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Existence of Two Periodic Solutions to General Anisotropic Euler-Lagrange

Equations

Magdalena Chmara

Abstract. This paper is concerned with the following Euler-Lagrange system

Lyt u(t), w(t)) = Ly (t,u(t),u(t)) forae. te[-T,T],
( T) =u(T),
Ly(=T,u(=T),u(-T)) = Lo(T,u(T),u(T)),

where Lagrangian is given by £ = F(t,xz,v)+V(t,x)+(f(t), ), growth conditions are
determined by an anisotropic G-function and some geometric conditions at infinity.
We consider two cases: with and without forcing term f. Using a general version of
the mountain pass theorem and Ekeland’s variational principle we prove the existence
of at least two nontrivial periodic solutions in an anisotropic Orlicz-Sobolev space.

1. Introduction

We consider the second order system
L Lot ut),u(t)) = Lo(t,u(t), u(t)) forae. tel,
(1.1) u(=T) = u(T),
Ly(=T,u(=T),4(-T)) = Lo,(T,u(T),u(T)),
where I = [-T,T], |I| >1and £: I x RY x RY — R is given by
L(t,z,v) = F(t,z,0) + V(t,2) + (f(t), 7).

If £, is strictly convex with respect to v, then L,(=T,u(=T),u(-=T)) = L,(T,u(T),u(T))
is equivalent to u(—7") = u(T).
The growth of £ is determined by function G such that

(G) G: RN — [0,00) is a continuously differentiable G-function (i.e., G is convex, even,
G(0) = 0 and G(z)/|x| — o0 as |x| — o0) satisfying Ag and Vy conditions (at
infinity).
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In Section [2] we use G to define an Orlicz space. The following assumption on F', V and
f will be needed throughout the paper.
Function F': I x RN x RV — R is of class C' and satisfy

(F1) F(t,z,-) is convex for all (t,z) € I x RV,

(Fg) there exist a € C(Ry,R,) and b € L!(I,R,) such that for all (¢,z,v) € I xRN xRV,

[E(t, 2, 0)] < al|z])(b(t) + G(v)),
[Fe (L, 2, 0)| < a(lz])(b(t) + G(v)),
G*(Fy(t, 2, 0)) < a(lz])(b(t) + G(v)).

(F3) there exists fz > 0 such that for all (¢,z,v) € I x RV x RY,

(Fyp(t,x,v),z) + (Fy(t,z,v),v) < 0p F(t,z,v).

(F4) there exists A > 0 such that for all (¢,z,v) € I x RV x RV,

F(t,z,v) > AG(v).

(F5) F(t,x,0) =0, Fy(t,z,0) =0 for all (t,x) € I x RV,
On potential V € CY(I x RV R) we assume
(V1) V(t,z) = K(t,z) — W(t,z) forx ¢ RV, t € I,
(Vg) there exist M > 0, ey >0, Oy > 0p, 1 < pg < 0y — ey, such that
(Va(t,z),2) < (Ov —ev)K(t,x) — Oy W(t, z)
and
(1.2) W(t,z) > K(t,x) > |z|P¥
for || > M, tel,

(V3) there exist p > 0, b > 1 and g € L'(I,R), such that V(t,z) > bG(x) — g(t) for
G(x/(21])) < p/2,

(Va) [, V(t,0)dt =0 fort e I.
We assume that the forcing term f belongs to the space L™ and

(£) [;G*(f(t)) + g(t) dt < min{A,b—1}p.
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Using the general form of the mountain pass theorem and Ekeland’s variational princi-
ple we show that the problem has at least two nontrivial solutions in an anisotropic
Orlicz-Sobolev space (see Theorems and [4.4)).

Problems similar to were considered e.g. in [9,,20,22] for F'(¢,z,v) = |v|P, in [1] for
F being an isotropic G-function and in |7,/17] (periodic problem) for F' being an anisotropic
G-function. Recently in [8] authors proved the existence of a Dirichlet problem, where F’
is in general form and satisfies (F1)—(F5).

In [7H9,20,22] the existence of a mountain pass type solution was shown using the well
known mountain pass theorem by Ambrosetti and Rabinowitz [2]. One of the assumptions
of this theorem is that the action functional is greater than zero on the boundary of some
ball, i.e.,

(1.3) there exists r > 0 such that if ||z|| = r, then J(x) > 0.

In the Orlicz-Sobolev space norm is a sum of Luxemburg norms ||u||w: ¢ = ||@||Le+||u/le
(see more in Section. To apply theorem of Ambrosetti and Rabinowitz to the anisotropic
Orlicz-Sobolev space setting it was necessary to establish connections between Luxemburg
norm || - [le and modular [, G(-)dt (see papers [4,7,8]).

It turns out that the ball B, = {u € W' LY. ||u||yw1 e < r} is not the most suitable
set to obtain the mountain pass geometry in the anisotropic case (an example explaining
this fact can be found in Section . Therefore, instead of the ball, we use the set

= ! =qu B A U U
(1.4) Q=97 ([O,p))—{ e WL /IG()+G()dt<p},

where ®: W LY — [0, 00) is given by ®(u) = [, G(1t) + G(u) dt. ® is not a norm, but it
is better suited to geometric idea of MPT in the anisotropic case.

In the literature we can find a lot of versions of the mountain pass theorem. In our
case we use general form of the MPT with a bounded open neighborhood instead of the

ball. The following theorem is a direct consequence of Theorem 4.10 in [16].

Theorem 1.1. Let X be a Banach space and J € C1(X,R). Assume that there exist
eo,e1 € X and a bounded open neighborhood Q of eg such that ey € X \ Q and

ulenafﬂ J(u) > max{.J(ep), J(e1)}-

Let

I'={g€C([0,1], X) : g(0) = €0,9(1) = €1} and c= ;glﬁsgl[gﬁ] J(g(s))-

If J satisfies the Palais-Smale condition, then c is a critical value of J and

¢ > max{J(eg), J(e1)}.
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In fact, there is only one difference between Theorem and Theorem 4.10 in [16].
In [16] it is assumed that J satisfies the Palais Smale condition at the level ¢. When
the Palais-Smale condition is satisfied (i.e., {J(uy,)} is bounded and J'(u,) — 0), we can
check immediately that the Palais Smale condition at the level ¢ (i.e., {J(un)} — ¢ and
J'(un) — 0) holds for all ¢ € R |12} p. 16].

In the proof of Theorem we show that our action functional satisfies conditions of
Theorem where € is given by .

Using the Ekeland Variational Principle we show the existence of a second nontrivial
solution of , which belongs to the interior of €). The existence of two solutions was
investigated for example in [22] for ordinary p-Laplacian systems and in [21] for p(t)-
Laplacian systems. In these papers it was shown that there exists us such that

J(uz) = uienBLj(u) <0 (or <0, in [22])

and that there exists a minimizing sequence {v,} which is a Palais-Smale sequence of 7,
contained in a small ball centered at 0. In our case we use similar methods, but instead of
the ball B, we take Q = ®~1(]0,p)). Since Q is not a ball we cannot simply cite [21}22].
Our proof is based on concepts of [3}16].

We shall distinguish cases with and without forcing. In the case with forcing it is
enough that

inf J(u) <0.
uell

In the case without forcing ug = 0 is a trivial solution of (1.1)), so we need the sharp

inequality. To obtain this we need additional assumptions:
(Fg) there exist (g > 1, A\g € (0,1) such that
F(t, Az, \v) < XFF(t, z,v)
for A€ (0, \), t € I, G(%{\) < p/2,

(Vs) there exist Cx, G > 1, G < min{¢r,Cx}, Mo € (0,1) and W: I x RY — (0,00)
such that
V(t,  \x) < NEK(t,x) — AW (t, )

for A€ (0, \g), t € I, G(QILI) < p/2.

2. Preliminaries

A function G*(y) = sup,cpn{(z,y) — G(z)} is called the Fenchel conjugate of G. As an

immediate consequence of the definition we have the Fenchel-Young inequality

Vo,y e RN, (z,9) < G(2) + G*(y).
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Now we briefly recall the notion of anisotropic Orlicz spaces. For more details we refer
the reader to [6,[19]. The Orlicz space associated with G is defined to be

LY = LE(I,RY) = {u: I—RY: /IG(u)dt< oo}.

The space LE equipped with the Luxemburg norm

u
3 . _ <
]uHIG—lnf{)\>0 /IG<)\) dt 1}

is a reflexive Banach space. We have the Holder inequality
/I<u,v> dt < 2||ul|c|v]lper  for every u € LE and v € LE.
Let us denote by
W!'LE = W'LY(ILRY) = {ue LY : u € LC}
an anisotropic Orlicz-Sobolev space of vector valued functions with the usual norm
lullwrre = llullLe + [ldllye.

It is known that elements of W! L& are absolutely continuous functions.
We introduce the following subset of W' L¢

WEHLY = {ue W'LY : u(-T) = u(T)}.

Functional Rg: L¢ — [0,00) given by formula R (u) := [; G(u)dt is called modular

(see [11,/14,/18]). For Lebesgue spaces notions of modular and norm are indistinguishable

ol = ( [ utoyr ar) "

In the Orlicz space this relation is more complicated. One can easily see, that

because

(2.1) R (u) < ||lu|lpe for [|ullpe <1 and Rg(u) > ||ulle for ||ullge > 1.

The modular R is coercive in the following sense [15, Proposition 2.7]:

Ra(u) _

ullc—oo [|u]|Le

The following lemma is crucial to Theorems [3.1] and [£.2l We will use it to show that
Jlaa > 0 and that J is negative in the interior of (2.

Lemma 2.1. If |I| < 1, then Rg(4) + Rg(u) > 2]I|G( ) fort €I, u e WHLE. [f
|I| > 1 then Rg(u) + Ra(u) > 2G(L§) fortel, uEWlLG
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Proof. Let v € WILE. Since u is absolutely continuous we have
t
u(t) —u(s) = / udt for s,t e l.
S

Hence, by Jensen’s integral inequality and since G(kx)/k is increasing with respect to
k>0 for z € RY we obtain

(2.2)

6 (7 (v |f|/ ) - (|f|(tw)|;|u<8)ds>>

< g o () = e (g [ o) o

-7, <|t—s|/|t_s| ir) ds < |I|/|t—s|/ (1=t ) aras
<), m/ () drds < 1 [ G(ato)

Let |I| < 1. Then by -, Jensen’s integral inequality and convexity of G we have
that for all ¢ € I,

frew sawarzn(e (g fu) ve (g (0 -5 [v)) z2m0 (%)

Let |I| > 1. Then by (2.2), Jensen’s integral inequality and convexity of G we have that
for all t € I,

JLow iz (6 (g [«) + o (o - )

o(3) :

In the proof of the existence of a second solution we will need the following inequality
by Brezis and Lieb [5, Lemma 3] (see also |14, Lemma 4.7]).

Lemma 2.2. Forallk >1,0<e<1/k, 2,y € RN, we have

Gz +y) — G(a)| < €e|lG(kr) — kG(2)| +2G(Cey),
where C, = ﬁ
Let us also recall Proposition 2.4 in [7], which will be used in the proof of the fact that

our action functional satisfies the Palais-Smale condition.

Proposition 2.3. For any 1 < p < ¢ < oo, such that |- |P < G(-) <-4,
[ = Clultgt ol

for u € WILE\ {0} and some C > 0.
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3. Existence of the first solution

Define the action functional J: WL LY (I,RY) — R by
(3.1) T(u) = /F(t,u,u) V() 4+ () di.
I

Since F and V are of class C! and F satisfies (F2), J is well defined and of class Cl.

Furthermore, its derivative is given by
T/ = [(Bltoui) )i+ [ (Fultouiy + Viltow) + £ dr
I I

For more details see [6, Theorem 5.7].

We can now formulate the first of our main results.

Theorem 3.1. Let F', V and f satisfies (F1)-(F5), (V1)-(V4) and (f). Then has

at least one nontrivial periodic solution.

Proof. We show that J satisfies assumptions of Theorem for Q = ®71([0, p)), where
p>0,0: WHLE — [0,00), ®(u) = Rg (i) + Rg(u).

Step 1. One can see, that ) is a bounded open neighborhood of 0. We claim that
0Q = @~ 1({p}). Since @ is continuous,

097([0,p)) € ®(9[0,p)) = 7' ({p}).

For the opposite inclusion (not true in general) suppose that z € ®~1({p}), =} = 2tz
2 = 472 for n € N. Then xl 22 — 2. From convexity of ® and since p > 0, we have
1 n -+ 1 9
O(z;,) > - O(z) > ®(x) and P(z;) < - 1<I>(:L‘) < O(x)

for all n € N. Hence x € 0.
Step 2. In this step we show that J satisfies the Palais-Smale condition. Fix u €
WL LY such that |lullw: e # 0. From (F3) we have

/(Fv(t,u,ﬂ),it) + (Fp(t,u, ), u) dt < GF/F(t,u, w) dt.
1 1
Combining it with (F4) we have

(3.2) /I Oy F(t,u, 1) — (Fy(t,u, i), 1) — (Fy(t,u, ), u) dt > ABy — 0) /I G () dt.

Set

My =sup{|(0y —ev)K(t,z) — Oy W(t,x) — (Vo(t,x),x)| : t € I,|z| < M}.
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Then, by Assumptions (V1) and (Va),
oy /I Vit u) — (Vb u), u) dt
(3.3) zev/IK(t,u) dt + (O —eV)/IK(t,u) dt—GV/IW(t, w)dt — /I(Vx(t,u),u) dt
> EV/IK(t,u) dt — |T|My.

Applying (1.2) and Proposition we have that for some Cy,Cy = Ca(]I]) > 0,

lullfe
1 lullyite

for all ¢ such that G < |- |9.
Since f € L&, by Holder’s inequality we have

(3.5) (Ov —1) /I<f(t)7U> dt > =2(0y = V| fllge [lulle = =Crllullwrre,

where Cy = 2(0y — 1)||fllpex > 0.
Let {u,} € W!LY be a Palais-Smale sequence for functional 7. Then there exist
Cj,Cy > 0 such that

(3.6) —Cy < T (un) <Cyy =Corllunllwire < T (un)un < Cllunllwr g

Assume that {u,} is not bounded. Then there exists a subsequence of {u,} such that

|| unllwr e — oo.

Combining (3.2)—(3.6]), we obtain
OvCy+ CJ’Hun”Wl LG = GVj(un) - j/(un)un

= /OVF(taUmun) - <Fv(taunaun)aun> - <Fx(t,un,un),un> dt
I

+/19VV(t,un) — (Vi (t, ), ) dt+/l(0V — )(f(t), un) dt

o Lo Junlf
> () (Un)dt + Cr————2— — Co — Cs|un|lw1 Lo
I ||un||wl LG
for some Cy, C1,Cs, C3 > 0. Hence
Re(t [Junl|7 C
il g ety el G o) <
[unllwine (|95 S [unllwr Lo

for some Cy, Cs, Cg > 0.
In the proof of Lemma 3.2 in [7] it was shown that the left-hand side of the above

inequality goes to the infinity, which is impossible. Hence {u,} is bounded.
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Repeating arguments used in the proof of Lemma 4.2 in [8] one can show that there
exists a converging subsequence, i.e., the Palais Smale condition is satisfied.

Step 3. Take u € ®~*({p}). Then, by Lemma 2.1} we have G(%) <p/2foralltel.
From (F4), (V3) and Fenchel’s inequality,

T(u) > / AG(@) + bG(u) — G(u) — G*(f) — g(t) dt
> min{A,b—1}p — /I (G*(f) + g(t)) dt.

Combining it with (f) we obtain J(u) > 0 on ®~({p}).
Step 4. Now we show that there exists e € ®~1((p, 00)) such that J(e) < 0. By (Va),
for |[x| > M, t € I, A > 1 we obtain

—V(t, )\ _ [t d N —(Va(t, M), Az
log <_V(m> —/1 alog(—V(t, Az)) d)\—/1 AVt A7) dA

A —(Oy —ey)K(t,\x) + Oy W (t, \x)
= /1 CAV(E A7)

A1 ,
d)\zev/ —zlog()\ V).
1A

Hence

Vit x) < VV(t,z) for |z| > M.

In similar way, from (F3), we have
F(t, Az, \v) < XNFF(t, z,0)

for z,0 € RN, t € I, A > 1. Let A > 1 and ¢ € WL L be such that |[{t € T : |[¢)(t)] >
0}| > 0. Then we obtain

T() < / NP F (1,46, 0) + M (1), ) di + / NVV (40 dt + Cy ],
I {l¥(t)|>M}

where Cy = sup{V(t,x) : || < M,t € I}. Note that V is negative for |z| > M and
Oy > Op. Therefore, if we take e = Ay for sufficiently large A\, we get J(e) < 0 and
D(e) > p.

Step 5. To finish the proof note that by (3.1)), (Fs) and (V4) we have that J(0) = 0.
Applying Theorem [I.1]to J, eg = 0 and e; = e, we obtain that there exists a critical point

uy with a critical value

cri=inf Jnax J(g(s)) >0,

where
I'={geC([0,1,W'LE) | g(0) = 0,9(1) = e} O
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4. Existence of the second solution

Theorem ensures the existence of the first solution of (|1.1)). To obtain the second

solution we use the well known Ekeland’s Variational Principle.

Theorem 4.1. [10, Theorem 1.1] Let V' be a complete metric space and J: V — RU{+o0}
a lower semi continuous function, bounded from below, # 4+o0o. Let u € V and € > 0 be
such that

(4.1) J(u) < ;g‘ff J(v) +e.

Then for all § > 0 there exists some point v € V such that
(i) J(v) < J(u),

(i) d(u,v) <9,

(iii) J(w) > J(v) = 5d(v,w) for all w # v.

Set
cg := inf J(u).

ueQ
Let us recall, that © = ®~1([0, p)). Firstly we consider the case with forcing.

Theorem 4.2. Let F' and V satisfies (F1)—(F5), (V1)=(V4) and f(t) #0. Then has

at least two periodic solutions.

Proof. Note that § is a complete metric space with respect to the norm in W' LE and J
is bounded from below on Q. Fix € > 0 and choose § = /¢. There exists u € 2 such that
J(u) < ca + . By Theorem there exists v € Q such that

(4.2) co < JW) <co+e,
(4.3) v — ullwipe < Ve,
(4.4) J(w) > T () — Vellw —v|jwripe for all w # v.

Now we show that v € Q. Since J(0) =0, c2 < 0. Hence and by (4.2) we have that
0>co>TJ(v) —e.

If we assume that v € 9, then J(v) > 0, by Step 2 in the proof of Theorem Taking
sufficiently small e, we deduce that 0 > co > J(v) — & > 0, which is a contradiction.

Take w = v + sh with 0 < s < 1, h € W L% such that ||h|lw:ie = 1. Then, by
Lemma 2.2 we have that

/ G(v+ sh)dt < / G(v) + v/5|G(20) — 2G(v)| + 2G(v/sh) dt
I I
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and

/I Gli + sh) dt < /I GB) + V/IG(20) — 2G(8)| + 2G(v/3h) dt.

Hence

B(v+ sh) < /1 G(v) + G(0) +v/5(G(20) — 2G(v)| + |G(20) — 2G(6)]) dt

4 Q/IG(\/Eh) + G(sh) dt.
Note that ||v/sh|pe < 1. From we obtain [, G(v/sh) < |lv/sh|Le < /5. Hence
(v + sh) < /IG(U) + G(0) + Vs(|G(2v) — 2G(v)| + |G(20) — 2G(D)]) dt + 4+/s.
Since ®(v) < p, it follows that for s sufficiently small ®(v + sh) < p. By (&4),

J(v+sh) > J(v) — Vellshllwire-

Hence
J(v+ sh) — T (v) > e
s
Taking the limit as s — 0, we have (J'(v), h) > —/e for h € W L& such that ||h||w1 ¢ =
1. Since —h € Q, we have sup| =1 [(J'(v), h)| < /€ and hence

17 @)l wi Loy < VE.

Let {u,} be a minimizing sequence of 7. We choose &, in the following way

J(up) —infgJ, J(up) > infgJ,

n’

En =

One can see, that €, — 0 as n — oo. Since u,, satisfies (4.1)) for each n, we have

c2 < J(vn) S c2ten,  vn — unllwire < Ven, Hj,(vn)H(Wl L) < Ven

for v, associated to u, and &, in f. Hence we can see that {v,} is a Palais-
Smale sequence of 7. Since J satisfies the Palais-Smale condition (Step 2 in the proof of
Theorem , we have that there is uy such that J(ug) = ¢ and J'(ug) = 0, so ug is the
desired solution of . O

Remark 4.3. Similar arguments regarding the existence of a second solution can be found
in [13, Proof of Lemma 3.3] and [21, Step 4 in the proof of Theorem 1.1]. See also [16],

Theorem 4.2, Corollary 4.1] and [3, Theorem 3.1] for more detailed computations.
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If f(t) = 0 it is necessary to show that inf 5 J(u) < 0. Without this assumption it is
possible that the minimizing sequence found in the proof of Theorem converges to the

solution ug = 0. In order to avoid this phenomenon we add Assumptions (Fg) and (Vs).

Theorem 4.4. Let F' and V satisfies (F1)—(F¢), (V1)-(Vs) and f(t) =0. Then (1.1)) has

at least two nontrivial periodic solutions.

Proof. Let 0 # ¢ € Q. Then, by Lemma G(%) < p/2 for all t € I. Choose

1/(min{¢r,Cx }—Cw)
A < min < 1, <CW> ,
Crk

where CW = f[ W(ta 77/}) dt, CFK - f] F(tv ¢7 w) + K(tv w) dt.
By (Fs), (V5) and f(t) = 0 we have

) = / F(t, Mb A) + V(1 \p) dt
I
< [P0 0) + XK () - N0 di
I
< CFK)\min{CF:CK} _ CW)\CW < 0.

Hence ¢o < 0. In the same way as in the proof of Theorem we show that there exists a
minimizing sequence {v,} such that J(v,) — 0 and J’(v,) — c2 as n — co. Hence there
is ug such that J(ug) = ¢o and J'(uz) = 0 and uy is the second solution of . Since
co < 0 and J(0) = 0, ugy is nontrivial. O

Remark 4.5. Theorem is some generalization of existing results for (see for example
[13,22]). Although we consider only periodic problem, but we do it for more general kinetic
part of Lagrangian.

We can consider simpler class of potentials
V(t,z) = Ao(t)Go(x) — A1(t)G1(z) — A2(t) G2 (),

where G;: RY — [0, 00) are convex functions of class C! satisfying G;(0) = 0 (to provide
(V4)) and assumptions Az Vs in infinity with Simonenko indices (see [7]) min{p& , pg,} >
q¢, (to provide (Vz)). To provide (V3) we assume that Ay (t)G1(z) < g(t) for G(z/(2[1])) <

p/2, Ap(t) > b and
GQ(QS‘)

lim = 0.
G(z/(21)—0 G(x)

To ensure that Assumption (V) is satisfied we need that G; satisfies Ay globally and G
satisfies Vy globally with Simonenko indices ¢, < pg,-
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5. Example

We finish the paper with some example of function F', potential and forcing satisfying
Assumptions (V1)—(Vs), (F1)—(Fg) and (f). We also show that they do not satisfy as-
sumptions in [7], which indicate that taking ®~1([0, p)) instead of the ball {u € WL :
|ullwine < r} is better to obtain the mountain pass geometry in the anisotropic case.
Let us recall that in [7] condition , mentioned in the introduction, was guaranteed

by the following assumptions:
(A3) there exist 7o, b > 1 and g € L*(I,R), such that V(¢,2) > bG(x) — g(t) for |z| < ro,

either

T
(5.1) /_T G*(f(t)) + g(t)dt < min{1,b —1}(ro/(2Cx.z)), 70 >2Cx

or

(r0/(2Cs,c))%¢, 10 < 20%a,

T
. G* min{1,b —
(5.2) / L CTUO g a <minfp-y¢ WO T

where Coo ¢ is an embedding constant for W1 L¢ < L given by formula Coo,g =
max{1, |I|}A;" (T}\)’ Ag:[0,00) — [0,00) is the greatest convex minorant of G (see [17]),
r=70/Coo,G-

Sets of assumptions

(i) (As), (B.I) or B-2)),
(i) (Vs), (f)

are independent, namely for some potentials it is not possible to find r¢ such that the first
assumptions are satisfied, but for the same potential one can find p such that the latter

are met.
Example 5.1. Let I = [—1,1], 2 = (z1,22),v = (v1,v2) € R" x R",

F(t,z,v) = G(v) = v + (v —w)*, K(t,z)=2G(x) + |z|*log(|z|* + 1),

2 a2 + el

2 — 2
fo(t) = 250 f=fo, -y fo), g(t)=0.001, b=2, p=0.004,
1
Oy =4.9, ey =0.001, Op=4, (= 3—, Ck =2, (p=2.

16
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If we take F', V and f given above one can check, that (Vi)-(Vs), (F1)-(Fs) and (f) are
satisfied. However, there do not exist a, b, o such that either (As) and (5.1]) or (As) and
(5.2) holds. This situation was shown in Figure

10f

oA

mc

Figure 5.1: The shape of A is such that for a ball B = B,,(0) with r¢ such that B C A
neither (5.1) nor (5.2)) is satisfied. For C' C A condition (f) is satisfied.

The shape of the area
A={zeR"xR": V(z) > bG(x) — g}

is such that for a ball
B={zeR"xR": |z| <rp}

with sufficiently small radius (such that B C A), neither (5.1) nor (5.2)) is satisfied. If,

instead of the ball, we take “more anisotropic” area

C:{x@R”xR”:G( x)gg}cA,

21

connected with condition (V3), then (f) is satisfied.

0.004

Figure 5.2: Plot of the function h;. Figure 5.3: Plot of the function hs.



Two Periodic Solutions to General Anisotropic EL 423

e If we assume that is met, then for each ro > 2Cq ~ there exists z € B,,(0)
such that V(z) < bG(z) —g forall b>1, g < 201?7.2(;’ which contradicts assumption
(A3).

In fact, taking x € 9B,,(0) it suffices to show that function h;: R” x R" — R,

hi(x) = G(z) — V(z) — 20‘2'@ can have positive values for any ro > 2Cg o (see

Figure .

o If we assume that (5.2)) is met, then for each ro > 0 there exists z € B,,(0) such
. 2 4
that V(z) < bG(x) —g forall b>1, g < mln{(wti’c) , (202,c) }.

In fact, taking x € 9B,,(0) it suffices to show that function hy: R” x R" — R,
ho(xz) = G(x) =V (x)— (26@00 )2 can have positive values for any ry (see Figure .

Remark 5.2. In the above example we can also take a more complicated F', e.g.,

F(t,z,v) = Gv)(2 + |z|”? — sint).
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