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On the Topological Entropy of Subshifts of Finite Type on Free Semigroups

Jung-Chao Ban and Chih-Hung Chang*

Abstract. In this paper, we provide an effective method to compute the topological
entropies of G-subshifts of finite type (G-SFTs) with G = F; and Sy, the free group
and free semigroup with d generators respectively. We develop the entropy formula
by analyzing the corresponding systems of nonlinear recursive equations (SNREs).
Four types of SNREs of S5-SFTs, namely the types E, D, C and O, are introduced,
and we could compute their entropies explicitly. This enables us to give the complete
characterization of S3-SFT's on two symbols. That is, the set of entropies of S5-SFTs
on two symbols is equal to EUD U C U O. The methods developed in S3-SFTs will
also apply to the study of the entropy theory of Fy-SFTs. The entropy formulae of

Sq-, Fy-golden mean shifts and k-colored chessboards are also presented herein.

1. Introduction

A classical dynamical system is a pair (X, T)) in which X is a phase space and T': RT x X —
X is a function that describes the evolution of elements of X. If a dynamical system is
hyperbolic, the symbolic dynamical system is an essential and useful tool to investigate
the original system [5,/17]. There is a partition P = {P,..., P,} of X and a coding
map 7: X — {1,...,mO% such that 0 o m = 70 T, where o : (£,)2% — (&n11)2 i
the shift map on w(X). One could gain almost all information of (X,T) from (7(X), o).
The system (7(X), o) is also called a Z-symbolic dynamical system. A natural extension
of the Z-symbolic dynamical system is the G-dynamical system, a pair (X,T) such that
X is a topological space, and T: G x X — X is a group action on X. These spaces
appear naturally as discrete versions of dynamical systems (see [10] and the references
therein). A pair (X, o) is called a G-subshift if there exists a finite set A such that X is a
o-invariant closed subset of A%, where o: G x X — X is defined by (092)(h) = z(g7'h).
A G-dynamical system is topologically conjugate to a G-subshift if and only if it is zero-

dimensional and expansive (G = Z [8], general group [10]), it is therefore of interest to
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study the G-subshifts. This paper aims to investigate the Fy- and Sg-subshifts, where Fy

and Sy are the free group and free semigroup, respectively.

Let Fy be a free group that is generated by S = {s1,...,s4}, and A is a finite symbol
set. A coloring is a function f: Fy — A, and a set F C A x S x A is called forbidden
transitions. A coloring f contains (a, s;,b) € F if there exists g € Fy such that f(g) = a
and f(gs;) = b. Denote by Xz the set of colorings that do not contain any transitions in
F. Since F is finite, we call (Xr,0) a G-SFT, where the action o is given by (o;f)(g9) =
f(si_lg) forge Fyand f € X7, 1 <i<d. A pattern with support Q C F,; is an element
p € A%, and we write supp(p) = Q. Let n € N, we denote by E, the set of elements in
G whose length is less than or equal to n and denote by B, (Xr) the set of all possible
colorings of X in F,. The topological entropy (entropy for short) of X r is defined as

(L.1) h(X5) = lim sup S BrXF)]

n—o0 ‘En‘ ’

where the limit exists for G = Sy due to the recent result of Petersen-Salama (see
[15, Theorem 5.1]). The definition of topological entropy is motivated from the classical
definition of topological entropy of GG-shift spaces whenever G is an amenable group. For
the case G = Z¢, the topological entropy is defined as the growth rate of number of
patterns on the n-cube (or n-ball), which is one of the most considered Fglner sequences.
Nonetheless, non-amenability of G = Fy, S; implies that Fglner sequences do not exist.
The limit computed here may depend on the exhausting sequence in contrast to the
amenable case. It is an interesting problem to find the exact value or formula of .
For the case where G = Z¢ with d = 1, the entropy formulae of Z-SFTs and its algebraic
characterization are given by D. Lind [11,12]. Precisely, the nonzero entropies of Z-SFT's
are exactly the non-negative rational multiples of the logarithm of Perron numbers. (A
Perron number is a real algebraic integer greater than 1 and greater than the modulus of
its algebraic conjugates.) For d > 2, Hochman-Meyerovitch |9] proved that the entropy of
a Z3-SFT is right recursively enumerable, i.e., it is the infimum of a monotonic recursive
sequence of rational numbers. However, what is still lacking is the general entropy formulae
of Z4-SFTs for d > 2. Some approximation algorithms for the entropies of Z¢-SFTs can
be found in [7}13,/14].

This paper intends to find mainly the entropy formula of S3-SFTs. As a byproduct
of our method, we also compute the entropy of the golden mean shift on F;. For an
Sa-SFT X7, the number |B,(Xr)| satisfies the so-called system of nonlinear recursive
equations 3] (SNRE, defined in Section ; thus, the computation of reduces to
solve its corresponding SNRE. The main difficulty in carrying out this approach is that
| B,,(X7)| behaves approximately like \;\5" for some A1, A9, and x € R (cf. [15,(16]). That
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is,
(1.2) |B(X7)| =~ MY,

the number In & is called the degree of X and one can derive it via the following formula

IHQLTL(XFN, where In? = Inoln. If x = d, we easily obtain that h(Xz) = In \s.

lim,, oo
Equation can be interpreted in the following two perspectives.

1. (symbols and generators): If d = 1, we consider the one-sided Z-subshifts, it
is known that |B,(Xr)| & A\ A} and one can regard such formulation as that we could
use Ao (in average) colors to fill up the elements of E,, in Z, e.g., if X is a full shift with
A = {1,2}, then |B,(Xr)| = 2" while |E,| = n. Similarly, if G = S, the formula
represents that we could use Ay colors to fill up the elements of E, in S; (note that
|E,| ~ d" in S;). Thus, it can be symbolized as |B,(X7)| =~ M ~ |A|F»l. The
important point to note here is that the value k is not always an integer. In fact, we show
that {Ink : Ink is a degree of an Sy — SFT} = {%ln)\ : A€ P,p > 1}, where P stands for
the set of Perron numbers [4];

2. (speed): It can be easily seen that the value x (resp. Ay and \;) indicates the
highest (resp. the middle and the lowest) speed of | B, (Xr)| in . By speed, we mean
the growth rate of patterns according to the size of their supports. The more detailed
information of the tuple (k, A2, \1) € R3 we know, the more exact value of |B,(Xr)| we
obtain.

We will restrict our attention to the entropy formulae of Sg-SF'Ts. Due to the equiva-
lence of the studies of |B,,(Xr)| and SNRE, we embark our study on analyzing all kinds
of SNREs. Various types of SNREs, namely, the equal growth, dominated, oscillating,
and cooperate types (write E, D, O, C, respectively), are presented in Section |3, and the
entropy formulae of these types are presented therein. Furthermore, we give the complete
characterization of h(Xr) of (d,k) = (2,2). That is, all the SNREs of S9-SFTs with
A ={1,2} are equal to EUDUOUC.

The hom-shifts, which is an important class of G-SF'T's, are defined in [6] and motivated
from the mathematical and statistical physics. A hom-shift can be described as a nearest
neighborhood SFT with the ‘symmetric’ and ‘isotropic’ properties. That is, if (a, s;,b) € F
for some 1 < < d then (a,sj,b) € F forall 1 < j <d. If A={1,2} and G =72, Xr is
the well-known two-dimensional golden mean shift (Z*-GMS) if

(1.3) F={(25,2):i=1,2}.

It is obvious that a Z?-GMS is a hom-shift, and its entropy h(Xz) is called the hard
square entropy constant. Either finding a closed-form for h(X ) or determining whether

this number is algebraic is still an open problem. Two important types of hom-shifts on
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Sg, the S4-GMS and the k-colored chessboard on Sy, are introduced, and their entropy
formulae are established in Section |4} Recently, Petersen-Salama [15] find upper and lower
bounds of a hom-shift by means of the topological entropies of one-dimensional SFT's, and
such result gives the relation between Sy-SFTs and Z-SFTs. If X is an F;-GMS on two
symbols, i.e., F = , Piantadosi [16] studies the tuple (x, Ao, A1) € R? of and
shows that kK = 2d — 1, Ay =~ 0.909155. Meanwhile, the value A1 is not well-defined. It
is unclear whether there is some lower-order indicator between A1 and M\o. The results
of S4-SFTs developed in Section [3| can be applied to find the entropy of Fz-GMS, which
provides a different approach than [16]. Some open problems on the entropy theory of Fy-
or S4-SFTs are illustrated in Section

We summary the main results of this paper as follows.

(1) Four types, namely E, D, C, O types, are introduced. Their entropy formulae are
presented in Propositions and respectively. Furthermore, the set
of all SNREs with (d, k) = (2,2) is equal to EUDUCU O (Section [3.5)). This gives

a complete characterization for the entropies of S3-SFT's with two symbols.

(2) Two types of hom-shifts on Sz, the Sz-GMS and k-colored chessboard on Sy, are
introduced. The entropy formulae of these two types are presented (Corollary .
The entropy formula of the F;-GMS is also developed by using the method of entropy
theory on S3-SFTs (Theorem 4.4)).

2. Preliminaries

In this section we set up the notations of S3-SFTs and present some known results. Some
notations will be adjusted to meet the conditions of previous work in [3]. Let A =
{1,...,k} be the symbol set. Suppose Sy is a free semigroup generated by ¥ = {1,...,d}.
The Cayley graph of Sy is visualized as a rooted d-tree. Thus, the shift space (A%, o)
is also called a full tree-shift in [1,/3]. A coloring (also call a labeled tree) in A% is a
function f: Sy — A. For w = wowy - -wp_1 € Sq with w; € X, o, f is defined as
(owf)(g) = f(wg) for g € Sy. Suppose n € NU {0}, E, = Up_, =" denotes the set of
words of length at most n, where X9 = {e} consists of the identity element of S;. We call
a function u: E,, — A an n-block. The n-block u can be written as u = (u¢; o1u, ... ,0qu),
where u,, := u(w) denotes the label of u at w € Sy, and o;u is the (n — 1)-block for
i =1,...,d. For instance, suppose B is the collection of 1-blocks. Then every u € B is
written as u = (i;41,...,1q), where i,i1,...,iq € A. Given the forbidden set F, one can
construct the associated set of admissible 1-blocks (also called basic set) as B = Ule B,
where B = {(isi1,...,iq) : (4,4,i;) ¢ F,1 < j < d}. Let XB (= Xz) be the S;-SFT
constructed by B.
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Example 2.1. Let d = 2, A = {1,2} and F = {(2,,2) : ¢ = 1,2}. The corresponding
basic set is B = |J2_, BY), where

BW = {(1;1,1),(1;1,2),(1;2,1),(1;2,2)} and B® ={(2;1,1)}.
Then XB = X7 is the So-GMS.

For an X2, the system of nonlinear recursive equations is a useful tool to analyze the
growth behavior of |B,,(X%)| [3]. Similar to the notions of monomials of multiple variables
of degree d € N, suppose d;;, € R, 1 <14 < k, are indeterminates. For n € N, denote by
Al = {(5?71 . 52’“n t41+ -+ +ij = d} the collection of products of {8;., }¥_; with degree d.

Definition 2.2. (1) Let F = >, aa faa, where fa € Z* and a € A%, The vector

vF = (fa)acaq is called the indicator vector of F.

(2) A sequence {61, .., 0kn nen is defined by a system of nonlinear recursive equation
(SNRE) of degree (d, k) if

Oiom, = F) — p@) (51;n71> 02:n—1, - - ;(5k,’;n—1)7 n>2 1<1<k,

)

and d;.1 = 8@ for 1 < i < k, where FU ..., F*) are linear combinations of elements
of A? | with coefficients in Z*, respectively. We also call F' = {(FO, .. F®)} an
SNRE.

For 1 <i <k and n € N, let v;., be the number of n-blocks of XB with the root e
being colored by the symbol i. Observe that ;0 = 1 for 1 <14 < k. The following result
indicates that the number |B,,(X?)| can be described by its corresponding SNRE.

Theorem 2.3 (Ban—Chang, 2017, [3]). Given a basic set B and the corresponding Sq-SFT
XB. Then the values {in ¥, satisfy the following SNRE

d
Yin = Z H Yijin—1s

d
Vi1 = Z HFYZJ,OZ‘Bl(XlB)L 1§Z§k7
(i;’il,ig,...,id)Gszl

where XB = {f € XB: f(e) = i}.

Instead of reproving Theorem we give an example below so that it is seen that the

theorem holds.
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Example 2.4 (Continued). Let X? be defined as in Example Since BN = {(1;1, 1),

(1;1,2),(1;2,1),(1;2,2) }, we obtain a recursive formula for vy, as follows:

Yim = (’71;7171)2 + 271;n71’72;n71 + (72;1171)2-

Similarly, since B® = {(2;1,1)}, we have y2., = (y1.n—1)?. The SNRE of XB is as follows:

Vin = (’Yl;n—l)2 + 271;71—1’72;71—1 + (’YQ;n_l)Z,
Y2in = (’71;7%1)27 Y11 = 4 and V2.1 = 1.

LetI'={mv,...,w}and I'y, = {vi.n, ..., Ve } for n > 1, where ;, which is the number
of colorings with root colored by i, is introduced for the convenience of discussion. Suppose
F is an SNRE. For a,b € T', we say that a induces b (or b appears in a), write a — b, if
bn—1 appears in some term of a,. Precisely, a, = fn—1bp—1+ gn—1 where f,_1 is a nonzero
polynomial on I'),_1 and g,_1 does not contain b,_1. We say that a connects to b if there
exists a path a = cg,c1,¢o,...,¢n = b such that ¢; = ¢j41, ¢; €T, fori =0,...,m — 1.
Observe that, when the considered SNRE is obtained from some basic set B, a, € N for
each a € T', without loss of generality, no symbol is redundant in the shift space. We say
that a is an essential symbol if there exists an integer n € N such that a, > 2 and call
a inessential if it is not essential, i.e., a,, = 1 for all n € N. We use the notation E(F)

(resp. Z(F')) to denote the set of the essential symbols (resp. inessential symbols) of F.
Lemma 2.5. Let F' be an SNRE. If b€ E(F) and a — b, then a € E(F).

Proof. Since b € E(F'), there exists m € N such that b,,,_1 > 2. Furthermore, a — b means
that a, = fr—1bn—1 + gn—1 for n € N. Thus a,, = frn—1bm—1 + gm—1 = 2. This completes
the proof. ]

Given an SNRE F, the determination of a € E(F) or a € Z(F) can be carried out
as follows. Without loss of generality, we assume that for each pair of distinct symbols
a,b € T', either a connects to b or b connects to a. Otherwise, we decompose the set of
symbols T =TT UT2U.---UI" as for each a,b € I'?, either a connects to b or b connects
to a. That is, we decompose I' into several “irreducible” components; the discussion
of “reducible” I' is analogous to the technique used in the classical symbolic dynamical
systems. Let S1 C I' be the set of @ € I with a1 > 2. We define §; by induction as for any
a € §; there exists b € S;—; such that a — b. Since I' is finite (|I'| = k), this algorithm will
stop up to k-steps. Thus we have S =S US U---US, CI'. It follows from Lemma
that S C E(F). Let R =T'\ S, we claim that R = Z(F). If a € R, this means that a ¢ S;
forl=1,...,q, thus a; = 1. Suppose there is an integer m € N such that a,, > 2. Then

a must induce some b € S or a,, has at least two items. If a,, has at least two terms,



Entropy and SFT on Free Semigroups 585

then a; > 2, which is a contradiction. If a induces some b € S, then a € S, which is also
a contradiction. Thus a, = 1 for all n € N. That is, a € Z(F'). On the other hand, if
a € Z(F), it follows from Lemma [2.5] that a cannot induce any b € £(F). This means that
a¢S,ie,aecR. Thus R =1I(F).

3. Topological entropy

In this section, we introduce four types of SNREs for which we can compute their entropies
explicitly. We show that for the case (d, k) = (2,2), the SNRE of a S;-SFT is of one of
these types. For general d, k, there are more cases to study. In this circumstance, we
define a,, = v1,, and b, = 72, and use F' = {F(“), F(b)} to denote the associated SNRE.
For example, in Example

an=FY =02 | 42, 1b,_1+b0> |, by=F® =42 .
Herein, for the sake of simplification, we drop the index n but F(® and F® do depend

on n.

Remark 3.1. The notation F = {F(®) F(®} is adequate to describe the SNRE. Let |F*)|
be the number of terms of F*) for « = a,b. In the Definition of SNRE, we still need
the initial conditions, i.e., a; and by, to define an SNRE. However, we see that |F()| = a;
and |[F®)| = by in 2.1). Thus, F = {F@, F(®)} provides all information of an SNRE.

3.1. Equal growth type

We say an SNRE is of the equal growth type, write type E, if a, = b, for all n > 1.

Proposition 3.2. Let F' be an SNRE associated to some XB. If a; = by, then a, = by
for all n € N.

Proof. Assume a,,_1 = b,_1. The fact of a; = b; indicates that F@ and FO® have the
same number of items (see Remark , and each item is a combination of a,—; and
bn—1 with degree d. Since a,_1 = b,_1, one can compare each item of F@ with FO to

conclude that a,, = b,,. The proof is thus completed by mathematical induction. O

Proposition 3.3. Let F' be an SNRE associated to some X5 with a; = by. Then h(X5) =

1
5Inay.

Proof. Since a, = b, and |E,| = 2" — 1, according to (1.1, we have

1 1
BY _ i I P
h’(X ) - nh—>ngo on+l _ | ln(an + bn) nh—>néo ontl _ 1 Ina,.
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It follows from Proposition that we rewrite a,, as a, = aja’_;.

have oy, = 20,1 + a1. Iterating a,, yields a, = 2" lay Z?:_Ol 270 = 2"y (1 — (1/2)").
Thus

Let o, = Ina,, we

21— (1/2)7) 1 1
By _ 1 _ _
h(X )—nhm<>O S —ial—ilnal.

This completes the proof. O

3.2. Dominated type

Let F be an SNRE, a € A is called a dominating element if a, > b, for all b € A and
n € N. If F admits a dominating element, we call F is of the dominated type (type D).

Example 3.4. Suppose F' is defined as

2 2
an = ap_1 + 2an_1bp—1, bp=a5_1+an—1bp—1, a1 =3, by =2.

Since a; > by and if we assume a,_1 > b,_1, we have a, > b, according to F. Thus a is
a dominating element and F' is of the type D.
Lemma 3.5. Let F be an SNRE associated to some XB. If a € A is a dominating

element, then h(X5) = lim,, o0 23&%

Inan(1 bn
Proof. If a is a dominating element, then 1 < 1—1—2—2 < 2. So h(XPB) = lim,, 00 % =

limy, 00 Q,Ifi% This completes the proof. O

Let M,,, be the collection of m x m square matrices. Suppose F' = {F (@) F (b)} admits
a dominating element, say a, we could arrange terms of F(® and F(®) with respect to the

power of a,_1 descendingly. Let Fl(*) be the first item of F*) for x = a or b. For x = a or

b, we have
(%) (%)
* * * * F C*F
(3.1) F(*):ClFl()+C2F2)+"‘+Ck*F,§*):F1() 01—1—62 (i) 4+t K (*k)* )
Fy Fy
Let “ )
. £ e F
rfl_)1:<c1+62 ot (";>
F F

1 1

Since Fl(*) > Fj(*) for all j =2,..., k., we have
(32) 1<r <ot 4o, <4,

n—1 =

where the number 4 comes from the extreme case where ¢; = ¢g3 = 1 and co = 2. Let
an, = Ina, and 8, =Inb, and v, = (%Z ) Combining these with (3.1]), we deduce

(3.3) vp = Kv,_1 +1Inr,_1, where Inr,_1:=
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and K € Ms. Denote by vl the i-th element of a vector v and R = (
(11y=R(29)R™!. Note that (Inr,_1)l} = lnr;@l and (Inrp_1)® =Inr"

n—1-

11 ) so that
)

Proposition 3.6. Let F' be an SNRE associated to some XB which admits a dominating
element a € ANE(F). Then F 75 b2_,, and there are the following three cases.

(1) Fl(a) =a2_4, then

n—1

1 ; a
h(XB):fnli_g)lo Inal—i—ZQ_Jlnrj(») ;
j=1

(2) Fl(a) = ay_1bnp_1 and Fl(b) = an_1bp_1, then
1 n—1
By _ . ~\[1 —j 1 0L
h(XF) = - Jim (”l)[]+22 In7)l |,
J

where v; = R~ vy and In7; = R 1'ln Ty

(3) Fl(a) = ap—1bp—1 and F1( ) = b2_,, then the number |B,(XB)| is up to exponential.
In this case, we have h(XB) = 0.

Proof. Since a is a dominating element, i.e., a,, > by, the equality F(a) = b2_1 implies that
Fl(b) =b2_;andso b, =1foralln,ie., be I( ) Consequently, F' ( ) = b2_, = 1; that is,

a € Z(F), which is a contradiction. Hence F 7é b2_,. Thus, there are two possibilities
Fla) 2
1

for Fl(a), namely, F}"’ =a;_; or Fl( 9 = ap—1bp—1.

(i) Fl(a) = Fl(b) = a2_,. It follows from the preceding algorithm that we have K =

(29). Iterating the recursive formula (3.3)) we obtain v,, = K" vy + Z;:ll K= 1Inr;.
Combining this with the fact that K™ = (3, 3) we have

2" 0
n—1
oy =1Ina, = (K" o)t + Z(K"_j_l Inr;)l
j=1
n—1
(3.4) =2""1lna; + Z X rj(.a)
j=1

n—1
=2""1 | lna; + Z 277 In rj(-a)
j=1
Let Ay, =Ina; + Z?;ll 277 1In r](-a). Since 1 < rj(.a) < 4 for all j (see (3.2))), A, converges.
Set Ay := lim,, o0 Ap. It follows from Lemma that

Ina; + 22_7 lnrj(.a) = TOO

j=1

B _ %  _ 2
h(X ) - nh%nolo on+1 _ 1 4
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1 e If F(b) = ap—1bp—1, we see that
K =(19). Since K™ = (,2", ), identical argument is applied to show that h(X?) = f”.
Similarly, in the case where F1( ) = =b2_,, we have h(XB) = 4=,

(iii) Fl(a) = qa,_1b,_1 and F() = ap_1by—1. We see that K = (}1). Let R € Ms be
defined as above. By a similar argument we have v, = R(D” TRl +Z" ! pr—i-1p-1
Inr;), where D = (29). Let R~'v; = 0y and R~'Inr; = In7;. Then we have v, =
R(D"%y + Y7} D"~ In7;) and

(ii) Fl(a) = a2 F(b) = a,_1b,_1 OT F() = b2

n

lnan:vm =Ry [ 2™ IA[I +Z2" i-1 (In7; )[1] + Rio(In7,— 1)[2]

j=1
n—1 '
=2 Ry | 87+ 227 il | |+ Ras(inFn)?
j=1

Since Ry; =1, h(XB) =1 7 limy, o0 (vgl] + Z" Lo- I(In7; )[1])
(iv) Fl(a) = ap-1bp—1 and Fl() = b2_,. In this case one can check that b € Z(F),
K= (}3)and K" = (}%x"). Since a € £(F) and (Inr;)Z =0 (b, = 1), we have

0 2n
n—1
oy = ol = (K" o) 4 2:([(”_j_1 lnrj)[l]
j=1

lna1+21nrj lnal—i—Zlnr <ecn

for some constant c¢. Thus, the growth rate of a, is up to exponential. Meanwhile,
h(X®B) = 0. This completes the proof. O

Example 3.7. Let F = {F(® F(®} be defined as
Ay = 2an_1bn_1, bn = b721—17 a)p = 2, bl =1.

We have v, = Kv,—1 4+ Inr,_1, where K = (}1) and Inr, = (1n2) for n € N. Thus
n=K" v+ K" 2lnr;+---+1Inr,_q. Since K" = ((1) 27;;1), we have o, = a1 +1n2 +
-+4+1In2=nln2. Then, (a,,b,) = (2",1) for n > 1 due to the fact that b € Z(F).

3.3. Cooperating type
Let F' be an SNRE, and define ¢, = a, + b,. We say that F' is of the cooperating type
(type C) if ¢, = ¢2_{ + gn_1, where g,, < c2. For example, if F is

2

(35) Ay = 20— 1bn 1+ bn 15 bn =a,_1+ anflbnfl, a; =3, bl = 2.

Then we have (an + by) = (an_1 +bp_1)? + an_1by_1 and ap_1by_1 < (@n_1 + by_1)%
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Proposition 3.8. Let XB be an Sy-SFT and F be its SNRE. If F is of the cooperating
type, then
1 n—1 gi
By _ = ; —Jj 99
hXP) = 1nc1+nlgxolOZ2 ln<1+62>
j=1 J
Proof. Let ¢, = a, + by,. Since the corresponding SNRE F' is of type C, it is seen that the

symbol ¢ can be treated as a dominating element just like the case where F' is of type D.

The proof is almost identical to the proof of Proposition [3.6] thus we omit it. O

Example 3.9. Let F be defined in (3.5). We have ¢, = ¢2_; + g1, where g, = anby.

Since %
C

n

<1, we have

n—1
O =2"""101+> 277 In <1+ i;) ,

j=1 J

where 6,, = In¢,. Then h(X5) = %Aoo, where

n—1
L » 9
Aoo—nh_{go 91+E 2]ln<1+62>

j=1 J

3.4. Oscillating type

We say that F' is of the oscillating type (type O) if there exist two subsequences of N,
say {n%)} and {ngi)} such that a,, > b, on {nﬁfi)} and a, < b, on {n,(ﬁ)}. For the case
d = k = 2, observe that the corresponding SNRE F of X8 is of type O if and only
if B =1{(1;1,2),(1;2,2),(2;1,1)} or B = {(2;1,1),(2;2,1),(1;2,2)}. In this case, the

topological entropy of X5 is characterized as follows.

Proposition 3.10. Let B = {(1;1,2),(1;2,2),(2;1,1)} be a basic set. Suppose XB and F
are the corresponding So-SFT and SNRE respectively. Then F is of the oscillating type,
and
1 SNy
h(xF) =7 lim | a4y 2 mry? |,

n—oo
j=1

where r'® =1 + (% + (%)2 and r® =1 + 22—2 + (@)2.

i i ai

Proof. Note that the SNRE F is of the following form

ap = Qp_1bp_1 + bi_l, b, = a%_l, ar =2, b =1
Let 7, = ‘;—", it can be easily checked that 7, = 1 -+ 7_21 . Note that m =2 and ™ = %.
n n— n—1

We claim that 7,, > 2 implies 7,11 < % and 7, < % infers 7,41 > 2. Indeed, if 7, > 2 then
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T4l = % + (%)2 < %+ (%)2 = %. Whenever 7, < %, then 7,11 > §+ (%)2 = %8 > 2.
Thus we have 2,41 > 1 and 72, < 1. This means a, > b, if n is odd and a, < b, if n is
even. That is, F' is of the oscillating type. In this case, there is no dominating element.
However, if n is odd, a, is still a dominating element, and b,, is a dominating element for

n being even. Expand F to the (n — 2) order and arrange F(® and F(®) as follows:

Unyo = @b +a3b, + a2b2,  bpio = a2b? 4 2a,b3 + bl

Recall that oy, = Ina,, 8, = Inb,, and v, = (%Z ) We have v, 9 = Pv, + Inr,, where
P= (222 (2]), and

In (1 + 2—” + (%)2) lnr,(La)

Inrn = be (2] g ®

In (1+2E+(E) ) Inry,
Iterating v,,+2 we obtain that ve,+1 = P"v; —i—z;‘:l P J1n roj—1. Since P" = (2232:L2n 291 ),
we have

n .
(3.6) Qoni1 = 22" | aq + Z 272 n r;‘;)ﬂ
j=1

Set A, = a1 + 2?21 272 In ré(;ll, then lim,, ., A, exists and define Ao, = lim, o0 Ajp.
Note that |Fo,1| = Z?Z}rl 2/ = 227*+2 _ 1. Since a is a dominating element for odd n,

combining Lemma Proposition with (3.6 yields

. In(agny1 +bopyr) 1 .21 (@ | _ Ax
(3.7) nh_{glo B = Znh—{go o1 + 22 ln7"2j71 =1

j=1

Since a, > b, if n is odd, lnré‘;ll =In(1+ Z—Z + (2—2)2) < In3 for j € N. Hence, the
limit of A, exists. Combining (3.7) with the fact that the limit (1.1]) exists, we have

(a
h(XB) = lim, 00 % = ATW. This completes the proof. O

3.5. Cases investigation
Recall that |F'*)| denotes the number of items of F(*) for * = a or b.

Lemma 3.11. Let F' be such that
an = 205n_1bn_1, b, = a%_l, ar =2, b =1

Then F s of the dominated type.

bnfl — 2 1

i e, TpTpo1 = 2. Since 7 = 2 and
n— n—

Proof. Let 7, = Z—:. Then we have 7, = 2
79 = 1, it can be easily checked that 79,1 = 2 and 7o, = 1. This shows that F' is of the
dominated type. O
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Suppose B C APt and F is the corresponding SNRE. It is seen that F is either of
type D or of type O. Nonetheless, an SNRE either of type E or of type C is easier to
be verified. In the following, we elaborate the type of their SNREs for some sets of basic
patterns. Let (d, k) = (2,2) and X% be an S4-SFT for some B C AF1. Suppose F is its
SNRE, then F' is either one of the following four types.

(1) F is of the equal growth type, (3) F is of the oscillating type,

(2) F is of the dominated type, (4) F is of the cooperating type.

Recall that |[F(™)| is the number of items in F*). Without loss of generality, we only
discuss the case where |F(®| > |F()|, the case where |F(®| < |F®)| is similar. For the case
where |F(@| = |[F(®)| Proposition [3.2]is applied to show it is of type E. Thus we divide the
discussion into the following small cases. (i) |F(®| = 4. In this case, we know that a,, > by,
thus @ is a dominating element. Thus F is of the type D; (ii) |F(®)| = 3. We only discuss
the following subcases (a) |[F(®)| = 1. Since |F(®)| = 3 there are only three possibilities:
(1) ap = a2 | +2an_1bp_1; (2) an = 2an_1by—1+b2_1; (3) an = a2 |+ apn_1bp_1 +b2_;.
In case (3), since |[F(®)| = 1, we conclude that @ is a dominating element. Thus F is of the
type D. In case (2), if b, = ap_1b,—1 or bn_l, then a is also a dominating element and F

is of the type D. Thus we only need to discuss b, = a2 _;. That is,

Fr:an =2an_1bp_1 + b2 bn:ai_l, ar =3, b =1

n—1

It can be easily checked that F7 is of the type C. For case (1), if b, = a%fl or ap_1bp_1,
then a is a dominating element and F' is of the type D, thus we only need to discuss
bn = b2_,.
element, i.e., F is of the type D. (b) [F(®)| = 2. It follows the same argument as case (a),

However, in this case b, = 1, i.e., b € Z(F'). Thus a is still a dominating

we also has three cases (1)—(3) and b, has the following cases: b, = a2 | + ap_1bp_1 or
2ap_1bp_1 Or ap_1bp_1 + bi_l or a%_l + bi_l. Under the same arguments as above, we

only need to discuss the following cases:

Frr: oap =2an— 1bn 1+bn 15 bn—a 1 tan— 1bn 1, CL1:3, b1:2,
Frir: ap = an—l + anflbnfl + bn—la bn = 2an71bn71> ay = 37 bl = 2>

Fry:oa,= ai_l 4+ 2a5n_1bn_1, by =apn_1bp_1+ bi—lv ar =3, b =2

For Frr, we see that (a, + b,) = (@n_1 + bp_1)? + an_1b,_1, thus F is of the type C. For
Frrr, let 7, = ‘g—:, then we have 7,, = %—k T"Z‘l +

2771_1. Since 11 = % > 1, we conclude that
Tn > 1 for all n > 1 by induction, i.e., a is a dominating element and Fiyy is of the type D.
The discussion of Fry is the same as Fyr; that is, Fry is of the type C; (iii) |[F(@)| = 2.

There are only four possibilities: (1) a, = a%_l + an-1bn-1; (2) an = 2a,-1bp—1; (3) a, =
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an—1bp—1 +b2_; and (4) a, = a2_, +b2_,. Since |F@| > |F®)| we only need to discuss
the case where |[F(®)| = 1. That is, b, = a>_, or an_1b,_1 or b2_,. If b, = b2, then
b € Z(F) and a is a dominating element; this means F' is of the type D. Thus we only
have the following three cases:

2
n—1

a1:2, b1:1,
CL1:2, blzl,
a1:2, b1:1.

Fv: ap =2an1bp—1, bp=a

S 2 _ 2
Fyr: an=ap-1bp-1+b, 1, byn=ay, 4,

2

. _ 2 _
FVII D =0, 1+ bn—ly bn = CLnflbnfl»

For case Fy, Lemma shows that it is of the type D. The proof of Proposition
1

Tn—1"
Since 71 > 2, it can be checked that 7, > 2 for all n by induction. Thus a is a dominating

indicates that Fy; is of the type O. For case Fy 7, we assume 7,, = ‘;—: = Tp—1+

element and Fy 7 is of the type D.

3.6. Numerical results

Recall that vp = (fa)acaa 18 the indicator vector of F (Definition 2.2)). For k = 2 we
denote by v(@ = V@ and v®) = Vg . In this subsection, we provide some numerical
results for the entropies of the case where (d, k) = (2,2). The case where |F(®)| = |F®)|
immediately follows from the Proposition thus we omit it. The following tables are

the entropies of the cases where |F(®| > |F(®)| and |F(®)| = 2,3, and 4, respectively.

v®N\o(® | (1,1,0) (1,0,1) (0,1,1) (0,2,0)
(1,0,0) | 0.285443 | 0.254262 | 0.214332 | 0.346235 vP\o@ | (1,2,1)
(0,1,0) | 0.253877 | 0.216424 | 0.252677 | 0.295580 (1,0,0) | 0.508156
(0,0,1) | 0.234348 | 0.203677 0 0 (0,1,0) | 0.432802
(0,0,1) | 0.407355
vN\o@ | (1,1,1) | (1,2,0) | (0,2,1) (1,1,0) | 0.570417
(1,0,0) | 0.404347 | 0.429271 | 0.517933 (1,0,1) | 0.556489
(0,1,0) | 0.346538 | 0.372742 | 0.427385 (0,1,1) | 0.507662
(0,0,1) | 0.325765 | 0.346574 0 (0,2,0) | 0.537203
(1,1,0) | 0.474630 | 0.490218 | 0.527259 (1,1,1) | 0.625995
(1,0,1) | 0.462992 | 0.480426 | 0.523983 (1,2,0) | 0.633417
(0,1,1) | 0.432619 | 0.451472 | 0.516799 (0,2,1) | 0.611294
(0,2,0) | 0.455134 | 0.472200 | 0.522268
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4. Hom-shifts

4.1. Golden mean shifts and k-colored chessboard

Let k > 2 and A be the set of symbols such that |A| = k. Suppose A = (4;)%, € M¢ is
the d-tuple of the k x k binary matrices such that A; is indexed by A. The Sg-vertex shift
Xy is defined by A in which A;(a,b) = 0 if and only if (a, s;,b) € F. That is

Xp={ze A5t Ai(x(g), x(gs;)) =1 for g € Sq,1 <i < d}.

In [2], we prove that an S;z-SFT is conjugate to an Sy-vertex shift and vice versa. We call
an Sg-vertex shift X = X, hom-shift if A; = A € M, for all 4, and we write Xy = X4
if it causes no confusion. Xy is called a golden mean shift if X is a hom-shift and A is of

the following form

o 0 ifi=75=k,
(4.1) A(i,j) = _
1 otherwise.

A hom-shift X 4 is called k-colored chessboard if

o 0 ifi=j,
A(i, g) =

1 otherwise.

Recall that D (resp. C, O, E) denotes the collection of SNREs which belong to the
dominated type (resp. cooperating, oscillating and equal growth types). For general d, k €
N, example study yields that there are far from only 4 types of SNREs. Similar to the
case d = k = 2, we say an SNRE is of the

(1) dominated type if there exists a € A such that a,, > b, for all b € A,
(2) cooperating type if a, = a? | + g1 with g,, < al, where a,, = Y acA Oni

(3) oscillating type if for a,b € A there exist subsequences {n;}i>1, {m;}i>1 such that
Qp,; > by, but ap,;, < by, for i € N;

(4) equal growth type if a,, = b, for all a,b € A.

The following theorem indicates that the SNREs corresponding to golden mean shift and

k-colored chessboard are of the above types.
Theorem 4.1. Let d, k € N,

(1) If X4 is a golden mean shift, then X 4 is of the type C N D.
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(2) If X4 is a k-colored chessboard, then X 4 is of the type E.

Proof. Suppose X 4 is a golden mean shift. For clarity, we only prove the case where k = 2,
and the other cases can be treated similarly. Let A = {1,2}. Since A is defined in (4.1)),
we have B = {(1;4y,4a,...,4q) :i; = L or 2 for 1 < j < d} and B® = {(2;1,1,...,1)}.
Thus, the corresponding SNRE with respect to B = BY U B® is of the following form

an = ap_; + Cfal~1bp—1 + Coal3bp 1 + - + b,

(4.2)
bp=al |, a1 =2% and b =1.

It can be easily checked that F = {F(® F®} is of the type C N D under the same
discussion in Propositions [3.6] and [3.8] Suppose X4 is a k-colored chessboard. We have
BW = {(i;i1,i2,...,iq) : i; # ifor 1 < j < d}. The corresponding SNRE is of the

following form a%) = (Zl<]<k i @ a9 ) Thus, F'is of the type E. The proof is complete.

n—1
O
Corollary 4.2. Let 2 < d € N. Then

(1) The entropy of an Sq-GMS for k =2 is h(X4) = %, where

A = lim A, =dIn2 + hm Zd Jlnr( @)

n—oo
7j=1
and i = 14 Cf2r + C4(2) + -+ O, (2) + (2)".

(2) The entropy of a k-colored chessboard is In(k — 1).

Proof. Tt follows from Theorem [£.1] that X4 is of the type D and a is the dominating
element. Under the identical argument as the proof of Proposition we have h(X4) =
%, where Ay = limy,—y00 Ap, = dIn24-1im,, o0 Z" Ld=i1n r( ) If X 4 is a k-colored
chessboard, its SNRE is of type E. It follows from Proposrmonmthat h(X4) =In(k—1).

This completes the proof. O

The method developed in So-GMS can also be applied to the traditional one-dimensional
GMS.

Example 4.3. Let X4 be the golden mean shift of (d,k) = (1,2). That is, X4 = {x €
{1,280 s A(2y, 2441) = 1 for i > 1}, where A = (1}). The SNRE ([#.2) gives
(43) Gp = ap-1+bp_1, bp=a,_1, a1 =2 and b =1.

Note that (4.3]) is an linear recursive equation, it follows from (3.4)) we have

n—1 n—1
Ina, = A, =In2 + Zlnrj(-a) =In2+1In H r](-a)
j=1 '
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a8 ma(ee) () (0 22):

In this case |E,| = n, thus

Ay, Ina, .1 1 2 b
W(X4)= lim 2% = lim " = lim ~n2(14+ ) (1+2)-- (14 2n

1 1
= lim —In(ap—1 +bp—1) = lim —1Ina, =1Ing,
n—oo n n—oo n

1+V5
2.

where a,, is the n-th Fibonacci number and g =

4.2. Golden mean shifts on free groups

In this section we restrict our discussion to the entropy formula of F;-GMSs. The previous
results on Sg-SFT's can be applied to solve the entropy formula of the Fy-GMS. Let 2 < d,
k=2 and ¢ =2d — 1.

Theorem 4.4. Let X be the F;-GMS, then we have h(X) = (qi%A“’ , where

n—1
_ m S g Inr®
Aso qln2—|—nh_>rglo' 1q lnrj ,
]:

and v = 14 C1% 1 0f(5)* - 0 () 4 ()

aj

Proof. Suppose A = {a,b} and let @, (resp. bn) be the number of configurations of X on
G, = {g € Fy : |g| < n} with the root € being colored by 1 (resp. 2). We also denote by
ay, (resp. by) the number of configurations of X on E,, = {g € S; : |g| < n} with the root
being colored by 1 (resp. 2). Since ¢ = 2d — 1, we have the following formulae

(4.4) an = aply + CHax by 4+ CPan B2 02, by =0l
and
(4.5) an=al_ | +C%I b+ 4+ Clap b2 402 b, =al .

Let F = {F() F®} be the SNRE ({.5)), we know that F is of the type D (Theorem |4.1)).
Then we have |E,| = > ¢ = —1 and |G| =1+ 2d|E,_1|. Since a is a dominating
element, it follows from Lemma and (4.4) that

. ln(an +gn) . Ina, . 1n(a2d—1 ++ b2d—1)
(X) =l = e = e = i e

I 2dIna,_1 ( |Ep—1| > . Ina,_1
= lim = lim ——.
n—o0 |En,1’ 1+ 2d|En 1|
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Proposition is applied to show that lim, nan-1 _ (4*13/‘“7, where

[En1l ™ q
n—1 @
. . —1 a
Ay = nh—g;loA" = qlnk—i—nlggoz:q ]lnrj .
j=1
Thus h(X) = (q_;#. This completes the proof. O

5. Conclusion and open problems
List results of this paper as follows.

(1) Four types, namely E, D, C, O types, are introduced. Their entropy formulae are
presented in Propositions and respectively. Furthermore, the set
of all SNREs with (d, k) = (2,2) is equal to EUDUC U O (Section [3.5). This gives

a complete characterization for the entropies of S3-SFT's with two symbols.

(2) Two types of hom-shifts on Sz, the Sg-GMS and k-colored chessboard on Sy, are
introduced. The entropy formulae of these two types are presented (Corollary .

The entropy formula of the F;-GMS is also developed by using the method of entropy
theory on Sg-SFTs (Theorem [4.4)).

The formulas addressed are presented as geometric series, which provide another evi-
dence of the existence of the topological entropy of S4-shift spaces, despite the shifts we
consider is only a small class. On the other hand, these geometric series are useful for
estimating the topological entropy of shift spaces which are approximated by the shifts
considered in this elucidation. Although we give the characterization for (d,k) = (2,2),
the general entropy formula for arbitrary (d,k) € N x N is far from being solved. We list

some possible problems in the future study.

Problem 5.1 (Priori criterion for an SNRE). In Section (3] we introduce four types of
SNRE on which we can compute their entropies explicitly. But the following criteria seem

more important for [A| > 3.
(1) How to check if F' admits a dominating element?
(2) How to check if F' belongs to the oscillating type?
(3) Can we characterize all SNREs completely for arbitrary |A|?

Problem 5.2 (Zero order estimate). Let X% be an Fy-SFT or Sg-SFT. Recall that the

2nd

value & (resp. Ag and \;) is the 2"@-order (resp. 1%t-order and zero-order) speed of B,,(X?5)

(see (1.2)). We have shown so far that there exists an algorithm to compute & [3] and As.
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However, the number \; seems crucial for the accuracy of the number |B,,(X?)|. In [16],
the author shows that the value A\ may not exist in the case of Fy-GMS. We may ask:
under which conditions A; exists, and how to compute it? Another question is whether

there exists an intermediate order between A\ and \s.

Problem 5.3 (Entropy of SFTs on free groups). In Section |4} we study the entropy of
F4-GMS. However, the method can not apply to general F;-SFTs. One of the reasons is

that the SNRE (4.4) and (4.5)) depend on the length of E,, of the groups S, (but the case
of F3-GMS will not). So, what is the entropy formula for an Fy-SFT? Furthermore, if G
is a group which is not free, how to compute the entropy of the G-SFT?
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