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Multi-objective Optimization Problems with SOS-convex Polynomials over
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Dedicated to the memory of Professor Hang-Chin Lai who was of great inspiration to us.

Abstract. In this paper, we aim to find efficient solutions of a multi-objective optimiza-
tion problem over a linear matrix inequality (LMI in short), in which the objective
functions are SOS-convex polynomials. We do this by using two scalarization ap-
proaches, that is, the e-constraint method and the hybrid method. More precisely, we
first transform the considered multi-objective optimization problem into their scalar
forms by the e-constraint method and the hybrid method, respectively. Then, strong
duality results, between each formulated scalar problem and its associated semidefi-
nite programming dual problem, are given, respectively. Moreover, for each proposed
scalar problem, we show that its optimal solution can be found by solving an associ-
ated single semidefinite programming problem, under a suitable regularity condition.
As a consequence, we prove that finding efficient solutions to the considered prob-
lem can be done by employing any of the two scalarization approaches. Besides, we

illustrate our methods through some nontrivial numerical examples.

1. Introduction

Consider a multi-objective optimization problem of the following form:

(1.1) Mings (filx),.... fp(z)) st. F(z)=0,

where each f;: R* = R, j =1,...,p, is an SOS-convex polynomial (see Definition
with degree at most 2d, F': R — S™ is a linear mapping defined by F(x) := Ay +
Yoy xiA; with © := (z1,...,2,) € R", and A;, ¢ = 0,1,...,n, are m X m symmetric

matrices. Note that Rﬁ and S™ stand for the non-negative orthant of RP and the set
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of m x m symmetric matrices, respectively. Note also that MinRi in the above prob-
lem is understood with respect to the ordering cone RY. We denote the feasible set of
the problem as K = {x € R" : Ag+ >0 A = ()}, which is assumed to be
nonempty throughout this paper. Now, we recall the notion of an efficient solution to the

problem (|1.1)):

Definition 1.1. A point T € K is said to be an efficient solution to the problem (1.1)) if
(1.2) fl@)— f(@) ¢ -RE\{0}, VzeK,

where f(z) := (fi(x),..., fp(z)); in other words, (L.2) is equivalent to say that there exists
no x € K such that f;(z) < f;(z), for every j = 1,...,p with at least one strict inequality.
In addition, if Z is an efficient solution to the problem (I.1)), then f(Z) € RP is called a

non-dominated point.

Note that, since the main purpose of the present paper is not the existence of effi-
cient solutions, in what follows the assumptions on their existence will be understood.
The reasons why we assume all of the objective functions being SOS-convex polynomials
are (i) the SOS-convexity of a polynomial has been recently proposed as a tractable suf-
ficient condition for convexity based on semidefinite programming; (ii) it has also been
recently shown that an SOS-convex optimization problem enjoys an exact SDP relaxation
in the sense that, its optimal value and optimal solution can be found by solving a single
semidefinite programming problem [17] (see also [12]), under some assumptions.

In this paper, we are interested in the study of finding efficient solutions to the prob-
lem . To this end, we investigate two scalarization approaches (i.e., the e-constraint
method and the hybrid method), which allow us to transform problem into scalar
problems. It is worth noting that, comparing with the two aforementioned scalarization
methods, the weighted sum method may be used more widely; however, for a given non-
dominated point, it is usually not easy to find a corresponding desired weighting parameter
by this method. In other words, it may be not easy to set a good weighting parameter to
obtain a non-dominated point from a desired region of the image space (then find efficient
solutions in the feasible set). Fortunately, both e-constraint method and hybrid method
do not need to consider this issue, since the desired region of the image space is well
controlled by additional constraints in the view of the two scalarization methods. Below,
we state the e-constraint method and the hybrid method in a mathematical way.

First, we relax the problem to the following scalar ones based on the e-constraint

method; see, for example [2}3]:

(1.3) min fi(z) st Ao+ z;szz =0, filx)<en k#J
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where € := (€1,...,¢p) € RP is given. Note that the component €; is unrelated for the
problem , the convention involving it here will be convenient for our later analysis.
Then, for each j = 1,...,p, a strong duality result, between the problem and its
associated semidefinite programming dual problem, is given. In addition, for each j =
1,...,p, we show that the optimal solution to the problem (1.3) can be found by solving
its associated single semidefinite programming problem, under a closed cone constraint
qualification (CCCQq) (see Assumption. Consequently, we prove that finding efficient
solutions to the problem can be done successfully by employing the e-constraint
method.

We would mention here that, under the fulfilment of stability condition rather than
the (CCCQq) in the present paper, Lee and Jiao [20] (see also Jiao and Lee [15]) recently
showed that finding efficient solutions to a (robust) multi-objective optimization problem,
in which the involving functions are assumed to be SOS-convex polynomials, is trackable
by using the e-constraint method; besides, in the paper [19], they also solved a class of
fractional multi-objective optimization problems with SOS-convex polynomial data by
using scalarization approaches.

Second, we transform the problem into the following scalar one based on the
hybrid method; see, for example [2}/4]:

(1.4)
P n
min A f(z) := Z)\jfj(x) s.t. Ap+ inAZ- =0, filz)<fi(z), j=1,...,p,
j=1

PISING
=1

where X := (A1,...,)p) € intRE is fixed and the parameter z € R™”. Note that int RE
stands for the interior of Rﬂ. Then, we establish a strong duality result between and
its associated semidefinite programming dual problem. Moreover, we show that efficient
solutions to the problem can be found by solving its associated single semidefi-
nite programming problem, under a closed cone constraint qualification (CCCQ2) (see
Assumption . Apart from this, very recently, along with a hybrid method, Jiao
et. al. |16] studied a multi-objective optimization problem with convex polynomials rather
than SOS-conver polynomials; however, the exact SDP relaxation enjoyed by SOS-convex
polynomial optimization problems was no longer true, thus they [16] found efficient solu-
tions by solving hierarchies of semidefinite programming relaxations and checking a flat
truncation condition.

The organization of this paper is as follows. Section [2| states some preliminaries. In
Section[3] we show our main results; more precisely, by using two scalarization approaches,
we investigate how to find efficient solutions to the problem , i.e., SOS-convex poly-
nomial multi-objective optimization problems over a linear matrix inequality constraint.

Finally, conclusions are given in Section []
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2. Preliminaries

This section provides some notations and preliminary results that will be used in the
paper. We suppose 1 < n € N (N is the set of non-negative integers) and abbreviate
(z1,22,...,2y) by . R™ denotes the Euclidean space with dimension n. The non-negative
orthant of R" is denoted by R'}.

For an extended real-valued function f on R™, f is said to be proper if for all x € R",
f(z) > —oo and there exists zy € R™ such that f(zp) € R. We denote the domain and the
epigraph of f by dom f :={z € R": f(x) < +oc0} and epi f := {(z,r) e R" xR : f(x) <
r}, respectively. We say a function f is lower semicontinuous if liminf,_,, f(y) > f(z) for
all z € R". A function f: R” — R U {400} is said to be convex if for all ¢ € [0, 1],

(A =t)e+ty) < (1 —1t)f(z) +1f(y)

for all z,y € R™. As usual, for any proper convex function f on R" its conjugate function
f*: R - RU{+o0} is defined by f*(z*) = sup{(z*,x) — f(z) : « € R"} for all 2* € R™.

For a given set A C R", we denote the closure and the convex hull generated by A by
cl A and co A, respectively. The indicator function d4 is defined by

0 ifx e A,
04(x) =
+o00 otherwise.

Lemma 2.1. [10] Let f: R® — RU {400}, g: R — RU {+oc} be proper lower semi-

continuous convex functions. If dom f Ndomg # (), then
epi(f +g)* = cl(epl f* + epig").
Moreover, if one of the functions f and g is continuous, then
epi(f +g)" =epi f* +epig".

Lemma 2.2. [9,21] Let g;: R" — RU{+o0}, i € I, be a proper lower semicontinuous
convex function, where I is an arbitrary index set. Suppose that there exists xg € R™ such

that sup;er gi(xo) < +00. Then

*
epi (sup gi> =cl|co U epig; | .
el icl

The space of all real polynomials in the variable z is denoted by R[z]. Moreover, the
space of all real polynomials on R"™ with degree at most d is denoted by R[z];. The degree
of a real polynomial f is denoted by deg f. We say that a real polynomial f is sum of
squares if there exist real polynomials ¢;, [ = 1,...,r, such that f = Y, qlg. The set
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consisting of all sum of squares real polynomials with degree at most d is denoted by Efl.
For a multi-index o € N, let |af := Y"1 | o, and let N} := {a € N" : |a| < d}. The
notation z® stands for the monomial z{" ---2%". The canonical basis of R[x], is denoted
by

va(z) = (%) aeny = (1,21, .. T, T T, ., 2 2l

which has dimension s(d) := ("gd).

Let S™ be the set of m x m symmetric matrices. For X € ™ X > 0 (resp., X > 0)
stands for that X is positive semidefinite (resp., positive definite). Let ST* be the set
of n X n symmetric positive semidefinite matrices. For M, N € S™, (M, N) := tr[M NJ,
where “tr” denotes the trace of a matrix.

The following proposition tells us that a polynomial can be written as a sum of squares
via positive semidefinite programming.

Proposition 2.3. [18] A polynomial f € R[z]aq has a sum of squares decomposition if
and only if there exists a matriz X € Si(d) such that f(z) = (vg(x)vg(x)T, X) for all
xz € R”.

Let vg(x)vg(z)T := ZaeNgd x® By, where B, are s(d) x s(d) real symmetric matrices.
Then, checking whether the polynomial f(z) = > eNE, fax® is a sum of squares reduces

to solving the following semidefinite feasibility problem [18]:

Find X € 55 such that (Ba, X) = fa, Va € Ny,

Below, we recall the notion of SOS-convex polynomials.

Definition 2.4. |[1,/6] A real polynomial f on R" is called SOS-convez if there exists a
matrix polynomial H(z) such that V2f(z) = H(z)H (z)T, equivalently,

f@) = fly) = VY (= -y
is a sum of squares polynomial in R[z;y].

A well-known fact is that an SOS-convex polynomial is convex, but the converse is not
true, which means that there exists a convex polynomial that is not SOS-convex; see, for
example, [1].

Next, for completeness, we state a result that will be used in the proof of Theorem

one can refer to |12, Remark 2.3].

Lemma 2.5. [12] Let f € R[z] be SOS-convex. If f(x) > 0 for all xz € R", then f is a

sum of squares polynomial.
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Finally, let us recall the following lemma, which is an extension of Jensen’s inequality
to a class of linear functionals that are not necessarily probability measures when one

restricts its application to the class of SOS-convex polynomials; see Lasserre |17].

Lemma 2.6. [17] Let f € Rlz]aq be SOS-convez, and let y = (Ya)aeng, satisfy yo = 1
and ZaeN;d YaBa = 0. Let Ly: Rlz] — R be a linear functional defined by Ly(f) :=

2 aen, fala, where f(x) =3 enn fax®. Then
Ly(f) = f(Ly(2)),

where Ly(z) := (Ly(x1),..., Ly(zy)).

3. Main results: solving problem ({1.1))

In this section, we give methods to find efficient solutions to the problem (1.1)) by using
two scalarization approaches, i.e., the e-constraint method and the hybrid method. Some
nontrivial examples are also provided.

3.1. e-constraint method

Recall the following scalar optimization problems [3,4] introduced in Section (1} which is
transformed from (|1.1)) by the e-constraint method:

(3.1) ;IelIer}L fi(x) st. Ag+ z;szz =0, filr)<ex, kH#j.

For a fixed j € {1,...,p}, the feasible set of the problem (3.1)) is given by

n
(3.2) Kj(e) == {:13 eER": Ap+ inAi =0, fu(z) < ek ;éj} .
i=1
In addition, we assume that Kj(e) is nonempty for the given e. We denote that the set
| —4%(2)
(3.3) Cj = U epi Zﬂk(fk—fk) + U
1p >0 Py zest >0 \tr(ZAg) +7

is a convex cone (see, e.g., [8, Lemma 6.1] and [13]), where A*(Z) := (tr[ZA4],. .., tr[ZA,]).
Now, we give the following Farkas-type lemma which plays an important role in deriv-

ing our results.

Lemma 3.1. Let f: R" — R, k = 1,...,p, be convex function, and let A; € S™,
i=0,1,...,n. Let v € R, and let ¢ € RP be given. For a fized j € {1,...,p}, if the set
Kj(e) (defined in (3.2)) is nonempty, then the following statements are equivalent:
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(i) Kj(e) C{z e R": fi(x) > 7};
(i) (0,—v) € epi f; + clC;.

Proof. Let j € {1,...,p} be fixed. The statement (i) is equivalent to inf g (o) fj(2) > 7,
ie., infyepn{fj(x) + Ok, ((z)} > . Since, for all x € R, (0,7) — (f; + 5Kj(€))(x) < —,
we get (fj + 0g;(c))"(0) < —v. This means that (0, —v) € epi(fj + k()" Since f; is

continuous, by Lemma [2.1 we obtain
(0, =) € epi(fj + Or;e))" = epi f] + epidy (o)-

To finish the proof, we now show that

*

(B84)  epid = | U epi [ Y mli-ea)| + U

>0 ki zesm >0 \I1(ZAg) +7

—A*(Z)

Note that dx()(x) = sup,, >0 D e (fr(2) — €x) + SUpzegm { = Z(Ao+ X, zidi) }.
Define F: R" — S™ by F(z) := Ao+ >_;—, x;A; for all x € R". Then, from (3.4) and
Lemma we have

*

epidy () =epi | sup Z,uk fre —€x) + sup {—t[ZF()]}
! =y

(3.5) =cl (e i (5;1>pOZMk Tk — Ek)) + epi (Zseus% {- tr[ZF(.)]}) )

*

=cl| co U epi Zuk(fk—ﬁk) + co U epi(—tr[ZF(‘)D*

>0 k#j Zesr

Note that, for each Z € ST,
(= tr[ZF(O)])" = (= tr[Z40] = (-, ([ZA1], ... tr[ZA4]))) ()

= sup {Zx, & +tr[ZA])} + tr[Z Ag)

zeR™ | ;9
tI‘[ZAQ] &= —tr[ZAi], 1=1,...,m,
+o0 otherwise.
Moreover, since (J,, > epi (Zk# pi(fr — ex))” and UZGSKL epi ( — tr[ZF(-)])" are convex

set (see, e.g., [8, Lemma 6.1], from (3.5]), we get (3.4), and thus, the desired result follows.
O]
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Now, let j € {1,...,p} be fixed. Then, the corresponding sum of squares relaxation
dual problem of (3.1]) with degree 2d is the following one:

(3.6) sup Vi Fi D> p(fr—ex) = (Z,F() =7 €534 ¢,
'YjevaLkZOvZGST k]

where F': R" — S™ is defined by F(x) := Ao + Y,y z;4; for all z € R". It follows
from Proposition that for each j = 1,...,p, (3.6) can be rewritten as the following

semidefinite programming problem:

sup v; st (fj)o+ Zuk((fk)o — &) — (2, Ao) — 75 = (Bo, X),

'7X7 :
(fj)ei‘f’z,uk(fk)ei_<Z,Ai>:<Be”X>; i=1,...,n,
(3.7) k#j
(f])a+ZMk(fk)a:<Ba)X>7 a#07a7éei)i:l7°"un7
k#j
’YjER, XESj-(d)a szoa kj#]a ZEST?
where e; € N3, i = 1,...,n, are defined by
e = (1,0,0,...,0), €y 1= (0,1,0,...,0), e, € = (0,0,0,...,1).

The dual problem of (3.7)) is the following semidefinite programming problem:
inf Z Ya(fj)a st Z Ya(fi)a —€x <0, Kk #7j,

yeRs(Zd)
aGNgd OéGNgd

(3.8) n
A+ Yo, Ai =0, > yaBa =0, yo=1.

=1 IS

It is worth noting that a weak duality holds between the problems (3.8) and (3.7]) in the
sense that inf (3.7) > sup (3.7) when each problem has a nonempty feasible set.

Assumption 3.2. For a fized j € {1,...,p}, the convex cone C; as in (3.3) is closed.

Assumption 3.3. The Slater-type condition holds, that is, there exists ¥ € R™ such that
A() + Z?:l szz = 0 and fk(/:f) —€p < 0, k 75 j

Remark 3.4. Tt is worth mentioning that Assumption [3.3] guarantees that Assumption [3.2

holds (see, for example, |8, Proposition 6.1]).
The following theorem gives a strong duality result for problems (3.1), (3.7]), and (3.8).

Theorem 3.5. Let fx, k=1,...,p, be SOS-convex polynomials and let j € {1,...,p} be
fized. Suppose that Assumption holds. Then,

inf = max = inf.
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Proof. Let j € {1,...,p} be fixed. Since the set Kj(e) is nonempty, without loss of
generality, we may assume that 7, := inf (3.1)) is finite; otherwise, the conclusion trivially
holds. Then f;(z) >7; for all z € Kj(e), and so, by Lemma we see that

*

O, =) eepiff+ | |Jepi | D mfi—e)| + U
px>0 k£ zesr >0 \tr(ZAg) + 1
Then there exist iy, k # j, Z € S™, and 7 > 0 such that
e _ —A*(2)
(0,—7;) €epiff +epi [ > mlfe—e) | +| _
k#j tr(ZAo) +7

So, there exist (z*, s*) € epi f; and (z*,t*) € epi (Ek# i (fr — €x))” such that
(0,=7;) = (&%, 87) + (2", ") + (- A"(2), tx(ZAo) +7),
and hence, for each z € R", we have
— fi(e) = > m(fu(e) — &) + 0r[ZF ()]

k#j

= (2", 2) — fj(2) ) = > (fu(x) — er) — (A*(Z),2) + 1[ZF ()]
k#j

*

+ [ Do mf) —er) | (27) + te(ZAo)
k#j

< S+t tr(ZAg) +T = 75,

Le, fi(@) = D ks P (fe(x) —ex) + tr[ZF(z)] > 7;. Hence, we have inf (3.1) < max (3.9),

where

(3.9) SUp % £i@) +> " m(fu(z) — ex) = (Z,F(2)) > 7;,Vz € R" 5,
e .
p>0,7€87 R

and thus, by weak duality for convex optimization problems, inf (3.1)) = max . Let
(vj, 0, Z) € R x RE™ b S™" be any feasible point for the problem (3 . Then, we have

2)+ Y i frlw) — &) = (Z,F(z)) —v; > 0
k#j
for all x € R™. Since fi, k = 1,...,p, are SOS-convex polynomials and tr[ZF(-)] is an
affine function, fj+>_; .; pk(fi — ) — tr[ZF(-)] —; is an SOS-convex polynomial, which

takes non-negative values on R"™. It follows from Lemma [2.5] that

Fi+> e fe — &) = (Z,F()) —v; € T3,
k#j
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and hence, inf (3.1) = max (3.6) = max (3.7), where the last equality follows from the

construction between (3.6)) and (3.7)).
Note that (3.7]) is a dual problem of (3.8)). So, by usual weak duality for semidefinite

programming problems [23], inf > sup .

Now, we claim that inf > inf . Let Z be any feasible solution of the prob-
lem . Then, fi(Z) < e, k # j, and Ao + > ;- T;A; = 0. Letting § := v9q(7),
we have f(7) = ZaeNgd(fk)aia = ZaeNgd(fk)aga < e, k#j,and Ag+ > ;" T A =
Ao+ > e, Ai = 0. Moreover, gyl = ZaeNgd YaBa = 0, and so, ¥ is a feasible point for
the problem . This implies that

F@) =) (FaZ®= ) (fj)aa > inf B3).
a€Ng, a€Ng,

Since 7 is any feasible solution of (3.1), we have inf (3.1)) > inf (3.8]), and hence, we have

inf (3.8) < inf (3.1) = max (3.6) < inf (3.8).
Thus, the desired result follows. O

Remark 3.6. When the problem has one objective function, i.e., is a scalar
optimization problem (which is minimizing SOS-convex polynomial over a set defined by
a linear matrix inequality), a result related with Theorem was established in [11}
Theorem 3.1].

The forthcoming theorem shows a relation between the optimal solution to the prob-
lem (3.1]) and the optimal solution to the problem ([3.8]).

Theorem 3.7. Let j € {1,...,p} be fixzed. Suppose that Assumption holds. If § is
an optimal solution to the problem (3.8), then T := (y)|qj=1 is an optimal solution to the

problem ([3.1)).

Proof. Let j € {1,...,p} be fixed. Suppose that 7 is an optimal solution to the prob-
lem (3.8)). Then, we have

(3.10) > Talfr)a—e <0, k#7,
aEeNG,
(3.11) Ao+ T, Ai = 0,
1=1
(3.12) > FuBa =0, Fo=1.
aeNg,

Now, let 7 := (Lgy(71), ..., Ly(7sn)) = (¥)jaj=1- Note that for each k # j, fi is an SOS-
convex polynomial and 7 satisfies (3.12). Then, by Lemma we see that for each
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k# 3,
> Talft)a = Ly(fr) > fu(Ly(@), .., Ly(xa)) = fu(T).

aeNG,

This, together with (3.10]), yields that

(3.13) ol —ew <0, k#j

Moreover, since for each i = 1,...,n, ¥, = Ly(z;) = T;, from (3.11)), we have
n n

(314) Ag + dez’Ai = Ay + ZflAz = 0.
i=1 i=1

So, along with (3.13)) and (3.14)), T is a feasible solution to the problem (3.1]).

Furthermore, by a similar argument as (3.13]), we see that ) aeNgd( fi)a¥a = fi(T). It
follows from Theorem [3.5] that

> (f)alla = £i(T) > inf = inf = > (f)a¥a-

aeNG, aeNg,
This shows that Z is an optimal solution to the problem (3.1)). O

Now, we are in the position to state the following proposition, which provides a route
on finding efficient solutions to the problem ([1.1)) by the e-constraint method and can be
obtained by |20, Theorem 3.4].

Proposition 3.8. For the problem (l.1), suppose that f;: R® — R, j = 1,...,p, are

continuous functions. Let Ty € K be any given. Assume that for j =1,...,p,

T(j) € argmin fj(z) # 0,
acEKj(E(j>)

where €y = (f1(T-1))s-- > [p(T(—1))) € RP. Then, T, is an efficient solution to the

problem (1.1)).

By Theorem and Proposition [3.8, we obtain the following theorem, which shows
that finding efficient solutions to the problem (|L.1)) is tractable.

Theorem 3.9. Let f;j: R" = R, j =1,...,p, be SOS-convex polynomials, and let T () € K
be any given. Assume that for j =1,...,p,

?(.7) € argmin {EZE(J->} ?é @7

where for each j =1,...,p, €;) == (f1(Z(-1)),-- -, [p(F(-1)) € RP and ZT(j) = (Y(5))a=1/
moreover, (3.8)) =z, Means the problem (3.8) with € =€;y. If Assumption holds, then
Z(p) s an efficient solution to the problem (L.1).
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Proof. Assume that for j =1,...,p, 3(;) is an optimal solution to the problem (3.8) with
¢ = €(j). Then, by Theorem for each j =1,...,p,

7(j) = (F())laj=1 € argmin f;(w),
xEKj(e(j))
and thus, along with Proposition Zp) = (Yp))aj=1 is an efficient solution to the

problem (|1.1J). O

Remark 3.10. As we see in Theorem in order to find an efficient solution, it needs to
solve a scalar optimization problem as many as the number of the objective functions of
the problem . So, this fact is a fatal drawback of Theorem since it requires a lot
of computational cost.

On the other hand, if the problem has a unique optimal solution T for some j,
then T is an efficient solution to the problem (see, e.g., [3, Proposition 4.4]). As
we know, the problem admits a unique optimal when the objective function of the
problem is strictly convex. Moreover, it has been proved that convex polynomial
with positive definite Hessian at a single point is strictly convex and coercive (see, [14}
Lemma 3.1]). Hence, if there exists # € R" such that the Hessian V2f;(Z) is positive
definite for some j, we can reduce computational cost rather large to find efficient solutions
to the problem . These facts can be summarized in the next theorem.

Theorem 3.11. Let fj: R" = R, j = 1,...,p, be SOS-convex polynomials. Suppose
that Assumption holds and there exists * € R™ such that VijO(.%) = 0 for some
Jo €{1,...,p}. Ify is an optimal solution to the problem (3.8) with j = jo, then (¥)|a|=1
is an efficient solution to the problem .

Remark 3.12. As we mentioned in Remark since Assumption holds if Assump-
tion [3.3]is satisfied, it is easy to see that Theorems 3.9 and are valid even if we replace

Assumption [3.2] with Assumption [3.3] in Theorems [3.9] and
We finish this subsection with the following example, which shows the main idea of
Theorem [3.111

Example 3.13. Consider the following multi-objective problem:

(3.15) min _(fi(z1,22), fo(r1,22)) st. Ag+x1A1 + 2242 = 0,
(z1,x2)ER2

where fi(z1,72) = 21+ 23 — 2v129 + 23, fo(21,72) = 22 — 29, and A;, i = 0, 1,2, are given
by
1 0 0 1 0 0 0 0 1
Ao=10 2 -1, A=(0 0 -1|, A2=10 00
0 -1 2 0 -1 0 1 00
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Then, we have

1+ 1 0 xro
Ap + 2141 + 2249 = 0 2 —z1 —1
T2 —Xr1 — 1 2

Indeed, we can verify that the feasible set Kj of (3.15]) is as follows:

Ky :={(z1,m2) : =1 <21 < 1,xi’+3x%—|—2x%—x1—3§0}.

1033

Note that the Hessian V2 f (21, x2) of fi is positive definite for all (21, z2) € R\ {0} xR.
It follows from |14, Lemma 3.1] that f; is strictly convex, and so, (3.16|) has a unique

optimal solution, where

(3.16) min fl(xl, .1‘2) s.t. Ag+ 1141+ 1249 = 0, fQ(l‘l, 1‘2) < €(1)-

(z1 ,wg)GRQ

Here, €1 := f2(T(g)), where T (g is given in Kj. Then we see that

2/4+€ if ag = —1,
(fk() N 3(1))*(a1,a2) _ al/ €1) 1wUaz

400 otherwise,
and so,
U epi (na(fe() =)
p2>0
= U epi (ug(fk() —E(l)))* U {0} X {0} x R4
p2>0
@2
= J me {(a17a2,7“) tag = —1, 7 e < 7“} U{0} x {0} x Ry.
p2>0

Moreover, a simple calculation shows that

U (— tr[ZAy], — tr[Z Ag), tr[Z Ag] + 1)

Z>=0,r>0
Zy Zy Zs
=S (-21+2%5,-225, 21 + 224+ 226 — 225+ 1) : | Zy Zy Z5 | =0
r>0
Zs Zs Zg
=R xR xRy

Hence, we can verify that, for all €, the set

U epi (po(fir(-) — E(l)))* + U (— tr[ZAy], — tr[Z Ag), tr[Z Ag] + 1)

p2>0 Z=0,r>0
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is closed, and so, Assumption [3.2] holds.
We now consider the sum of squares relaxation dual problem associated with (3.16))

sup {11 fr 4 pa(f2 —€qy) — tr[ZF ()] — 11 € 3}
(S
M2Z’Y&Z€Si

Invoking Proposition there exists X € S’i@) (= S9) such that
(317)  fil@) + palfa(e) —€y) — 6IZF@)] — 1 = (oa()ea(@)T, X), ¥ € B2

It follows from [22, Theorem 1] that the dimension of ve(x) can be reduced to 4, and so
X € S%. In more detail, vo(z) = (1,21, 22,21)" in (3.17). With this fact, we formulate
the semidefinite programming dual problems for as follows:
sup n
e
st Xu1 = —p2€ny — Z11 — 2292 + 2223 — Z33 — 71,
2X10 = —Z11 + 2293, 2Xu3=—p2—2Z13, 22X+ Xop=p2+1,
Xog=—-1, Xgz=1  Xuu=1 Xog=X3 =0,
neER, X=(X;) €8, n>0, Z=(Z; eSS

(3.18)

0.5

Ty

-0.5 -0.5

4005 0 05 1 0 05 1 15 2

x1 f1

(@) (b)
Figure 3.1: (a) The shaded region is the feasible set of and the obtained efficient
solutions to the problem are depicted in red color. (b) The shaded region is the
image space of and the obtained non-dominated points to are depicted in

red color.

Solving these semidefinite programming problems with CVX [5], we can find the op-
timal solutions for the dual problem of (3.18). For example, let Z(gy = (—1,0) € K7 and
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€1) = f2(T)) = 1. Then, solving (3.18)), we obtain an optimal solution ¥ of its dual
problem as follows:
y=(1,0,0,0,0,0,0,0,0).

This means that 7 := Z() = (0,0) is an efficient solution of (3.15) (by Theorem [3.11]).
In order to find more efficient solutions to the problem ([3.15]), we need to parametrically

move Z(g) € Ki. So, we give 200 points Z(g) in K7, and then we get the efficient solutions

to the problem (3.15)) in Figure .

3.2. Hybrid method

Recall the following scalar optimization problem [3,4] introduced in Section |1} which is
transformed from ([1.1)) by the hybrid method:
(3.19)

p n
min A f(z) := Z)\jfj(x) s.t. Ao+ inAi =0, filx)<[fi(z), j=1,...,p,
j=1

reR™
=1

where A € int R® is fixed and the parameter z € R"™. The feasible set of the problem (1.4)

is given by

(3.20) K(z):= {ZL‘ eR"™: Ay + En:x,-Ai =0, fij(x) < fi(2),5=1,... ,p} .

i=1

It is worth noting that A here does not play the role of a parameter but be fixed in ([1.4)).
It is worth also mentioning that the feasible set K, is nonempty whenever the parameter
z is selected in the feasible set K of (1.1)). Similar to the convex cone C;, we define the

following set

*

p _A*
B21) o= Jeni | X mhO-560| + U 2

15 >0 zest >0 \tr(ZAo) +7

which is also a convex cone.
Similar to Lemma |3.1] we now provide the following Farkas-type lemma which plays a

key role in deriving our results.

Lemma 3.14. Let f;: R® — R, j = 1,...,p, be convex function, and let A; € S™,
i=0,1,...,n. Let vy € R, and let z € R™ be given. If the set K(z) (defined in (3.20))) is

nonempty, then the following statements are equivalent:
(i) K(z) S{z €R": M f(2) 27}

(ii) (0,—v) € epi(AT f)* +clC.



1036 Liguo Jiao, Jae Hyoung Lee, Yuto Ogata and Tamaki Tanaka

Proof. By a similar way to the proof of Lemma [3.1], we can easily obtain this result. [

Now, we consider the corresponding sum of squares relaxation dual problem of ([1.4))

with degree 2d as follows:

(3.22) sup VNP w(fi = £i(2) = (Z,F()) =7 € 554

VER 1;>0,2€8T o

It follows from Proposition that (3.22) can be rewritten as the following semidefinite

programming problem:

p
sup st (ATPo+ D (o — £5(2)) — (Z, Aoy — v = (Bo, X),
v Xomj. 2 j=1

p
)‘Tfe¢+ 'f'ei_ ZaAz = Ber’ L =1,...,n,
(3.23) (A" ) ;M( i)ei — (2, Ai) = ( ), i n

p
Ao+ > 1i(fi)a = (Ba, X), a#0, a#e,i=1,..n,

j=1
veR, Xe8W >0, j=1,...,p, ZeST

The dual problem of (3.23) is the following semidefinite programming problem:

inf § ya()‘Tf>a s.t. § Ya(fi)a — fi(2) <0, j=1,....p,
yeR5(2d)
a€ENE, aeNg,

(3.24) .
A+ Y Aiz 0, > yaBa =0, yo=1.

i=1 aeNgG,
Assumption 3.15. The convex cone C as in (3.21]) is closed.

Assumption 3.16. There exists T € R" such that Ao+ ;| Z;A; > 0 and f;(Z)— f;(z) <
0,57=1,...,p.

It is worth mentioning that Assumption [3.16] guarantees that Assumption holds
(see, for example, |8, Proposition 6.1]).

The following theorem gives a strong duality result for problems , , and
, and can be proved by the similar way as in the proof of Theorem [3.5

Theorem 3.17. Let f;, j =1,...,p, be SOS-convex polynomials and let z € K be given.
Suppose that Assumption holds. Then,

inf = max = inf.



Multi-objective Optimization Problems with SOS-convex Polynomials over an LMI Constraint 1037

Proof. With the help of Lemma we can easily show that inf (1.4)) < max (3.25)), where

p
(325) s Qv XH@) + S (@) — £(2) — (7, (@) 2 5,V € RY
,ujzg,EZREST J=1

The rest of the proof of this theorem can be constructed by using similar arguments as in
the proof of Theorem [3.5 O

The following proposition suggests a way to obtain an efficient solution to problem ([1.1])
by solving problem (|1.4)).

Proposition 3.18. [4, Proposition 12| Let zg € K. If T is an optimal solution to the
problem (1.4) with z = 2y, then T is also an optimal solution to the problem (1.4) with
z =T, and so is an efficient solution to the problem (1.1).

We now give the following theorem, which shows that an efficient solution to the
problem ([1.1)) can be found by solving its associated single semidefinite programming

problem.

Theorem 3.19. Let z € K be given. Suppose that Assumption holds. If y is an
optimal solution to the problem (3.24), then T := (¥)o=1 is an efficient solution to the

problem (1.1)).
Proof. By a similar way as in the proof of Theorem we see that T := ()|q=1 is an
optimal solution of ([1.4]). Now, invoking Proposition the desired result follows. [

As a corollary, we give the following corollary, which shows that an efficient solution
of (1.1) can be found by solving a single semidefinite programming problem (3.24]) under
the Slater-type condition.

Corollary 3.20. Let j € {1,...,p} be fized. Suppose that Assumption holds. If 5
is an optimal solution to the problem (3.24)), then (7)o =1 is an efficient solution to the

problem ([1.1).

We give the following simple example, which shows the main idea of Theorem [3.19

Example 3.21. [7, Example 11.4] Consider the following multi-objective problem:

(3.26) min (fi(z1,22), fa(z1,22)) st Ag+z141 + 2242 = 0,
(zl,zg)GRz
where fi(z1,79) = —x1, fo(z1,72) = 21 + 23, and A;, i = 0, 1,2, are given by
3 00 -1 0 O -2 0 0

Ao=|0 0 0], Aa=|0 0 1], A2=]l0 1 0
0 0 1 0 10 0 0 0
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Then, we have
—x1—2x2+3 0 O
Ao+ 2141 + 2245 = 0 zro 21 |
0 r1 1

and so, the feasible set Ko of can be verified as
Ky :={(x1,22) € R?: 2y + 219 — 3 < O,x% — 9 < 0}.
It is worth noting that the set of efficient solutions to the problem is as follows:
{(wl,xg) cR?: —\3/5/2 <z <1l,x9= :U%}

(see, e.g., |7, Example 11.4]). Now, consider the following (scalar) optimization problem
with A := (A1, A2) = (1, 2):

(3.27) ( mi)nR2 T —1—211,‘% s.t. Ag+tax1Ai+a04s =0, —x1 < —z1, 1 —|—{L‘g <z —|—Z%.
x1,T2)E

Let (21, 22) € K3 be given. Then a simple calculation shows that

U (= tr[ZA], — tr[ZAg), tx[Z Ag] + 1)

Z-0,>0
Z1 212 Zi3
= U (Z11 —2723,2711 — Z92,3211 + Z33 +71) : | Z1a Zog Zog | =0
>0
= Z13 Zasz  Zss
=RxRxR,
and
U epi (11 (f1(-) = fi(z1,22)) + pa(fo() = fa(z1,22)))"
1120
a% 2
= U S (ar,a2,7) 1 a1 = py — pua, 1 T2 — )z pezy <o U0} x {0} x R
1120 12
p2>0

Hence, we see that for all (z1,22) € K2\ {(0,0)}, the set

2
U epi [ D mi(f50) _fj(z)) + U (—u[z41]), - t2[ZAs), tr[ZAo] + 7)
1,20 =1 250,20

is closed, i.e., Assumption holds for all (z1,292) € Ko\ {(0,0)}.
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Now, let (z1,22) € K2\ {(0,0)} be fixed. Then consider the sum of squares relaxation
dual problem associated with the problem (3.27)):

2
(3.28) sup vifir2fa+ Y = fi(2) = (Z,F()) —v € 23

YER,11;>0,Z€5% j=1

By Proposition there exists X € Sﬂ)’r such that

2

fi(@) +2fa() + Y pi(fi(@) = f5(2)) = e[ ZF ()] = 7 = (w1 (@)or (2)", X)

J=1

for all z € R?. With this fact, we formulate the semidefinite programming dual problem

(13.29)) for (3.27) as follows:

sup vy
7,
B1,p2,2
st. Xi1 = p1z1 — pa(z1 + 23) — 37211 — Zsz — 7,
2Xq2=1— 1 + po+ Z11 — 2233,
2X13 =2711 — Zoa, Xoo=X93=0, X33=2+ pa,

YER, X=(Xy5) €S8, m=>0, pup>0, Z=(Z;) €S}

(3.29)

55 3.5
3
2 25
2 °
1.5 9
To f2 15 S
1 4 1 L)
/ Y
05 %,
0.5 o ©
&
Q%o & 0 %M
[
0 o 0.5
45 -1 05 0 05 1 15 -1 050 05 1 15 2
T f1

(a) (b)

Figure 3.2: (a) The shaded region is the feasible set of the problem (33.26)) and the obtained
efficient solutions to the problem (3.26|) are depicted in red color. (b) The shaded region
is the image space of (3.26)) and the obtained non-dominated points to (3.26)) are depicted
in red color.

Solving (3.29) with CVX [5], we can find the optimal solutions for the dual problem of
(3.29). For example, let (z1,22) = (1,1) € Ko\ {(0,0)}. Then, solving (3.29), we obtain



1040 Liguo Jiao, Jae Hyoung Lee, Yuto Ogata and Tamaki Tanaka

an optimal solution % of its dual problem as follows:
y=(1,0,0,0,0,0).

This means that T = (0,0) is an efficient solution to the problem (3.26).

In order to find more efficient solutions to the problem , we need to parametrically
move (z1,22) € Ko\ {(0,0)}. So, we give 200 points (z1,22) € K2\ {(0,0)}, and then we
get the efficient solutions to the problem in Figure (a). Moreover, non-dominated
points for the obtained efficient solutions are described in Figure [3.2|(b).

4. Conclusions

In this paper, we show that, finding efficient solutions in multi-objective optimization
problems with SOS-convex polynomials over an LMI constraint can be done successfully
by using the e-constraint method (or the hybrid method), and the techniques on SOS-
convex polynomials. In other words, we observe that the e-constraint method (as well as
the hybrid method) enjoys the capability for finding efficient solutions to the problem .

It is worth mentioning that the e-constraint method and the hybrid method admit
a very similar flavor in dealing with the task for finding efficient solutions to the prob-
lem .

Besides, the scalarization approaches (mentioned in the paper) are quite mature tech-
niques in multi-objective optimization, one can refer to any references in its research
field. However, employing the scalarization approaches to find efficient solutions to a
multi-objective optimization problem like seems new. In addition, the exact SDP
relaxation approach in the paper is constructive and we give an explicit SDP problem,
the solutions of which encode an efficient solution to ([1.1)). However, although our con-
struction is explicit, we do not aim to find all the efficient solutions (or the entire efficient
solution set) but to find at least one to a nonlinear multi-objective optimization prob-
lem like ([I.1)). The importance of our results is mainly theoretical because they show,
as expected, the close relationship between scalar problems and with regards to the

solutions techniques.
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