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Reconstruction of the Sturm—Liouville Operator on a Graph from

Subinterval Nodes

Chuan-Fu Yang* and Sheng-Yu Guan

Abstract. We consider inverse subinterval-nodal problems for the Sturm-Liouville
operator on a star graph with mixed boundary conditions in pendant vertices and the
standard matching conditions at the interior vertex. Can subinterval nodes recognize
star-shaped quantum graphs? In this paper we give a positive answer. It is shown
that the data of subinterval-nodes near the interior vertex can uniquely determine the

potential on a graph and boundary conditions.

1. Introduction

We consider a compact star graph G with the vertex set V' = {wvg, v1,v2,..., vy} and edge
set £ = {e1,...,en}, where m > 3, vy is the internal vertex, vy, ..., v, are the boundary
vertices and each edge is of equal length 1. For convenience, we parameterize each e; by
x € [0,1] such that x = 0 corresponds to the boundary vertex v; and = 1 corresponds
to the internal vertex vg. Consider the boundary value problem L := L(q, h) on the graph

G generated by the following Sturm-Liouville equations
(1.1) —y;-’—i—qj(x)yj =\y;, z€(0,1),j=1,2,...,m,

together with the Robin and/or Dirichlet conditions on the boundary vertices

and the standard matching conditions at the internal vertex

yl(L)\):yj(l?)‘): .7:277m7 Z?J;(L)\):O,
j=1
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where A is the spectral parameter, 1 < p < m, h = {h;};=12,., are real constants, the
potential ¢ = {q;}j=12,...m is real-valued function in @;”:1 Lo [0,1].

In this work, we consider the inverse nodal problems on a star graph with mixed
boundary conditions by using subinterval nodal data, which amounts to subinterval nodes
(zeros) of eigenfunctions. These problems are related to some questions in mechanics
and mathematical physics (see, for example, [14]). Inverse nodal problems for Sturm-
Liouville operators on an interval have been studied fairly completely in [5,/69,11.{14}19]
and other papers. Differential operators on graphs (networks, trees) often appear in
natural sciences and engineering (see [8,10,15-17] and the references therein). On inverse
nodal problems for differential operators on graphs there are only a few findings. For
example, the works [2,/18,/20] prove that the set of nodal points, which is dense in the
whole interval considered, uniquely determines the parameters of the boundary conditions
and the potential functions on a graph. As well as in the work [3] the uniqueness of the
potential for given nodal data is proved and authors give a construction of the potential as
a limit of a sequence of functions whose nth term is dependent only on the nth eigenvalue
and its associated nodal data, which is dense in the whole interval considered.

When solving the inverse problem, to avoid over-determinedness of the inverse nodal
problem one hopes to get the expected result with the least/optimal input data. In
the inverse node problem of a finite interval, the node data of subinterval is enough to
determine the uniqueness [5,/6,/19]. Inspired by it, together with the well-known inverse
spectral analysis with partial information on the potential and eigenvalues [4}/7], can the
node data on the subinterval determine the quantum graph? This paper gives a positive
answer.

This work establishes uniqueness theorems of the inverse subinterval nodal problems for
the Sturm—Liouville operator on a star-type graph. We prove that the data of subinterval-
nodes near the interior vertex can uniquely determine the potential on a graph and bound-
ary conditions.

An outline of this paper is as follows. In Section [2| some preliminaries are provided.
Section |3| deals with the inverse nodal problem on the whole interval. Section |4]is devoted

to the statements of the inverse subinterval nodal problems.

2. Preliminaries

In this section, we review some facts about the Sturm-Liouville operator L on the graph
G and the growth of entire functions. Let Cj(x,\), i = 1,2,...,p and S;(z,\), i =
p+1,p+2,...,m be the solutions of equations (|1.1) under the initial conditions

Ci(0,\) =1, Cl0,\) =h;, S;(0,A)=0, S0, =1.
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Then for large |\| — oo, the solutions C;(x, \) and S;(z, A) have the asymptotic formulas,

uniformly in z € [0, 1],

Ci(x,\) = cos px + (h; + [qi]x)smpp:c +o0 (€> ,

sin px COS px et
Si(e.0) = S (0] +<)

(2.1)

where A = p?, 7 = |Imp|, and [g;], == 3 [3 ¢i(t) dt.
As is shown in [1], L has a countable set of real eigenvalues, which can be enumerated
as {2y, k=1,2,...,m (counting with their multiplicities), and satisfy the following

asymptotic formulae
w _
pn1 = po1 + ool o(n™1),

w _
Pn2 = p?LZ + nn + O(n 1)7

(2.2) .
Pnk = (n - 2> T+ O(n_l)a k€ Js,
Pnk = NT + O(nil), ke Jy,

where Ao = p2., po1 = (n — 1)m + arccos /2, p%) = nmw — arccos \/ Z,

w:liwj_F; i wj, wj= hj+[(1j]1 %fj:=1,2,...,p,
PiD meP o g1 ifj=p+1,p+2,...,m,
Js3 and Jy are some fixed sets of indices such that J3 U Jy = {3,4,...,m}, J3N Jy = 0,
|Js| =p—1, |J4] = m —p— 1. For definiteness, we assume that 3 € J3 and 4 € Jy if these
sets are nonempty.
Let 0 < a < 1. Denote by L; the Sturm-Liouville problem on each edge e; for
j=1,2,...,m defined by

—yi + a;(2)y; = Ayj, z € (0,a),
y}(O,)\)—hjyj(O,)\):yj(a,)\):O, ji=12,...,p
and
—yj +a;(x)y; = Ayj, z € (0,a),
yj(0,A) =yj(a,\) =0, j=p+1,p+2,...,m.

The function M;(x,\) defined by

e =12,

A

Mz ) =4 FoN
Sj-(:v,)\) ifj=p+1,p+2,...,m
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is called the Weyl function of L;. According to [4], the following asymptotic formulae hold
(2.3) M;j(x,\) =ip+o(1)

uniformly in z € [§,a] for [A\| = oo in any sector ¢ < arg(\) < m — ¢ for ¢ > 0, where
d € (0,a]. In addition, we need a classical estimate of Levinson in [13] and a Phragmén—

Lindel6f-type result in [12].

Lemma 2.1. Let {z,}n>1 be a sequence of complex numbers so that
lim o d
n—o00 2,
holds for some d € R and there exists a constant ¢ > 0 such that
|2n — 2m| > ¢|n — m).
Define
f)=1] (1—2>.
ZTL
If z, = 0, we substitute 1 — 22 /22 by 2. Then for some C > 0 there hold

1f(2)] < CemdmzlFelzl v >0 as |2] » o0

and . .
‘f(z) < Cefﬂ'd| Im z|+e€|z]| if ’Z - Zn‘ > gc'
Lemma 2.2. Let f(z) be an entire function of zero exponential type, i.e.,
In M ~
lim sup n M(r) <0, where M(r)= maxﬂf(rew)‘}.
r—00 r ¥

If f(z) is bounded along a line, then f(z) is a constant. In particular, f(z) — 0 when
|z| = 0o along a line, then f(z) = 0.

3. Inverse nodal problem on the whole interval

Put

AZ()\)CZ(CU,)\) if i = 1,2, RN /N

Y(z,A) = {yi(@, N }iz=1,2,.0ms  vilT,A) = o
Ai(N)Si(z,\) ifi=p+1,p+2,....,m.

Then the function Y (z, A) satisfies equations and the boundary conditions. If A* is an

eigenvalue of the problem then the function Y (z, A\g) is an eigenfunction.
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Using the asymptotic expression (2.2)) of the eigenvalue \,1 := p2;, when n — oo, we
obtain the asymptotics for the components of the eigenfunction Y (z, A1), uniformly in
x € [0,1]:

i 1
Ci(x, A1) = cos pO,x + 51(55)1) sin pO,x + o <> , 1=1,2,...,p,
n

27(n —

where §;(x) = 2[¢;]s + 2h; —wz, and for i =p+ 1,p+2,...,m —1,

: 0
sl ) : 1
Si(x, Adp1) = p?;ll + 2720 —1)2 cos Py + 0 (nQ ,
where v;(z) = —2[g;], + wz.

Similarly, taking An2 := p2, in (2.2)), for large n — oo, we also get the asymptotics for

the components of the eigenfunction Y (z, Ay2), uniformly in € [0, 1]:

0 0
st (@ 1
S (T, An2) = P%Z + 52772 C08 Pna® +o (nQ :
Fix i = 1,2,...,m. There exists Ny such that for n > Ny the function C;(z, \,1) (or
Si(x, An1), Sm(z, An2)) has exactly n — 1 (simple) zeros inside the interval (0,1), that
is, 0 < b, < -0 < 27 ' < 1. The point sets X; := {‘Tfn‘}nzNo (t=1,2,....m—1,
j=1,2,...,n—1) are called the nodes on the edge e; with respect to the eigenvalues A1,

X, = {:B%m}nz N, With respect to the eigenvalues .

Denote o
o = (—3)m Bl = 177 j._ JT
n 0 ) n 0
pnl pnl pn2

where j = 1,2,...,n—1. Taking asymptotic formula ({2.1]) for eigenfunctions into account,

for large n, the following asymptotic formulae for the nodes hold uniformly in j:

o+ gt o () =12,
i =\ Bh— i +o () ii=p+lp+2,...m—1,

’Yn—%"i‘O(#) if i =m.

Note that for the fixed i = 1,2,...,m the nodal set X; is dense in (0,1). Without loss of
generality one may assume that w = 0, which can be achieved by shifting a constant w.
Analyzing the asymptotic expressions xfn we have the following statements.
Fixed i = 1,2,...,m and z € [0,1]. Suppose that X? C X; is dense on (0,1) and

choose {:rjm} C X; 0 such that lim,_oo :L'j = z. Then the following finite limits hold:

(a) hmn—)oo 2772(” - 1)2( Ini O[Zl) = gz(z)a 1= 17 2> <o Dy where gl(l‘) = Q[ql]x + 2hla

’I’L’L

(b) limy, 00 2% (n—1)2( jm—ﬁj) hi(x),i=p+1,p+2,...,m—1, where h;(x) = 2[q;]+;
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(¢) limy, 00 272 (n — 1)2(x%% - 'y%) = fm(z), where fr,(x) = 2[gm]s-

Now we can provide a uniqueness theorem and constructive algorithm for the inverse nodal

problem on the whole interval (0,1).

Theorem 3.1. Fix i = 1,2,...,m. Suppose that a set of nodes XZQ C X; is dense on
(0,1). Then the data X? can uniquely determine q;(x) a.e. on (0,1) and h;. And the

constructive algorithm is as follows:
(b) qi(z) =hi(z), i=p+1,p+2,....m—1;

(©) am(x) = fi(2).

4. Inverse nodal problems on the subinterval

Let 0 < a < 1. Denote the node X, C X;N (a,1) on a subinterval (a,1) of the edge e;.
From Theorem we get the following statement.

Theorem 4.1. Fizi = 1,2,...,m and a € (0,1). Suppose that a set of nodes Xga is

dense on (a,1). Then the data Xga can uniquely determine g;(x) a.e. on (a,1).

For the node set X7, set X{ = Ut x0 Sxo={n:3j,i, xfu € X0}, Sxo ={n:
3J, Thm € ng}, and

i,a?

Av = {Anitnesyg, A2 = {Anzknesy
Introduce the counting function
Ni(t) == #{n | Ak <t Ap € A}, teRT k=12,
and assume that
(4.1) ArNAz =0, lim Ni(t) _. D g<ap <1

—o0 T

Finally, the result that the partial nodes on the subinterval [a, 1] of each edge e; uniquely

determine g;(z) on the whole (0,1) and h; is described as follows.

Theorem 4.2. Fiz a € (0,1). Suppose that a set of nodes Xga is twin-dense in (a,1),
i=1,2,...,m. If there exist 8 € [0,1] and 6 > 0 such that for sufficiently large t

2

(4.2) > Ni(t) > 2a {ﬂ [; + ﬂ +(1-0) <[ﬂ + ;) + O(t‘s)}

k=1
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holds, where [z] denotes the largest integer not greater than x, then \J;-, X,ga uniquely
determines ¢;(x) (i=1,2,...,m) a.e. on [0,1] and h; (i=1,2,...,p).

U1 Up

Up+1

Um

Figure 4.1: Graph with m edges.

Take the node set Xga (i = 2,3,...,m) such that the eigenvalue sets responding to
SX?a satisfy A = {)\’I’Ll}TLZNo and Ay = {)\nZ}nzNo- Select Az C {)\nS}n21 and #Ag = 2Ny.
Assume that A;NAy =0 and H§:1 C;(1, A\uk) H;ﬁ:pﬂ Si(1, \k) # 0 for all A € Ay UA.
From Theorem together with Theorem 3.2 in [1], we have the following corollary.

Corollary 4.3. Fiz a € (0,1). Suppose that a set of nodes Xga is twin-dense in (a, 1),
i=2,3,...,m. Then |J", Xga and Az uniquely determine q;(z) (i=1,2,...,m) a.e. on
[0,1] and h; (i=1,2,...,p).

Remark 4.4. (1) In Corollary one has limy_,oo 2 ’“t(t) =: 1 50 the condition ([{.2)) is true.
(2) In Theorem one needs an assumption that a set of nodes X,B o, 18 “twin-dense”
in (a,1). In fact, one may use “paired dense” defined in Definition 1.1 in [6] instead of

“twin-dense”. The conclusion of the theorem still holds.

Up+1

Figure 4.2: Graph with m edges.

Proof of Theorem [£.2] For proving the theorem, together with L we consider a boundary
value problem L = L(q, E) of the same form but with a different potential ¢ and the
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parameter h. We agree that if a certain symbol o denotes an object related to L, then a
will denote an analogous object related to L. Consider two boundary value problems L
and L with the assumption that Xga = )?ga.

Step 1: To deduce that Mj(a, A\nk) = ]\/Zj(a, Ank) for all App, € A1 U Ag. Under the
assumption of Theorem from Theorem and Lemma 1 in [20] we know

¢i(z) = @(x) for z € [a,1] and Ang = Ak for all Ay € Ay U As.
From this the following equalities hold

(CiCL = CiCh)(a, k) — (CiCL— CiCL) (ank Aop) = / (G — q)(®)(CO)(t, Ange) dt =0

fori=1,2,...,p and

Ink
nk

(5557 — SiS}) (@, k) — (SiS] — SiS) (@i, k) = / (@ — )OSt Aug) dE =0

fori=p+1,p+2,...,m, where mZZ}f € [a, 1]. Therefore we have

M;(a, Apie) = M;(a, M) for all Apy € Ay U Ag.

Step 2: To deduce that Mj(a,\) = Mj(a,\) for all \ € C. For i = 1,2,...,p let us

introduce

(4.3) Hi(a, ) = Ci(a,\)C}(a, ) — Cl(a, \)Ci(a, \)

(4.4) = Ci(a, N Ci(a, \)(Mi(a, ) — M;(a, \)).

Together with Step 1, shows that

(4.5) Hi(a,A\pi) =0

for all A, € A1 U Ay, From and we get

(4.6) [Hi(a,N)| = O(e*™)

for |[A\| = co. On the other hand, by virtue of , and , this yields

(4.7) |H;(a, \)| = o(e*®T)

for |[A\| = oo in any sector € < arg A < m — ¢ for some ¢ > 0. Define

HZ'(G, )\)

. A= =
) AR TEINTIY
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where \
Wi(\) = 1—— =1,2.
W= I (1-5). #=1
Ak EATUAS
If Ani = 0, we substitute 1 — A/A,x by A. By virtue of (4.5)), we see that F'(\) is an entire
function in A.

Next we will prove F'(A\) = 0. Firstly, since N (pnr) =n —1 as n — oo, it follows from

(1) that
n Qy,

(4.9) lim — = % k=12

=00 Pk ™
Then Lemma together with (4.9), shows that there exist constants ¢ > 0 and C' > 0
such that )
— < Ce_ak7—+€r,
(Wi ()]

where € > 0 is arbitrary, and

VaAeG,

1
GC = {A ‘p_pnk| 2 8C7Ank€Ak;k:172}

Therefore we obtain

1

- < Ce—(a1+a2)7+2£r7 VA eGQG,
(Wi (MW2(A)] ~

(4.10)

for sufficiently large A. Moreover, from (4.2) we deduce that a; + ay > 2a. Thus (4.6)),

(4.10) and (4.8) imply
IF\)| = 0(e*7), Ve,

for sufficiently large A. Consequently the maximum modulus principle shows that
(4.11) IF(\)| < Ce®M | xec.

We see that F'()) is of zero exponential type by the arbitrariness of £. On the other hand,
by the known method in [7], we get that for large |y|,

Ni(Vt) 3
t Y2 + t2

00 2
(4.12) 1n|W1(z'y)W2(z'y)y:/ L=t dt + O(1).
1
Combining these with (4.2) and (4.12]) yields
In Wi i) Waliy)] > 201/ 1 o),

which follows

1yl
|Wh (iy) Wa(iy)| > C’e2a\/€, C > 0 is some constant.
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By virtue of (4.7)), we get
lyl

|H;(a,iy)| = o (e% ) .

Hence

which follows
F(A) =0, xecC

by Lemma and . Consequently, for i =1,2,...,p,
Hi(a,\) =0 and M;(a,\) = M;(a,)), A€C,
due to . Similarly, we also get that for i =p+1,p+2,...,m,
M;(a,\) = M;(a,)), XeC.

Step 3: To deduce that qi(x) = Gi(z) (i = 1,2,...,m) a.e. on [0,1] and h; = h;
(i=1,2,...,p). From the fact that fori =1,2,...,m,

Mi(a,\) = M;(a, ), MeC.
By Borg-Marchenko uniqueness theorem [4], we obtain
gi(z) = qi(x), i=1,2,...,m,ae. on[0,1] and h; :7@1-, 1=1,2,...,p.

The proof is finished. O
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