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Symmetry of Positive Solutions to Quasilinear Fractional Systems

Phuong Le

Abstract. Using the method of moving planes, we establish the radial symmetry of

positive solutions to the fractional system

in the entire Euclidean space R™ and in the unit ball, where 0 < s,f < 1 and p,q >
2. In particular, our result can be applied to the nonlinearities f(u,v) = u®v® and
g(u,v) = uv?, where a,d € R and b, c > 0.

1. Introduction

This paper is concerned with the symmetry of positive solutions to the quasilinear frac-

tional systems

(—=A)u = f(u,v) in By,

(1.1) —A)iv = g(u,v) in By,
u=v=0 in R"\ By,
and
) (~A)su = f(u0) in B,
(~A)w = glu,v) in BT,

where B; denotes the unit ball in R", 0 < s,t < 1 and p,q > 2.

The fractional p-Laplacian (—A)7, which appears in (L.1) and (1.2, is a nonlinear

nonlocal operator. It is defined as

(—A)ZU(.%’) _ Cn,s,p PV/ "LL(Z) — u(y)‘pr[u(w) — u(y)] dy

" |z —y|rter
_ p—2 —
(., lim u(z) — u(y)| n[:ﬁ(rr) vl 4,
0" JRM\Be(2) |z — y[rep
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518 Phuong Le

where PV is an abbreviation of the Cauchy principal value, C, s, is a normalization

constant and Be(z) denotes the ball of center x € R™ and radius € > 0. Clearly, (—A)ju(z)

is well-defined for u € L, N CI{DCI(Q) and x € 2, where 2 C R" is an open domain and

1 p—1
/ —‘ + u(@) dr < ooy,
rr 14 |x|?tep
t
q

The fractional p-Laplacian arises in some important applications such as the non-

loc

Lsp = {u e L' Y(R™)

see [9,24] for more details. The operator (—A); can be defined in the same way.

local “Tug-of-War” game [3,/4]. It is also a generalization of the well-known fractional
Laplacian, which has been widely used to model various physical phenomena, such as
turbulence, water waves, anomalous diffusion, phase transitions, flame propagation and
quasi-geostrophic flows, see [5,/7,14]. The fractional Laplacian also appears in probability,
optimization and finance, see [1,2,6].

In order to study the symmetry properties of solutions to equations involving the
fractional Laplacian, one may exploit some notable methods such as the extension method
by Caffarelli and Silvestre [6], the integral equation method by Chen, Li and Ou [11] and
the direct method of moving planes by Chen, Li and Li [10] (see also [15,16]). Several works
in literature follow these methods to establish symmetry, monotonicity and nonexistence
results for various types of systems involving the fractional Laplacian, see [13}(17} /1820,
21,[23],25,27,28] and the references therein.

However, due to its degeneracy, the fractional p-Laplacian cannot be studied by the
above methods. Recently, Chen and Li [9] introduced a variant of the direct moving plane
method. Using this new tool, they are able to establish the symmetry of positive solutions
to some fractional p-Laplacian equations in R"” and B;.

More precisely, in [9, Theorem 4], Chen and Li showed that, if u is a positive solution
of the equation

(=A)yu= f(u) in By,

u=20 in R"\ By,
where f(u) = u? with ¢ > p — 1, then uw must be radially symmetric and monotone
decreasing about the origin. Later, Wu and Niu [26] extend the result to any Lipschitz
continuous function f (see |26, Theorem 1.2]). A symmetry result for system was
recently established in [8] under some technical assumptions on f and g. One of our
purposes in writing this paper is to improve [8] by establishing the symmetry of positive

solutions to (|1.1)) for a very large class of f and g. Our first result reads as follows.
Theorem 1.1. Let f,g € C21([0,00) % [0,00)) be such that f(z,-) and g(-,z) are non-

loc
decreasing in (0,00) for all z > 0. Assume that (u,v) € CH1(B1) x CY1(By) is a positive
solution of (L.1). Then u and v must be radially symmetric and monotone decreasing

about the origin.
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The second objective of the present paper is to establish the symmetry of positive
solutions to system (1.2). In [9, Theorem 5], Chen and Li studied the equation

(1.3) (—A)su= f(u) inR".

They showed that, if f/(z) < 0 for z sufficiently small and u is a decaying positive solution,
then v must be radially symmetric and monotone decreasing about some point. Notice
that an analogous result for system was currently obtained by Chen and Liu in [12].
They assumed f,g € C*(]0,00) x [0,00)) be such that

(i) fi(u,v) >0, gl (u,v) >0 for all u,v >0,

(i) f2(0,0) <0, g,,(0,0) <0, £,(0,0)g,(0,0) = £,(0,0)g,,(0,0) > 0.

Then they proved that u and v must be radially symmetric and monotone decreasing about
the same point if (u,v) is a decaying positive solution to (|1.2) (see [12, Theorem 1]). One
may observe that, because of the restriction (ii), Chen and Liu’s result cannot be applied
to the fractional Schrodinger system
Ay =u%® inR?
” (—A); ,
(—A) v =uv? in R
One may ask whether we can obtain the symmetry of some kind of decaying positive
solutions to system (|1.4]) with a,b, c,d > 0, or more generally, to system (|1.2)) without the
conditions f, < 0 and g, < 0 for (u,v) ~ (0,0). We give a positive answer to this question

in the following theorem.

Theorem 1.2. Let o, 3 >0 and f,g € C*((0,00) x (0,00)) be such that
(i) fi(u,v) >0, gi,(u,v) >0 for all u,v >0,

(ii) f(u,v) <0 or f(u,v) = o(u™v®) as (u,v) — (0F,0), where a1, by > 0 satisfy
aay + b1 = a(p —2) + sp,

(iii) f(u,v) = o(u®v?) as (u,v) — (07,0%), where az,by > 0 satisfy aas + Bby >
Oé(p - 2) + sp,

(iv) g (u,v) = o(uv™) as (u,v) — (0F,0%), where c1,d; > 0 satisfy acy + Bdy >

(v) g(u,v) <0 or g\ (u,v) = o(u?v%) as (u,v) — (0%,07), where co,dy > 0 satisfy
acy + fde > B(q —2) +tq.
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Assume that (u,v) € (Lgp N Cllo’i (R™)) x (L g N Clloﬁ (R™)) is a positive solution of (L.2)
such that

1
~—= as|x| = oo.
B ||
Then u and v must be radially symmetric and monotone decreasing about the same point.

Remark 1.3. Since the Kelvin transform is no longer valid for the fractional p-Laplacian,
we need to impose the additional assumptions on the behavior of u and v at infinity. This
is the same for other works involving the symmetry results for fractional p-Laplacian in
the literature to the best of our knowledge. Theorem can be seen as an extension of

Theorems 1 and 4 in [21] to the quasilinear case p,q > 2.

Theorem can be applied to system (1.4) with a,d € (—o0,0] U [1,400) and b, c €
[1,+00) but cannot deal with the case a,b,c or d € (0,1). However, by conducting a finer
analysis, we are able to cover also the case a,b,c,d € (0,1) for system (|1.4) as follows.

Theorem 1.4. Let o, 5 >0 and a,b,c,d € R be such that
(i) a<0, ora>0 and afa — 1)+ b > a(p — 2) + sp,
(ii) b>0 and aa+ B(b—1) > a(p — 2) + sp,

(iii) ¢ >0 and a(c — 1) + Bd > B(q — 2) + tq,
(iv) d<0, ord >0 and ac+ B(d—1) > (¢ —2) + tq.

Assume that (u,v) € (LspN Cllo’i(]R”)) X (Lgg N C’lt’cl(]R")) is a positive solution of (|1.4)
such that )
~——  as|z| = oo.
e |z
Then u and v must be radially symmetric and monotone decreasing about the same point.
In particular, when a =r — 1, b=1,c=1r, d = 0 and ¢ = 2, Theorem reduces to
a known result by Ma and Zhang [22], which involves the symmetry of positive solutions

to the static Choquard type equation

(1.5) (—A)u = <1 u> Wl in R

P 22 *
More precisely, Ma and Zhang transformed (1.5 to the fractional system

(L6) (=A)ju = u""lv in R™,
(—A)w =u" in R™.

Then they proved the following result, which is exactly a corollary of Theorem
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Corollary 1.5. |22, Theorem 1.1] Let r > p — 1 be such that

sp 2t
r—p+1r—1

a>max{ } and o(r —p)+ B > sp.

Assume that (u,v) € (Lsp N Cllo’cl (R™)) x (Le2 N Cﬁ)’g (R™)) is a positive solution of ([L.6)
such that )
~ —= as |x| = oo.
BE |z
Then u and v must be radially symmetric and monotone decreasing about the same point.
Notice that a better symmetry result for (1.5) was obtained recently by the author

in [19] using more direct analysis.
Finally, we may state a corollary of Theorem for ([1.3)) as follows.

Corollary 1.6. Let f € C'((0,00)) be such that
fl(2) =01 asz— 0T,
where a > p—1. Assume that uw € Ls,N Cllo’i(R") is a positive solution of (1.3|) such that

1
u(x) ~ —  as|z| - o0

[

with o > a_‘f_i_l. Then u must be radially symmetric and monotone decreasing about some

point.

Remark 1.7. To see Corollary follows from Theorem one just notice that, if u is a
positive solution of (|1.3)), then (u,u) is a positive solution of the system

(=A)u= f(u) —u*+v* in R"
(Ao = f(v) —v*4+u® inR"™

Remark 1.8. Corollary [1.6/has been proved in [9, Theorem 6] for the special case f(z) = z*
with @ > p—1. Here we only assume that f’(z) is bounded by C'z%~1 for sufficiently small z.

The remainder of the present paper is organized as follows. In Section [2] we introduce
some notations and lemmas which will be used later. In Section [3| we prove Theorem 1.1
In Section [4 we derive a decay at infinity principle and combine it with the moving plane
method to prove Theorems and

For brevity, we use C to denote various positive constants which may varies from place
to place. In some situations, we append subscripts to C' to specify its dependence on the
subscript parameters. We also denote B. = B-(0), 2t = max{z,0} and 2~ = min{z,0}

for any € > 0 and z € R.
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2. Preliminaries

Throughout the paper, we use the following notations to facilitate our description. For
arbitrary A € R, let

e T\ = {z € R" | z; = A} be the moving plane,
e ¥y = {z € R" | 21 < A} be the left region of the plane,

o 2 = (2\ — 1, 29,...,1,) be the reflection of the point = (x1,z,...,x,) about

the plane T).

We also define uy(z) = u(z?), vy(z) = v(z}) and introduce functions
Ux(@) = ur(z) —u(z), Vilz) =uva(z) —v(z).

One important ingredient of the moving plane method for the fractional p-Laplacian

is the following lemma.

Lemma 2.1 (A boundary estimate [9]). Assume that Uy, > 0 in Xy, and Uy, # 0 in
Y- Suppose A\, \, Ao and zk e Y, such that

Uy, (zF) = glinUAk <0 and zF—a%ecT,.
Ak

Let 6, = dist(a:k,T,\k) =\, — 2%, Then

fmsu (Slk [(=A)3un, (&%) — (~A)u(a*)] <.

Remark 2.2. In the original statement (see [9, Theorem 2.3]), Uy, is assumed to be positive
in all of ¥,. However, it is clear from its proof in [9] that this assumption can be weaken
as Uy, > 0in Xy, and Uy, # 0 in X, like we stated above. In applications, however, one

usually need Uy, > 0 to guarantee that the limit of {z*} belongs to T),-

The following elementary inequality was also proved in [9].
Lemma 2.3. [9, Lemma 5.1] Let G(z) = |2[P~22, then G is strictly increasing in R and
G(w) — G(z) < C|z|P%(w — 2)
for all w < z.

To deal with problems in R", we need the following estimation.



Symmetry of Positive Solutions 523

Lemma 2.4. Let u € Ly, N Cl Y(R™) be a positive function such that
1
u(z) ~ — as|zr| = 00
]

for some a > 0. Assume A < X\ < 0 and Uy(z*) = miny, Uy <0 for some 2* € ¥\. Then

we have D
s * s * AT
(~B)(a") = (A)ju(a) < B G
where C' depends on X, but is independent of \.

Proof. Denoting G(z) = |2|P~2z and using the definition of fractional p-Laplacian, we can

compute
(=A)jua(e”) = (=A)ju(z")
ey [ GG =) = Glule) — )
" Je o* — g
G(u —ux(y)) — Gu(z") —u(y))
- nS,pP /EVA |x*_y|n+5p dy
G(u —u — Gu(z*) —u
(2.1) 8 .
= ns,pP /E)\ (’JL‘* _ y‘n—i-sp ’J?* _ y)\|n+sp>
x [Glua(z*) = ur(y)) — Glu(z*) — u(y))] dy
Gua(z™) —ux(y)) — G(u(z") —ux(y))
n,s,p /EA |x _y,\’n+sp dy
G(u — G(u(z*) —u
o | L)) _Ce) ),
Clearly,
(2:2) . E——

N F
By the mean value theorem, we also have
G(ux(@™) —ua(y)) — Glu(z®) —u(y)) = G'(m) [Ux(z") = Ux(y)] <0,
(2.3)  Glua(a") —ur(y)) — Gu(z") — ur(y)) = G'(n2)Un(z") <0,
Gua(z") —u(y)) — G(u(z") —u(y)) = G'(n3)Ux(2") <0,

where
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Combining (2.1)), (2.2]) and (2.3), we deduce

(_A)Zu)\(x*) _ (—A)Su(:r*) < Cn,s,p G(U)\(.’L'*) — u(y)) — G(U(CC*) — U(y))

dy.

P N ‘.Z'* _ y/\’n-‘,-sp
Then we may apply the Lemma [2.3] to obtain
* * * ”U,(CU*) — u(y)‘p72
@Y ) - () < i) [ ST

From the decay property of u, we have
Ch Cy
e u(y) < — forallyeR™\ By

|yl
where constants C1,Co > 0 depend only on A. We denote M = (%)UQ

x,y € R™ such that |y| > M|z| and |z| > ||, we deduce from (2.5)
Cs Ch u(x)

[yl* " 2afe T2
Next, we choose z = (—(M +1)[z*|,0,...,0), then |z| = (M +1)[z*| and Bj,«(2) C ).
Moreover, u(y) < yu(a*) for all y € Bj;+|(z). Therefore,

/ lu(z*) — u(y)|P—2 > uP~2(z*) / dy

uP~? () dy
(2.6) z/
22 Jp oy [+ 3) | [

- Cup*Q(x*)
I e

(2.5)

. Then for any

u(y) <

where we have used the fact
2% — | < ¥+ | = 2+ |2 — M < 2|+ |2l + 2 — gl < (M + 3)[z

for all y € Bj«|(2). Collecting (2.4)), (2.5) and (2.6)), we obtain

uP~2(a) CUx(z")

S * s * *
(_A)puk(m )_ (_A) u(x ) < CU}\(‘T ) ’$*|sp = |$*|a(p72)+sp'

p

This proves the lemma. O

3. Symmetry of solutions to fractional systems in the unit ball

We prove Theorem [I.1]in this section. A usual application of the moving plane method in
the unit ball consists of two steps: showing that the plane can move from A = —1 a little bit
to the right, then moving the plane to its limiting position. However, since the plane can
move from A = —oo to A = —1 already, we find that Step 1 is unnecessary. Therefore, we
go directly to Step 2. Hence, our proof is simpler and requires fewer technical assumptions

on f and g comparing to [8,9].
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Proof of Theorem [L.1]. Clearly,
Uy>0, Vy>0 in Xy
for all A < —1. Therefore, we may define
X =sup{A <0 |U,>0,V,>0in X, for all 4 < A}.
We claim that
(3.1) Ao = 0.

By contradiction, suppose —1 < Ag < 0. Since Uy, and V) depend on A continuously, we
have
Uy, >0, V), >0 in X),.

If —1 < A9 < 0, we must have
(3.2) U)\o >0, V)\O >0 in 2)\0 ﬂEl.

To prove (3.2), we may assume in contrary that Uy,(z*) = 0 for some z* € Xy, N Bj.
Then

(=A)pure (27) = (=A)pu(a”) = furg (27), v (27)) = f(u(a™), v("))

(3.3)
= flu(a*), vag(2")) — flu(a), v(z")) 2 0.

Moreover, since

Uy, (") =min Uy, =0,
Sxg

the identity (2.1 and (2.3) indicate
(=A)pure(z%) = (=A)ju(z”)
1 1
= Cn,syp PV o, <|SU* _ y’TH*Sp - |CC* _ y)\o‘nJrSp)
0

X [Glurg (27) = ur, () — G(u(z") — u(y))] dy

(3.4)

<0,
where in the last estimation we have used the strict monotonicity of G and the fact
[urg (&%) = urg ()] = [u(*) = u(y)] = —ur,(y) <0 for y € Bi(0Y)\ By.

Since (3.4) contradicts (3.3), we must have Uy, > 0 in Xy, N B1. The positivity of Vy, in
¥, N Bi can be obtained in the same way. Hence (3.2) is proved.
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By the definition of Ao, there exists a sequence A\ \, A\g and Fex A, N B1 such that
A < 0 and

Uy, (zF) =minUy, <0 or Vy, (2%) =minV,, < 0.
Exk ZAk

Without loss of generality, by passing to a subsequence, we may assume

k

Uy, (z%) = rélinU,\k <0 and 2F —2°c%,, NB;.

Ak
Moreover, since z* € 3 A, N By is the interior minimum point, we have
ky _
VU,, (z") = 0.

From the continuity of Uy(z) and its derivative with respect to both x and A, we
deduce
Uy (2Y) <0 and VU, (2") = 0.

If \g = —1, then 2° = (~1,0,...,0) € T),. If =1 < A\g < 0, then we also have 2° € T),
thanks to (3.2)). Define d; as in Lemma It follows that

U (Jck) o Uy, (330)

(3.5) 5 1

=0 ask— oo.

We also have

Va(ah) 91 ()
(Sk 8.7}1

On the other hand, we have the formulae

(=A)pur(x) — (=A)u(z)

(3.6) >0 ask— oc.

(3.7) = fua(z), va(2)) = f(u(z),v(x))
= [f(ur(@),v(x)) = f(u(@),v(x))] + [f(ua(@), va(2)) = f(ua(@), v(2))]
> Fx(@)Ux(x) + Ga(z)Va(x)™,
where
py = | PR ) £ ute)
0 if u,\(:z:) = U(:L'),
Gy - { BB @) < o),
0 if vy(x) > v(z).
Notice that uy, (z%) < u(z¥) < maxz, u and vy, (z By, v(zF) < xg, v- Then we may

ma
use the local Lipschitz contlnulty of f to deduce that F\ (z¥) < C and G, (2%) < C.
Therefore, by combining (3.5 , and -, we obtain

(- Aus, (a4) — (~Aju(ah)] = (ka @) , mjf’”‘) S0,

O p B Ok 0
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However, this contradicts Lemma Hence (3.1)) is proved.
Since the direction z; can be chosen arbitrarily, we deduce that u and v are radi-

ally symmetric and monotone decreasing about the origin. This completes the proof of
Theorem [L.1] O

4. Symmetry of solutions to fractional systems in R"

We assume that all assumptions of Theorem are satisfied.

Lemma 4.1 (Decay at infinity principle). Let A < 0. There exists Ry > 0 such that for
all X < X\, we have the following claims:

(i) If x* € ¥) \ Br, and Uy(z*) = miny, Uy <0, then

Va(z*) < 205 (z%).

(ii) If z* € ¥\ \ Bgr, and V)(z*) = miny, V) <0, then

U)\(:U*) < 2V)\(ac*).

Proof. Let us assume
Ux(z*) =minUy <0
PN

for some x* € ¥). Clearly, if there exists some Ry independent of A such that |z*| < Ry,
then (i) is true. Therefore, in what follows, we may assume that |z*| is sufficiently large.
We have

(=A)pur(z) — (=A)u(z)
= f(ux(z), vr(z)) —
= [flur(@),v(z)) — flu(z),v(z )ﬂ [f(ur(z), va(2)) = f(ur(z), v(2))]
= fu(éx(2),v(2))Ur(@) + f; (ur(2), Gr(2)) Val@),
) and u(z); (x(z) is between vy (z) and v(z). Combining

+

where &) (x) is between u)y (z
and Lemma we obtain

(4.2) <C - f&({x(iﬂ*),v(x*)o Ux(2*) > fy(ux(z"), Ca(z")) Valz®).

|z |o(p=2)+sp

If |z*| is sufficiently large, by the assumptions (ii) and (iii), we have

fu(éx(@®),v(z")) <0

or

FL(Ea@®), v(@") = o1& (@) u(a®) = H%
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where o(1) — 0 as |z*| — oo. Hence for |z*| sufficiently large, the left-hand side of (4.2))
is negative. This implies V) (z*) < 0 and () (z*) < v(2*), which is small. Then we have

Filunla?) 6 0) = o) ol =

Therefore, from (4.2]), we conclude that
V)\(.T}*) < QUA(.T}*)

if |z*| > Ry for some Ry > 0 sufficiently large. Hence, (i) holds for such an Rj.
In the same way, we can choose Ry, which is larger if necessary, such that (ii) also
holds. O

Proof of Theorem [I.2] The asymptotic properties of v and v indicate that, if Uy or V) is
negative somewhere in 3, then its negative minima are attained in the interior of 3.
We carry out the method of moving planes along the x; direction in two steps.

Step 1: Move the plane along x1 direction from near —oo. In this step, we show that

for A sufficiently negative,
(43) U/\ Z 0, V)\ 2 0 in Z)\.

Indeed, we may choose A < — Ry, where Ry is defined in Lemma with A = —1. If (4.3)
does not hold for such a A, then there exists * € X such that Uy(z*) = miny, Uy < 0 or

Vi(z*) = miny, V) < 0. Without loss of generality, we may assume
Uy(z*) = HEHAH Uy < 0.

Since |z*| > |\| > Ry, we may use Lemma [4.1] to deduce

(4.4) Va(a*) < 20 (z*) < 0.

Hence, there exists y* € ¥y such that
W) = rrEuAn Vi <0.

Using Lemma [4.1] again, we obtain

(4.5) Ux(y") < 2Va(y").

Combining (4.4) and (4.5), we get

Va(z®) <20 (2") < 2U5(y") < 4Valy®) < 4Vi(e"),
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which implies V) (z*) > 0. However, this contradicts (4.4). Hence holds for all
A < —Ry.

Step 2: Mowe the plane to the limiting position. Step 1 provides a starting point, from
which we can now move the plane 7T to the right as long as holds to its limiting

position. Define
X =sup{A <0 |U,>0,V,>0in X, for all 4 < A}.

In what follows, we assume Ag < 0. Since Uy and V) depend on A continuously, we already

have

Uy, >0, Vi, >0 inXy,.

There are two possible cases:
Case 1: Uy, > 0 and V), > 0 in X),. By the definition of Ay, there exists a sequence
A\ A and 2F € ¥, such that A\ < Ag/2 and

Uy, (z") =minUy, <0 or Vy (2") =minVy, <0.
Y Enk

Up to a subsequence, we may assume

Uy, (z%) = rginUAk < 0.

Ak

Let Ry be defined as in Lemma with A = \g /2. There are two possibilities.
Possibility (1): Up to a subsequence, |z*| < Ry. We may assume that =¥ — 29 € 3.

Moreover, since z¥ € 3 A, 1s the interior minimum point, we have
VU, (z%) = 0.
From the continuity of Uy(z) and its derivative with respect to both x and A, we have
Uy (2%) <0 and VU, (2°) = 0.

Hence z° € T),- It follows that

U/\k (Jck) 6U,\0(:130) _
(4.6) 5 — 0o 0 ask— oo.

We also have

k 0
(Sk (91'1
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On the other hand, we may use (4.1)) to obtain

i[(_A);“Ak (@*) = (—A)5u(ah)]
zk o
= ;(fkk(gck)’v(xk))w%i )+f1,)(uAk(xk)7C)\k($k))V/\%(k )
k

for sufficiently large k, where

Q= { min w, max u] X { min v, max v].
B1(z0)  Bi(z9) Bi1(z9)  Bi(z%)

Combining (4.6) and (4.7) with the above estimation, we obtain

liminf(i[(—A);uAk(xk) — (=A)su(zM)] > 0.

5k—>0 p

However, this contradicts Lemma [2.1]
Possibility (ii): |2¥| > Rg for all k > ko. By Lemma Wy, (z%) < 2U,, (z%) < 0.
Hence, there exits y* € 3 A, such that
Vi, (¥¥) = min vy, < 0.
S,
If |y*| > Ry, then we get a contradiction as in Step 1.

Thus, we must have |y*| < Ry for all k > ky. Repeating the arguments in Possibility (i)
for V,, and y*, we can derive a contradiction with Lemma Therefore, Case 1 cannot
happen.

Case 2: Uy, (xz*) =0 or Vy,(z*) = 0 for some z* € ¥),. We may assume U),(z*) = 0.

From , we have
(4.8) (—=A)pun (2) = (=A)ju(a™) = fi (urg (27), O (7)) Vi (27) > 0.
Moreover, since

Uy, (z*) =min Uy, =0,
I

the identity (2.1) and (2.3)) imply
(—A)pur, (%) — (=A)ju(z”)

1 1
= CpspPV -
(19) L, (=i ~ )

x [Glung (&%) = ure () — Glu(a™) — u(y))] dy
<0.
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Due to the strict monotonicity of G, (4.8)) and (4.9) imply Uy, = 0 in ¥),. Then using
(4.1) again, we have

0= (=A)pur(2) = (=A)ju(z) = f(ur (), (o () Vag () = 0.

Since f], > 0, we must have V), = 0 in X,,. In summary, if A\ < 0, then u and v are
symmetric and monotone decreasing about plane T),.

It remains to consider the case A\g = 0. In this case, Uy > 0, Vy > 0 in ¥g. By
moving the plane along x; direction from near +oo, we also deduce that either  and v
are symmetric and monotone decreasing about a plane T}, for some A\; > 0 or Uy < 0,
Vo < 0 in ¥p. In the latter case, u and v must be symmetric and monotone decreasing
about plane Tj.

We may repeat the above arguments for any direction to conclude that u and v are
radially symmetric and monotone decreasing about some point 20 € R™. This completes
the proof of Theorem O

Proof of Theorem [I.4, We claim that Lemma still holds for system (1.4)) under as-
sumptions of Theorem [1.4]
Indeed, we may proceed as in the proof of Lemma Instead of (4.1)) and (4.2)), we

now have
(=A)pur(z®) = (=A)pu(z")
a]v( b
]

* x*)
a v(ac*)b

(4.10) uy(z* x

= [ur(a")" — u(a") [oa (") = (@) ua (")
> [ur(2")" - u(a") [oa (") = (@] "ua ()"

If a <0, then [u)(z*)* — u(z*)*]v(z*)* > 0. If a > 0, then

_|_
+

[un (@) = u(@*)*Jo(z*)" > Clu(a*)® — u(a*)Ju(z*)]a*|* ="
> C[U)\(.’L'* a+l u(x*)a—‘rl] ‘x*‘a—ﬁb
= CUL "))
> CU)\(x*)u(x*)a’xﬂafﬁb

CU\(z")

= ‘.’L’* ’a(a—l)—‘rﬁb :

Hence for all a € R, we have

atUy(z*
(4.11) [u,\(x*)a — u(m*)“]v(:z:*)b > W.

Similarly, since b > 0,

- CVy(x*)~

(4.12) [oa(2")” = v(@*)"] "u (@) > [z [oat A1)
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Substituting (£.11)) and (4.12) into (4.10) and using Lemma 2.4 we obtain

1 at . CVy(x*)~
¢ (|x*|0‘(p2)+3p - |x*|a(a1)+ﬁb> U)\(l‘ ) = W'

From this and assumptions (i), (ii), we deduce that there exists Ry sufficiently large such
that

V)\(:C*) < 2U)\($*)

if |x*| > Rp. This proves Lemma

1]

The remainder of the proof is similar to that of Theorem [I.2]and hence will be omitted.
O
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