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Iterated Commutators of Multilinear Maximal Square Functions on Some

Function Spaces

Zengyan Si*, Qingying Xue and Pu Zhang

Abstract. In this paper, the iterated commutators of multilinear maximal square
function and pointwise multiplication with functions in Lipschitz spaces are studied.
Some new estimates for the iterated commutators with kernels satisfying some Dini
type conditions on Lebesgue spaces, homogenous Lipschitz spaces and homogenous
Triebel-Lizorkin spaces will be given, respectively.

1. Introduction

Commutators of singular integral operators with Lipschitz functions have been the subject
of many recent articles. In 1995, Paluszyriski [16] proved that the commutators generated
by Calderén-Zygmund operators and Lipschitz functions are bounded from Lebesgue space
to Lebesgue space and to homogenous Triebel-Lizorkin space. For the commutators in the
case of the multilinear Calderén-Zygmund operators with the kernel of standard esti-
mates, Wang and Xu [24] and Mo and Lu [15] got the boundedness on Lebesgue space,
homogenous Triebel-Lizorkin space and Lipschitz spaces respectively.

Recently, in the theory of multilinear operators, efforts have been made to remove or
replace the smoothness condition assumed on the kernels. Among these achievements,
we mention the nice works of Bui and Duong [1], Grafakos, Liu and Yang [9], Maldon-
ado and Naibo [14], Lu and Zhang [13], Tomita [23], Grafakos, Si [10] and more recent
work of Grafakos, He and Honzik [§]. In 2017, Sun and Zhang [22] got the boundedness
for commutators of multilinear Calderén-Zygmund operators with kernels of Dini type
from product of Lebesgue spaces into Lebesgue spaces, Lipschitz spaces and homogenous
Triebel-Lizorkin spaces, which extend some previous results. Very recently, the study for
commutators of maximal operator of multilinear singular integral with kernels of Dini type
was given by Si and Zhang [21].

It was well-known that the Calderén-Zygmund operators and the Littlewood-Paley

operators have very close relationship. The multilinear square functions were introduced
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and first studied by Coifman and Meyer [4] (studied the L? estimate by using the notion of
Carleson measures), and later by Yabuta [27] (obtained the LP (p > 1) boundedness and
BMO type estimates by weaking the assumptions in [4]). In 2001, Sato and Yabuta [17]
studied the (LP* x - -+ x LPm LP) boundedness with p > 1/m for m > 2. The study of this
subject was recently enjoyed a resurgence of renewed interest and activity. In 2016, Si and
Xue [19] studied the bounded properties of multilinear square function and multilinear
maximal square function with kernels satisfying Dini type conditions on Lebesgue and
Morrey type spaces respectively. In 2018, Si and Xue [20] got the boundedness for iter-
ated commutators of multilinear square functions with Dini-type kernels from product of
Lebesgue spaces into Lebesgue spaces, Lipschitz spaces and homogenous Triebel-Lizorkin
spaces, which can be seen as the vector-valued extension of the previous results in [22]. For
other recent works about multilinear Littlewood-Paley type operators, see |2}/18,25,26] and
the references therein. For the applications of the theory of multilinear square functions
in PDE and other fields, see |3}/5H7}|11,]17,26}27] and the references therein. In this paper
we study the boundedness properties of the commutators of multilinear maximal square
functions with kernels satisfying Dini type conditions. In order to state our results, we
first prepare some notions and definitions.

For any ¢t € (0,00), a locally integrable function K;(x, i) defined away from the diagonal
T =y ==Yy in (R")™*! is called a kernel of type w(t), if there is a positive constant
A, such that the following conditions hold.

1. Size condition:

oo i 2@ 1/2 A
(11) (/0 |Kt( 7y)| t> < (Z;T;I |x_yj’)mn'

2. Smoothness condition: Whenever |z — x| < #H maxi<j<m | — y;|, it holds that
(1.2)

[eS) dt 1/2 A ’z B :U|
Ko=) — Ko, )P ) < o .
</° t (X7l = w;l) > =yl

Whenever |y; — y}| < ﬁ maxi<j<m |2 — y;l, it holds that

</0 ‘Kt($7y)_Kt(xuylw"aij"-aym)‘ t)

< A w | _y§|
T (X =)™\ |yl

The multilinear maximal square function of type w(t) is defined by

— —

T°(f)(x) = sup T5(f) (@),

>0
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where Ty is the truncated operator associated to K; defined by

—

Tﬁ(f)(w) = </0 ‘/2::”’1 oyl Kt<$,y1,,ym)j131f](y]) dyy -+ dym

2£ 1/2
; .

Let b = (b1,...,bm) be a collection of locally integrable functions. We study the

iterated commutator associated with T
m

T (@) =sup</0w‘/ . lz_yi|2>5211[bj(x)—bj(yj)]Kt(:E,yl,...,ym)

6>0
2 dt 1/2
y .

For 8 > 0, the homogenous Lipschitz space LipB(Rn) is the space of function f such
that

< T £ (ws) dys - - dym,
j=1

Bl+1
A ()]

i = sup  —— 3 < 00,
”f”L pg(R™) 2,h€R™ h£0 |h|6

where Alfl denotes the k-th difference operator. The following characterizations for ho-

mogenous Lipschitz spaces and homogenous Triebel-Lizorkin spaces can be found in [16].

(i) For 0 < <1, 1< g < o0, we have

T 1 /|f fol ~sup ——— </ - \Q)l/q
Lip, /2 Sup - A sup - .
Pe QI Jo ! TR Qe \ g e

(ii) For 0 < 8 < 1,1 < p < oo, we have

1 /
sup ————7= [ |f — fol
o |QI/F Jg Q

We always assume that w(t): [0,00) — [0,00) is a nondecreasing function with 0 <
w(1) < co. For a > 0, we say that w € Dini(a) if

1l ppee =

r

1
‘w|Dini(a) - / wa(t) ? < 0.
0

The main results of this paper are as follows.
Theorem 1.1. Let 1/q=1/p1+ -+ 1/pm — B/n and f = 1+ -+ + Bm. Suppose that

0<qg<oo,1<pi,...,pm <00 and 1/p; > Bj/n. If w € Dini(1) and b; € Lipg, with
0<pBj<1forj=1,...,m, then

m m

HTﬂgﬂ’Lq(Rn) S H 166l ip s () H | fill Les (R -
=1 i1
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Theorem 1.2. Let 1/p = 1/p1 + -+ 1/pym and B = 1 + -+ + Bm. Suppose that
1<piye..,pm <00,0<1/p; < Bj/nand 0 < f—n/p<1. IfbjeLipﬁj with 0 < B < 1

for j=1,...,m and w satisfies

(1.3) /01 IO N

tl+B8—n/p

Then it holds that

m m
1T f”LlpB B S HHbiHLipﬁi(R”)H”fi”Lpi(R”)-
=1 =1

Theorem 1.3. Let 1/p = 1/p1 + -+ 1/pym and B = 1 + -+ + Bm. Suppose that
1<p,...,pm < 0. IfbjeLiij with 0 < B; <1 for j=1,...,m and w satisfies

(1.4) /01 ) 41 < o0,

148

Then it holds that

T, f||FBoo(Rn HHbiHLipBi(R”)HHfiHLPi(Rn)-
i=1 i=1
Remark 1.4. If we let

K(xayla"'vy ) lflgtgev
Kt(x7y17"°7ym): "
0 otherwise,

then T* become the iterated commutators of maximal operator of multilinear singular

1ntegral w1th kernels of Dini type

/.. [0 = b K i) T i)
S le—yi]2>62 j=1

Jj=1

—

T (f)(@) = sup

6>0

where dif = dy1 - - - dym, .

Throughout this paper, the notation A < B stands for A < CB for some positive
constant C independent of A and B.

2. Proof of Theorem

Let f be a locally integrable function. The fractional maximal function is define by

1/r
My f(z) = sup<|Q|1 Wn/ 1y V‘dy) |



Commutators of Multilinear Maximal Square Functions 1121

when r > 1and 0 < g <n/r. If 8 =0 and r =1, then M;of = M f denotes the usual
Hardy-Littlewood maximal function. For § > 0, we denote M;s by Msf = M(|f|®)'/°.

The sharp maximal function M? is given by
i .. 1 1
M*f(z) = supinf .= [ [f(y) —c|dy =~ sup = [ [f(y) - foldy,
Q3x ¢ ‘Q| Q Q3x|Q| Q

where fg is the average of f over cube @ and we denote Mg by M(?f(x) = ME(| )Y (x).
Let u,v € C*([0,00)) such that |u/(t)] <t71, [o/(t)] <t~ and satisfy

X[2,00) (1) S ult) < X1,00)(#)s  X1,21(8) S 0(t) < xp1y2,3 (1)

For simplicity, we denote

]x—y1|+-'-+]a:—ym\>

/'7 )

\x—y1+---+\x—ym|>
n

Kt,uﬂ](xaylv e 7ym) = Kt<377y17 e 7ym)u (

Kt,v,n(xaylv e aym) = Kt(xvylv e 7ym)U <

It is easy to see that K, , and K, , satisfy the size condition ([1.1). Next, we show that

the functions Ky, and Ky, , satisfy some smooth properties.

Lemma 2.1. For any j =0,1,2,...,m, we get

00 , dt\'?
(/(; ‘Kt,u,'r](y()""7yj7"'7ym)_Kt,u,TI(yOv"'ay}w"7ym)| t)

'y — ]
w(\y07y1|+~--+]|yofym|) |yj - y;|
~ mn + mn—+1
(lyo — 1|+ + [yo — Yml) (lyo — 1|+ + [yo — Yml)

and

o0 , dt\?
(/(; ‘Kt,v,n(y& e Yy 7ym) - Kt,v,n(y(]a cee 73/3’7 .. 7ym)| t>

ly; —y5]
< w(\yo—yl|+“'+7|yo—ym|) I ly; — 3/;‘
~ (lyo —wvil 4+ -+ lvo —umD)™  (lvo —yi]| + -+ + [yo — ym|)™ L’

whenever |yj — y;] < ﬁ“ maxo<;<m lyo — yj’-

Proof. We just give the estimate for Ky, ,, since Ky, , can be estimated in a similar way
with a little modifications. Without loss of generality, we assume j = 0, then

o0 dt 1/2
(/ I Kt (Y053 Yjs -2 Ym) — Kt un (Yo, - - .,y;-, o Ym)|? t)
0

o0 . — 4+ 4 — Um,
- </ ‘Kt(yo,y)u <y0 ol 7 =y |)
0
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2@ 1/2
t

+|y6ym>

oo . y/fy +...
(/ anh> Ky, Pl CO 1
0 n
/ / 2 1/2
_ — Y _ — Y dt
Ky (o) [u<|yo vl + n+y0 y )_u<|yo yil + n+|yo y |>H t)

0o L dt\ /2
< ([ im0 - b 0P )
0

+ </ ‘Kt(y();ylv"’aym)
0

/ _ - e / — — e —_
" [u<yo yil -+ wo ym|>_u(|yo yil 4+ +wo yml)]
1 1

=I+1I.

+ |y6 _ym|)

2£ 1/2
t

By the fact |yo — y,| < %ﬂ maxo<;<m |yYo — ¥;| and by the smoothness condition (1.2},

we get,

~ (lvo =il + -+ lvo — ymD)™  \lyo —v1| + -+ Y0 — Ym|

Next, we shall use the following estimate (see Lemma 3.1 in [21]):

‘u<|y6—y1\+---+|y6—ym|> _u(lyo—y1|+---+!yo—ym|)’
n n
T lyo =yl + - 4 Yo — yml
This together with the size condition ((1.1)) implies that
o
1< Ivo = %ol -
(lyo = yal + -+ lyo — ym[)™"*

This finishes the proof of Lemma ]

—

Associate with K, and K, ;, we define two maximal operators U*(f)(x) = sup,
(U (f) ()] and V*(f)(2) = sup,s |[Vy(f) ()], where
dt 1/2
t > ’

(JF ( ’/antu,n:Uy Hfz yz
S 1/2
e (| !/nmmwnm )

As a consequence of Lemma the boundedness of multilinear maximal square func-

tions with kernels of Dini type (see Theorem 6 in [19]), and the estimates of multilinear

maximal square functions with non-smooth kernels (see Theorem 4.1 in [12]), we have
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Lemma 2.2. Let 1/p=1/p1 +---+ 1/pm. We have
(1) If 1 < p1,...,pm < 00, then

1U* fll oy S H | fill zes (-
(2) If 1 < p1,...,pm < 00, then

1T fll oo ny S H 1fill Los (reny -

Similar estimates hold for V*.

Given a collection of locally integrable functions b= (b1,...,bm), we define the com-

mutator TEE by -~
j=1

where f: (f1,---, fm) and ng is the commutator of b; and T in the j-th entry of T,
that is,

(@) = by T E) = by @T5(F1 - ) @) = T by ) @)

The key role in the proof of the main results is played by the maximal operators Uy, and

dt>1/2
dt>1/2

It is easy to see that Tﬁb(f) < Uﬁb(f)(x) + Vﬁkb(f)(x) and T*(f) < U*(f)(x) + V*(f)(:c)
To prove Theorem we need the following estimates for T;g. We just consider the case

Vi, which are given by

o) 2
Ut e =su [ ] o Kot ) TT0) ~ 0,0,) Hfz )
n =1

n>0

0o 2
Vil )(UC)ZSUP(/O ’ e Kt wn(®,y1,92) H ) = bi(y;) Hfz (yi)

1n>0

m = 2 for simplicity, our method still hold for general m with a little bit of modifications.

Lemma 2.3. Let T be a multilinear mazimal square function of type w(t) with w €
Dini(1). Then, we have

(i) Let by € Lipg, and by € Lipg, with 0 < 81,42 <1, 0 <4 < e < 1/2, then
MIT?(f1, f2)(x)

2
2.1) S [T 0ilip,, Mes (T (fr, F2)) (@) + b1 Lip,, Mesy (TF2(f1, f2))(2)
: i=1

2
- 1B2lipy, Mesa (T3 (f1s £2)) (@) + T ] Ibillvin,, Mu g, (f1) (@) M g, (f2) ().
i=1
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(ii) Suppose that b; € Lipg, j =1,2,0< <1 and0<d<e<1/2<1<n/B, then

(2.2)
MET?(fr, f2)(x)
S N0lLip, { Mes(T*(f1, f2)) () + My g(f1) () M (f2)(x) + My g(f2) (@) M (f1)(x)}

Proof. We should point out that the proof of this lemma is similar to that of Lemma 3.3
in [21], so we just give a brief step and the part of the proof that is different.

(i) We prove (2.1)) holds for Uﬂg' Fix x € R", denote Q = Q(zq,!) the cube cen-
tered at xQ and containing x with side-length [. Denote ¢ = sup, . |c;| and (bi)g+ =
|Q*‘ fQ* /(y) dy, where Q* = 8y/nQ. Then, we have

<IQI/ U551, f2) (= —Icl5\dz>1/6
(IQI/ Unisf1: f2)(2 —flgg\CnH&dZ)l/é
(|Q| / |(b1(2) — (b1)q+)(b2(2) — (b2)Q*)U*(f17f2)(2)\6dz>1/6

1/6
<|Q|/ ‘ bl )[b27 ] f17f2

<|Q|/b2 Q- )[b1, Ui (f1, f2) (2

1/5
+ <@/Qig% \Up((b1 — (b1)g=) f1, (b2 — (b2)g*) f2)(2) — Cn\(sdz)

=%+ %o+ %3+ Ty

)° dz)
1/6
)° dz)

By Holder’s inequality, we get

2
T S [T Ibillip,, Me s (U*(f1, f2)) (@)
i=1
and

T2+ T3 S [01llLipy, Me,gy (1b2, U™J2(f1, £2))(2) + [[b2l|Lip,, Me,s, ([b1, U1 (f1, f2)) (@)

It remains to estimate the last term 4. Take now

ey = Un((br = (b1)@) f17, (b2 — (b2) @) 2°) (2).

Then Ty < Tyy + Tyo + Tz + Tya, where

1/8
Ty = (@ /Q U*((51 — (b)) £2, (bs — (52)Q*)fg)(z)’6dx> :
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1/5
T = <@ / sup |Uy (b <b1>Q*>f?,<b2—<b2>Q*>f§°><z>sz) ,

1/5
Ty (@, / sup |Uy (b — (b1)ge) £ (bs — (52)Q*)f§))(z)’5dz> ,
Ty = <@ / sup [Uy((br — (ba)e ) £2° (b2 — (b)) £5°) ()

1/6
= Unl(br = ()M (b~ (b)) S )
By the Kolmogorov inequality and by Lemma

Tt S NU*((by = (b1) g+ ) f1, (b2 — (b2) f2)||L1/2°°(de/|Q\)

1
< _
< ,Q|/Q|<b1 (b)o- sz|/| (2)) dz
2
< T Illuipy, Mis, (f)@).
=1

Next, by the size condition (1.1)),

Ty < @ /Q sup U (1 = (01)) 7, (b2 — (b)) 52 =

<ol L L{ \Ktmdt}mubuyl)—<b1>Q*>f10<y1>\

x [(b2(y2) — (b2)q+) f3° (y2)| dy1dy2dz

[(b1(y1) — (b1)@+) £ (y1)||(D2(y2) — (b2)@+) f5°(y2)| dyrdys
~ ’Q‘//n R (!Z—y1\+\z—y2])2" dz

S [1b1llLipg, M, (f1)(@)]|b2l|Lip,, Mg, (f2)(2)-

T43 can be estimated in the same way. Finally, we estimate T44. By using the fact

(R Q)2 C R\ (@) C R, (23 Q)2 \ (242y/AQ)? and by Lemma
T < @ /Q S U (b1 = (b)) 7% 12 = (1)) )
LU (b — (b1)ge) 5 (b2 — (ba)ge) f5°) ()] dz

// / Koo~ Kol 2V
|Q| (n\Q )2 n t,un\Z, Y tun\TQ, Y t

X H | (i S (i) dyrdyadz

" ()
S 101 Jo Jamary: Tra - y1|+\xcg )2 Jzg — wi] + |70 — o]
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2
X H [(biys) — Xa) £ (i) | dyrdyadz
=1
il N H\ 200 i
\Q! @@+ (|7q — y1\+!$Q ya )2+t AR

S oallLip,, Mu,g, (f1) (@)[b2]|Lip,, Mi,, (f2) ().

Combining the above estimates %1, T2, T3 and T4, we obtain (2.1)).

(ii) We consider the operator

—

SH(F)(@) = sup|(b(x) — bg-)Uy(f1, f2) (@) — Uy((b — bg+) fi, fo) (@),

n>0

where bg+ = |Q | Jo- b(y) dy. Let ¢ = sup, - [cy|, then

1/5
(i L - )

<‘Q|/| bQ* *(f17f2)(z)|6dz>1/6
SuplU ((b—bo+) fr, f2)(2) — ¢y’ dz ”
(e S )
=: £ + £o.

By Holder’s inequality,

L1 3 [bllLip, Me,s (U™ (f1, f2)) ().
Choose ¢, = Uy ((b— bg+) f1°, f5°)(z). Then, L5 < £o1 + L2 + £o3 + Lo4, where

Loy = (1/ [U*((b— b+ ) f7 fg)(z)\ddxy/é
QI Jo ’ ’

1 U, ((b—bo) 2, £2)(2)|° d v
o (M/supr A5 — b ) 2, £5°)(2) ) ,

1/6
e <\Q!/ sup U <<b—bQ*>ff°,fS><z>sz) ,

1/6
Loy = <‘Q’ / sup’U ((b—bQ*)ffo,fQOO)(z)—Un((b_bQ*)ffovaO)(x)‘édz> '
By the Kolmogorov inequality and by Lemma

€21 S U (b= b ) f7, £3) | 17200 g, dr/|Q|

< lbllin, Q" W“M / £z |dz|Q| / 1£9(2)] d
< [blluip, My p(f1) (@) M(f2) ().
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Next, by the size condition (|1.1)),
1/6
o = <‘ 31 L =) . ) )
S fg1 LS U= b 42

1/2
Sl L s { [l G 1060~ b))

: |Q/@/ : /@*)c T g )~ b Ao
S Ibllip, Mg (f1) (@) M (f2) (2).

Similarly,

1
S /Q sup U (b — b 5, £9) ()]

1/2
smlg Ll s [ e G} 10000 b bt ol

1
IQ\ / /Q* /Q 9e (|2 =yl + 12— y2!)2n!(b(y1) bo+) 1yl f2(y2)| dy2dyrdz
S bllLip, My (f1) (@) M (f2)(2).
Since (R \ Q*)? C R\ (Q*)? C U2, (2543 y/n@)? \ (2872/nQ)?, by Lemma [2.1]
1
S /Q sup Uy (b~ b} /7%, £5°)(2) = U (b — b )IF¥. £57) @)
1 o dt /2
< 7 — e
~ 10| /Q/( - S:P {/0 |Kt,#,77(z,y) Kt,u,n($Qay)| ; }

2
% [(b(y1) = b ) T [ 1/ (vi)| dy1dyad=

=1
‘ |Z|x‘@| I) 2
z—y1|+|z—y2
|(b(y1) — bo+) 12(yi)| dydyadz
SN R e CUARS 1G]

1 ‘Z — Q?Q‘ 00
101 Jy e Tl £ g0 = ) TT 5

S blLip, Myg(f1)(@) M (f2)().
Thus we finish the proof of (2.2). Then Lemma is proved. O

i=1

Proof of Theorem [L.1] By using Lemmal[2.2)and combining the arguments in Theorem [I.3|
and [22], we can finish the proof of Theorem without any difficulty. We omit the
proof. O
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3. Proofs of Theorems and

In this section we prove Theorems [I.2] and [I.3] We just consider the case m = 2 for

simplicity, our method still hold for general m with little modifications.

Proof of Theorem [1.2] Theorem [I.2] will be proved if we can show
(3.1) SUPWM,/ Us(f)(2) — (Uﬂg(ﬂ)Q’dZ S Noallag, o205, [[f1llzed ] f2ll zes -
We now estimate
g [, Wise) = U Haldz
NWM,/ Us(f1, f2)(2) — c| dz
S s Wil DN+ ey | Wigh, £5)() —eilds

1 * oo (0 1 * 00 OO
+W/n_1/p/Q|UHg(f1 afz)(z)—c2’dz+Wm_1/p/Q’Ung(f1 f39)(2) — cs|dz
= Ny + Ny + N3 + Ny,

where ¢ = ¢y + ¢3 + ¢3, which will be determined later.
We can choose 1 < ¢q,q; < 00, ¢; <n/f;j <pj,j=1,2with1/¢g=1/q1+1/q2 — (61 +
B2)/n. By Hoélder’s inequality and Theorem we have

1/q
s W (/ ‘ f17f2)( )\qdz> QI ~/a

Q[

< Wllﬁ)llm 159 oz < 1 fall o |l foll oe.

For the second term, we take ¢ = U*((by — (b1)g+) fY, (b2 — (b2)g+) f5°)(zq). Then

1
% g f, (] */W (1(2) — (b)) ba(2) — b))

2 g\ 1/2
X K (2,91, 92) f1(y1) f2(y2) dyidy2 t) dz
1
‘Q|1+ﬂ/n /p SUP( ‘/*/R\Q* — (b1)@+)(b2(y2) — (b2)q+)
2 g\ 1/2
><Kt,u,n(?«”y17y2)f1(y1)f2(y2)dy1dy2 t) dz
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2 g\ 1/2

X Kt (2,91, y2) f1(y1) f2(y2) dyrdyz t) dz

1

T — sup( s /W (ba () — (51 )(balye) — (b))

2 g0\ /2
> dz
t

X [Kt (2,91, 92) — Kty (2Q, y1,y2)| f1(y1) f2(y2) dy1dy:

= Moy + Nag + Maz + Noy.

By Minkowski’s inequality and the size condition ((1.1)), we have

Mo 5 e Lo 015) — (0 )0a(e) = ()ee)

dt 1/2
X Sup (/ | Kt (2,91, 92)|? ) |f1(y1) fa(y2)| dy1dyzdz

S o / L 1) = ) )0m02) = )

| f1(y1) f2(y2)| dy1dyadz

(!2 -yl + |Z —12|)?

> f2(y2)|
5b~b~Q1/p/fydy / ’7@
o1l 1021, Q17 | V1) k{: T RSN P

o0
S bl ag, 12114, I f1llze | foll e Y 21102
k=1

S oullag, 020l a, [[f1llzed ] f2ll e

Similarly,
Moz + Moz S [|b1lla,, 10204, I f1lLer [l f2l o2
By Minkowski’s inequality and Lemma we have

Moy
S T o o o 101~ 0 ea) — o))
, di 1/2
XSUP</O | Kt (2, 91, y2) — Kt (20, y1, y2)| t> | f1(y1) f2(y2)| dyrdyadz
n
1
gb-b-/// bi(y1) — A1) (ba(y2) — A
1B, 2|1A52|Qw/n,1/p o fong. 10100 = A0)(Ealam) = )
YA
<|z—y1\+|z—y2|> r:c—y1|+|x—y|>2n+l e

S 101l Wl iz / /| /R,L\Q*
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( w(\LcZQ Ifffz'\) 27k
(

|Z _ yl‘ + |Z _ y2|)2n B2 (|Z _ yl‘ + |Z _ y2|)2n52)‘f1(y1)f2(y2)| dyldyZdZ

16115, 110211 —ky 4ok
< B1 B2
~|QP/n1/p / () ‘dylz |2"/’+3\f62|2 Pa/n /2k+3fc.2\2k+2f@’f2(y2)dy2

e}

S b1l 192115, L Fallzos | fallzre D (w(27F) 4 27F) 27 e =Pe/ntd/p2)
k=1

S Mballag, 102ll4, [ f1llzo | f2l o2,

where we have used the fact 1 — 82/n + 1/pa > 0. Thus,

Mo S N101lla,, 02l 4, I 1ll o (| fol 22

Similarly,
M S 101l 4,, 102l 5, Il 1 ol o2
We deal with 9914 as follows:

C
< s fooe (] L1 = (@) 02(2) — ()
2 g4\ 12
X Kt pun(2,91,y2) f1(y1) f2(y2) dyrdys t) dz

C
QI sup( ] /(Rn\Q (b1(2) ~ (br)g-)(ba(12) — (Bo)gr)

2 1/2
dt
) dz
t

X [Kt (2,91, 92) — Kt pun(2Q, y1,y2)| f1(y1) f2(y2) dy1dy:

C o
W/nl/p/ Sup(/o ’/( n\Q*)Z(bl(yl)_(bl)Q*)(bQ(Z)_(bQ)Q*)
2 g4\ 1/2
< R om,) = Koo )l ) o) dond| )

O o0
* W/n—m)/ngp (/o ’/(RH\Q*)Q(Z)I(?M) = (b1)@+) (b2(y2) — (b2)+)

2 1/2
dt
X [Kt (2,91, 92) — Kt pun(2Q, y1, y2)| f1(y1) f2(y2) dy1dy: t> dz

= Mag + My + DMz + NMyy.

By Minkowski’s inequality and the size condition (|1.1]), we have

1
M S G, [ 016 = )22 = G2l

o0 dt\ /2
scown ([T patzan PG ) ) ()| dndiads
n
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S R / [, 108021 = (k) a(2) = 21

5= f1(y1) f2(y2)| dyrdyadz

(\z—ylle—y )

= | f1(y1)]
< 16115 [1b2]l5 Ql/P / LIVL gy,
Il Bl QP30 [ T

— | f2(y2)]
X ———d
;/ Y2

2k+3/nQ\ 22 /nQ ]yg — xQ]”
o0 o0
S orllag, 102ll5,, [l e 1 f2llee |QIYP D~ [2543/m@ 1P Y 7 1283 /nQ| =2
k=1 k=1
S Mbullag, 0207, [[f1llzea ] f2llzes -

By Minkowski’s inequality and Lemma we have

1
< Y T - * _— *
M S TS [, g 1)~ () at32) — o))
oo , dt\?
X sup </0 Kt (2,91, 42) — Kipun(2Q, y1,92)| t) | f1(y1) f2(y2)| dyrdyadz

n
1614, 11021145, Z/ Ayl
~o|Qre/mie 243 mQ\2k+2 /g 191 — 2Ql”

%0 | folyo) | (w(@F) + ——lrrel
" / ( [zq—y1tzq yz|) dys
2

i1 e mQ\ke nQ ly2 — x|~

1b11] g, [102[1 45, S

d
~ |Q’,32/n 1/p Z |2k+3\/>Q| /2k+3fQ yl) Y1

1
9—ky 4 o—k / ;
X ; (OJ( ) + ) |2k+3\/ﬁQ|l—ﬂz/n 2k43 R0 f2(92) Y2

S 1brllag, 102ll5s, [l o | fallee ) (w(27F) 4 27F)2kn(B/m=/p)
k=1
S Mbullag b2l A, 11 llzod [l f2ll ez,
where we have used the assumption (1.3]) and the fact 0 < f —n/p < 1. Similarly,

Maz S b1l 4y, 102l 54, 1 1llzes [ 2]l o2

Now we estimate Iy4:

1
Mt S T e 01) — (0 G2l
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1/2

o0 dt
X sup </0 Kt (2,91, 92) — Kipn (20, y1,92)|? t) | f1(y1) f2(y2)| dyrdyadz
n

< HblH/\ngbQH/\ﬁ /Z/ |f1(y1)|
~ ‘Q’H—,@/n 1/p (2F+3/nQ)2\ (2F+2/nQ)2 |y2 _wQ|2n—ﬁl—52

X <w < |2 = 2q] ) + | = 24| > dy1dysdz
2 —xql/)  lzg —wnl+lzg — vel

o0

S b1l 192115, I Frllzon | fall e Y (w(27F) 4 27F)2e(B/n=1/m)
k=1

< ol 15205, 1 fllzes [ fel oo

Combing the estimates for 9y, Mo, M3, Ny, we get (3.1). Thus the proof of Theorern
is completed. O

Proof of Theorem [I3 Let ¢ = ¢y + c3 + c3, which will be determined later. Then
g | e — Wit ald=
< |Q|H5/n/| *(f1, 2)(2) — el d
< W L1011 = 000 )02 = () U (1, £2(2)
+ o / (2(2) — (b)) U2 (1, fo)(2) — ea d
yQ|1+6/n/ |(01(2) = (01)Q- U2 (fr. fo) (2) — 2| d2

gt (= () o b = (b)) ) (2) = ol
=M + Mo + N3 + Ny
For 1 < r < p, by the Holder inequality, one has

91 < Ilbullay, o2ll5,, Mo (U (1, f2)) ().

In what follows we just give the estimate for 919, since 913 and 94 can be estimated in the

same way. Let ¢} = [|ba] 4, ]Q\ﬁQ/”(A+B+C) where
2 g4\ 1/2
(b1(y1) — (b1) Q) Kt (, y1, y2) £7° (1) f5 (y2) dyrdys t> :

o0
A = sup </
2 g1\ 1/2
7 )

J
B = sup </OOO /( (b1(y1) — (b1) o) Ko (2, y1, y2) £7 (1) £5° (y2) dyrdyo
/ 2 dt)l/Q
p .

n)m

( n)m(ln(yl)—(bl)Q*)K@M(m,yl,y2)ff°(y1)f2°°(y2)dyldyg
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Observe that

Ug’l(fl,fz)(z)
< [(b1(z) = (01)@)U*(f1, f2) (2) + U*((b1 — (b1)@+) /1 9)(2)

2 1/2
dt

(300) = () Kty o0, 32) 52200 300 ]| )

2@ 1/2
t

2 g4\ 1/2
7 .

Rn ) m

/
+ St;p </OOO /( (b1 (1) — (01) @+ ) Kt pun (m, 1, y2) 1 (1) £5° (y2) dy1dy
/ (b1 (1) — (b1)g) Koy (s 1. 32) F2° (50) F5° (32) din

From this,

1 *
M 5 e [, Il 0105 5, £)(2) = |t

o]
S g 101 = g U, )

1921l 4
|Q’i+ﬁf;n/ U™ (b1 = (b1) Q*)fl f2)( )dz

C||b2||/\ﬁ
+ |le+,81/n < ’/(Rn i (b1(y1) — (b1)g~)

X (Kt (2,91, Y2) — Kt (@0, y1, y2) 1 2 (1) 15° (y2) dyrdys

Cllbal| o
T |Q,1+B1fn < ’/ nym (b1(n) = (br)e)

X [Kppn(2,91,92) — Kipn (20, y1, y2)] 152 (1) 12 (y2) dyrdys

CllbzllAﬁ

X (Kt (2,91, Y2) — K (2Q, y1, y2) 1 f7°(w1) 3 (y2) dyrdys

2 1/2
dt
> dz
t

2 1/2
dt) dz
t

2 1/2
dt
) dz
t

= MNo1 + Moo + MNag + Moy + Nos.

By the Holder inequality, 9121 can be controlled by a constant times

1/r 1 1/r
ol (s JACCR @) (i / 0 (. 2N 02

S o1l ag, 102ll4,, Mr (U™ (f1, f2)) (2)-
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Take 1 < ¢1 < p1, 1 < g2 < p2 and 1 < ¢ < oo, such that 1/qg = 1/¢1 + 1/g2, then by
Hoélder inequality and by Lemma

el s
el G ORI VSENG I

b,

S gz = 00@) e 1]l es

51ll5,, N2,

S T 12 o [1.£2 ] oo
S 101117, 102114, My, (f1) () Mo, (f2)(2)-

|y2 Z|

For yo € (Q)°, ly2 — @[ ~ ly2 — 2|, [z —2q| < g max{|z =y, |z —yal}, then

by Minkowski’s inequality and by Lemma
RIOY:

’bQH/\ﬂ
N’Q|1+gljn/Q ! /n |(b1(y1) — (b1)q~)]

g\ /2 N
><</ | Kt (2,91, 92) — Kt,#n($Q7y17y2)|2> £ (1) £5° (y2) | dyr dyadz

t
- 1611145, |b2||/\32 // | 2(y1) £5° (y2)|
~ Q| ny (|2 = 1| + |2 — yo])?"

|z — x0] > |z — x| >
X | w + dydyodz
((|z—y1|+|z—yz| 2=+ |z —wal ) U

_ bl Neells,, / / / fo (o)
~ Q] . NEEED

. <w<!z—w|>+ \z—xQ\ )dyzdyldz

|z — 12| !Z—yl|+|z—yz|

I1l1a, 1Bl (w(27F) +27F) | fa )|
< 81 ﬁ2// / T2 o dun d
M) it ‘Z wivrguiayig  ZWAQE T

< ||b1||A61||b2||A52@| /Q o)l don

‘Q| —k —k 1
2y 4ok~ d
XZ\QH?’W q“ 2 g g porgratiagrg U

S 101117, 1021145, M (F1) (€)M (f2) ().

Similarly, Moy S [[b1ll5,4 102l 4,5, M (f1) ()M (f2) ().
For y1,y2 € (Q*)°, we have |y1 — x| ~ |y1 — 2|, |y2 — xg| ~ |y2 — 2z|. Then by
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Minkowski’s inequality and by Lemma
q Yy Yy

MNas

[[b211 A
<l [ -

a\V? .
Xsup </ | Kt (2,91, y2) — Kt,u,n(mQ,y1,y2)!2t> |72 (y1) f2° (y2) | dy1dyedz

< HbIH/\ﬁ ‘b2H/\52 // |y1—$Q|ﬂ1|f1(y1)f2 (y2)l
~o|QAYn m2 Iz =]+ ]z —gal)?

|z — zq| > |z — xzq] )
x (w + dy1dy2dz
( (\z—yﬂﬂz—yzl |z — 1] + |z — 2
16114, 10215, / / 1)l f2(v2)]
~QIHA (@) [y1 — x| P

X <w <|Z$Q|> + |z = 2q] > dyrdy2dz
|z — w1 |z — 1| + |2 — 32|
< 1Ballzg, 16214, /Z/ |1yl f2(y2)l
Sl oz S yrgareyag I~z
X <w (‘ _xQ‘> + |2 = 24| ) dy dyo2dz
|z — y1| |z —y1| + |z — y2l
>, 2kB1 (w(27F) 27k
S 1b1llag, 1621144 > (k 3 3 )
1 2 2643/nQ)|

k=1

/ o) dys
248 AQ\2kH2Q

></ | f2(y2)] dy2
2k+3\/ﬁQ\2k+2\/ﬁQ

S [ballag, 102l 4, M (f1)(2) M (f2) (2),

where the assumption ([1.4) was used. Combining the estimates for a1, Moo, Masz, MNay,
MNos, we get

Na S 11011144, 1020175, {Mr (U (f1; f2))(2) + Mo, (f1)(2) M, (f2)(2) + M (f1)(2) M(f2)(2)}-

Finally, by Holder’s inequality, Lemma[2.2]and the estimate of Hardy-Littlewood max-

imal function, we obtain that

sup oz | Wi E) — Wil

S Mbullag 162l A, [[f1llzed [ f2ll e -

* ~ ~
1075 e B

This finishes the proof of Theorem O
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