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A Survey on the Lace Expansion for the Nearest-neighbor Models on the
BCC Lattice

Satoshi Handa, Yoshinori Kamijima* and Akira Sakai

Abstract. The aim of this survey is to explain, in a self-contained and relatively
beginner-friendly manner, the lace expansion for the nearest-neighbor models of self-
avoiding walk and percolation that converges in all dimensions above 6 and 9, re-
spectively. To achieve this, we consider a d-dimensional version of the body-centered
cubic (BCC) lattice, on which it is extremely easy to enumerate various random-walk
quantities. Also, we choose a particular set of bootstrapping functions, by which a
notoriously complicated part of the lace-expansion analysis becomes rather transpar-

ent.

1. Introduction

The lace expansion is one of the few mathematically rigorous methods to prove critical
behavior for various statistical-mechanical models in high dimensions. It can show that
the two-point function for the relevant model, up to the critical point, is bounded by the
Green function for the underlying random walk in high dimensions. During the course of
learning this method, it also provides good exercises in various mathematical skills from
graph theory and algebraic identities to Fourier analysis and probability theory.

First, we explain some background, some historical facts and the purposes of this

survey.

1.1. Background

Cooperation of infinitely many particles results in various intriguing and challenging prob-
lems. One of those is to understand phase transitions and critical behavior of statistical-
mechanical models, such as percolation and the ferromagnetic Ising model. Percolation,
for example, exhibits a phase transition when the bond-occupation parameter p crosses
its critical value p.. If p is far below p., each cluster of occupied vertices is so small that

we may use standard probabilistic techniques for i.i.d. random variables to predict what
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happens in the subcritical phase. If p is far above p., on the other hand, vacant vertices
can only form tiny islands and most of the other vertices are connected to form a single
gigantic cluster. However, when p is close to p., the cluster of connected vertices from
the origin may be extremely large but porous in a nontrivial way, and therefore naive
perturbation methods fail. A similar phenomenon occurs for self-avoiding walk (SAW),
a century-old statistical-mechanical model for linear polymers. Consider a locally finite,
amenable and transitive graph as space. A standard example is the d-dimensional integer
lattice Z?. The main observable to be investigated is the SAW two-point function, which
is the following generating function with fugacity p > 0:

||

(1.1) Gp(x)= > [ Dwj—wim)) [ 1= M)
j=1

w: 0T 0<s<t<|w|

where the sum is over the nearest-neighbor paths w on the lattice from the origin o to z,
|w| is the number of steps along w, and D is the 1-step distribution of nearest-neighbor
simple random walk (RW): D(xz) = (2d)~'4),)1 on Z?. The parameter A € [0,1] is the
intensity of self-avoidance; the model with A = 1 is called strictly SAW, while the setting
with A € (0,1) is called weakly SAW. The two-point function with A = 0 is equivalent to
the RW Green function S,(z) = > 2 p"D*"(x), where D*" is the n-fold convolution of
D. The critical point (= the radius of convergence) for RW is p = 1. For SAW, because of
subadditivity, there is a critical point p. > 1 such that the susceptibility x, = >, Gp(x)
is finite if and only if p < p. and diverges as p 1 p. (see, e.g., |1§]).

The way x, diverges is intriguing, as it shows power-law behavior as (p. — p)~7 with
the critical exponent «y. It is considered to be universal in the sense that the value of ~
depends only on d and is insensitive to A € (0,1] and the details of the lattice structure.
For example, the value of y for strictly SAW on Z?2 is believed to be 43/32 and equal to that
for weakly SAW on the 2-dimensional triangular lattice. This is not the case for the critical
point pc, as its value may vary depending on A € (0,1] and the detail lattice structure.
Other statistical-mechanical models that exhibit divergence of the susceptibility are also
characterized by the critical exponent v, and many physicists as well as mathematicians
have been trying hard to identify the value of « and classify the models into different

universality classes since the last century.

1.2. The mean-field theory for SAW

Because of the nonlocal self-avoidance constraint [Jo<, i<p(1 = Adu, ) in (L.1), SAW
does not enjoy the Markovian property, which holds only when A = 0. If there is a way to
average out the self-avoidance effect and absorb it into the fugacity p, then Gp(z) may be

approximated by the RW Green function S, (z) with a mean-field fugacity u = w(Z2E, N, p),
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and therefore X, may be approximated by >, S, (z) = (1 — p)~!. Thus, u(p.) = 1. If p
is left-differentiable at pc, then this implies x, < (p. —p) ! (i.e., xp is bounded above and
below by positive multiples of (p. —p)~') as p T pe. In this respect, the mean-field value
for the critical exponent ~ is 1.

However, realizing the above idea is highly nontrivial. As a first step, one may want
to use perturbation theory from the mean-field model (i.e., A = 0). The expansion of the

self-avoidance constraint in powers of A > 0 yields

(1.2) IIT - 2uw)= D NI bovens

0<s<t<|w| reglo,|wl] {s,t}el’

where I', which is called a graph, is a set of pairs of indices on [0, |w|] = {0,1, ..., |w|},
G0, |w|] is a set of such graphs, and |T'| is the cardinality of I'. The trivial contribution
from I' = ) is the unperturbed solution S,(x), which is already bad because its radius of

convergence is 1, while p. > 1. The first correction term proportional to A is

||

XD PP —wic1) DD G = —A(Sp(0) — 1S53 ().
j=1

w: 0—x 0<s<t<|w|

The higher-order correction terms are more involved, but the radius of convergence of each
term is always p = 1. What is worse, the alternating series of those terms is absolutely
convergent only when p is close to zero, because the sum over I € G|0, |w|] is potentially
huge as long as A > 0. As a result, this naive expansion cannot be applied near p. in order

to justify the mean-field behavior.

1.3. The infrared bound

For SAW, instead of deriving the exact solution for x,, one may seek bounds on y,, or its

derivative. Indeed, it is not so difficult to show that (see, e.g., [18])

2
Xp < d(pxp) <2
L+ A\p2Gi2(o) dp p

It can be shown that the second inequality implies that x, is always bounded below by
(1 — p/pc)~ 1. Moreover, the first inequality implies that Y, is also bounded above by a
multiple of (1 — p/pe)~!, hence v = 1, if

G2 (0) = lim/ G,o(k)? Ak < 00
P ptpe Jpa ¥ (2m)d ’

where @p(k) is the Fourier transform of the SAW two-point function and T¢ = [—x, 7] is

the d-dimensional torus of side length 27 in the Fourier space. It is a sufficient condition
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for the mean-field behavior for x,, and is called the bubble condition, named after the shape
of the diagram consisting of two line segments. Whether or not the bubble condition holds
depends on the behavior of ap(k‘) in the infrared regime (i.e., around k = 0).

For percolation, there is a similar condition to the bubble condition under which -~y
and other critical exponents take on their mean-field values. It is the cubic integrability of
@p(k) and is called the triangle condition [3]. Again, whether or not the triangle condition
holds depends on the infrared behavior of ép(k).

Usually, there is no a priori bound on @p(k:). However, for some spin models with a
strong symmetry condition called reflection positivity (e.g., the ferromagnetic Ising model
with symmetric nearest-neighbor couplings satisfies this condition), the two-point function
enjoys the following infrared bound [12]: for any d > 2, there is a constant K < oo such
that

(1.3) (1 = D)Gylleo = sup (1 — D(k))|Gp(k)| < K uniformly in p close to pe.
keTd

If D is a symmetric, non-degenerate and finite-range distribution with variance o2, then
1— D(k) ~ ‘2’—(21|k:|2 as |[k| — 0. Suppose that the infrared bound holds for SAW and

percolation. Then
K \" dd ddk
G*n o S/ = >\// )
pe(©) e \1—D(k)) @m)® " Jpa K[>

which implies that the bubble condition holds in all dimensions d > 4 and the triangle

condition holds in all dimensions d > 6.

On the other hand, there is some evidence (from hyperscaling inequalities, numerical
simulations, conformal field theory and so on) to suggest that the critical exponents (if
they exist) cannot take on their mean-field values simultaneously if d < 4 for SAW and
d < 6 for percolation. In this respect, the critical dimension d. is said to be 4 for SAW
and 6 for percolation.

To complete the mean-field picture in high dimensions, it thus remains to show that
the infrared bound holds for all dimensions d > d.. Here, the lace expansion comes
into play.

1.4. The lace expansion

In 1985, Brydges and Spencer [6] came up with a fascinating idea. First, they looked at
the naive expansion (1.2)). Next, from each I' € G0, |w|], they isolated a connected graph
'y C T of the origin. Then, they extracted a minimally connected graph £ C T'y called
a lace, and resummed all the other edges in I \ £ to partially restore the self-avoidance

constraint. This is what we nowadays call the algebraic lace expansion, named after the
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shape of the aforesaid minimally connected graph. Since then, the algebraic lace expansion
has been successfully applied to other models, such as oriented percolation [20], lattice
trees and lattice animals [14].

Later in 1990s, Hara and Slade (e.g., [16]) came up with a more intuitive derivation
of the lace expansion. To distinguish it from the algebraic lace expansion, we sometimes
call it the inclusion-exclusion lace expansion. This opened up the possibility of applying
the lace expansion to a wider class of models, including (unoriented) percolation |15], the
contact process [21], the Ising model [22] and the (one-component) * model [23].

From now on, we simply call the latter the lace expansion. We will show its derivation
for strictly SAW in Section [4.1] and for percolation in Section [5.1

The result of the lace expansion is formally explained by the following recursion equa-
tion similar to that for the RW Green function: for any p < p, there are functions I, and
Jp such that

Gp(x) = Ip(x) + (Jp * Gp)(2).

If I, and J, satisfy certain regularity conditions, then it is natural to believe that the
global behavior of G, is also similar to that of the RW Green function and therefore the
infrared bound (1.3]) holds.

However, since I, and J, are described by an alternating series of the lace-expansion

o

coefficients {TrI(,n) o 0

each of which involves complicated local interaction (n represents
the degree of complexity), it is certainly not true that the aforesaid regularity conditions
always hold. In fact, the regularity conditions require the critical bubble (D*? *G;f)(o) for
SAW and the critical triangle (D*2 x G32)(0) for percolation to be small, not to be merely
finite. This seemingly tautological statement (i.e., the critical bubble/triangle have to be
small in order to prove them to be finite) is taken care of by the so-called bootstrapping
argument, which will be explained later in this survey.

During the course of the bootstrapping argument, we often assume that the number
of neighbors per vertex is sufficiently large. Since each vertex has 2d neighbors on Z¢,
it means that d is assumed to be large. For SAW, Hara and Slade [16}/17] succeeded in
showing that d > 5 is large enough to prove mean-field results. For percolation, however,
the situation is not as good as for SAW. The best results so far were obtained by Fitzner
and van der Hofstad [11], in which they proved mean-field results for d > 11 by using
NoBLE, a perturbation method from non-backtracking random walk (= memory-2 SAW).

There is another way to increase the number of neighbors per vertex. Instead of taking
d large, we may enlarge the range L of neighbors. One such example is the spread-out
lattice ZdL, in which two distinct vertices z,y € Z% satisfying ||z — y||oo < L are defined
to be neighbors, hence (2L + 1)% — 1 neighbors per vertex. By taking L sufficiently large,

all the models for which the lace expansion was obtained are proven to exhibit mean-field
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behavior for all d above the predicted upper-critical dimensions [14}/15}/18,20-23].

1.5. The purposes of this survey

Since we believe in universality, the mean-field results on the spread-out lattice ZdL, as
long as L < oo, are believed to hold on Z% as well. This is proven to be true for SAW,
but not yet for percolation. We want to get rid of the artificial parameter L and come
up to a decent nearest-neighbor lattice, on which 7-dimensional percolation is proven to
exhibit the mean-field behavior. In an ongoing project with Lung-Chi Chen and Markus
Heydenreich [7], we analyze the lace expansion for percolation on a d-dimensional version
of the body-centered cubic (BCC) lattice, which has better features than the standard Z¢,
as explained in the next section. Thanks to those features, enumeration of RW quantities
relevant to the lace-expansion analysis becomes extremely simple. Also, since those RW
quantities are much smalle than the Z?-counterparts, it is easy to get closer to the
predicted upper-critical dimension without introducing too much technical complexity.
One of the purposes of this survey is to explain the current status of the BCC work and
reveal the potential problems to overcome for completion of the mean-field picture in high
dimensions.

Another purpose of this survey is to provide a relatively short, self-contained note
on the lace expansion for the nearest-neighbor models. Currently, the best references on
7% are (16,17 for SAW and [10,|11] for percolation. However, they are not necessarily
accessible to beginners, due to their length (36 + 93 pages for SAW and 79 + 92 pages
for percolation) and complexity. This is really unfortunate because, as mentioned earlier,
the lace expansion can provide a good playground for, e.g., graduate students who may
want to apply mathematical concepts and skills they learned to interesting and important
problems. Considering this situation, we will keep the material as simple as possible,
instead of making all-out efforts to go down to the predicted upper-critical dimensions.
That will be the final goal of [7].

2. The models and the main result

First, we provide precise definitions of the BCC lattice, self-avoiding walk and percolation.

Then, we show the main result and explain its proof assuming key propositions.

'A d-dimensional version of the face-centered cubic (FCC) lattice has d2%~! neighbors per vertex, more
neighbors than on the BCC lattice, and therefore the RW quantities should be much smaller on the FCC
lattice. However, since enumeration of those quantities on the FCC lattice is not so simple (in fact, it is

rather complicated!), we decided to use the more charming BCC lattice.
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2.1. The body-centered cubic (BCC) lattice

The d-dimensional BCC lattice L. is a graph that contains the origin o = (0,...,0) and
is generated by the set of neighbors {z = (z1,...,24) € Z¢ : H?Zl lzj| = 1}. It is
equivalent to Z? when d = 1 and 2 (modulo rotation by 7/4) but is more crowded in
higher dimensions in the sense that the degree of each vertex is 2¢ on LL¢, while it is 2d
on Z4. We write z ~ y if =,y € L% are neighbors, i.e., H;l:l |z; —y;| = 1. It is a natural
extension of the standard 3-dimensional BCC structure (see Figure [2.1)).

S

Figure 2.1: The basic structure (in red) of the BCC lattice IL¢ for d = 2, 3.

The d-dimensional Brownian motion with the identity covariance matrix can be con-
structed as the scaling limit of random walk (RW) on L? generated by the 1-step distri-

bution
D(z) = 2d]1{90N0} H 200kes1,1-

Due to this factorization and Stirling’s formula?} we can obtain a rather sharp bound on

the 2n-step return probability for all n € N, as

(2.1) 0 < (wn)~%2% — D*¥"(0) < <1 - ed(miﬂeln)) (mn)~4? < %(m)—d/?
n

Using this, we can easily estimate various RW quantities, such as the RW loop €1, the RW
bubble €5 and the RW triangle €3, defined as

| . 1 =11,
(22) e = (D25 57)(0) = S D™"(0) x { (2n — 1) [j =2,
n=1

2n—1n [j=3].

For example, if we split the sum into two at n = N, then the RW bubble €5 in dimensions

2The two-sided bound 12;“ < log holds for all n € N [9] Section IL.9].

\/27rn(n/e)" — l2n



730 Satoshi Handa, Yoshinori Kamijima and Akira Sakai

d > 4 can be estimated as

N o0 A—/2
0<er—» (2n—1)D**"(0) < 27rd/2/ =42 qt = 741\7(4%)/2,
n=1 N -

If we choose d = 5 and N = 100 and use a calculator to evaluate the sum over n < N,
then we obtain €9 < 0.178465. Table summarizes the bounds on those RW quantities
in different dimensions by choosing N = 500 (so that, by (2.1)), we can show that the RW

triangle e3 for d = 7 takes a value around the indicated number within 1076).

d=3 d=4 d=5 d=6 d=17 d=28 d=9

e1 | 0.393216 0.118637 0.046826 0.020461 0.009406 0.004451 0.002144
€2 00 00 0.178332 0.044004 0.015302 0.006156 0.002678
€3 00 00 00 00 0.052689 0.012354 0.004148

Table 2.1: Upper bounds on the RW loop, bubble and triangle for 3 < d < 9.

2.2. Self-avoiding walk

As declared at the end of Section [} we restrict our attention to strictly SAW, which we
simply call SAW from now on. Let Q(z,%) be the set of self-avoiding paths on L¢ from z
to y. By convention, Q(z, x) is considered to be a singleton: a zero-step SAW at z. Then,

the SAW two-point function defined in the previous section can be simplified as

||

(2.3) Gp(z)= Y ] Dlwj—wj-),
j=1

we(o,x)

where the empty product is regarded as 1. Recall that the susceptibility and its critical

point are defined as
(2.4) Xp= Y Gp(x), pe=sup{p>0:yx,<oc}.
zelLd

For more background and related results before 1993, we refer to the “green” book by
Madras and Slade [18]. For recent progress in various important problems, we refer to the

monograph by Bauerschmidt et al. [4].

2.3. Percolation

Here, we introduce bond percolation on L. FEach bond {u,v} C L% randomly takes

either one of the two states, occupied or vacant, independently of the other bonds. We
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define the bond-occupation probability of a bond {u,v} as pD(v — u), where p € [0,2] is
the percolation parameter, which is equal to the expected number of occupied bonds per
vertex. Let P, be the associated probability measure, and denote its expectation by E,.
Next, we define the percolation two-point function. In order to do so, we first introduce
the notion of connectivity. We say that a self-avoiding path w = (wo, . ..,w),|) € Q(x,y) is
occupied if either = y or every bj(w) = {w;_1,w;} for j =1,...,|w| is occupied. We say
that z is connected to y, denoted by x +— v, if there is an occupied self-avoiding path

w € Q(x,y). Then, we define the percolation two-point function as

(2.5) Gp(z) =Pplo +— z) = Pp< U {wis occupied}).

w€eQ(o,z)

The susceptibility x, and its critical point p. are defined as in (2.4]). Menshikov [19] and
Aizenman and Barsky [1] independently proved that p. is unique in the sense that it can

also be characterized by the emergence of an infinite cluster of the origin:
pe = inf{p € [0,29] : P,(0 +— o) > 0}.

Recently, Duminil-Copin and Tassion [8] found a particularly simple proof of the unique-
ness. They also extended the idea to the Ising model and dramatically simplified the
proof of the uniqueness of the critical temperature, first proven by Aizenman, Barsky and
Fernéndez [2].

For more background and related results before 1999, we refer to the excellent book
by Grimmett [13]. The book by Bollobas and Riordan [5] also contains progress after the

publication of Grimmett’s book.

2.4. The main result

On the BCC lattice L%, we can prove the following result without introducing too much

technical complexity.

Theorem 2.1 (Infrared bound). For SAW on 1?25 and percolation on 1L929, there exists

a model-dependent constant K € (0,00) such that
|(1— B)@pnoo < K wuniformly in p € [1,pc),
which implies the mean-field behavior, e.g., v = 1.

In the proof of a key proposition necessary for the above theorem, we will also show

that x1 < co. This automatically implies the infrared bound for p € [0,1), since

(1= D)Gylloo < 2x1 < 0.
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The above result for SAW is not as sharp as the result in [16,(17], where Hara and
Slade proved the infrared bound on Z425. If we simply follow their analysis with the same
amount of work, then we should be able to extend the above result to L5, However,
as is mentioned earlier, this is not our intention. We include the result for SAW as an
example, just to show how easy it is to prove the infrared bound in such low dimensions
with relatively small effort. Going down from 9 to 7 for percolation will require more
serious effort. This will be the pursuit of the joint work [7].

The proof of the above theorem is rather straightforward, assuming the following three

propositions. To state those propositions, we first define

(2.6) a) =p, g2p) =1 - D)Gpllx.

Obviously, what we want to do is to show that g2(p) is bounded uniformly in p € [1,pc).
To define one more relevant function gs(p), we introduce the notation for a sort of second
derivative in the Fourier space, in a particular direction. For a function f on T¢ and
k.l e T? we let R

~ fU+Ek)+ f(l-k ~

ORRACAIRS KRN )
By a simple trigonometric calculation, it is shown in [24, (5.17)]E| that the Fourier transform
of the RW Green function S;(k) = (1 — D(k))™!, which is well-defined in a proper limit

when d > 2, obeys the inequality

(2.8) — (1 B() <§1(z + k) : SU=R) & 1 4 48,01+ KBl — k)) |
Finally, we define
(2.9) gs(p) = sup —— x 4 126Gl [SAW],

ki Uk 1) | |AW(G,()pD(1))]  [percolation],

where the supremum near & = 0 should be interpreted as the supremum over the limit
as |k| — 0. It will be clear that g3 is defined in slightly different ways between the two

models, due to the difference in the recursion equations obtained by the lace expansion.

31t is shown in [24, Lemma 5.7] that a function A(k) = (1 —a(k))~", where @ is the Fourier transform of

a symmetric function a(z) = a(—z) for all 2 € Z%, satisfies the identity

I+k)+ Al —k)
2

ArA(l) = A( A()Aa(l)
(2.7)

+ A(L+ k)A(L — k)A(l) <Z a(z)(sinl - z)(sin k - x)) .

T

The inequality (2.8) is obtained by applying the Schwarz inequality to the sum in the above expression.
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Now, we state the aforementioned three propositions and show that they indeed imply
Theorem 2,11

Proposition 2.2 (Continuity). The functions {gi(p)};_, are continuous in p € [1,pc).

Proposition 2.3 (Initial conditions). For SAW on L42 and percolation on L928, there
are model-dependent finite constants {K;}3_; such that g;(1) < K; fori=1,2,3.

Proposition 2.4 (Bootstrapping argument). For SAW on L2 and percolation on 1427,
we fix p € (1,pc) and assume g;(p) < K;, i = 1,2,3, where {K;}3_, are the same constants
as in Proposition . Then, the stronger inequalities g;(p) < K;, i = 1,2, 3, hold.

Proof of Theorem assuming Propositions [2.2H2.4]. Since g2(p) is continuous in p € [1, p.),
with the initial value g2(1) < K3, and cannot be equal to Ky for p € (1,p. A K1), we can
say that the strict inequality g2(p) < K2 holds for all p € [1,p. A Kp). Since the same
argument applies to gi1(p), we can conclude p. < K7, hence ga2(p) < Ko for all p € [1,pc)
(see Figure [2.2)).

92(p)

Ky frommmmmmr e,

0 1 De K, D

Figure 2.2: Depiction of the proof of Theorem assuming Propositions

This completes the proof. ]

2.5. Where and how to use the lace expansion

It remains to prove Propositions |2.2 The proof of Proposition is elementary,
though cumbersome for g3(p), and is explained in the next section. To prove the other

two propositions, we will use the following lace expansion.

Proposition 2.5 (Lace expansion). For any p < p. and N € Zy = {0} UN, there exist
model-dependent nonnegative functions {771(,”) N 0 on L4 (’7‘[‘1(,0) =0 for SAW) such that, if

n=
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we define Iz(,N) and J;N) as

0 [SAW],
I () = 6o +
Zgzo(—l)”wén)(x) [percolation],
S () (@) [SAW),
I (x) = pD(x) + { "7 P
P Zgzo(—l)"(wén)*pD)(x) [percolation],

then we obtain the recursion equation
(2.10) Gp(z) = IV (@) + (JIN) % Gp) (z) + ()N RN (1),
where the remainder RI(,N) obeys the bound

0 < RN (z) < (xlV) = Gp) ().

The derivation of the lace expansion is model-dependent and is explained for SAW in
Section [4.1] and for percolation in Section [5.1

Here, we briefly explain where and how to use the lace expansion to prove Proposi-
tions and The details will be given in later sections.

Step 1. First, we bound {g;(p)}3_, in terms of sums of %é")(k) =3 e“ﬂ'%ﬁ”) (x).
(i) Let p € [1,pc) and suppose Y~ %1(,”) (0) is small enough to ensure that

lim %](DN)(O) =0, Iy(k)= lim E()N)(k) > 0 uniformly in p and k.

N—oo N—oo

The latter is always true for SAW since Ii,(k) = 1. The former implies that

0< Y BRM(a) < #M(0)x, —— 0.

N—o0
zeLd
Let (n.b. 771,()0) = (0 for SAW)
. S, i) - . 10, (k) [SAW],
(k) = > _(=0)"&V k), Jp(k) =pD(k) + 4 1 -
=0 II,(k)pD(k) [percolation]

Then, by using (2.10)), we obtain

~

(2.11) X0 = Gpl0) = 1(0) + Ty(0)xy = 1_”}))(0)

Since xp > 0 and fp(O) > 0, we can conclude jp(()) < 1, which implies

~

1-T,0)  [SAW],

(2.12) g1(p) < (1 +ﬁp(0))—1 [percolation)].
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(ii) Next, by (2.10) and ([2.11)), we obtain

(2.13) Gylk) = b _ bt
. p 1— ;(k) 7&“7;0(0) + fp(o)/XP?

where we have used the symmetry j;(k:) = jp(—k) to obtain —ﬁkjp(O) = jp(O) —Jp
Suppose — Y ﬁk%\lg”) 0)=>" 0> (1 —cosk- x)wl()n)(a;) is smaller than 1 — D(k) in
order to ensure —ﬁkjp(()) > 0. Then, @p(k) is bounded a

A I,(k
<Gk < k)
—AyJp(0)
Since p > 1, this implies
AL (0))
sup [ 1+ LAP() [SAW],
k 1—D(k)

(2.14) 92(p) <

P -1
1 —AgID
sup [ 1+ = PP ©) [percolation],
k I,(k) 1— D(k)

where the supremum near k£ = 0 should be interpreted as the supremum over the limit as
|k| — 0.

(iii) To evaluate g3(p), we want to use the identity (2.7). To do so for percolation, we
first notice that, by using fp(k)pﬁ(k) = j;(k) and (2.13), we obtain

~

~ j;;(k) —1=A,(k) -1,

Gylk)pD (k) = = =

hence ﬁk(@p(l)pﬁ(l)) = ﬁkﬁp(l). As a result, g3(p) for both models can be written as

|ALA ()
=Sup ——m.
93(p) up Ok

“For percolation, the non-negativity of G, (k) is elementary and proven in [3, Lemma 3.3]. The actual

proof goes as follows. First, by translation-invariance, we can use any vertex y to rewrite C:'p(k) as

@p(k) _ Zeik.wpp(o )= Zeik-wpp(y +——z+y) =E, [Z 6ik-(zy>]l{y<_)z}:| )

z

Then, by using the identity 1 = > Lyec(0)}/|C(0)|, where C(o) is the set of vertices connected from o,

gk

we can rewrite the rightmost expression as

zEC(o)

ik-(z—y) _ 1 ik-(z—y) | _
i s B I o] g | P
)

yeC(o) =z y,2€C(0
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Then, by using (2.7) with a(z) = J,(x), noting A, (k) = (=AkJ,(0) + I,(0)/xp)~* > 0
and applying the Schwarz inequality as in [24, Lemma 5.7], we obtain

su 1—D(k) (Al + k) + Ayl — k) ~ !AkJ )|
(2.15) wir) = el O(k,1) ( 2 A1) (k) B
i S
where

= Z eik'm’Jp(x)

z€lLd

We can further bound |£k:];,(l)| and —ﬁkm(O) = @(O) - @(k‘) > 0 in terms of sums
of |ﬁ;ﬁ§,n) (0)|. However, to simplify the exposition, we refrain from doing so for now and
postpone it to later sections.

So far, we have assumed that > ° A,(,n)( 0) and —> 7, Akﬁ;(,n)(O) are small enough

to carry out the above computations. Sufficient conditions to this assumption are

(2.16) ZA(" < 00, supz _Amrp <1
n=1

for SAW, and

— ~ A7
(2.17) Z WIS")( )+ sup Z kﬂp <1
n=0

for percolation (cf., (5.49))). These conditions are to be verified eventually.
Step 2. As shown in and (2.15)), the bootstrapping functions {g;(p)}?_, are

bounded in terms of sums of 7r](J )( 0) and sums of |A,7 (n)(())]. In the second step, we

bound those lace-expansion coefficients in terms of smaller quantities, such as

(218) Ly =[[(pD)* * Gpllss  Bp = |(0D)* * G}?llc, T = (D)™ * G 1.
(

For example, we can bound %pn) for n > 2 as

Bp(pHDHoo + Lp)rn_z [SAW],

<zmM(0) <
(14 3B, +1T,)%*rp"~ ! [percolation],

p

where

1
(2.19) 7 =pl[Dlec + Lp+ Bp, p= (1 + §Bp + Tp) (r+Tp) + Tp(2r + ).

See Sections |4 and I for the proof of the above inequality and the bounds on %1(30)(0) and
%](31)(0). It will also be shown that the amplitude of |AkA(n)( 0)|/(1 — D(k)) is bounded
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in a similar fashion, with the common ratio r for SAW and p for percolation. Therefore,
the assumptions made in Step 1 hold if L,, B,, T}, and other quantities in the bounds are

small enough.

Step 3. In the final step, we investigate the aforesaid diagrams and prove that, by choosing
appropriate values for {K;}?_;, those diagrams are indeed small enough for SAW on Ld=6
and for percolation on L9,

(i) For p = 1, we only need to use the trivial inequality G1(z) < Si(z), = € LY, for
both models to obtain that, for d > 2 (as mentioned earlier, §1(k) =(1- ﬁ(k))_l is
well-defined in a proper limit when d > 2),

. D(k)? % . B
(2.20) L1 < ||D*? % 81|00 = » 1_(1,5)(]€)W = (D*? % 81)(0) = €1.

Similarly, we obtain
(221) Bl S €2, T1 § £3.

Consulting with Table in Section we can see that, even in d. 4+ 1 dimensions, r and
p in are small enough for the bootstrapping functions {g;(p)}?_; to be convergent.

(ii) The strategy for p € (1,p) is different from that for p = 1, because there is no a
priori bound on G), in terms of S;. Here, we use the assumptions g¢;(p) < K;, i = 1,2,3,

to evaluate the diagrams. For example,

S A Ak D(k)? d%
2.22 L, <p* | D(k)*G,k < K?K. ~ :
( ) p =P Td ( ) ’ p( )| (27T)d = [ HK2 Td 1—D(k‘) (27T)d
—e1
Similarly,
(2.23) B, < K{K3ey, T,< K?Kjes.

As a result, r and p in become functions of {K;}i=12. If we choose their values
appropriately, then we can derive the improved bound g;(p) < K; for all d > d. + 1. To
improve the bounds on {g;(p) }i=2,3, we also have to control K3. This is the worst enemy
that keeps us from going down to d. + 1 dimensions. In [7], we will make all-out efforts

to overcome this problem.

2.6. Organization

In the rest of this survey, we prove the above propositions in detail. In Section [3] we prove
Proposition 2.2 for both models.
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In Section [4] we prove Propositions for SAW as follows. In Section [£.1], we
explain the derivation of the lace expansion (see Proposition for SAW. In Section
we prove bounds on the lace-expansion coefficients in terms of basic diagrams, as briefly
explained in Step 2 in Section[2.5] In Section[4.4] we prove bounds on those basic diagrams
in terms of RW quantities, as explained in Step 3 in Section [2.5] Applying them to
the bounds on the bootstrapping functions {g;(p)}3_; obtained in Step 1 in Section
we prove Propositions and on L426. Finally, in Section we provide further
discussion to potentially improve our results.

In Section [} we prove Propositions for percolation as follows. In Section [0.1
we derive the lace expansion (see Proposition for percolation. In Section we prove
bounds on the lace-expansion coefficients in terms of basic diagrams, as briefly explained
in Step 2 in Section [2.5] In Section[5.4] we prove bounds on those basic diagrams in terms
of RW quantities, as explained in Step 3 in Section Applying them to the bounds
on the bootstrapping functions {g;(p)}3_; obtained in Step 1 in Section we prove
Proposition on L% and Proposition on L9429 In Section we provide further

discussion to potentially improve our results.

3. Continuity of the bootstrapping functions

In this section, we prove Proposition First, we recall (2.6) and (2.9) for the boot-
strapping functions {g;(p)};_;. Obviously, g1(p) = p is continuous. To prove continuity of

the other two, we introduce

Go0(p) = (1 — D(k))Gp(E),

g3.k1(p) =

and show that they are continuous in p € [1,p.) for every k,l € T<. However, since

92(p) = sup |g2k(p)l, g3(p) = sup [gsri(p),
keTd k,leTd
and the supremum of continuous functions is not necessarily continuous, we must be a bit
more cautious here. The following elementary lemma provides a sufficient condition for

the supremum to be continuous.

Lemma 3.1. (Lemma 5.13 of [24], in our language) Fiz py € [1,p.) and let {J?k(p)}ke?rd
be an equicontinuous family of functions in p € [1,pg]. Suppose that supycra fk(p) < 00
for every p € [1,po]. Then, supycpa fk(p) < 00 18 continuous in p € [1, pp].
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Therefore, in order to prove continuity of {g;(p)}i=2,3 in p € [1,p.), we want to show
that {go,x(P) }rere and {g3,,1(p) } & sea are equicontinuous families of functions in p € [1, p]
for each py € [1,p.). To prove this, it then suffices to show that the following (i) and (ii)
hold.

(i) Go.k(p) and O,ga k(p) are finite uniformly in k € T¢ and p € [1, po].
(ii) g3.k1(p) and Opgs ki (p) are finite uniformly in k,1 € T¢ and p € [1, po).

The proof of (i) is not so hard. By 0 < 1—l3(k) <2, |CA¥p(k)] < Xp and the monotonicity
of X, in p, we obtain |2 x(p)| < 2xp, < o0 uniformly in k € T? and p € [1,po]. Moreover,
by subadditivity for SAW, Russo’s formula and the BK inequality for percolation (see,

e.g., |[13]), and then using translation-invariance, we obtain

(3.1) 0 < 8,Gpl(x) < (D * G22)(x),

0pG24(p)] <2 (D *Gy?)(x) < 2x, < oo,
xX
uniformly in k € T¢ and p € [1, po], as required.
The proof of (ii) needs extra care, especially near k = 0, because of the factor 1 — ﬁ(k‘)

in U(k,1). From here, we prove (i) for SAW and for percolation separately.

Proof of (ii) for SAW. First, by using the telescopic inequality in |10, Appendix A]E|

J J
(3.2) 0<1-— costh < JZ(l — cost;),
— =

5 Although (3.2) is a result of simple trigonometric computation, it is not so easy to come up to the actual
g g Y

proof. The actual proof of |10, Appendix A] goes as follows. First, take the real part of the telescopic
identity 1 — exp (i Z;‘I:1 t;) = ijl(l — e exp (i Zi;ll tn), where the empty sum for j = 1 is regarded
as zero. Then, use the inequalities | sin Sy tn| < S |sinty|, | sint;||sinty| < (sint; +sin®t5,)/2 and
sin?t; < 2(1 — cost;) to obtain

j=1 j=1 j:l Jj=1
>0
J j—1 J
t t
Zzw < (=131 = costy),
j=1h=1 j=1

which implies (3.2)).
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we obtain
(3.3)
|AGy(D)] <D (1 — cosk - 2)Gy(x)

|l ||
:Z Z 1—cosZk‘-(wi—w¢1 |‘*’|HD j— Wj—1)
T weQ(o,x) i=1
|| |l
SZ(l—cosk-(v—u Z ]w\Zl{b uv}pHHD i — Wji—1)
U, T w€eQ(o,x) i=1
Ignoring the self-avoidance constraint between 7 = (wo,...,w;—1) and § = (Wi, ..., W)

and using translation-invariance, we can further bound |£k@p(l)| as

1AGy(1)] <D (1= cosk - (v—u))pD(v — u)

U,V,X
Inl €]
<> (Il + 1+ 0P T DOl = miea) 'ﬁ'HD — &)
neQ(o,u) =1
£eQ(v,z)
||
<2p(1 Dxp Y, Y. (wl+Dp ] D(w; —wj1).
T weN(o,x) 7j=1

However, by the identity |w|+1 = Zy Lyyewy for a self-avoiding path w, subadditivity and

translation-invariance, the sum in the last line is bounded as

||
Yo D> (el + P ] Dws —wjm1) <D Gpy)Gole — ) = x;.
T weQ(o,x) Jj=1 z,y
As a result, we arrive at
(34) |AcGy(1)] < 2po(1 — D(k))x,,

which implies that g3 x;(p) is finite uniformly in k,1 € T¢ and p € [1, o).
For the derivative 0,93 1:(p) = Uk, l)*lﬁkap@p(l), we note that

Bed,G()] S0~ cosk - )(D # G2 (w)

x

3<(1 — ﬁ(k))xf7 + 2xp Z(l —cosk - U)Gp(v)>

=A4Gp(0)

NG

3(1 — D(k))x2, (1 + 4pox2,).

Therefore, 0,93 ,1(p) is also finite uniformly in &,1 € T¢ and p € [1, po). O
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Proof of (ii) for percolation. First, we note that

ﬁu@mmmmEJmehmwmeM?5WM@@meeﬁwm

and that

]ﬁk(ﬁ Gp(1)D(1))| < Z (1 —cosk-xz)(0,Gp* D)(x)
1’|i
< 2(1B48,Gy(0)] + X1~ D(k)))

2 (pr\AkG (0)] + 4x2(1 - f)(k))) :

B
(@5

Therefore, to evaluate gs 1 (p) and 0,93 %,(p), it suffices to evaluate |£k@p(0)|

To evaluate lﬁk@p(O)\ by using (B.2)), as we did for SAW, we first rewrite the expression
for Gp(z). To do so, we introduce ordering among self-avoiding paths from o to x as
follows. For each vertex z, let B(z) be the set of bonds incident on z. Order the elements
in B(z) in an arbitrary but fixed manner. For a pair of bonds b,V € B(x), we write b < &/
if b is lower than b in that ordering. For a pair of self-avoiding paths w,w’ € Q(z,y),
we write w < w’ if at the first time 7 when w becomes incompatible with w’ (therefore
bj(w) = bj(w') for all j < 7) we have b (w) < br(w'). We say that w is occupied if all
bi1(w), ..., b (w) are occupied. Let Ey(w) be the event that w € Q(x,y) is the lowest

occupied path from z to y:

(3.6) E; y(w) = {w is occupied} \ U {w is occupied}.

w' €Q(z,y)
(w'<w)

Then, we can rewrite the expression (2.5) for Gp(z) as

> PyE

weN(o,x)

Similar to (3.3, we can bound |£k@p(0)| as

||

MG 0] <> > MZ (1 —cosk - (wi — wi1))Pp(Eop(w))
T weQ(o,x)

||

:Z(l—cosk~(v—u Z !w|z]l{b =(u)}Pp(Eoz(w)).

u,v,T w€eQ(o,x) =1
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Let n = (wo,...,w;) and § = (w;,...,w),|) and denote their concatenation in that order

by no&. Then, the above inequality is equivalent to

AkGp0) < D (1 =cosk-(w—u) Y Lo (m=(uw)

u,v,T 'UEQ(O,’U)

x> (Il [EDPy(Eou(n 0 €)).
£eQ(v,x)

(nog€Q(o,z))

Next, we rewrite Pp,(E, (1o §)). To do so, we introduce a peculiar cluster of 7 as
follows. Given a vertex y and a bond b € B(y), we define C-;(y) to be the set of vertices
that are connected from y via an occupied bond ' € B(y) with b’ < b; if there are no such
occupied bonds, then we define C-;(y) = {y}. Given a self-avoiding path 7, we let

In|
Cy = Catym (mi—1)-

j=1

Notice that the terminal point 7, is not in C<,. Using this notation and recalling (13.6)),
we can rewrite the event E, ;(no &) for n € Q(o,v) and £ € Q(v,z) with no € Q(o,z) as

Eoz(no&) =Eyy(n) N{Ey(§) occurs on e \ C<n}-

For a V C L%, we let IP’X be the percolation measure defined by making all bonds b with
bN (L4\ V) # () vacant. Then, we obtain

Pyp(Eou(n08)) = Ep [ﬂEo,v(mpﬂﬁd\c*" (Eve(8))]

hence
[AkG(0)] < Y (1 —cosk-(v—u) Y Lo m-(uw)}
u,v,T T]EQ(O,’U)
L4\C
X (‘77|Ep |:]1Eo,v(n) Z Py ) <n(Ev,ac(f))]
(37) £eQ(v,x)

(nogeQ(o,x))

+Ep[11Ea,v<n> > \ﬁrP%d\C<"(Ev,$<£)>D-

£€Q(v,z)
(nog€Q(o,7))
The contribution from the first expectation is evaluated as follows. First, we note that
the sum over & can be replaced by the sum over £ € Q(v, x) that are restricted in L4\ Cy,

d
or Pg; \Cn (Eyz(&)) = 0 otherwise. Then, the resulting sum equals the restricted two-point



Lace Expansion on BCC Lattice 743

function on LY \ C,, and is bounded by the full two-point function Gy, (x — v). Therefore,

L\C
Z ]l{bln\(’?):(U,v)}|77|Ep |:]]'E0,v(77) Z Pp \ -<n(Ev,CE(£))

neQ(o,v) £eQ(v,x)
(3.8) (10€€9(0,2))

< Y Ty =(u} 1Pp(Eow () Gy — v).
neN(o,v)

We apply the same analysis to n = { o (u,v), where ¢ = (1o, ..., nm‘,l), and obtain

B8) <pDw—uw)Gp(z—v) > (I¢|+ DPy(Eou(C))

C€Q(o,u)
(3.9) =pDv—uw)Gplz—v) Y Y Bp(Eou(( (")),
Y ¢'eQ(o,y)
¢"eQy,u)

(¢'o¢”€Q(o,u))

where the equality is due to the identity ||+ 1 = Zy liyecy- Again, by the same analysis

as discussed above, we finally obtain
(3.10) 13.9) < G;g(u)pD(v —u)Gp(x — ).

The contribution from the second expectation in (3.7) can be evaluated in a similar

way, and the result is

LA\C
> 1{b|,,(n):(u,v)}Ep[ﬂEo,v(n) > €y (B, ()

nEQ (o) £eQ(v,xz)
(3.11) (no£€Q(o,))

< Gp(u)pD(v — u)GZz(m — ).
Substituting (3.10) and (3.11)) back into (3.7]), we obtain the same bound as (3.4):
AkGy(0)] < 2po(1 = D(k))X,.

which implies finiteness of g3 x;(p) and 0,gs (p) uniformly in k, [ € T and p € [1, pol, as
required. This completes the proof of Proposition ]

4. Lace-expansion analysis for self-avoiding walk

In this section, we prove Propositions for SAW. First, in Section [4.1], we explain
the derivation of the lace expansion, Proposition for SAW. In Section we prove
bounds on the lace-expansion coefficients in terms of basic diagrams, such as L, and B,.
Finally, in Section [4.4] we prove bounds on those basic diagrams in terms of RW loops and
RW bubbles and use them to prove Propositions and on L4926, We close this section
by addressing potential elements for extending the result to 5 dimensions, in Section
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4.1. Derivation of the lace expansion

Proposition [2.5] for SAW is restated as follows.

Proposition 4.1 (Lace expansion for SAW). For any p < p. and N € N, there are

nonnegative functions {ngn N_ on L? such that, if we define H( ) a

N
IV () = > (—1) )" (@),
n=1
then we obtain the recursion equation
(4.1) Gp(x) = S0 + (pD + TITV) 5 Gp) () + ()N RIVI (),

where the remainder R( ) obeys the bound
(4.2) 0 < RM(2) < (xlM = Gy) ().

Sketch proof. First, we derive the first expansion, i.e., (4.1) for N = 1. For notational

convenience, we use
||

lleD S —wi ).

Then, by splitting the sum in (2.3)) into two depending on whether |w| is zero or positive,

we obtain

43)  Gpla)=boat Y. PW)=0u+d pD(y) Y. Pw)ljg.
w€eQ(o,x) Y weQ(y,z)
(lw>1)

This is depicted as

o-—-;(::(so,xﬁ*o.l—.a:

where the rectangle next to the origin represents that there is a bond from o to a neigh-
boring vertex y, which is summed over L¢ and unlabeled in the picture, and the dashed
two-sided arrow represents mutual avoidance between o and SAWs from y to x, which
corresponds to the indicator 1yy¢,) in . Using the identity L1io¢y =1 — Lo} due

to the inclusion-exclusion relation, we complete the first expansion as
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Next, we expand the remainder R]E,I)(:c) to complete the first expansion. Splitting each
SAW from y (summed over L¢ and unlabeled in the picture) to x through o into two
SAWS, w; € Q(y,0) and we € Q(o,x) (in red), we can rewrite R,(})(w) as

where the dashed two-sided arrow implies that the concatenation of w; and wy in this
order, denoted wy ows, is SAW. Using the identity 1y, 0w, is SAW} = 1 — L{w 0wy is not SAW}s

we obtain

R;()l)(x)o@'Iz)@x E Q Gp(x_y)_Réz)(gc),
y o=y
N~

=r$" (y)

ER;Q)({I?)
where the precise definition of wél)(x) is the following:
7['](31)(1') = (pD * Gp)(0)00 -

Since R,(yz) (x) is nonnegative, this also implies for N = 1. This completes the first
expansion.

To show how to derive the higher-order expansion coefficients, we further demonstrate
the expansion of the remainder RI(,Z) (x). Since w; 0wy is not SAW, there must be at least
one vertex other than o where wy hits wy. Take the first such vertex, say, z # o, which is
summed over ¢ and unlabeled in the following picture, and split wy € Q(o0,z) into two
SAWSs, wa1 € Q(o0, z) and waa € Q(z,x) (in blue), so that w; Nwa; = {0, z}. Then, we can

(2)
R;S?) (x) =o @ x

rewrite R, (z) as
where the dashed two-sided arrow between the red wo; and the blue wos implies that the

concatenation wojowsg is SAW. Using the identity 1y, owns is SAW} = 1= 1w, owns is not SAW}s

we obtain
Y
R;Q)(x) =0 ®—o0 v = Z Gylz—y) — Rz(f)(w),
Y o
@ =" (v)



746 Satoshi Handa, Yoshinori Kamijima and Akira Sakai

where the precise definition of 7715,2) (x) is the following;:

44) 7w @)=(1-6ox) Y, Pln)Pw)Pws) [ Liwnw=(oa)-
w1,w2,w3EN(0,r) 1#£]
Since Rz(f) (x) is nonnegative, this implies (4.2)) for N = 2, as required.
By repeated application of inclusion-exclusion relations, we obtain the lace expansion
(4.1)), with the lace-expansion coefficients depicted as

s W= (/\). #Mm-6§7,7@m—<zz7},.n

where the slashed line segments represent SAWs with length > 0, while the others rep-
resent SAWs with length > 1. The unlabeled vertices are summed over L¢. Due to the
construction explained above, the red line segments avoid the black ones, the blue ones
avoid the red ones, the yellow ones avoid the blue ones, and so on. We complete the sketch
proof of Proposition O

4.2. Diagrammatic bounds on the expansion coeflicients

As explained in Step 1 in Section the bootstrapping functions {g;(p)}?_, are bounded

in terms of sums of %1(,”) (0) and lﬁk?r\,(,n) (0)|. In this subsection, we prove bounds on those

quantities in terms of basic diagrams, such as L, and B), in (2.18)), as briefly explained in
Step 2 in Section Recall that

Ly = |(pD)** % Gplloo,  Bp = (pD)? % G3?llscy 7= lIDlloc + Ly + By.
We also define
BII) = ||(pD)’k4 * G;2||OO, Wy(k) = sup(l — cosk - x)Gp(z).

Lemma 4.2 (Diagrammatic bounds on the expansion coefficients). The expansion coeffi-
cients ?r\](pn) 0)=>, 71'1(3”) (z) and |£k7?1(9n)(0)\ =) . (1—cosk- :c)ﬂ']gn) (x), both nonnegative,
obey the following bounds:

L, [n
By (p|| Do + Lp)7“7k2 [n

v
A

(4.6) 7(0) <

~ B2W,(k)m?2r2m=2 [n=2m +1],
@7 JAFEIO)<e !
p

B2W,(kym(m — 1)r2™=3 4+ B,W,(k)ymr?™~2  [n = 2m).

For |£kﬁl(,2)(0)|, in particular, the following bound also holds:

o 3B N —~
(48) BAFP(0)] < S 2p(1 - D(k) + By (k)
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Remark 4.3. As shown in (4.25) and (4.21]) in the next subsection, ||Wp/(1 — D)]|oo could
be relatively large, compared to L,, B, and r. Therefore, if we want to have a good
bound on |3k7?,(,n) (0)]/(1 — D(k)), we should have a small multiplicative factor to /Wp(k).
By ((4.7)), that multiplicative factor is at most [n/2)2B,r"~2 for n > 2 (it is zero for n = 1,
due to the definition of 772(,1)) and the dominant contribution comes from the case of n = 2,
ie., By In , on the other hand, the multiplicative factor to Wp(kz) is lew which is
potentially much smaller than B,. This can be seen by comparing the RW versions of B,

and Bj,, which are the RW bubble e and

o0

gy = (D™ % S})(0) = > _(2n = 3)D**"(0).

n=2
Table summarizes the bounds on those RW bubbles that are evaluated as explained
in Section 211
‘d:4 d=5 d=6 d=17 d=38 d=9
0.178332 0.044004 0.015302 0.006156 0.002678
0.115931 0.018708 0.004302 0.001161 0.000344

£9 o
/
€y (0.¢]

Table 4.1: Comparison of upper bounds on the RW bubbles for 4 < d < 9.

The amount of extra work caused by the use of (4.8]) instead of using only (4.7) is
quite small. However, this is the key to be able to go down to 6 dimensions. We will get
back to this point in Section

Sketch proof of Lemma [£2] In the following, we repeatedly use the trivial inequality

(4.9) Gp(2) Lz} < (PD * Gp)().

For example,
70(0) = > pD(x)Gy(w) < ((pD)* % Gp)(0) < L.
xF#o0

For n > 2, we first decompose @(,n)(()) by using subadditivity and then repeatedly apply

(4.9) to obtain (4.6). For example,

#20) = (| )< [ X6y (sup Gp<m>>

° oo xF#0
14.9)

< ((PD)? % G}?)(0) <i1£(pD * Gp)(:v)> :

(4.10)

B
o)

<B,
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and

3

(4.11) Gp( supz Gp( —v) (sup Gp(a:))
xF#o0

w#0 Oyt
? Sup(pD * Gi2) (@ )) 3 <sgcp(pD * Gp)(w)> :

(n)

In general, 7, ’(0) for n > 2 is bounded by the right-most expression with the power 3

replaced by n — 2. Notice that, by omitting the spatial variables, we have

)
pD %Gy =pD* (0 +(1-8)G,) < pD+ (D)™ *G,,

where ¢ is the Kronecker delta, hence
sup(pD * Gp)(x) < pl|Dlos + [|(D)™ % Gplloo = pl|Dlloc + Ly
X
Similarly, we have

pD*G*2=pD*Gp*(5+(1—5)Gp)
(14.9)

)

< pD % Gy + (pD)*% % G*2
=pD* (0+ (1= 0)Gp) + (pD)"™ » G}

)
< pD + (pD)*? « Gy + (pD)* % G},

hence

12) sup(pD G2)(@) < plDllse + (pD)* % Glloo + [[(pD) "™ % G2 oo

=p||D|loc + Lp + B, =
This completes the proof of (4.6).

Next, we prove (4.7)) for n = 2m+1. Since 7r1(,1)( ) is proportional to d, , and therefore
3@‘,”(0) = 0, we can assume m > 1. To bound |A;7 A(Qmﬂ 0) = > ,(1 —cosk -

x)ﬂl(,QmH)(x) for m > 1, we first identify the diagram vertices along the lowest diagram
path from o to z, say, yi,...,Ym—1, and then split = into {y; — yj,l};”:l, where yp = o

and y,, = x. For example,

RO = 3 (1 cos 3 k(05— ) m .
Y1,Y2 j=1,2 Yo=0 Y2

Y1
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Then, by using (3.2)) and subadditivity, we obtain

AGEP0)] <2 ((1—cosk-y1) + (1 —cosk - (y2 — 1))

:
< Wﬂ am

Each remaining diagram is bounded, by following similar decomposition to (4.10)) and
(4.11) and then using ([&.12), by Bjr?, yielding the desired bound on |3k7?;(,5)(0)]. In

general,

|£k7?1()2m+1)(0)| < me(k) x (m diagrams, each bounded by B§r2m_2)
< Bsz(k)mQTQ’”_Q,

as required.

To prove for n = 2m, we follow the same line as above for n = 2m+ 1. To bound
|£k%§,2m) 0)]=> (1 —cosk- :v)wé?m) (z), we first identify the diagram vertices along the
lowest diagram path from o to z, say, y1,...,Ym—1, and then split  into {y; — yj_l}g’l:l,

where yg = o and y,,, = z. For example,

Y2
AED ) =Y (1 —cos S k(g — gy 1)) @27 |
Y1,Y2 7=1,2 Yo=0

Y1
Then, by using (3.2)) and subadditivity, we obtain

AFEH©0)] <2 ((1—cosk-y1) + (1 —cosk - (y2 — 1))
Y1,Y2

X <Gp(y1)OWy2+Gp(y2—yl)O@W)
§2/I/I7p(k)< W + @7)

Following similar decomposition to (4.10) and (4.11)) and using (4.12)), we can bound the

first diagram by Bf,r, while the second diagram is bounded by Bprg, yielding the desired

bound on lﬁgﬁl(f) (0)|. In general,

Akw (2m) < mW k m — 1) diagrams, each bounded by B2r?m=3
P
+ (1 diagram, bounded by Bpr2m_2))
< B2W,(k)ym(m — 1)r®™=3 + B, W, (k)ymr>"2,
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as required.
To prove the bound (4.8)) on |3k@(,2) (0)|, we recall the definition (4.4) and divide 771(32) (x)

into 772(,2)’:1(:15) and 7r]g2)’22(a:), where
7r§,2)’:1(1’) =(1—6o2) Z P(w1)P(w2)P(w3) H Liw;nw;={o,z}}s
w1,w2,w3EN(0,x) i#£]
3i: Jws|=1)
aD22(@) = (1= 0os) Y. Plw)Pw2)Pws) [ Lwirw;—(on})-
w1,w2,w3€N(0,z) i#]
(Vi |w;i|>2)
(2),=1

Then, by symmetry, the contribution from 7 (x) is bounded as

2
NS O] §3Z(1—Cosk-x)pD(a:)< > P(w)>

z~o weN(o,x)

<(pD+Gp)(x)

(4.13) <3 <Sup(pD % Gp)(a:)2> pY (1 —cosk-x)D(x)

r~o

= 3(; > (D x Gp)(x)? )p(l — D(k)),

r~0

<B,

while the contribution from 7r1(;2) ’22(37) is easily bounded as

3
A7 (D22(0)] 52(1—cosk.x)< > P(w)>

weN(o,x)
(lw|>2)

< D)5 Gy (sup(t — cosk - )Gy (o) ).

J/

N~

<B

<B, =Wy (k)

This completes the proof of Lemma 4.2 O

4.3. Diagrammatic bounds on the bootstrapping functions

Let

ﬁzdd(k) _ Z 7?£2m+1)(k)’ ﬁeven(k) _ Z %(2m)(k)
m=0 m=1
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Suppose that r = p||D||« + L, + By < 1. Then, by Lemma we obtain

(4.14) 0 <TIY(0) < Ly + By(pl Dlloo + Lp) T3
TTeven 1
(4.15) 0 < IL*(0) < Byl Dlloe + Lp) T3
(4.16) sup |Akﬂgjd(0)| < Bg(l +T2) ‘ /Wp ‘
v 1-D(k) ~ (1-rP [1-Dll

|ALIIS™™(0)] 3B 2r 2
4.17) sup L < p+(B,+B; +B
@17 = 1— D(k) 2 PP (1= r2)3 3

Applying these bounds to 2.14)) and ([2.15]), we obtain the following bounds on the
bootstrapping functions {gz( )}Z 1

Lemma 4.4. Suppose r < 1 and that Ly, By, By, pr/(l — D)oo are so small that the
two inequalities in (2.16)) hold. Then, we have

Byl Dl + Lyp)r

(4.18) gi(p) <14+ L, + 1,2 ,
—~ -1
B2(1+r%)| W,
4.1 <l1-=2 L
( 9) 92(]9) = ( (1 —7“2)3 1_ DHOO )

g93(p) < max{ga(p),1}*

<<1 + 3;;) <B/ (1— ﬂég(zl —r)? + BIEZQ(QT ) H 1— 'oo>2

Proof. The bounds on g;(p) and g2(p) are easy; since ﬁp(O) = ﬁgven(O) - ﬁgdd(()) and
~ AT (0) = |ALTIE™(0)] — |A4IIS(0)], we obtain

2.12) ~ (4.14) B Dllo + L,)r
alp) < 1+ Hgdd(O) < 1+L,+ bl 1 10;2 v) )
PPN -1 — —
219) | AT (0)| 16 B214+7%) || W,
gap) < sup|1—- —=L—5 < [ 1- p_ 53 p,\H
k 1— D(k) (1=r2)3 11 - Dlls

For g3(p), SAince @p(k) = A\p(k) =1/1 - fp(k:)) for SAW and \@p(k;)| < 92(p)§1(k) =
g2(p)/(1 — D(k)), we obtain

B  1—D(k) (S1(I+k)+Si(I—k) 5 AT
) = ol Uk, 1) ( 2 S1(1)g2(p) T D(#)
RN

< max{ga(p), 1} max { sup

kil 17D(k) p



752 Satoshi Handa, Yoshinori Kamijima and Akira Sakai

Since J, = pD + 1I,, for SAW, we have

‘ p(l)| L —cosk-x e’il-a: o T
“hm) 1B |2t sk D D) + (@)
# —cosk-x T odd T even (.
—1_5(@;(1 k- z)(pD(x) + 5% (z) + I () )
<p+ AT O0)] \Akﬂgjd(())\’
1 - D(k) 1— D(k)

which is larger than 1, since p > 1. It is easy to check that —ﬁk@(O)/(l — D(k)) obeys

the same bound. Therefore, by using (4.16|) and (4.17)), we obtain
~ = ~ = 2
| AT (0)] |ALIE(0))
93(p) < max{g2(p),1}* [ p +sup —Lc—" 4+ sup —L—"
®) {o2(p). 1) ( k  1—D(k) k1 —D(k)

< maX{g? (p)7 1}3

O )

as required. ]

4.4. Bounds on diagrams in terms of random-walk quantities

In this subsection, we evaluate the diagrams for p € [1,p.) and complete the proofs of

Propositions [2.3] and [2.4]
First, we evaluate the diagrams for p € (1,p.) under the bootstrapping assumptions.

Lemma 4.5. Let d > 5 and p € (1,p.) and suppose that g;(p) < K;, i = 1,2,3, for some

constants {K;};_,. Then, we have

(4.20) L, < K{Kse1, B, < KiKje;, B, < K{Kjeh,
Wy

1-D

Proof. The first two inequalities in (4.20)) have already been explained in (2.22) and (2.23]).
Similarly, by using g;(p) < K;, i = 1,2, we have

(4.21) H

< 5K3(1 + 2e1 + 82).

‘OO

P d’k D(k)* %
By <p' | D(k)'Gy(k)* < K{K3 / ( (k) = K{K3éb.

T (2m)¢ 1 — D(k))2 (2m)
=(D*4x87%)(0)
For ({4.21]), we use g3(p) < K3 to obtain
(122)  0<(1—cosk-2)Gy(@) = | (“AxGy)ets L < K, / o -2
Td (2m)d T (2m)d
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uniformly in = and k. Then, by (2.8) and using the Schwarz inequality, the right-hand
side is further bounded by
s [ g e 44 S
(4.23) 5K3(1 — D(k)) S1(1) =5K3(1 — D(k))Si“(0).
Td (2m)d
Since S72(0) = Y0 o(2n + 1)D**"(0) = 1 + 21 + €2 (see (2.2))), this completes the proof
of Lemma [£.5] O

Next, we evaluate the diagrams at p = 1 by using the trivial inequality G1(z) < S1(z).

Here, we do not need the bootstrapping assumptions.

Lemma 4.6. Let d > 5 and p =1. Then, we have

(4.24) Ly <e1, Bi<e, Bj<é,
W
(4.25) H Ll <5(1+42e; +e).
1— Dllos

Proof. The first two inequalities in (4.24)) have already been explained in (2.20) and (2.21]).
Similarly, by the trivial inequality G (z) < Si(x), we have

N(1.\4 d
Bl Dt e sl = [ D SH oy
¢ (1 — D(k))? (27)

Also, by following the same line as (4.22)) and (4.23]), we obtain

(1 cosk )Gy (@) £ (1 —eosk-)51(@) = [ (BeSilt)e g

A d91 ~
< k,l <51 —-D(k)(1+2 .
< 'H‘dU(7)(27T)d_5( (k)(1 4+ 2e1 +€2)
This completes the proof of (4.25]). O

Proof of Proposition [2.3] Since 1 and e9 are finite for d > 5 (see Table[2.1]in Section [2.1))

and decreasing in d (because D**"(o) = ((7) 2*2”)[1 on L% is decreasing in d), we have

0.257 [d

_d =5
27%4e1+e2 <
0.081 [d>6

B
r=||D|le+ L1+ By

]
In addition, by (4.14)—(4.17) and Lemma (see also Table in Section , we have

> o 0.066 [d = 5], > _A, 7 1.331 [d =5,
S aMo0) < 4= sup Yy © - 4 =73
ot 0.023 [d>6], k = 1—D(k) 0.120 [d > 6],
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which imply that the inequalities in (2.16) hold for all d > 6 (but not for d = 5). Then,

by Lemma [4.4] we obtain

2274+ ey)r

(4.26) Q1) 1t + 20— < 1021,
-7
2 2\\ —1
e5(141r°)
(4.28)
3e9 g2 ear?(2 — r?) 2
1)< (10113 (1+ =2 +5(1+2 ! 2
g3(1) < ( ) ( + 5 TO(L+ 261 +e2) <52+ L + e
< 1.301.
Proposition 2.3 holds as long as K7 > 1.021, K» > 1.012 and K3 > 1.301. O

Proof of Proposition [2.4. Let
Ky =Ky,=1.03, K3=1.79,

so that Proposition [2.3] holds for d > 6. Using Table 2.1 in Section [2.1 we have

{-20)
(4.29) r < K279+ KiKqe) + KiK3ey < 0.088.

In addition, by (4.14)—(4.17) and Lemma (see also Table in Section , we have

(e
|

>)

&)

)’Ug

e

7M(0) <0.025, sup »

— = < 0.257,
1 ko 1—D(k)

n

which imply that the inequalities in (2.16]) hold. Then, similar to (4.26))—(4.28]), we obtain

K?K2e9(K127% + K3 Kqeq)r
1—1r2

K{Kje2(1+1r?)
(1—1r2)3

ga(p) <1+ K12K2€1 +

<1.023 < K,

—1
gg(p) < (1—5K3(1+2€1+82) ) <1.026 < Ko,

3K{K3
g3(p) < (1.025)3( (1 + 1251262) K1+ 5K3(1+ 21 + &2)
K{K3e3 K}K3eor?(2 —12)\ \?
K4K2 / 1°*2<2 1°*2
e e

<1.789 < K3.

This completes the proof of Proposition O
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4.5. Further discussion

We have been able to prove convergence of the lace expansion for SAW on L6 in full
detail, in such a small number of pages, rather easily. This is due to the simple structure of
the BCC lattice IL? and the choice of the bootstrapping functions {g;(p)}?_; (and thanks
to the extra effort explained in the remark after Lemma . Of course, if we follow
the same analysis as Hara and Slade [16}/17], we should be able to extend the result to 5
dimensions. But, then, the amount of work and the level of technicality would be almost
the same, and it would not make this survey attractive or accessible to beginners. Instead
of following the analysis of [16,/17], we keep the material as simple as possible and just
summarize elements by which we could improve our analysis. Those elements are the

following.

(1) Apparently, the largest contribution comes from |3/ﬁz(,2)(0)|. To improve its bound,

we introduced an extra diagram, i.e., B! = ||(pD)** % G;‘,2Hoo. As a result, we were
able to improve the applicable range from d > 7 to d > 6. It is natural to guess that
the introduction of longer bubbles, like B,S”) = [|(pD)**" * G3?||sc, could result in
the desired applicable range d > 5. Indeed, its RW counterpart (D*2" x S32)(0) gets
smaller as n increases. However, since Bf,") has the exponentially growing factor
p?", there must be an optimal n, € N at which BI(,n) attains its minimum. So far,

our naive computation failed to achieve convergence of the lace expansion in L=°

)

by merely introducing B,(,n up ton = 3.

(2) The reason why we introduced By, is because the current bound on ||ﬁ/\p /(1= D)llso
in and is not small. In particular, the relatively large factor 5 in
and is due to the use of the Schwarz inequality, as explained in the third
footnote. Therefore, if we could achieve a better bound on , hopefully without
using the Schwarz inequality, it would be of great help.

(3) In (4.18) and (4.19), we discarded the contributions from ﬁz"en(O) and \Akﬁg"en(O)\.
By Lemma we can speculate IL¥"(0) < Hgdd(()) and |ALITY(0)] > |Akﬂgdd(0)|.
This means that, if we include their effect into computation, then g;(p) could be

much closer to 1 (see (2.12)) and g2(p) could be even smaller than 1 (see (2.14))),
and as a result, we could achieve the desired applicable limit d > 5. However, to

make use of those even terms, we must also control lower bounds on g;(p) and g2(p),
and to do so, we need nontrivial lower bounds on the lace-expansion coefficients.
Heading towards this direction would significantly increase the amount of work and

technical details, as in [16,/17], which is against our motivation of writing this survey.

(4) We evaluated ép(k') by Si(k) = (1 — D(k))™! uniformly in k € T i.e., in both
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infrared and ultraviolet regimes. However, doing so in the ultraviolet regime (i.e.,
bounding G,(x) by S1(x) for small x) is not efficient, and as a result, it requires d to
be relatively large. To overcome this problem, we may want to incorporate the idea
of ultraviolet regularization, first introduced in [3] for percolation. This approach
has never been investigated in the previous lace-expansion work, but it could provide

a natural way to analyze in dimensions close to d..

5. Lace-expansion analysis for percolation

In this section, we prove Propositions for percolation. First, in Section [5.1] we ex-
plain the derivation of the lace expansion, Proposition [2.5] for percolation. In Section [5.2}
we prove bounds on the lace-expansion coefficients in terms of basic diagrams. However,
unlike SAW, we need more diagrams, such as 7, and ‘/},,J(k:) for 7 = 0,1,2,3. Finally, in
Section we prove bounds on those basic diagrams in terms of RW loops, bubbles and
triangles and use them to prove Proposition on L8 and Proposition on L9, We
close this section by addressing potential elements for extending the result to 7 dimensions,
in Section

5.1. Derivation of the lace expansion

Proposition [2.5] for percolation is restated as follows.

Proposition 5.1. [15] For any p < p. and N € Z.,, there are nonnegative functions
{W;,()n)}nNzo on L such that, if we define HI(,N) as

N
IV (@) = Y (=1)"m (),
n=0

then we obtain the recursion equation
(5.1) Gp(2) = Go + I (@) + (6 + LYY % pD # Gp) (@) + (=1)N RN (),
where the remainder R;,NH)(:U) obeys the bound
0 < RN (2) < (x{M) « Gy) ().
To prove the above proposition, we first introduce some notions and notation.
Definition 5.2. Fix a bond configuration and let z,y, u,v € L%

(i) Given a bond b, we define C?(z) to be the set of vertices connected to z in the new

configuration obtained by setting b to be vacant.
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(ii) We say that a directed bond (u, v) is pivotal for the connection from x to y if x «+— u
occurs in C1“%}(z) (i.e., x is connected to u without using {u,v}) and if v +— y
occurs in the complement of C{%¥}(z), denoted by C1“*}(z)°. Let piv(z,y) be the

set of directed pivotal bonds for the connection from x to y.

(iii) We say that z is doubly connected to y, denoted by x <= y, if either z = y or
x +— y and piv(z,y) = 0.

(iv) Given a set of vertices A C L, we say that = and y are connected in A if either
x =y € A or there is an occupied self-avoiding path from x to y consisting of vertices

in A. We write this event as {z <— y in A}.

(v) Given a set of vertices A C L, we say that x and y are connected through A if
either z = y € A or every occupied self-avoiding path from x to y contains vertices

in A. We write this event as {z PRELEN y}.

Sketch proof of Proposition [5.1] First, we derive the first expansion, i.e., (5.1]) for N = 0.
By splitting the event {0 «— z} into two depending on whether or not there is a pivotal

bond for the connection from o to x, we first obtain

(5.2) Gp(z) =Py(0 «— z,piv(o,z) = 0) + P, (0 «— z, piv(o, z) # D).

={o:;>x}
Let
TrZ()O)(a:) =P,(0 <= ) — bo -

Then, by definition, the first term in (5.2)) is do, + 7r,(30) (z). To expand the second term
in (5.2), we use the first pivotal bond b = (b,b) for the connection from o to x, so that
0 <= b in C’(0) and b +— = in C’(0). Since those two events are independent of the

occupation status of b, we obtain
P, (0 «— z,piv(o,x) # 0)
= ZIP’p(o < b in C"(0),b occupied, b < z in @%(o)c)

b
= pD(b)ES[11emsy Py (b +— z in Ch(0)°)],
b

where D(b) is the abbreviation for D(b — b), and the extra indice&ﬁ represent that (:’V(I)’ (o)
is random against Eg but deterministic against IP’II,. In the last line, we have dropped “in
C4(0)” by using the fact that {b +— z in C}(0)°} = () when Lpsbin &)} # Loemp}-

This rewrite is due to the tower property E[X] = E[E[X | G]], where E[X | G] is the conditional expectation

of a random variable X with respect to a sub-c-algebra G.
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Now we introduce schematic drawings, such as
(5.4) 5ox+7r(0)( )= o>z, (3= OQ'/‘—'x‘
x -

In the second drawing, the parallel short line segments in the middle represents pD(b),
which is summed over all bonds b and unlabeled. The dashed two-sided arrow represents

mutual avoidance between C(0) (in black) and C~b( ) (in red). By the inclusion-exclusion

relation {b +— z in 58 (0)} = {b +— x} \ {b 3:} we complete the first expansion

as

Gp(x) = o Du + o v — o@L«m

~~

—p)
=R '(z)
=000 + (@) + (6 + 1) % pD % G)(x) — RV ().

B P P

The precise definition of the remainder Rj(ol)(x) is
_ (b o
R (x ZpD [ﬂ{o@b}Pl (5455 )}

Next, we expand the remainder RI()I)(QT) to derive the second expansion, i.e., (5.1]) for
N = 1. To do so, and to derive the higher-order expansion later, we have to deal with the

event {v PRELEN x} for some vertex v and a vertex set A. Let

E(v,z; A) {v<—>x}\ U {v<—>b}
bepiv(v,z)

Intuitively, if we regard a percolation cluster of v containing x as a string of sausages from
v to x, then E(v,x; A) is considered to be the event that the last sausage is the first one

that goes through A. Then, we can split the event {v PRELEN x} into two disjoint events as
(5.5) {U A ac} = FE(v,xz; A) U {Elb € piv(v, z) occupied & v A Q}.

Let
= > PDOIE |1y P (BB 2:Ch(0)) |
b

so that we have

_ @131
H{O<:>b71}P11)(E| by € piv(by, ) occupied & by A bg)] .

+Y pD(b1)E
by
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Notice that the event {3b € piv(v,x) occupied & v JRELEN b} in (5.5) can be rewritten by
identifying the first element in {b € piv(v,z) : v PRELEN b} as
{Elb € piv(v, z) occupied & v PEELEN Q}

(5-6) = U{E(U,Q; A) oceurs in C°(v)} N {b occupied} N {b +— = in C(v)°}.
b

By this rewrite and using the fact that the first and third events on the right-hand side
are independent of the occupation status of b, we obtain (cf., (5.3))

+ 3 PD(bPD(B2)E) L By (L o ) B (B2 4w in CP2(B1)°) ]
b1,b2
where we have dropped “occurs in @b 2(b1)” by using the fact that {by +— z in 571’2 (b))} =

() when 1 By using similar schematic draw-

{E(H,bl;égl (0)) occurs in @?Q(b )} ?é E(b1,b2;C 1( )’
ings to (5.4), the above identity for R](J ) is rewritten as

fi\\
1 _ ) LY
RI(O)(:U)_ 0@@" + OWI

where the dashed two-sided arrow represents mutual avoidance between C

Abo

1) (in red)

Cr(by) (i
and 532 (x) (in blue). By the inclusion-exclusion relation {by <— x in C 2(by)°} = {by

— CP2(br
x}\ {b2 M x}, we arrive at the second expansion

R (2) = 0@:2 + OW=
- OWH x

ERI()Z)(x)

= WI()l)(x) + (ﬂ](gl) x«pD *x Gp)(z) — R](DQ)(:U).

To show how to derive the higher-order expansion coefficients, we further demonstrate

pus eXpansi()n of the remainder RéQ)(SU) by using schematic drawings. Using (5.5) and
, we can rewrite R§;2)( ) as

= (2)
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The precise definition of 7r1(g2) (x) is

m2(2) = 3 pD(bUPDB2E) | Lps By [L i o a1 oy P (B2 7 C(B1))) ]
b1,b2 o

As in the previous stages of the expansion, the dashed two-sided arrow in ([5.7]) represents
mutual avoidance between 872’3 (b2) (in blue) and @gg () (in green). Then, by the inclusion-

_ _ — — C3(bs
exclusion relation {bg «— z in C*(by)¢} = {bs +— z} \ {b3 M x}, we obtain

RO (z) = @x + @ i

=RY (x)

=73 (@) + (7 % pD * Gp)(z) — RY)(x).

By repeated applications of inclusion-exclusion to the remainders, we can derive the higher-

order expansion coefficients, such as

7T1(73)(x): 0@5 Lz,

We complete the sketch proof of Proposition [5.1 O

5.2. Diagrammatic bounds on the expansion coefficients

As explained in Step 1 in Section the bootstrapping functions {g;(p)}5_; are bounded
in terms of sums of %I(,n) (0) and |3;.ﬁz(,n) (0)]. In this subsection, we prove bounds on those
quantities in terms of basic diagrams, such as T}, in (2.18]) and ‘//;07 1/};,,1, ‘A/p?, 171,3, defined as

T, = l(pD)*? + G}’ |loc
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V2(k) =" (pD * Gy)(2)*(1 — cosk - ),

T

Vo (k) = sup > (pD % Gy)(y)(1 — cosk - y)Gy(x — y),
Yy

Vi (k) = snguaD # Gp))(1 = cosk - y)(pD * Gy) (& — ),

—sup Z »(01)(pD * Gp)(v2 — v1)(1 — cosk - (v2 —v1))
{U]} =

X (pD x Gp)(v3 — v2)(pD * Gp)(va — v1)(pD * Gp)(va — v2)
x (pD * Gp)(vs — va)(pD * Gp)(x — v5)Gp(y + v3 — vs).

Recall r = p||D||s + Lp + By, and we also define
B,
p=T,2r+1T,) + (r +1p) <1+ 5 —i—T)

Lemma 5 3 (Diagrammatic bounds on the expansion coefficients). The expansion coeffi-
cients 7'(' ( )=, 7Tp ( ) and |Ak/\(n)( 0)=>.01 —COSk-x)ﬂ'én)(l‘), both nonnegative,
obey the following bounds:

B,/2 = 0],
P 2, n—1
(14 Bp/2+1T})rp [n > 1],
~ 1~
(5.9) \Awﬁm 0] < 5V (k).
3 .
A7l << +2(Bp 4+ 1) + = By(By + 2r +37~T)v0(k)
(5.10) B4, ) (By+7)+ 3 Bp(By +2r) p)p
+ (8 + 6B, + 9T,) T,V (k).
Form > 1,
|AREP™(0)]
- S - B
< (4dm+1) (p2m—1(2m/p0(k) + Tprz(k) + Tp‘/;)l(k» <1 + 7” + Tp>
B 2
(5.11) T mp = (D2(k) + (k) <1 v 2y Tp>
+ pPm2 ((2m —1)(rFPV2(k) + rTV2(k) + 1T,V (k) + T2V (k)
~ ~ B 2
+ (m =1 (rT,V) (k) + V;j”(k:))) (1 + 7” + Tp> )
and

|AREZ™ D (0)
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< (4m +3) <2p2m (rV2(k) + T,V2(k)) <1 + % + Tp)

o 2
(5.12) +p*™ ((m + )V2(k) + mV,}( <1 + =2 )
+mp2m_1<2(r2V0( )+ 1T, V2 (k) + rT VA (k) + T2V (R))

N . B 2
+rTV2(k) + v;f’(k)> <1 +5 Tp> >

The rest of this subsection is devoted to showing the above bounds on %;()n)(O) and

|£k@(,n)(0)| for n = 0 in Section for n =1 in Section for n = 2 in Section

and for n > 3 in Section

5.2.1. Bounds on 700 (0) and |A.7(0)]
By the Boolean and BK inequalities, we obtain

71'1()0) () =Pp(o <= z) — o

=P, U {{b1 occupied, by <— x} o {bs occupied, by <— x}})

b1,b2€B(0)
(b1 <b2)

> pD(b1)Gp(x — b1)pD(b2)Gy(x — b2)
bl,bQEB(O)
(b1-<b2)

(pD * Gyp)()?,

(5.13)

IN

l\'.)\»a

where we have used the ordering < introduced above (3.6]). The factor 1/2 in the last line
is due to ignoring the ordering. Then, summing over z yields (5.8) for n = 0.
The bound (5.9) on |Ak’\( ) (0)] is also achieved by multiplying both sides of (5.13) by

1 — cosk - x and summing the resulting inequality over z.

5.2.2. Bounds on 757(0) and |A75"(0)]

First, we prove (.8)) for n = 1 and ([5.10)) by assuming the following diagrammatic bound

on Wél)(x):

(5.14)
n)(z)
< 0 u +§o©<}z + Q\/ 50D ﬁooocx

1
+§0- QerOQC 9«“,
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where we have used the following two types of line segments:

(5.15) 0

r =Gp(x), o——z = (pD*xGp)(x).

As in the case for SAW (cf., e.g., ([£.5)), the unlabeled vertices are summed over L¢. The
proof of ([5.14)) is given at the end of Section

Proof of (5.8) for n =1 assuming (5.14). The bound on 7?1(31)(0) is obtained by summing
both sides of (5.14) over z and repeatedly using translation-invariance. For example,

O@Q. <{J}> L:izf@o (sgp i> )Bpnger,

~—_——
> o@D

e Dreslrs )

and

o Y
o Y
——
<T, <Tp
xr— z
§Tp(sup > )Tpnger.
x,z
o
<r (- ([ED)

Applying the same analysis to the other diagrams, we obtain
7 (0) < (pD + G2 L(pD « G72)(0) By + 1Ty + ~By(pD % G2
FD(0) < (pD* G2)(0) + 5 (0D % Gy2)(0) By + 1Ty + 5 By(pD * Gi2) o)

1 1 1
+ 1 Bp(pD G3)(0)By + 5 BTy + Tor + 5Tor By + Ty T,

o1 2) o )

B 2
< <1+2”+Tp) r,

as required. ]

Sketch proof of (5.10). The bound on |3k7?;(,1)(0)] is obtained by multiplying 1 — cosk - x
to both sides of (5.14) and summing the resulting expression over x. To decompose the
diagrams into the basic diagrams, we also use the telescopic inequality (3.2), translation-

invariance and the trivial inequality

(5.16) 0

€ ]l{z#o} = Gp(x)]]'{ac;éo} < (pD * GP)(:E) = OlF—I.
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For example,

Z 0 X %x (1 —cosk-x)

"’ 0w (1 cosk ) + (1 cosk- (x — )

Y
E.16)
< 22 o >y (l—cosk-y) o= >
y —
<B,
=V (k)
+2 0 > supz yo >z (1—cosk-(z—1y))
~—— Y
<r (- ([@E1D)) ~-
=V (k)

< 2VO(k)B, + 2rV (k).

Another example is the following;:

Z 4}—% (1 —cosk - x)
(5.17) s 47\ v jﬁ;u_cosk.(xj_le)%

{x]}] 1

where xg = 0. The contribution from 1 — cos k - 1 is bounded by

Supz < (1 — cosk- y)> <Sup]}—.x > D, = sy,

— 0
o

_ =T,

The contribution from 1 — cosk - (3 — x2) obeys the same bound, because

x| (5.16) ~
3 0\<Sup >supz (1—cosk-y) < BT,T,V7 (k).
* O ——

N———
=T,

The contribution from 1 — cosk - (xg — x1) is bounded by

(1_cosk.y)> D,

Ti—Yy+2z

30@(2}5% )

— Y

o
Tr— z,
_
<supz y(l—cosk-y))Tp < 3TpV;)2(k)Tp.
Ty o
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As a result, (5.17) is bounded by 9T5‘7pQ(k). The other terms can be estimated similarly.
We complete the proof of (5.10)). O

Proof of (5.14). First, we recall the definition of 71']()1)([13)1

(@) = pD(b)ED[1(pespy P (E (D, 2:Ch(0)))].
b

Let 1 <2 y be the event that = is doubly connected to y through A, i.e., there are
at least two occupied paths from z to y and every occupied path from x to y has vertices
of A. Then, by definition, we have

(5.18) E(v,m;A)CU{{va}o{yéx}}.
y

Splitting {y A :c} into three events depending on where the double connection tra-
verses A, we obtain
{yém} Cly=zec A}U{y <=z #yc A}

Ul {flysozedlofze—alo{yc—a#y}},
z (#y)

hence (see Figure a)—(c))
E(v,z; A) C{vHxEA}UU{{tM—)yEA}o{y<:>:v;éy}}
—_———

(a) “
(b)
(5.19) UU{{va}o{y<—>zeA}o{z<—>x}o{y<—>x#y}}-
(v2)
(c)
(u,v) (u,v) (u:0)

(d) (e) ()

Figure 5.1: Schematic drawings for the events in ((5.19) and (5.22)). The real and dotted

line segments are on different probability spaces. The arcs having short line segments at

one of the two end vertices represent nonzero connections.
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Then, by the BK inequality and the argument around ([5.13) to derive the factor 1/2,
and applying the trivial inequality (5.16) to the nonzero connections (e.g., Pp(y «+— x #
y) < (pD * Gy)(@ — y)), we obtain

(5.20)
S pD(0 — u)B,(E(v, z: A)

1
< Z Li.eay ((pD * Gp) (T — u)0yp0z0 + i(PD * Gp)(y — uw)(pD * Gp)(x — y)25z,y

y7z

+ (D x Gp)(y — u)(pD * Gp)(z — y)Gp(z — 2)(pD * Gp)(z — y)>7

and therefore, by using the diagrammatic representations in (5.15),
(5.21)

U, U, Ul
Wél)(x)SZPP(O@U,OHz)< \x52,$+; /\Z<}°:U—|— }—:Dm )

U,z

u
EZR:(:

We emphasize that each of the above line segments is a two-point function G, and not a
connection event described in Figure [5.1
It remains to investigate Pp(0 <= u, 0 <— z) in (5.21]). Splitting the event into three

depending on which vertex on the backbone from o to u a connection to z comes out of,
we have (see Figure [5.1)(d)—(f))

{0 = u,0+— 2z}
Clo=u<+—z}U{{o <= u+#o}o{u+— z}}

(5.22) (d) (e)
UU{{O(—)U#o}o{on}o{w<—>u7éw}o{w<—>z}}.

()

Then, again, by the BK inequality and the argument around (5.13]) to derive the factor
1/2, and applying the trivial inequality (5.16]) to the nonzero connections, we obtain

u

1 u
(5.23) Py(o <= u,0—2) < o N 0{)\ + o 4 :
\Z 2 B \%Z

=LY

Combining this with ([5.21]), we obtain the diagrammatic bound (5.14)), as required. [J
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5.2.3. Bounds on 70 (0) and |A.752(0)]

We organize this section in a different way from the previous section for the case of n = 1.
We first explain the diagrammatic bound ([5.28)) on 7@(,2) (z) for a fixed z. Then, by using

this, we prove the bounds (j5.8]) for n = 2 and (5.11]) for m = 1.
(2)

Now we start investigating 7, (z) for a fixed x, which is defined as

m2(2) = 3 pD(bUPDB2)E) | L By [L e a1 o) P (B2 7 C(B1)) ] -
b1,b2 o

First, by using (5.20) and (5.21]), we obtain

(5.24) mP(x) <Y pD(b1) Y Ep[Loemin)Ph(E(01, u2; Cg' (0))N{b1 +— 22})] x %2Ra

b1 u2,22

Next, we have to deal with the event E(vy,ug; A) N {v) <— 22} for a given set A. By
(5.18)), we first obtain the relation

(5.25)  E(vi,ug; A)N{v; +— 23} C U {{v1 +— y}o{y JEELEN uz}} N A{vr — 22}

Next, we split the event into two depending on which vertex on the backbone from vy to
u9 a connection to zo comes out of: either before or from the last sausage. Then, we split
each of the two into four events depending on where the double connection from y to us

traverses A. The resulting eight events are depicted in Figure

(1L1I7m (ull,m (11,1;2@2 (ul,m
7K 2 s 2 ! 2

U2

(a) (b) () (d)

, (u1,v1) (us w
(u b v1) . M | Y PA (u L v1) 2 Y ) - 2
2

(e) () (2) (h)

Figure 5.2: Schematic drawings for the events in ([5.25)) (cf., Figure . A connection to

z9 comes out of the backbone from v; to ug before the last sausage ((a)—(d)) or from the
last sausage ((e)—(h)).

Finally, by the BK inequality and the argument around (/5.13)) to derive the factor 1/2,
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and applying the trivial inequality (5.16|) to the nonzero connections, we obtain

ZpD (b1)ED [L (o} Po(E (b1, u2; o (0)) N {b1 <— 22})]

(5.26)
< Z Pp(0 <= u1,0 < 21) X ;1 M;2,

Uu1,21

where (in some of the following diagrams, we use the identity (pD*G,)(z) = (Gp*pD)(x))

(5.27)

Uz | Z2 1U1u—~—-22 UUT@
ul zZ2 __
21 Mu2 - 521/“2 + 5 Z:( +
- z o U \‘A’f
1 2 2 Us

U2

Uy s 22 Ui 1 zZ92
Ug 1,u2 Uo
Z1
uy s 29 U1 1 %)
Z\1<r + 1]
U2 Z1 U2

Finally, by using (5.23)), we arrive at

(5.28) 7T]()2)(x) < Z Lu1 % u1Mzz % qux’

u1,u2,21,22

which consists of 72 (= 3 x 8 x 3) terms.

Sketch proof of (5.8) for n = 2. The bound on %1(72) (0) is obtained by summing both sides

of (5.28)) over x and repeatedly using translation-invariance. For example, the combination

of the third diagrams in (5.23)), (5.27)) and (5.21)) is bounded as

Uy 22

2 2 <L h Wy D

T U1,U2,21,22

(5.29)
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Also, the middle diagram is bounded as
(5.30)

xlTy—kz asn—l Ve——y+ 2
supz < sup supz
x

T,z v, w,z
Yy 0'—@—Hy O-—\‘A’f Y wi——Yy

T v—z
< sup Z sup >
- y+u

T, u y 0o y o @ v,W,2 R
~——
<Tp <Tp <r (- ([@12))

Therefore, (5.29)) is bounded above by TpTngp.
Another example is the combination of the third diagram in (5.23)), the last diagram
in (5.27) and the third diagram in (5.21), which is bounded as

U Z2

crx<L, L . D

T U1,U2,21,22

Z1 U2
(5-31) T Y+ z
< /J ap ¥ J\
\\ E oy, »—I% Y /
0 0
~—— ——
<T, <Tp
Since
T y+z T o v —— Yy +2
5.32) su < su su su
( P p D p :
PP uvy o oY o Y R TR T
—_—— ~
=Ty <r (- )
and
W
= DG (y—u)Gp(u/—y) < (pD* G2)(u' — u) + ((pD)** + G3*)(u/ — w),
Y Y <r () <Tp

we can bound (5.31)) above by T,T,,(r + T})rT).

Applying the same analysis to the other diagrams, we obtain

~ B 1 1
73(0) < <1 + 7” + Tp> <Tp + 515, + T2+ 7+ 57 Bp+ Tor + 1T, + T(r + T,,))

=p

B
><r<1+2p+Tp>,

as required. ]
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Sketch proof of for m =1. The bound on |£k%§2)(0)| is obtained by multiplying
1 —cosk - x to both sides of and summing the resulting expression over x. During
the course, we split 1 — cosk - x by using the telescopic inequality . For example, the
combination of the third diagrams in ([5.23)), (5.27)) and (5.21)) is bounded by

’—I—‘ 4
(5.33) 4 Z 4 Ya (1—cosk-(y; —yj-1)),
Y1.Y2,Y3,94, =1
21,22 2'1 22

where yo = o, while the combination of the third diagram in (5.23)), the last diagram in

(5.27) and the third diagram in ({5.21]) is bounded by
(5.34)
Y2 Y3 Y4

5% x/ﬁ kJ kaji>W5ﬁéu—cwk< ).

Y1,Y2,Y3,Y4,Y5, Z 7=1
21,22 Z92

Also, for the other 70 combinations of diagrams in (5.23)), (5.27) and (5.21)), the number
of intervals y; —y;_1 is at most 5. We use this fact to uniformly bound the multiplicative
constant in the telescopic inequality (3.2)) by 5.

Now it remains to bound each combination in terms of basic diagrams. For example,

the contribution from 1 — cosk - (y3 — y2) in (5.33) is bounded as

<jﬂ I .HL/ (1= cosk - (y3 — 2))

Zl 22

Y1 7y2 7y3 Y4,

0 Viys 22 1—ey3+ v

Y1 j Y2 e—— Y3
< 4 sup sup 1—cosk- (ys —yo
\\ Y1 AT Z ( ( )
o
——

("

2
<T, =Ty <V2(k)

while the contribution from 1 — cosk - y; in (5.34) is bounded as

<Tp

Y2 Y3 Ya

3 4 J y: I}ys (1—cosk - 1)

Y1,Y2,Y3,Y4,Y5, z
21,22 z9

N Y1 Y2 Ya
Ssupz 0< (1 —cosk-y1) supJ sup J\'
R Y1+ Y221, Y4, B/I
~——
<7,

Z1 —e W

=V (k) =Tp <(r+Tp)Tp
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The other combinations can be bounded similarly. We note that each bound uses one
of the diagrams YA/pO(k), %l(k) and 171)2(k) (171,3(/<:) is used only in the bounds on \ﬁk%}ﬁ)y
for n > 3). Which one is used depends on which pair of two-point functions is multiplied

by 1= cosk- (y; — ys—1): (PD * Gp)(ys — y5-1)% (pD % Gy)(y; — yy—1)Cpls — -1 — v)
for some v, or (pD * Gp,)(y; — yj—1)(pD * Gp)(y; — yj—1 — v) for some v, respectively. We
complete the sketch proof of (5.11)) for m = 1. O

5.2.4. Bounds on @(7"23) (0) and ]Akﬂg(an>3) 0)]

Recall the definition of ngn)(x) for n > 3:

> J[pD®)E] [ﬂ{o@m}E}a b suction

b1 yersbn =1

XEZ_IHE(% LbniC 5t (b2)) By (E(bn @3y (bn-1)))] H

Using (5.20) first (cf., (5.21) and (5.24))), then using (5.26)) for n — 1 times, and finally
using ([5.23]), we obtain the fixed-z bound (cf., (5.28))

U1 U1 22 Un—1 Zn Un
E Ly < JIMGE X X I MG! X "R
UL y-esUn,y
RBlseeey Zn

Sketch proof of (5.8) for n > 3. We can follow the same line of the proof of (|5.8)) for n = 2.
The only difference is the size of middle section (cf., (5.30) and (5.32)), and it gives rise
to the factor p"~ 1. O

Sketch proof of (5.11)) for m > 2 and (5.12)). Asis done in the proof of (5.11)) for m = 1in

Section [5.2.3] we uniformly bound the multiplicative constant in the telescopic inequality
(3-2) by the maximum number of intervals, which is 2n+1 for \Ak/\(n)( 0)|. The remaining

task is almost the same as the previous case, except for the following two:

(i) Use the telescopic inequality (3.2)) along the upper sequence of line segments for even
n (see (5.33]) and (5.34))) or along the lower sequence for odd n (see below).

(ii) Use the basic diagram \71,3(145) to bound certain diagrams to which 1 —cosk - (---) is

assigned in a peculiar way.

(3)

For example, the contribution to |3;ﬁp (0)] from the combination of the third diagrams
in (5.23)), (5.27) and (5.21]) is bounded as

Y2 Y3

T ) o 4 I | I ZyBIT‘>26 f:(l—cosk'(zj—zj—l)),

Y1,Y2 ,y3, 5 j=1
Z1y-+5%6 2’2 z3 Z4 z5
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where zp = 0. Then, the contribution to the sum from 1 — cosk - (z3 — 22) is bounded by

4 Y11 T za+u
sup (1 —cosk- (23— 22)) sup J\'
\ Yy1,21,u ZQ§Z4 21 -—\A’f—u 24 L. /

o 22 Z3 R ,
S—— — <T2
<Tp =V (k) <Tp

The other combinations can be bounded similarly, and we refrain from showing tedious

computations. [

5.3. Diagrammatic bounds on the bootstrapping functions

Let
oo oo
H;von (k‘) _ Z ;[_\I()Qm) (k)7 Hgdd Z 2m+1
m=0 m=0

Suppose that p = T,(2r + 1)) + (r + 1,)(1 + Bp/2 + 1)) < 1. Then, by Lemma
obtain

~ B, (1+ Bp/2+T,)%p
. < Treven < P p p
(5.35) 0 <T(0) < o=+ 1- 2 ,
= en (1+ B,/2+T,)*r
(5.36) 0 < IIV"(0) < 1”_ e L,
3
(537) ’A Heven - Z even VJ
k 1-— a — Dl
where
1 B 10
o =5+ <1+”+Tp> T
(5.38) 2 : (1=77)
‘ (1B g 2 12(5 + 12p%) + 3Trp*(3 + p)
2 F (1—p%)? ’
B 5T,
o= (1B T
(5.39) 2 (L—-p%)
(14 By 2 p(5 4 3p%) + Tp(r + T,) (5 + 12p?)
2 7P (1—p%)3 ’
B 5T,
= (14 1) T8
(5.40) 2 (1—p?)
(14 By % p(5+ 3p%) + Tpr(5 + 12p?)
2 77 (1-p?)? ’
B 23023+ p)
A1 even — (14 =L
(5 ) P3 < + 9 + p) (1 — )3 )
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and
|A Hodd 3 Aj
5.42 su odd pA ,
(5.42) ip ——-< = Z “5l
where
3 B 14rp?
034 =14 2(B, +7) + ZB,,(Bp +2r) + 3T,r + <1 + 7” + Tp> ﬁ
5.43
o +<1+BP+T>27“P(21"+Tp)(7+02)
2 P (1 —p?)3 ’
B 2 p(p+ 2Tyr + 2T2)(7 + p?)
5.44 =1+ 4T, L L
B, 14T, p?
3% = T, (8 + 6B, + 9T,,) + <1+ 5 +T> ﬁ
(5.45)
(1B g 2 p?(14 4 3p2) + 2T,rp(T + p?)
2 7 (1-p?)3 ’
B 2 o(7 + p?)
odd __ Dp p p
(5.46) 3 <1 + 5 + Tp> =5

Applying these bounds to 2.14)) and ([2.15]), we obtain the following bounds on the
bootstrapping functions {gz( )}Z 1-

Lemma 5.4. Suppose p < 1 and that L,, By, T}, Hf}pj/(l — ZA?)HOO, j=0,1,2,3, are so
small that the inequality (2.17)) holds. Then, we have

2\ !
(5.47) gl(p)g(l—(HBp/“Tp) ) ,

1—p?
(5.48) ga(p) < (1 _ (1 - % e +B;1a/_2;-Tp)2r> Z(podd p oo) —17
g5(p) < max {QQ(p) <1 B % @ +le7/_2;‘Tp) r) 1’1}3
« p? (1 g, 20 Blp/_2p+ L7, io((pjven 4 o) 117_1;13 oo>2.

J

Proof. The bound on g;(p) is easy; since ﬁp(O) = ﬁ;"en(O) - ﬁgdd (0), we obtain

£ - _, B39 1+ Bp/2+T,)%r\ "
e e e e

Also, since —ARIL,(0) = |ALTIE (0)] — |A,IIS%(0)| and I(k) = 1+1I1,(k) > 1-TI5™"(0) —
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ﬁgdd(()) (> 0 as long as the inequality ([2.17)) holds), we obtain

@-14) 1 ‘3 ﬁodd(())‘ -1
(5.19) 92(p) = syp <11-—iigwn(o)—-f@ddan D(k) )
' B, (1+B,/2+T)%r\ "< VN
§<1—<1—f;—- i_p P ) E% m) :
For gs(p), since Go(k) = fp(k)zp(k) = I,(k)/(1 — J,(k)) for percolation and |G,(k)| <
g2(p )51( ) = g2(p)/(1 — D(k)), we obtain
B  1-Dk) (5 +k) +sl<z — k) 92(p) 2| Akdy(0)]
9s(p) < TFAk < &m<kiﬁw@—ﬁywm>1—ﬁw
() —A]J,|(0) =Ax[](0)

+4§a+m§a—m<

1 — TIgven(0) — ﬁgven(0)>3 1-D() 1-D(k) )
|

- Heven(o) _ Heven(o)’ ol 1 — D(k‘)7 P

Since J, = pD + 11, x pD for percolation, we have

@@w_ p cosk - 21 (D(x « D)z
5%)—1_ﬁ%)%]1 k- z)e™(D(z) + (I, * D)(x))
1—cosk-x 1—cosk-x
gp(;lmwwzl B DG - y)

x?y

(+z cosk -z ;Ven<y>+nzdd<y>)D<m—y>),

which is larger than 1, since p > 1. By the telescopic inequality (3.2)), the sum over z, y

is bounded as

1 —cosk-x even odd T —
%;1—5® (T (y) + I%(y)) D( — )

(1 —cosk - y)(IIS" (y) + HOdd

<2Z 1—pﬁ(k) ZD (r—y
+2Z Heven Hodd( ))Z(l_COSk(‘r:y»D(w—y)

- 1—D(k)
ALTIeven (0 3 ﬁodd 0 =N R
gz(’k1;<)’+’k1:<”>+2m$“mwmﬁ“w»'
1—D(k) 1—D(k)
As a result,
ATy (1)

BTl O)] |ﬁkﬁgdd<o>|>>.

Spo+2ﬁywm+ﬁfmm+2<l_ﬁw) T~ 50

1— D(k)
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It is not difficult to check if —ﬁk@(O) /(11— ﬁ(kz)), which is nonnegative, obeys the same

bound. Therefore, we obtain

B 14+ B, /2+T.)%r -1 3
g3(p) <max< ga(p) (1 — =L — ( % ») 1
2 1—p
3 Ny )
p2<1+BP+ (1+Bp/2+T Z even Odd LPJA ) ’
L=» = 1—Dllo
as required. .

5.4. Bounds on diagrams in terms of random-walk quantities

In this subsection, we evaluate the diagrams for p € [1,p.) and complete the proofs of
Propositions 2.3 and [2.4] for percolation.

First, we evaluate the diagrams for p € (1, p.) under the bootstrapping assumptions.

Lemma 5.5. Let d > 7 and p € (1,p.) and suppose that g;(p) < K;, i = 1,2,3, for some

constants {K;}3_,. Then, we have

(5.50) T, < K?Kjes,
Vo
(551) . pﬁ < K12K2€1 + 5K%K2K353,
- o0
5 5K1
(5.52) n pﬁ <Ky 4+ = + 5K} Koey + 6K} Kaey + 20K 2 Ko Kses,
- o0
oL K
(5.53) ; pﬁ <sat K} Kye + 2K3K2e0 + 10K Ky Kses,
- o0
‘73
(5.54) . pﬁ < 5KYKIK3(1 4 361 + 269 + £3)e3
- o0

Proof. The mequahty - ) has already been explained in and (| -
To prove , we first use the trivial inequality G, < 5 + pD * G, to obtain

)

VO(k —cosk-x
=2 <21 Sk @) pD * Gy (@)

r~o

m 2 V(@) (pD % Gu) (@
gy (@D G @)D Gy (o)

(5.55)

By symmetry (cf., (4.13)), the first term is bounded by

(4.20)
(5.56) psup(pD x Gp)(x) = % Z(pD xGp)(x) =L, < KiKe.

Tr~o
r~o

=((pD)*?xGp)(0)
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For the second term, we use the Fourier representation to obtain

2, ) () DX Cp) (@) (1~ cosk - x)
S ((pD)*? % Gy) (x) "

x

(557) = [ At bWy a0~ UG)

m PP 1= D(k)

< K?K K D128, (1) —=L

e (27)¢

Recall the definition (2.8) of U(k, 1), in which we have three terms: %gl(l + k)S1(1),
%gl(l — k)S1(1) and 45, (I + k)S1 (I — k). By inversion, we have, e.g.,

/ i~ 286 /'nNa ~
Td WD(Z) S1(DS1(1+ k) S1(1 - k)
(5.58) - Zy: Sl(x)sl(y)eik'(x*y) /Td (;j?dﬁ(l)zgl(l)eil(ﬁy)

—(D*2481 ) (2+y)
< (D*? % S73)(0) = e3.

It is not difficult to check if the other combinations obey the same bound. This completes
the proof of .

Next, we prove before showing . First, by the trivial inequality G, <
0 + pD x G, we obtain

XA/pz(k:) pD(y)(1 — cosk - y) .
b ST ey ey
((pD)? * Gp)(y)(A —cosk-y) o\
+ Sl;p Ey - 13(/{:) (pD * Gy)( Y).

Since ||pD * Gplleo < p/2% + Ly, the first term is bounded by Ki(K;/2¢ + K?Kseq). For
the second term, we use the telescopic inequality (3.2)) to obtain

pD(Z)(pD*Gp)(y—Z) —cosk -z —cosk - — 2z * €Tr —
2y T (A mcosk )+ (1 cosk- (4= 2) 0D+ Gyl =)

pD(2)(1 — cosk - 2) 2 e
SQZZ: s ((pD) * G, ) (@ — z)

(pD * Gp)(y')(1 — cosk - y') 2 V(g — o
+23) D) ((pD)™ % Gp) (x — ),

,y/

where we have used the replacement y' = y — z. Since ((pD)*?**G3?)(x — z) < By, which is
due to the Schwarz inequality, the first term is bounded by 2pB, < 2K{K2eq (cf., (4.20)).
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On the other hand, by the Fourier representation, the second term is bounded by (cf.,

(.57) and (5.58))

'l |ApDWGM 526
2 [ o PPOrG)

(5.59)

ddl kD) =, 0a
gszKQKS/ Uk, D(1)281(l) < 10K Ko K3e3.

e (2m) 1 — D(k)

This completes the proof of ((5.53]).
Similarly, by using the trivial inequality G, < d +pD *G), and the telescopic inequality

(3.2), we have

o (k) pD(y)(1 — cosk - y) B
1-D(k) ~ = Supz 1— D(k) Gp(é ] <
D 1 —cosk- "
+2 Sl;p Z b (y)l(— lA)(k:) v (pD x Gp2)($ )
(bD = Gy)() (1 —cosky)
+ 2 sgp Zy: 1 ﬁ(k) (pD * Gp)( Y).
:\\sz/?f—f))llm

By |Gplloo < 14+ p/2¢+ L, <1+ K;1/2%+ K#Kse; and using ({#.29) and (5.53)), we obtain
(5.52).

It remains to show the bound (5.54)) of order €2. This is an improvement from a naive

bound of order 3, and is a result of repeated applications of the Holder and Schwarz

inequalities, as explained now. First, we recall the definition of ?p“q’(k):

Vi(k)=sup Y Gp(v1)(pD *Gyp)(va — v1)(1 — cosk - (va —v1))

X (pD * Gp)(v3 — v2)(pD * Gp)(va — v1)(pD * Gp,)(v4 — v2)
X (pD % Gp)(vs — v4)(pD x Gp)(x — v5)Gp(y + v3 — v5).

By using the Fourier representation and then the assumptions g;(p) < Kj for j =1,2,3,

the above sum over {v; }?:1 is bounded above as

T - - -
/ H ((217rl)Jde(l1)( — Ay (pD * Gp(lz)))pD x Gp(l3)pD * Gp(l1 — 12)
j=1

x pmp(l3 - 12)pmp(ll - l3)pD/*Ep(l1)@p(l3)efﬂl'xﬂ'l?y

3 d R R R R R
<7 | TT ol GollBe(pD1Go0) DGy DG~ ot )
]:
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x |D(l3 — 12)Gp(ls — 12)|| D(ly — 13)Gp(l1 — 13)||D(11) G (11)]| Gy (i3)]
3
< KIKTHs [ T] a0 (k. 12) D) 51 1) D0 — 1211~ 1)
Jj=1

x |D(ls — 12)[S1 (I3 — 12)| D(ly — 13)[S1 (11 — 13)| D (11)]S1 (1) S1 (1),

where we have used the abbreviation [ = [f f(w)g and the fact that S; > 0.
To investigate the above integral, we introduce the notation, such as §1_2 = §1 (lh—12)
and Sy, = Si(lz + k) (n.b. the new subscripts are not the values of p). By repeated

applications of the Holder and Schwarz inequalities and periodicity, the contribution from,
e.g., §2+§2, in ﬁ(k‘, l3) is bounded as

3
d4;
/H J 5152+52 \D3\53!D1 2!51 2|D3 2|53 2\D1 3\51 3!D1!S153

2 ady N
/H (2m) (SQHDS 2|S3_2| D1—3/S1— 3) )

3 2/3
/H jd(’Dl’S%‘D3‘S§S2—\D1—2\51—2)3/2)

ddly ddls KA 1/3
= — < g3 / D S3 / D G3 >
(Lt Lo el [ Gt
=v <es <T€3

X

d?y, 3/2G 3/ d%s 3/23 / dl, 3/2 3/2 3/2 )2/3
D D S3 Di_ S
(/T @myd P15 | G Pal8s | e P12l

Svl/Qsé/Q (" Schwarz)

Ay —y =\ ddly 55\ NP
< —2/3 / 1 DQSS / 1 53
=V 63(( pa (2m)2 1 e (2m)477
< Vi
By the identity S = 6 + D % S1, we further obtain

ddl g
v = =14 3e1 + 269 + 3.

The contributions from the other terms in U(k, l3) obey the same bound. This completes
the proof of ([5.54)), hence the proof of Lemma O

Next, we evaluate the diagrams at p = 1 by using the trivial inequality G1(z) < Si(x).

Here, we do not need the bootstrapping assumptions.
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Lemma 5.6. Let d > 7 and p =1. Then, we have

(5.60) Ty < e,
Vo V! 5
‘ Ll <ep+ bes, H L §1+—d+551+652+2053,
1—Dlls 1-D o 2
VP 1 2
< — + &1 + 29 + 10e3, < 5(1+4 3e1 + 2e2 +€3)e3
1-D =g o0

Proof. The inequality (5.60) has already been explained in (2.20)) and (2.21). Similarly,
we can show the other inequalities by using the trivial inequality G1(z) < Si(z). For

example (cf., (5.55)-(5.57)),
1‘/10(]@) < Z D(z)(1 —cosk:-x)(D* $1)(@)

-D(k) ~ = 1— D(k)
D« S51)(x)(1 —cosk -z
(5.61) £ ) (@) 1)1( —)(ﬁ(k:) )
2, 8 4% 5005 o [BDDS0)
< (D 651)( )+/Td (QW)dD(Z) S1(1) T
Since

|A(DD)S1(1)] = |Ak(S1(1) = 1)| = [ARSi(1)] < Uk, 1),
the integral in (5.61]) is bounded by 5e3 (cf., (5.58))). To avoid redundancy, we refrain from
showing the other inequalities. This completes the proof of Lemma O

Proof of Proposition 2.3 Since €1, €2 and e3 are finite for d > 7 (see Table in Sec-
tion and decreasing in d (because D**"(0) = ((27?)2_2”)d on LY is decreasing in d),

we have

o 0.0326 [d = 17],
-4 24))
(5.62) r=|Dlw+Li+B1 < 2 %+e1+e2<00146 [d=8],
0.0068 [d > 9],
and, by (4.24), (5.60) and also (5.62),
By
p:T1(2T+T1)+(’I”+T1) 1—|—7+T1
0.0967 [d =1,
&
< e3(2r +e3) + (r+e3) (1 + 52 + 63) <¢0.0279 [d = 8],
0.0111 [d > 9).



780 Satoshi Handa, Yoshinori Kamijima and Akira Sakai

In addition, by (5.35)—(5.46) and Lemma we have

o 2.7700 [d="17],
oo n o.9] —A ~(n 0
ZW§)(0)+SHPZMS 0.3623 [d = 8],
n=0 n=0 1_D(k)
0.1124 [d > 9],

which implies that the inequality (2.17) holds for all d > 8 (but not for d = 7). Then, by

Lemma |[5.4] we obtain

J,
]7

(1+52/2+53)2r>‘1< 1.0154 [d

—8
(5.63) mu>s<r—
1—p? 1.0070 [d > 9

-1 3 i -1
g (1 —1—52/2—1-53)27’) oadll VY )
5.64 < (1-(1-2- da|| VT
o) < (1-(1-5 2 >
1.1049 [d = 8],
(5.65) <
1.0272 [d > 9],
1 2+ e5)2r\ °
(5.66) g3(1) < [the bounds in ]3 X (1 _ %2 ( +621/ + e3) 1">
—p
2(1+e2/2 + e3)*r & even o Vi 2
(5.67) x <1 +eo0+ ( 12/_ ) +2) (@7 + 31| —=< )
42433 [d=8],
(5.68) <
1.6673 [d > 9].

Proposition for percolation holds as long as K7 > 1.0154, Ko > 1.1049, K3 > 4.2433
for d =8, and K; > 1.0070, K > 1.0272, K3 > 1.6673 for d > 9. O

Proof of Proposition 2.4 Let
Ki=101, Ky=109, Ks=2.70,

so that Proposition [2.3] holds for d > 9. Then, by Table [2.1]in Section 2.1, we obtain

(4.20)
(5.69) r < K279+ K3 Kqe) + KiK3ey < 0.0077,

and, by (4.20]), (5.50) and (|5.69)),

K?K3es

p < K?K3e3(2r + KiKje3) + (r + KiKye3) <1 +—

- KfKSsg,)

< 0.0134.
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In addition, by (5.35)—(5.46|) and Lemma we have
i I Wp )
7 (0) + Supz < 0.2151,
n=0

which implies that the inequality (2.17) holds. Then, similar to (5.63)—(5.66|), we obtain

1+ K7K3ey/2 + K{K3es)?r
1— p?

-1
g1(p) < (1 _ ) < 1.0080 < K7,

g2(p) < (1— (1 _ KiKjes (1+K12K22€2/2+K12K5’53)2r> Z | T )
2 1-p > — )
< 1.0810 < Ko,
K{K3 14 K2K229/2 4 K2K32:)2p\ °
g3(p) < (1.081)% (1 — =1 Jea  (1+ K}KZey/2 + K}Kjes)*r K
2 1— )
2(1 + K2K2e9/2 + K2K3e3)?
><<1+K12K22€2—i— (1 + KiKjeo/2 + KiKyes)'r
l—p
dd ‘7pj 2
+2 even_i_spo AH )
Z )
§2.6606<K3.
This completes the proof of Proposition for percolation. 0

5.5. Further discussion

We have been able to prove convergence of the lace expansion for percolation on L4=? in full
detail. Compared with the analysis for SAW, the analysis for percolation is more involved.
However, as compared to the NoBLE analysis on Z4Z™ [10,[11], the current analysis is
much simpler, shorter and more transparent. This is due to the simple structure of the
BCC lattice L% and the choice of the bootstrapping functions {g;(p)}3_;.

To go down to the desired 7 dimensions, we must improve our analysis in various
aspects. Some of the key elements we can think of are almost identical to those for SAW

already mentioned in Section with slight modifications as follows.

(1) The largest contribution comes from lﬁk%}(}o) (0)| and ]ﬁk@gl)(O)L and their common
leading term is proportional to the diagram function fipo(k). To improve its bound,
we may introduce extra diagrams, such as B), = || (pD)*4>x<G"‘2||OO and T, = |(pD)** %
G3?|lso, as is done for SAW, or even longer diagrams, such as T( " = = ||(pD)**" *
G52 |lso- Although its RW counterpart (D**" % S7)(0) is decreasing in n, the bound
on ngn) may attain the minimum at some n, € N, due to the exponentially growing

(1)

factor p?". So far, we have not investigated a result of using 7", since introducing
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such new diagrams increases the number of terms to deal with, which may cause

extra complication.

Similarly to the case of HWp/ (1 — D)||o for SAW, we used the Schwarz inequality
to bound ||V /(1 = D)||ss, j = 0,1,2,3, in Lemmas and As a result, the
relatively large factor 5 appeared (see, e.g., (5.59))), as explained in the third footnote.

It would be of great help if we could do away with the Schwarz inequality to achieve

a better bound on (2.7)).

As is the case for SAW, we ignored the contributions from ﬁg"en(()) and |£kﬁ§"en(0)]
in and (5.48). If we include their effect into computation, then gi(p) could be
much closer to 1 (cf. (2.12)) and g2(p) could be even smaller than 1 (cf. (2.14)), and
as a result, we could achieve convergence of the lace expansion on L427. However, to
make use of those even terms, we must also control lower bounds on g1 (p) and ga2(p),
and to do so, we need nontrivial lower bounds on the lace-expansion coefficients.
Achieving this goal without causing too much complication would be a challenging
task.

Instead of estimating CA}'p(k) by Si(k) = (1 — D(k))~! uniformly in k € T?, which
may not be efficient in the ultraviolet regime, we may split the estimate of Gp(z)
between for large = and for small z. For small z, estimating G,(x) by Si(z) is
expected to be a bit too crude. Therefore, estimating the lace-expansion coefficients
in the ultraviolet regime by naively using the BK inequality would be too primitive.
Here, we may need incorporate the ultraviolet regularization of [3] or large-field

analysis in the rigorous renormalization group for spin systems.
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