Proposition 2.4. Let R be a left coherent ring and n a positive integer. If a: A — B is

an n-phantom preenvelope in Mod-R, then
(1) a™: BT — AT is an n-Ext-phantom precover of A% in R-Mod.

(2) a: A — B is an n-phantom envelope of A if a*: BT — AT is an n-Ext-phantom
cover of AT.

Proof. (1) By |14, Proposition 2.10], at: B™ — A" is an n-Ext-phantom morphism in
R-Mod. For any n-Ext-phantom morphism 3: G — AT, we have fT: AT — GT is
an n-phantom morphism in Mod-R by |14, Proposition 2.10] since R is left coherent.
Since fTd4: A b4 g+ 5 GT is an n-phantom morphism in Mod-R, there exists a
morphism h: B — G such that ha = 8764 since « is an n-phantom preenvelope. So

atht =581, Then we consider the following commutative diagram

yn

o e

ﬁ++
GT+ > AT+,

So we have
at (W) = 04(B"6c) = (540a+)8 = B-
Hence, at: BT — A% is an n-Ext-phantom precover of AT in R-Mod.
(2) Let v: B — B satisfy that ya = a. Then we have atyt = at. Since a™: BT —
AT is an n-Ext-phantom cover, v is an isomorphism and so -y is an isomorphism. Thus,

a: A — B is an n-phantom envelope of A. O
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It is well known that many kinds of rings can be characterized by the existence of
flat (pre)envelopes and FP-injective covers of modules. Conversely, in this section we will
investigate that what kind of rings can satisfying that every module has an n-phantom
(pre)envelope or an n-Ext-phantom cover (which is a monomorphism or an epimorphism,
respectively).

For the proof of the next lemma one can see |14, Corollary 2.14].

Lemma 2.5. Let R be a left coherent ring and n a positive integer. Then every right

R-module has an n-phantom preenvelope.

Proposition 2.6. Let R be a left coherent ring and n a positive integer. If the class of
n-phantom morphisms in Mor-R is closed under inverse limits, then every right R-module

has an n-phantom envelope.

Proof. 1t is easy to see that the category Mor-R is equivalent to the category Mod-T', where
T is the lower triangular 2 x 2 matrix ring over R. And T is a left coherent ring by [12,
Theorem 2.3]. Then by [5, Corollary 6.3.5] we have every right R-module morphism has an
n-phantom envelope since the class of n-phantom morphisms is closed under summands.

Thus, every right R-module has an n-phantom envelope by [16, Lemma 3.4]. ]

Recall that a ring R is a left FC ring [2] if R is left coherent and R is FP-injective.
By the works [3, Corollary 4.2] and [17, Proposition 3.7], a ring R is a left F'C' ring if and
only if every right R-module has a flat preenvelope which is monic if and only if every left

R-module has an FP-injective cover which is epic. Here we have the following result.
Proposition 2.7. Let R be a left F'C' ring and n a positive integer.
(1) Ewvery right R-module has an n-phantom preenvelope which is a monomorphism.

(2) Every left R-module has an n-Ext-phantom cover which is an epimorphism.

Proof. (1) Every right R-module A4 has an n-phantom preenvelope f: A — B by Lemma/[2.5]
Note that A can be embedded in an injective right R-module and so can be embedded in
a flat right R-module F' by [10, Theorem 3.10] since R is left coherent. Let h: A — F be
the canonical inclusion. Then h is an n-phantom morphism and there exists a morphism
g: B — F such that gf = h since f is an n-phantom preenvelope. Thus, f: A —» Bis a
monomorphism since h is monic.

(2) Every left R-module A has an n-Ext-phantom cover f: X — A by |14, Corol-
lary 2.14]. There exists an epimorphism 3: @& R — A. Since FP-injective R-module
is closed under direct sums and R is FP-injective, ®rR is FP-injective. Then g is an
n-Ext-phantom morphism and there exists a morphism h: @&r R — X such that fh =

since f is an n-Ext-phantom cover. Thus, f is an epimorphism since S is epic. O
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Now we exhibiting our main results in this article.

Let n be a positive integer. By [14, Corollary 2.14], every left R-module has an
n-phantom cover in R-Mod. If R is a right coherent ring, then every left R-module
has an n-phantom preenvelope in R-Mod. If R is a left coherent ring, then every left
R-module has an n-Ext-phantom cover and an n-Ext-phantom preenvelope in R-Mod.
By [16, Theorems 2.4 and 2.5], if a left R-module X has a phantom preenvelope a: X — Y
which is a monomorphism, then X has a phantom preenvelope ¢: X — W with coker(¢)
pure projective. If R is a left coherent ring and a left R-module M has an Ext-phantom
precover f: N — M which is an epimorphism, then M has an Ext-phantom precover
m: H — M with ker(7) pure injective. Now according to this, we consider the cokernel of

an n-phantom envelope and the kernel of an n-Ext-phantom cover.
Theorem 2.8. Let A be a left R-module and n a positive integer.

(1) If A has an n-phantom preenvelope ov: A — B which is a monomorphism, then A
has an n-phantom preenvelope ¢: A — W with coker(¢) pure projective.

(2) If a: A — B is an n-phantom envelope of A which is a monomorphism, then

coker(a) is pure projective.

Proof. (1) Let G = coker(a). There exists a pure exact sequence 0 — V — U %G 0,

where U is a pure projective left R-module. Consider the following pullback diagram

0 0
Vevy
ol T
0 A W U 0
|
0 A p—1.q 0
0 0

For any right R-module C, we get the following commutative diagram with exact rows:

Tory, (C,$)
—_—

Tor,+1(C,U) U Tor, (C, A) Tor, (C, W)
Torn+1(C,1/J)i lTorn(C,p)
Torp+1(C, G) L Tor,(C, A) Torm(@e) Tor, (C, B).

Since Tor,(C,«a) = 0, £ is an epimorphism. Since Tor,41(C,%) is an epimorphism by
Lemma [2.1] § = £ Tor,,11(C, %) is an epimorphism. So Tor,(C,¢) = 0. Thus, ¢: A — W
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is an m-phantom morphism. For any n-phantom morphism o: A — Z, there exists a
morphism #: B — Z such that o = o since « is an n-phantom preenvelope. So (6p)¢ =
Ao = 0. Hence, ¢p: A — W is an n-phantom preenvelope with the cokernel U of ¢ pure
projective.

(2) By (1), A has an n-phantom preenvelope ¢: A — W which is a monomorphism
with the cokernel U of ¢ pure projective. Since a: A — B is an n-phantom envelope,
there exists a morphism ~: B — W such that ¢ = «ya. Also there exists w: G — U by

Five Lemma such that 7y = wf. Then, we get the following commutative diagram with

exact rows:
0 A—.pJt.q 0
v
6 Y v
0 A wW—">U 0
o
0 A 0.

Since « is an n-phantom envelope, py is an isomorphism. Hence, ¥w is an isomorphism
by Five Lemma again. Thus, GG is isomorphic to a direct summand of U and so is pure

projective. O
Theorem 2.9. Let R be a left coherent ring, Y a left R-module and n a positive integer.

(1) If Y has an n-Ext-phantom precover g: X — Y which is an epimorphism, then Y
has an n-Ext-phantom precover 3: H — 'Y with ker(8) pure injective.

(2) If g: X =Y is an n-Ext-phantom cover of Y which is an epimorphism, then ker(g)

18 pure injective.

Proof. (1) Let K = ker(g). There exists a pure exact sequence 0 — K HC - L0,

where C' is a pure injective left R-module. We consider the following pushout diagram

0 0
0 K2 x_%.y 0
. )
. i
0 C H Y 0
L——1
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Let B be a finitely presented left R-module. Then we get the following commutative

diagram with exact rows:

Ext"(B,g)

Ext™(B, X) Ext"(B,Y) —— Ext""(B, K)

Ext™(B,y) i

Ext"(B, H)

D) pen(B,Y) —2- Ext™ (B, C).

Since Ext"(B,g) = 0, 7 is a monomorphism. Also Ext"*(B, ) is a monomorphism by
Lemma So 0 = Ext""}(B, )7 is a monomorphism. Thus, Ext™(B, 3) = 0, that is,
B: H — Y is an n-Ext-phantom morphism. For any n-Ext-phantom morphism £: G — Y,
there exists a morphism ¢ : G — X such that g = £ since g is an n-Ext-phantom precover.
o B(yY) = gy =& Thus, f: H — Y is an n-Ext-phantom precover with ker(3) pure
injective.
(2) By (1), Y has an n-Ext-phantom precover 3: H — Y with the kernel C' pure
injective. Since g is an n-Ext-phantom cover, there exists a morphism p: H — X such
that gp = . Also there exists a morphism w: C — K by Five Lemma such that Aw = pt.

Then we get the following commutative diagram with exact rows:

0 K-2-X 0
ol
. 8
0 C H Y 0
o
Y Y
0 K2.x- %,y 0.

Since ¢ is an n-Ext-phantom cover, p7v is an isomorphism. Hence, w¢p is an isomorphism
by Five Lemma again. Thus, K is isomorphic to a direct summand of C' and so is pure

injective. [
Based on the above results, we can immediately obtain the following conclusion.

Corollary 2.10. Let R be a left coherent ring and n a positive integer. If a: A — B is
an n-phantom preenvelope which is a monomorphism in Mod-R. Then, A" has an epic
n-Ext-phantom cover ¢: G — A" in R-Mod such that G is injective and ker(p) is pure

mjective.

Proof. By Proposition a™: BT — AT is an n-Ext-phantom precover which is an
epimorphism since « is a monomorphism. By [14, Corollary 2.14], AT has an n-Ext-
phantom cover ¢: G — AT since R is left coherent. Thus, ¢ is an epimorphism since o™
is epic. By Theorem ker(y) is pure injective. For any left R-module M, M* is a pure
injective right R-module by [5]. So ¢ factors through an injective left R-module E by [6],
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that is, there exist morphisms 0: G — F and 7: E — A" such that ¢ = 70. Since 7 is
an n-Ext-phantom morphism, there exists a morphism v: F — G such that ¢y = 7. So
@ = pyo. Hence, yo is an isomorphism since ¢ is an n-Ext-phantom cover. Thus, G is

isomorphic to a direct summand of E and so is injective. O

3. Applications of n-phantom envelopes and n-Ext-phantom covers

For a positive integer n, it is well known that wD(R) < n if and only if Torf¥(A, B) = 0
for any right R-module A and left R-module B. Here we obtain another method to

characterize the weak dimensions of a ring R as follows.

Theorem 3.1. Let R be a left coherent ring and n a positive integer. The following

statements are equivalent:

(1

D(R) < n.

2) FEvery right R-module has an n-phantom envelope which is an epimorphism.

) w
(2)
(3) Ewvery left R-module has an n-Ext-phantom cover which is a monomorphism.
(4)

4) FEwvery pure injective left R-module has an n-Ext-phantom cover which is a monomor-

phism.

Proof. The equivalences of (1), (2) and (3) follow from [14, Theorem 2.15] and (3) = (4)
is clear. So it suffices to prove that (4) = (3).
For any left R-module X, X" has an n-Ext-phantom cover v: Y — X+t which is a

monomorphism since X is pure injective. So we get the following pullback diagram

0

0—> li( 2.y
X & X+t
with A and ¢ monomorphism. Since 7 is an n-Ext-phantom morphism, dx¢ = A is an
n-Ext-phantom morphism. Let F' be a finitely presented left R-module, since dx is pure
monomorphism and Ext"(F, dx) Ext™(F, ¢) = Ext™(F,v) Ext"(F,\) = 0, Ext"(F,0x) is
a monomorphism by Lemma and so Ext™(F,¢) = 0. Thus, ¢ is an n-Ext-phantom
morphism. For any n-Ext-phantom morphism 1: A — X, there exists a morphism £: A —
Y such that v = dx since v is an n-Ext-phantom cover. By the universal property of a
pullback diagram, there exists a morphism n: A — K such that ¢on = 1. So ¢ is an n-Ext-
phantom precover which is a monomorphism. It is easy to see that ¢ is an n-Ext-phantom

cover. OJ
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In [16], Mao introduced the concepts of an Z-cover and Z-envelope with the unique
mapping property, where Z is an ideal of Mod-R. He called ¢: M — F in Z an Z-
cover with the unique mapping property if for any morphism f: X — F in Z, there
exists a unique morphism ¢g: X — M such that ¢g = f. We notice that the concept
of approximations with the unique mapping property are usually called reflections or
coreflections in category theory since the middle of the 20th century [19, pp. 128-129].
The definition of an Z-envelope with unique mapping property is dually. Here, we have two
different characterizations with regard to the weak dimensions of a ring R by n-phantom

envelope (n-Ext-phantom cover) with the unique mapping property as follows.

Proposition 3.2. Let R be a left coherent ring and n a positive integer. If every right R-

module has an n-phantom envelope with the unique mapping property, then wD(R) < 2n.

Proof. For any right R-module X, we get an exact sequence
0—>K£>an>Fn_1—>---—>Fo—>X—>0

with each F; flat, i = 0,1,...,n. Let 0: K — H be an n-phantom envelope of K with the
unique mapping property. Since 1) is an n-phantom morphism, there exists a morphism
7: H — F, such that 7o = 9. Then ¢p70 = ¢ = 0. Clearly, 0c = 0. We note that ¢ is an
n-phantom envelope with the unique mapping property. Thus, o7 = 0. By the property
of exact sequence in the category of modules, there exists a morphism «: H — K such
that Yo = 7. Since Yaoc = 7o = 1 and v is a monomorphism, we have coc = 1x. This
implies that o is an n-phantom and pure monomorphism. Thus, by Proposition (4),
we have fd(K) <n — 1 and so fd(X) < 2n. Therefore, wD(R) < 2n. O

Now, for this consequence above, if we make the condition “every right R-module has
an n-phantom envelope” into “every left R-module has an n-Ext-phantom cover”, then

we can use another method to prove the above theorem as follows.

Proposition 3.3. Let R be a left coherent ring and n a positive integer. If every left R-

module has an n-Ext-phantom cover with the unique mapping property, then wD(R) < 2n.

Proof. For any left R-module Y, we get an exact sequence
05Y 5E & ... st Ao g

with each E° injective, i = 0,1,...,n. Let 0: H — C be an n-Ext-phantom cover with
the unique mapping property. Since § is an n-Ext-phantom morphism, there exists a
morphism n: E™ — H such that on = . Then ona = fa = 0. Clearly, ¢0 = 0. We
note that o is an n-Ext-phantom cover with the unique mapping property. Thus, na = 0.

By the property of exact sequence in the category of modules, there exists a morphism
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~v: C — H such that v8 = n and so oy = on = . Since § is an epimorphism, we
have oy = 1¢. This implies that ¢ is an n-Ext-phantom and pure epimorphism. Then,
by Proposition [2.3(4), we have FP-id(C) < n — 1 and so FP-id(Y) < 2n. Therefore,
wD(R) < 2n. O

By |15, Definition 2.1], a morphism f: M — N of left R-modules is called Tor,,-

epimorphism if the induced morphism
Tory, (A, f): Tor,(A, M) — Tor, (A, N)

of abelian groups is an epimorphism for every (finitely presented) right R-module A. And
a morphism g: X — Y of left R-modules is called an Ext"-monomorphism if the induced
morphism

Ext"(B,g): Ext"(B,X) — Ext"(B,Y)

of abelian groups is a monomorphism for every finitely presented left R-module B.
Dually, we call a morphism f: M — N of left R-modules Ext"-epimorphism if the
induced morphism
Ext"(A, f): Ext"(A, M) — Ext"(A4, N)

of abelian groups is an epimorphism for every finitely presented left R-module A. And
a morphism g: X — Y of left R-modules is called a Tory,-monomorphism if the induced
morphism

Tor, (B, g): Tor,(B,X) — Tor,(B,Y)

of abelian groups is a monomorphism for every (finitely presented) right R-module B.

In the end of this paper, we give some characterizations on the relationship between n-
Ext-phantom morphisms and Ext™-monomorphisms and Ext™-epimorphisms and the rela-
tionship between n-phantom morphisms and Tor,,-epimorphisms and Tor,,-monomorphisms

as follows.

Proposition 3.4. Let R be a ring, n a positive integer and (A = As) (fl—’g;) (By 5
Bs) (f2’—9>2) (Ch 2 C2) a composition of two morphisms in R-Mor. If g1 is an Ext"-
monomorphism, fo is an Ext™-epimorphism and o an n-Ext-phantom morphism. Then

both T and v are n-Ext-phantom morphisms.

Proof. Let X be any finitely presented left R-module. By the conditions, we get the

following commutative diagram with exact rows:

Ext™(X, Ext™(X,
Ext"(X, A;) — X _pinix, B)) 2 pyin(x, o)) ——0
Ext"(X,T)i Ext"(X,U)l Ext”(X,'y)l

Ext"(X,g1) Ext™(X,g2)
—_— _—

0 — Ext"(X, A2)

Eth(X, BQ) Eth(X, 02)
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Since ¢ is an n-Ext-phantom morphism, we have
Ext™(X,0f1) = Ext"(X, o) Ext"(X, f1) = 0.

So
Ext" (X, g17) = Ext"(X, g1) Ext"(X, 1) = Ext" (X, 0 f1) = 0.

Since g1 is an Ext™-monomorphism, Ext™(X,7) = 0. Thus, 7 is an n-Ext-phantom mor-
phism. On the other hand, by the commutativity of the right square of the diagram above,
we have

Ext" (X, g20) = Ext" (X, g2) Ext"(X,0) = 0.

So
Ext"(X,vf2) = Ext"(X,v) Ext"(X, f2) = Ext"(X, g20) = 0.

Since fy is an Ext™-epimorphism, Ext"(X,~) = 0. Thus, v is also an n-Ext-phantom

morphism. O

Proposition 3.5. Let R be a ring, n a positive integer and (X1 = X3) (hl%kl) (" LA
Y3) (hQ—’>k2) (Z1 LA Zs) a composition of two morphisms in R-Mor. If hs is a Tor,-
epimorphism, ki is a Tor,-monomorphism and § is an n-phantom morphism. Then both
a and 0 are n-phantom morphisms.

Proof. Let M be any right R module. By the conditions, we get the following commutative

diagram with exact rows:

Tory (M,h1) Tory, (M,h2)
_—

Tor, (M, X1)

Tor, (M, Y7) Tor, (M, Z1) ——0
Torn(M,a)i Torn(M,,B)l Torn(M,H)\L
Torn (M,k1) Tory (M,k2)
0 —— Tor, (M, X9) ——— Tor, (M, Yy) ———— Tor, (M, Z5).
Since f is an n-phantom morphism, we have
Tor, (M, ke 3) = Tor, (M, ko) Tor,, (M, B) = 0.
So
Tory, (M, 0hy) = Tor, (M, 0) Tor, (M, hy) = Tor, (M, k23) = 0.

Since hg is Tor,-epimorphism, Tor, (M, #) = 0. Therefore, 5 is an n-phantom morphism.

On the other hand, by the commutativity of the left square of the diagram above, we have
Tor, (M, Bh1) = Tor, (M, ) Tor, (M, hy) = 0.

So
Tor, (M, ki) = Tory, (M, ky) Tor, (M, o) = Tory, (M, Sh1) = 0.

Since kq is a Torp,-monomorphism, « is an n-phantom morphism. O



On n-phantom and n-Ext-phantom Morphisms 955

Proposition 3.6. Let R be a ring and n a positive integer. For two exact sequences of
leftR—modulesO—>A3>B£>E—>0andO—)AiCl)F%OwithT:C%Fan

Ext™-epimorphism. Consider the following pushout diagram

0 0
0 A—>.p P . p 0
o
0 c'-p-.F 0
F—e—F
0 0

Then

(1) B is an n-Ext-phantom morphism if and only if vy is an n-Ext-phantom morphism.
(2) B is an Ext™-epimorphism if and only if v is an Ext™-epimorphism.

Proof. Let X be any finitely presented left R-module. By the exact sequence 0 — A 2
C 5 F — 0, we get the exact sequence

Ext™(X,7) Ext" ™1 (X,0)

Ext"(X,C)

Ext"(X, F) — Ext" (X, A) Ext""(X,C).

Since Ext™(X,7) is an epimorphism, Ext"*1(X, o) is a monomorphism.

Let us consider the following commutative diagram with exact rows:

Ext™(X,5)

Ext"(X, B) Ext"(X, E) —> Ext"t1(X, A)
Ext"(X,@)l iExt""'l(X,a)
Ext"(X,
Ext”(X, D) X pyin(x, B) —s Ext" (X, C).

Then, (1) § is an n-Ext-phantom morphism if and only if ¢ is a monomorphism if and
only if 4 is a monomorphism if and only if 7 is an n-Ext-phantom morphism.
(2) B is an Ext™-epimorphism if and only if ¢ = 0 if and only if ¢ = 0 if and only if ~

is an Ext™-epimorphism and so we finished the whole works. O
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