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Singularity Formation of the Non-barotropic Compressible

Magnetohydrodynamic Equations Without Heat Conductivity

Xin Zhong

Abstract. We study the singularity formation of strong solutions to the three-dimensional
full compressible magnetohydrodynamic equations with zero heat conduction in a
bounded domain. We show that for the initial density allowing vacuum, the strong
solution exists globally if the density p, the magnetic field b, and the pressure P
satisfy ||pll zoe (0, 13000) + [Pl Lo 0,7;08) + [Pl Loe (0,7300¢) < 00 and the coefficients of
viscosity verity 3u > A. This extends the corresponding results in Duan (2017), Fan et
al. (2018) [1L/2] where a blow-up criterion in terms of the upper bounds of the density,
the magnetic field and the temperature was obtained under the condition 2y > .

Our proof relies on some delicate energy estimates.

1. Introduction

Let © C R3? be a domain, the motion of a viscous, compressible, and heat conducting
magnetohydrodynamic (MHD) flow in Q can be described by the full compressible MHD
equations

pt + div(pu) =0,

(pu); + div(pu® u) — pAu— (A + p)Vdivu+ VP =b - Vb — 1V|b|?,

(1.1) cul(pf); + div(pud)] + Pdivu — kA = 2u|D(u)|? + A(divu)? + v| curl b|?,

b; —b-Vu+u-Vb+bdivu = vAb,

divb = 0.

\
Here, t > 0 is the time, x € Q is the spatial coordinate, and p, u, P = Rpf (R > 0), 6,
b are the fluid density, velocity, pressure, absolute temperature, and the magnetic field

respectively; ©(u) denotes the deformation tensor given by

D(u) = %(Vu + (Vu)™).
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The constant viscosity coefficients p and A satisfy the physical restrictions
(1.2) w>0, 2u+3X>0.

Positive constants c,, k, and v are respectively the heat capacity, the ratio of the heat
conductivity coefficient over the heat capacity, and the magnetic diffusive coefficient.

There is huge literature on the studies about the theory of well-posedness of solutions
to the Cauchy problem and the initial boundary value problem (IBVP) for the com-
pressible MHD system due to the physical importance, complexity, rich phenomena, and
mathematical challenges, refer to [3}/6-8,/15,(18,/19,[24] and references therein. However,
many physical important and mathematical fundamental problems are still open due to
the lack of smoothing mechanism and the strong nonlinearity. Kawashima [14] first ob-
tained the global existence and uniqueness of classical solutions to the multi-dimensional
compressible MHD equations when the initial data are close to a non-vacuum equilibrium
in H3-norm. When the initial density allows vacuum, the local well-posedness of strong
solutions to the initial boundary value problem of 3D non-isentropic MHD equations has
been obtained by Fan-Yu [3]. For general large initial data, Hu-Wang [7,8] proved the
global existence of weak solutions with finite energy in Lions’ framework for compressible
Navier-Stokes equations [4}/17] provided the adiabatic exponent is suitably large. Recently,
Li-Xu-Zhang [15] established the global existence and uniqueness of classical solutions to
the Cauchy problem for the isentropic compressible MHD system in 3D with smooth ini-
tial data which are of small energy but possibly large oscillations and vacuum, which
generalized the result for compressible Navier-Stokes equations obtained by Huang-Li-
Xin [11]. Very recently, Hong-Hou-Peng-Zhu [6] improved the result in [15] to allow the
initial energy large as long as the adiabatic exponent is close to 1 and v is suitably large.
Furthermore, Lv-Shi-Xu [19] established the global existence and uniqueness of strong
solutions to the 2D MHD equations provided that the smooth initial data are of small
total energy. Nevertheless, it is an outstanding challenging open problem to investigate
the global well-posedness for general large strong solutions with vacuum.

Therefore, it is important to study the mechanism of blow-up and structure of possible
singularities of strong (or classical) solutions to the compressible MHD equations. The
pioneering work can be traced to [5], where He and Xin proved Serrin’s criterion for strong
solutions to the incompressible MHD system, that is,

2 3
(1.3) A lullps o,y = o0 for St , 3<r < oo,

here T™ is the finite blow up time. For the three-dimensional compressible isentropic MHD

system, Xu-Zhang [21] obtained the following Serrin type criterion

1.4 li o0 (0,T;L> *(0,15L7)) =
(L4) A, (el o) + Il eorian) = o0,
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where 7 and s are as in ([1.3]). Surprisingly, Huang-Li [9] showed (1.4) also holds true for
the Cauchy problem and the IBVP of 3D full compressible MHD system. Recently, under

the assumption
(1.5) 2u > A,

Huang-Wang [12] showed that

(1.6) lim (

A 1ol oo (0,75200) F+ 101l oo (0,;200) + Bl oo 0,7 )) 00

for the system (1.1)) with x = v = 0. Then the authors [1,2] established (1.6) to the
system ((1.1) with x = 0 provided that (1.5) holds true. Very recently, for the Cauchy
problem of the system (|1.1) with x = 0, Zhong [23] proved that

TILHTI (||@(U)||L1(0,T;Loo) + ||PHL°°(0,T;L°°)) =00

provided that 3 > A. For more information on the blow-up criteria of compressible MHD
equations, we refer to [12,22,25] and the references therein.
When x = 0, and without loss of generality, take ¢, = R = 1, the system (|1.1)) can be

written as

pt + div(pu) =0,
(pu); + div(pu ® u) — pAu— (A4 p)Vdivu+ VP =b- Vb — ;V|b]?,

(1.7) P, +div(Pu) + Pdivu = 2u/®(u) > + A(divu)? + v| curl b|?,
b; —b-Vu+u-Vb+ bdivu =vAb,
divb = 0.

The present paper aims at giving a blow-up criterion of strong solutions to the system (|1.7))

in a bounded simply connected smooth domain Q C R? with the initial condition
(1.8) (p; pu, P, b)(x,0) = (po, pouo, Po, bo)(z), x €1,

and the boundary condition

(1.9) u=0, b=0 on J.

Before stating our main result, we first explain the notations and conventions used

throughout this paper. We denote by

[ o= [ o
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For 1 <p < oo and integer k > 0, the standard Sobolev spaces are denoted by

L= 17(Q), W =Wh(Q), HF = H(9),
HY={uc H' [u=00n09}, D" ={uc Ll |V*ueI?).

Now we define precisely what we mean by strong solutions to the problem (|1.7)—(L.9)).

Definition 1.1 (Strong solutions). (p,u, P,b) is called a strong solution to (1.7)—(1.9) in
Q2 x (0,7), if for some gy > 3,

(>0, pec(o,T);Wim), p e C(0,T); L),

(u,b) € C([0,T]); H} N H*) N L?(0,T; D>%), b e C([0,T]; H?),
(ug, be) € L*(0,T; DY), (Vpus, by) € L0, T; L?),

P>0, PecC([0,T;Wwhwo) P, e C([0,T]; LY),

and (p,u, P, b) satisfies both (1.7)) almost everywhere in Q x (0,7) and (1.8]) almost ev-

erywhere in 2.
Our main result reads as follows:

Theorem 1.2. For constant q € (3, 6], assume that the initial data (po > 0,19, Py > 0,by)

satisfies

(1.10) (po, Po) € WhH(Q), (ug,bg) € HY(Q) N H?(Q), divbg =0,
and the compatibility conditions

(1.11) — pAug — (A + p)Vdivug + VP — (curl bg) x by = \/pog

for some g € L?(Q). Let (p,u, P,b) be the strong solution to the problem (1.7)-(1.9). If

T* < 00 is the maximal time of existence for that solution, then we have

(1.12) A, (o)l Lo ,z5z0) + 1Bl oo o,7328) + 1Pl e (o,mizey) = 00

provided that
(1.13) 3> A

Several remarks are in order.

Remark 1.3. The local existence of a unique strong solution with initial data as in Theo-
rem (1.2 has been established in [3]. Hence, the maximal time 7™ is well-defined.

Remark 1.4. Compared with [1,2], according to (1.12)), the L® bound of the temperature
6 is not the key point to make sure that the solution (p,u, P,b) is a global one, and it

may go to infinity in the vacuum region within the life span of our strong solution.
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Remark 1.5. In [1,2], to obtain higher order derivatives of the solutions, the restriction
21 > A plays a crucial role in the analysis. In fact, the condition 2u > A is only used to get
the upper bound of [ plu|*dz. Here, we derive the upper bound of [ pu|*dz under the
assumption 3p > A (see Lemma, which is weaker than 2p > A due to ¢ > 0. Moreover,
since (2 is bounded, we see that the bound of ||b|ze(g,7;r) implies that [[b||pec(o,r;z6) 18
bounded. Thus, the blow-up criterion is an extension towards in |12].

If b = by = 0, Theorem directly yields the following blow-up criterion of the

non-isentropic Navier-Stokes equations without heat-conductivity.

Theorem 1.6. For constant q € (3,6], assume that the initial data (py > 0,u9, Py > 0)
satisfies and the compatibility conditions . Let (p,u, P) be the strong solution
to the problem f with b = 0. If T* < 0o s the maximal time of existence for
that solution, then we have

Tngl*(HPHL ©0,1:0) + |1 Pll oo (0,71 )) 00

provided that 3 > .

Remark 1.7. Tt should be noted that Theorem [I.6] generalizes the result obtained by Huang
and Xin [13]. Compared with their result, the coefficients of viscosity is relaxed to 3u > A

in our work, while 1 > 4\ is needed in [13].

We now make some comments on the analysis of this paper. We mainly make use of
continuation argument to prove Theorem That is, suppose that (1.12]) were false, i.e.,

A, (1ol Lo o,zsz0) + 1Bl oo o328y + 1Pl Lo (o,1i20)) < Mo < o0

We want to show that

oS (o, P)llwra + [IVullga + [[bl[g2) < € < +o0.

It should be pointed out that the crucial techniques of proofs in [1}2] cannot be adapted
directly to the situation treated here, since their arguments depend crucially on the bound-
edness of the magnetic field and 2p > A. Moreover, technically, since the magnetic field is
strongly coupled with the velocity field of the fluid in the compressible MHD system, some
new difficulties arise in comparison with the problem for the compressible Navier-Stokes
equations studied in [13].

To overcome these difficulties mentioned above, some new ideas are needed. First,
motivated by [20], we derive the upper bound of [ plu|* dz under the condition (1.13)), As
a byproduct, we also get the upper bound of fOT [ [u]?|Vu|? dzdt, which plays a crucial
role in the proof of L>°(0,T; L?)-norm of Vu and Vb (see Lemma . Secondly, the
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key a priori estimates on the L{° Li-norm of (Vp, VP) and the L} L:°-norm of the velocity
gradient can be obtained (see Lemma simultaneously by solving a logarithm Gronwall
inequality based on a logarithm estimate for the Lamé system (see Lemma and the a
priori estimates we have derived.

The rest of this paper is organized as follows. In Section [2] we collect some elemen-
tary facts and inequalities that will be used later. Section (3] is devoted to the proof of
Theorem [1.2

2. Preliminaries

In this section, we will recall some known facts and elementary inequalities that will be
used frequently later.

First, the following logarithm estimate will be used to estimate ||Vul| .

Lemma 2.1. For q € (3,00), there is a constant C(q) > 0 such that for all Vv € L>N DY,
1t holds that

V]| zee < C (|| divv| e + || curl v||z) log(e + || V*V||ze) + C||VV|| 2 + C.
Proof. See |10, Lemma 2.3]. O
Finally, we consider the following Lamé system

—pAU — (A +p)VdivU =F if x € Q,
U=0 on 012,

(2.1)

where U = (UL, U2, U3), F = (F', F2 F3), and pu, X satisfy (1.2).
Next, the following logarithm estimate for the Lamé system (2.1)) will be used to
estimate |Vul|r~ and ||Vpl|r2n1a-

Lemma 2.2. Let p, A satisfy ([L.2). Assume that F = divg where g = (gxj)3x3 with
Jkj € L>NL"NDY fork,j =1,...,3, r € (1,00), and q¢ € (3,00). Then the Lamé
system has a unique solution U € H} N DY N D*4, and there exists a generic
positive constant C' depending only on u, A\, q, and r such that

VUL < Cliglzr

and
VU < C (1 +log(e + [[VgllLa)llglle + llgllzr) -

Proof. See |9, Lemma 2.3]. O
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3. Proof of Theorem

Let (p,u, P,b) be a strong solution described in Theorem Suppose that ([1.12)) were
false, that is, there exists a constant My > 0 such that

(3.1) lim ([|pllzoeo,7:Lo0) + 1Bl oo (0.75L8) + 1Pl Lo (o,320)) < Mo < 00
T—-T
First of all, we have the following standard estimate.

Lemma 3.1. Under the condition (3.1)), it holds that for any T € [0,T™),

T
(3:2) s (Ipulta+ [bIE:) + [ (IVuls + | Vbl3.) dr < C.

where and in what follows, C, C1, Cy stand for generic positive constants depending only
on My, \, u, v, T*, and the initial data.

Proof. Multiplying (1.7)2 by u and integrating (by parts) over €2, we derive that

1d
Sq plul? dz +/ [,u|Vu|2 + (/\—f—u)(divu)Z] dz

1
—/<P+2\b\2) divuda:—i—/b-Vb-uda:.

Multiplying (1.7)4 by b and integrating (by parts) over 2, we get that

(3.3)

1d

(3.4) th/\b|2dx+u/|Vb\2d1:+/\b|2divudx:/b-Vu-bdx—/u-Vb-bda:.

Due to divb = 0 and u|gg = 0, we have
(3.5) /b-Vb-udx:/biaibjujda::—/b-Vu-bda:.
Similarly, one obtains

—/u-Vb-bdac——/uiﬁibjbjdx—/\b|2divudx+/u~Vb'bdx,

and thus
1
(3.6) —/u-Vb-bdx: 2/|b|2divudx.
Combining (3.3)—(3.6|), we deduce that
(3.7)
1d
2% (plu]® + [b|?) da +/ (1| Vu? + (A + p)(divu)® + v|Vb[?] dz = /Pdivudx.
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By Cauchy-Schwarz inequality, the right-hand side of (3.7) can be bounded by

1
g/(divu)deJrQM/P?dx.
This together with (3.7)) and (3.1) yields
d
(3:8) a4 (IvpullZz + [bll72) + p|Vull7z + v Vb7 < C.

So the desired (3.2) follows from ({3.8]) integrated with respect to ¢. This completes the
proof of Lemma 3.1 O

We next improve the regularity of the density p and the velocity u. We start with a
high energy estimate for the velocity under the conditions ((1.13]) and (3.1)).

Lemma 3.2. Under the condition (3.1), it holds that for any T € [0,T%),

T
(3.9) /p\u|4dx+/ /|u|qu|2dxdt <C
0

provided that 3 > .

Proof. We first show that the pressure P is always nonnegative before the blow-up time
T*. Indeed, it follows from (|1.7))3 that

(3.10) Pi+u-VP+2Pdivu=F 2 2,/9(u)]* + A(divu)? + v|curl b2 > 0.
Define particle path before blowup time

d
aX(oc,t) =u(X(z,t),t), X(z,0)=z.

Thus, along particle path, we obtain from (3.10) that

d
&P(X(x, t),t) = —2Pdivu+ F,

which implies

t t s
P(X(z,t),t) = exp (—2/ divuds) [Po +/ exp (2/ divudr) Fds] > 0.
0 0 0

Next, inspired by [20], multiplying (1.7))2 by 4/u|?u and integrating the resulting equa-
tion over (Q yield that

2|2
G [outtaza | [Mu|2Vu|2+(>\+u)|u\2(divu)2+u|v‘2u”] da

= 4/div(\u|2u)de -8\ +p) /div uluju- Viu|dz

+4/yu|2u- (div(b@b) v (’b;)) dz

< 4/div(\u|2u)Pd:c—8(/\+u)/divu|u|u-V|u|dx+12/|u]2|Vu|b|2da:.

(3.11)
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For the last term of the right-hand side of (3.11]), one obtains from Hoélder’s inequality,
Sobolev’s inequality, and (3.1)) that, for any 1 € (0,1),

12/|u|2|Vu]|b|2dx§4u51/\u|2\Vu|2dx+C(u,£1)/|u\2|b\4dx
< s [ [u [V do + Ce) ull bl
<t [ [uP[Vu do + Cen)|Vul,

which together with (3.11)) leads to

d Vul2/2
G [outtazraf [M(l—51)|U|QWU|2+()\+M)|U|Q(divu)2+MH;H] da

< 4/div(|u\2u)P dz — 8(A+ ) /div ululu- Viu|dz + C(e1) || Vul3..

Consequently, we have

(3.12)
d . Vlul22
G fomttana [ P+ v aivay + SR o
t Qn{[ul>0} 2

§4/ div(\u|2u)de8(A+u)/ divufulu - V|u|dz + C(e1)||Vul[3..
QN{|u|>0} QN{|u|>0}

Direct calculations give that for z € QN {|u| > 0},

2
(3.13) [l [Vl = [uf? V<\E>' T a2V,
(3.14) ) divua = Jul?div [ —= ) +u- V]ul.
ol

For e1,e5 € (0,1), we now define a nonnegative function as follows

23C1) if N yegp >0
(3.15) k(er,e0) = 4 Men =

0 if/\—l-El;LSO.

We prove (3.9) in two cases.
Case 1: we assume that
u
|ul

2
(3.16) / ul*
Qn{|ul>0}
Gan) 4 [ouftdrra [ warsa [ div(uPuPde+ O Val,
dt QN {|ul>0} QN {[u|>0}

dr < k(el,sg)/ 2|V ]ul2 dz.
Qn{lul>0}

It follows from (3.12)) that
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where

W2 (1= o) a2 Tl + (At p)ful(div u)?
+ 2uul?|V|u||? + 2(\ + ) divuluju - V|u.

Employing (3.13) and (3.14)), we find that
W = (1 — e) a2 Vul? + -+ )l (divw)? + 2ful? V] 2

+ 2(A 4 p)|ul? div (, ‘> u-Viu| + 2\ + p)|u - Viul)?

2 2
:mrﬂnow4v(;)+wwwmw>+@+m0m%w(|)+uvm0
2 2 2 1 u 2
+ 2plul*|V]ul]® + 2(X + p)|u|” div <\u|> u-Viul+2(A+ p)|u- Vul|

2

u u
\Y% <> + pu(3 = e)ul|Viu|* - dv(>

|ul |ul

2
+3(A+ p) (|u|2dlv <|u|> +u- V\u|>
N

19 ()] + e = eIl
Here we have used the facts that X + p > (] and

o ()l =2l (i)

Then we derive from (3.16)) and (| - ) that

A+ p 2

= (1 =)l .

Juf*

—(A+ep)

2

4/ Udr > [—4(X +e1p)k(er,e2) —|—4u(3—z—:1)]/ lul?|V|ul||? dz
Qn{|u|>0} QN{|u|>0}
(3.18)
> 4@-a)-2) [ PV
an{|ul>0}

Thus, substituting (3.18]) into (3.17) and using (3.1)), (3.13)), and (3.16) yield

plult dz + 4u(3 — e1)(1 —eg)/ 2|V ]ul? da
QN{ju|>0}

§4/ div(|ul?u)Pdz + C(e1) || Vul|3s
QN{|u|>0}

dt

<C lul?|Vu|P dz + C(e1)||Vul2,
QN{|u|>0}

"From (1.2) and 3 — XA > 0, we have 5u 4+ 2\ > 0. Then by (1.2) again one gets 7u + 5\ > 0, which
combined with (1.2 again implies 9y + 8\ > 0. This together with (|1.2)) once more gives 11y + 11\ > 0.
Thus the result follows.
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< 6/ [ul*[Vul* dz + C(e)[|ull7: | Pz~ + Clen)IVullZ:
QN{[ul>0}

<0 +l<:(51,52))/ 2 V]ull? dz + C(e, e1)|[Vul2e.
QN{|u|>0}
Taking € = %’ we then arrive at
d Ydz +2u(3 1 2\Vu|l2dz < C Vu||?
T plul*dz +2u(3 —e1)(1 —e2) [ [u[*|V]u|]*dz < C(e1,e2)[|Vul[7s,

which combined with (3.13) and (3.16]) implies

d
(3.19) = p[u\4dx+5/|u]2|Vu\2dx < Cler, e2)| V2.

Case 2: we assume that

2

(3.20) / )t |v ( s ) dz > k(el,sg)/ 2|V [ul|? da.
QN {jul>0} ul On{|ul>0}
It follows from (3.12)) that
d Viul22
G [omtasa [ e coREal - o Paivap - SR 0o
di Qn{[u|>0} 2

§4/ div(\u\2u)de—8(/\+u)/ divululu - V|u|dz + C(e1)||Vul|%,
QN{|u|>0} QN{|u|>0}

< C’/ Plu*|Vu| dx+4(A+u)/ [u?|V|u|? dz
QN{|u|>0} QN{|u|>0}
#a0p) [ fudivaP de + Ole)Val,
QN{|u|>0}

which implies that

(3.21)
d
G [ohttae s ant - [ af![Vaf do +4u- ) [ [l V]ul? da
dt QN{|u|>0} QN{|u|>0}
<C Plu*|Vu|dz + C(e1)||Vul)3..
QN{|u|>0}
Inserting (3.13)) into (3.21)) yields
d
G [onttas - ae ) [ vl
t on{|ul>0}
2
+4u(l — 51)/ lul* |V <u) dz
Qn{|u|>0} |u]
<C Plu}|V|u||dz + C Plu)® |V <u>‘ dz + C(e1)||Vull%,
QN {Jul>0} Qn{lul>0} u]
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2
<C P’u\2!V|qux+4u(1 —51)53/ lu|* |V (u) da
Qn{lul>0} An{[ul>0}

+Cler, es)|[ullZ2 | P~ + Clen)[[VullZ:

2
<C mwwwwﬁmm—qm/ mﬁv(“)dx
fn{jul>0¥ n{jul>0}

+ C(e1,€3)||Vull7.

with e3 € (0,1). Hence we have

d
G [ el de s = a0 e | a2 V]ul? d
Qn{lul>0}
2
+4u(l —eq)(1 — 53)/ lul* |V (u) dz
QN{[ul>0} |u|
<cC Pluf’|V|ul[dz + C(e1,e3)[| Vul|72.
QN{lul>0}
This together with (3.20) leads to
d
— [ plu)tdz + k1(€1,€2,€3,€4)/ lul?|V|ul|* dz
dt Qn{|ul>0}
2
(3.22) +k2(51,53,54)/ lu*|v (“) da
On{ul>0} u|
<c Pluf’|V]ul[dz + C(e1,3) || Vul|72,

QN{|u|>0}

where

ki(e1,€2,€3,64) 2 Ap(l —e1)(1 —e3)(1 — ea)k(en, e2) + 8 — 4(A +e1p),
k2(51,€3, 84) = 4;1(1 - 51)(1 — 83)64
with g; € (0,1), i = 1,2,3,4. For all (e1,e3,e4) € (0,1) x (0,1) x (0,1), due to u > 0,
one has ko(e1,e3,24) > 0. We next show that there exists (e1,e2,e3,e4) € (0,1) x (0,1) X
(0,1) x (0,1) such that

ki(e1,e9,e3,64) > 0.

In fact, if A < 0, take e; = —mi# € (0,1) with the positive integer m large enough, then
we have )
Aep=""")x<o,
m

which combined with (3.15) implies that k(e1,e2) = 0, and hence

ki(e1,€2,€3,€1) = 8 — 4(A + e1p1) > 8 > 0.
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If A =0, then A 4+ ey > 0, thus we infer from (3.15)) that

Ap(l —er)(d —e3)(1 —e4)(3 — 1)
€1

£2 + 8 —4derp > 4p > 0.

ki(e1,e2,€3,€4) =

If 0 < A < 3u, then we have A 4+ ey > 0, so we deduce from (3.15)) that

4P (1 —e)(1 —e3)(1 —e4)(3 — 1)
A4 e

£
ki(e1,€2,€3,€4) = 2 48 — 4\ + £1p).

Notice that ki(e1,e2,€3,£4) is continuous over [0, 1] x [0, 1] x [0,1] x [0, 1], and
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k1(0,1,0,0) = + 8 — AN =4XATT A4 1) (B — A) > 0,
so there exists (1, €2,€3,€4) € (0,1) x (0,1) x (0,1) x (0,1) such that

ki(e1,€2,€3,€4) > 0.

Consequently, one obtains from (3.22)) and (3.1]) that

d
< / plultde + ki (c1, e, 3, 24) / u?|V]u|? dz
t Qn{|u|>0}

v ()
[ul
ki(e1,€2,€3,€4)

< / lul?|V|ul|? dz
2 QN {|u|>0}

+ Cle1,e2,3,€4) [ul| 72| Pl|1 + Cle1,€3)[|[ VU7

< k1(€1,€;,53,€4)

2

+ k2(€1,€3,€4)/ luf* dz

QN{|u|>0}

/ | V]ul? dz + C(e1, 2, 23, 24) | Vul s
QN{|u|>0}

Therefore, one gets

d k1(51752a53a64)
G [ outtan s HEREE) 2o s

(3.23) +k2(51,53754)/|u|4 v (IE!)

S 0(617 €2,£3, 64)||vu||%2

2
dx

From (3.19)), , and (3.13]), we conclude that if 3 > A, there exists a constant

C > 0 such that

d _
T p|u|4da:+C'/|u2|Vu\2dx§CHVuH%Q,

which together with (3.2) and Gronwall’s inequality gives the desired (3.9). O
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Let E be the specific energy defined by
uf?

(3.24) E=0+-.

Let G be the effective viscous flux, w be vorticity given by

2
3.25 G=(A+2u)diva — P—i—ﬂ , w=curlu.
( 2

Then the momentum equations (1.7)2 can be rewritten as
(3.26) pu—Db-Vb=VG — curlw,

where 1 £ u; +u - Vu.
Then, we derive the following crucial estimate on the L>(0,T; L?)-norm of both Vu
and Vb.

Lemma 3.3. Under the condition (3.1)), it holds that for any T € [0,T*),
2 2 r 2 2 21,112
a1) s (IVuls + [VbIE:) + [ (Al + b3+ [72bIE) dt <,

Proof. Multiplying (1.7)2 by u; and integrating the resulting equation over © give rise to

(3.28)
1d

5 (1|Val® + (A + p)(divu)?) dx+/p]1'1|2dx

2
:/pu.(u.V)udm—I—/(P—i-‘tg)divutdm—/(b@)b):Vutda:

bl?
§771/;)|1'1|2d3:+0(771)/]u|2]Vu|2d:c+jt/ [(P+’ | >divu—(b®b):Vu} dz

2
b2 .
- P+7 divudz 4+ [ (b®b);: Vudzr
t

b2 (P + |bj2/2)?

d b
< — P+ — )divu— (b®b): - d 1% d
<5 [( + 2) ivu—(b®b):Vu 20+ 20 } at+171/p|u\ T
|b|?

a2t [ (pe B e
wctm) [ Pvapan - o [ (o B Gans [ebysvaar

Here we have used A + 2u > 0. Indeed, we obtain this result from A + p > 0 (see footnote

on page [612)) and p > 0.
It follows from ([1.7)) that E satisfies

b 2
(3.29) <pE + ‘2|> +div(pul) =divH
t
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with
H 2 (u x b) x b+ v(curlb) x b+ (2uD(u) 4+ Adivuls)u — Pu.

Then we infer from (3.24)), (3.29)), and ([1.7)); that

2
[ (pe B G
2 t
[b|® 1 >
t

(3.30) = /div(puE —H)Gdz + % /pt|u]2G dz + /pu -uGdx

= — /(puE —H) VGdr — ;/div(pu)|u|2Gd:E + /,ou -uGdx

3
:—/(Pu—H)-Vde—i-;/pu-V(\uP)de—i—/pu~utdeéZIi.

=1

From Hélder’s inequality, Sobolev’s inequality, and (3.1]), we have
L < /(P|u| + H|)|VG| dx

< c/(Pyu\ + [ul[b[2 + [b|V| + [u]|Vu))|VE]| dz

(3.31)
<m|VG|z

+C(m) (1PN allZ2 + [ull7s bl 76 + bl 7alIVBIZs + [[[ul[Vul|?.)
< mlIVG|[i2 + Cm) (IVulZz + Vb7 + [[[ul|Vul|[72) -
By (3.25)), (3.1)), Holder’s inequality, and Sobolev’s inequality, one gets

< /pu\zvuucmx < C/p|u]2|Vu\(]Vu\ +[b? + P) da

Gz <C [ (VP P (Tulbf 4 pfuf|Vu) do

< O(lluf[Vull|72 + [l s [[al [Vl ][] Zs + o]l [all 22|l [l Val] 2)
< C|lul|Vull|72 + OVl 7.
Similar to Is, we find that

Igz/[pu-ﬁ—pu-(u-V)u]de
< C/ﬂ(lull'll + [uf’[Vu])(|Vul + [b|* + P) dz
(3.33) < C (IIVpllrllvoal 2 [al[Vulll 2 + l[v/ol L= | vPall 2]l s [ bl|76)
+C (lpllz<Ilal[ Va2 + 1Vl o | Pllzelv/pall 2 ull2)

+C (ol < ll[alivalll 2l s bl Zs + ol o [Pl < [Tl Vul| 22 ul| )
< mlvpilz. + Cm)(ll[ullVullZ: + [VulZ2).

617



618 Xin Zhong

Inserting (3.31)—(3.33)) into (3.30)), we arrive at
b|? i
- [(P+57) can < miveiR. « mival:
t
+C(m) (IVull7z + Vb3 + [[[ul[Vul[72) -

In view of (3.25)), (3.26)), (1.7), and (|1.9]), we see that G satisfies

AG =div(pau—b-Vb) in Q,

VG -n=0 on 0,

(3.34)

where n is the unit outward normal to 0€2. Applying the standard LP-estimate for Neu-

mann problem to the above elliptic equation (see e.g., [16]), we have for any p > 2,
(3.35) IVGllr < C(llpallze + b - Vb]Lp).

In particular, taking p = 2 in (3.35)), we deduce from (3.1)) that
IVGI72 < O (llpall?z + b Vb[7:2) < C (Ivpl7 + [b]7:]IVbI7e)
< C (Ivpullzz + 1Vbl) .
which combined with (3.34]) implies that

b|? )
- [(P+557) cas < cmlvmi:
t

+C(m) (IVull72 + Vb3 + [[[u]|Vul]|72) .

(3.36)

For the last term on the right-hand side of (3.28]), we obtain from Hélder’s inequality
and (3.1) that

/(b® b); : Vudz < C/ |b:||b||Vu|dz
(337 < lbil2: + C@IbIZ Va2,
_ 1/2 3/2
< illbell7> + CEDIIVull [ Vul s
< 7fllbelZ2 + ml[Vulgs + C@Fm)|VulZ..
We need to estimate ||Vul|z6. To this end, inspired by [9], let u = v + w such that
pAV+ A+ p)Vdivy =V (P+ B
v(z,t) =0 on 0Q;

and
AW + (A + p)Vdivw = pa — b - Vb,

w(z,t) =0 on 09,
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which implies that

2
Vv < C HP+ “;' <c,

L6

and

IVwllze + V2wl 2 < C(llpal g2 + b Vbl|12) < C(|lv/pull g2 + [|Vb] 1)
Then we have
(3.38) IVuliZe < [VV]Zs + [VWliZe < C(lvpilz + Vb7 +1).
Substituting into leads to

(339 [(bob): Vuds < 7lbilie+ Con(IV7ule + Vbl +1) + O Vulf.

Inserting (3.36)) and (3.39)) into (3.28) and choosing 7; suitably small, we have

d e
/(I)dx + Vil 2a < 7lbe]2e + Cal Vb2

(3.40) dt
+C (|IVulZ2 + [IVb|72 + [|ul|Vul[|7. + 1),
where
P+ |b[2/2)°
@éMvm%uu+»mww2—@P+mﬁqu+%b®m:V“+(il!/)
I
satisfies
(3.41) gHVuH%Q —C< /fbdx < ul|Vulz. +C
due to (3.1J).

It follows from ([1.7),, Holder’s inequality, (3.1]), and (3.38|) that
d
udt/|Vb\2dx+/|bt]2dx+u2/|Ab]2dx
:/\bt—uAb|2dx:/yb-Vu—u-Vb—bdivqudx

< C/ [bJ*[Vul* dz + C/ [u*[Vb|* dz < C|[bl|74 [ VullZs + Cllullzs [ Vb Zs

1/2 3/2
< C|[Vul 2Vl + Ol V|32 Vb|l 2] Vb

1 .
< CVullze + g (Vealze + [ Vbl +1) + ClI V|72 Vb2 ([Vb]z2 + [V?b] 1)
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1 .
< m[| V|12 + C(n) ([ Vullz + [IVbI7:) (IVallZz + [Vl +1) + g Vel + C.
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Noting that the standard L? estimate of elliptic system gives
IV*b]|z2 < C3]|Ab| 2 + C3|| Vb]| 2,

hence we deduce after choosing 72 suitably small that

d
zydt/|bede+2Hbt||%2 + C; 2| V2b||2,
(3.42)

1
< C(IVulze + [IVbIZ) (IVullze + [IVbIIZ: + 1) + gVl + C.

Then adding (3.42) to (3.40) and choosing 77 small enough, we have

d 1 .
= [ @ +20w|TbP) o+ S (I /pilE: + [bul3 + [97b]32)

< C(IVullz + [ VbIIZ2) (IVullZ: + [Vb] 72 + 1)
+C(IVul|Z> + [ VbZa + [[[ul|Vul|[7. + 1).

Thus we obtain the desired ({3.27) after using Gronwall’s inequality, (3.2), (3.9)), and (3.41)).

This completes the proof of Lemma [3.3 O

Next, we have the following estimates on the material derivatives of the velocity which

are important for the higher order estimates of strong solutions.

Lemma 3.4. Under the condition (3.1)), it holds that for any T € [0,T™),
T
343 s (W7l -+ [bila+ [VBl3) + [ (1783 + [ Vhile) dr < C.

Proof. By the definition of i, we can rewrite (|1.7))2 as follows:
(3.44) pua+ VP = pAu+ (A4 p)Vdivu + curlb x b.
Differentiating (3.44]) with respect to ¢ and using ([1.7]);, we have

pu + pu-Vu+ VP, = pAu+ (A + p)diva — pA(u - Vu) — (A + p) div(u - Vu)
(3.45)
+ (curlb x b); + div(pa ® u).
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Multiplying (3.45)) by 0 and integrating by parts over €2, we get
1d
2dt

= / [P, diva+ (VP ®u): Vu] dz

p|1’1|2dx+,u/|V1'1|2d:U—l—()\+,u)/|div1'1|2d1:

- / [div(curlb x b) ® u — (curlb x b),] - udz

(3.46) + ,u/ [div(Au®u) — A(u- Vu)] - udz

+()\—l—,u,)/[(Vdivu)®u—Vdiv(u-Vu)] cadz

4

A

22
i=1

where J; can be bounded as follows.
It follows from ([1.7))3 that

Ji = / (= div(Pu)diva — Pdivudiva+ 7 (u) : Vudiva
+v|cwrlb]*diva+ (VP ®u) : Vi) dz
= / (Pu-Vdiva— Pdivudiva+ 7 (u) : Vudiva + v|curl b|* diva) dz
(3.47) - / (PVuT : vu+Pu-Vdivu) da
- / (—P divudiva + 7(u) : Vudivi + v|curlb/? diva — PVu" vu) da
< C/(|Vu]|V1'1]+|Vu2|V1'1\+ Vb|2|V]) da

< C(IVullz2 + [Vuallis + [Vb74) Va2,

where T (u) = 2u®(u) + Adiv ulls. Integrating by parts leads to

b2
Jo = / [div(b ®b); —V <|2’> —div(curlb x b) ® u| - udz
t

(3.48) < [ (olibn| + bl Pl Vi

< C(|[bl[zel[bell s + bl Lol Vb[ e [[ull o) [ V]| 2
1/2 1/2 .
< C (bl 21Vl 2 + bl g ) 1V 2
For J3 and Jy, notice that for all 1 <4, 5,k < 3, one has

aj (Bkkuzu]) - 8kk(u](9juz) = 8k(6]uj(9kuz) - 8k(8kuj8]uz) - 6j(8kuj8kui),
8j (&kuku]) - aij (ukakuj) = 81(8]u38kuk) - 81(8]uk8ku]) - 6k(8,uk8]u])
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So integrating by parts gives

(3 49) J3 = ,u/[@;c(aju]&kul) — 8k(8kuj8]uz) - aj(ﬁkuﬁkul)]ul dz

< C||Vul[74 | Vallz,

(3 50) Jy = ()\ + M) /[81(8]u]8kuk) — 81(8Juk8kuj) — (‘)k(c‘)zuk&]u])]u, dx

< CIIVUIIi4IIVﬁ|\L2-

Inserting (3.47] into and applying (3.27)) lead to

1d
. dt\lfpuHLz Va2 + O+ )| div i3

< C (IVull gz + IVl + VB3 + bl 1571V bel 1 + 9]l 1 ) V] 12
< 61 Val72 + 62| Vb,
+C(61.) (| Vull s + [1VBIILs + bellz + [V2b]I72 +1).

(3.51)

Using the standard H? estimate of elliptic equations to (1.7))4, then we get from (3.1]),
(3-27), and (3.38) that

IV2bl72 < ClIbel72 + [[[u]|Vb[[72 + [[b]|Vul||72)
< C(|Ibel|7> + [lallZs[IVbIIZs + bl 76| Va2 Vull o)

< C([bel72 + [ Vull72 Vbl 2 [ Vbl 1 + [ Vul|ze)

—_

< S[IV?bl|Z> + Clbell72 + Cllv/pul72 + C,

[\]

which implies that

(3.52) 19213 < Cllbel3a + Cllyail3a + C.

Differentiating 4 with respect to t, we have

(3.53) by — vAb; =b;-Vu—u-Vb; —b;divu+b:-Vu, —u; - Vb — bdivu,.
Multiplying (3.53)) by b; and integrating by parts lead to

2dt/\bt|2da:+1//]Vbt|2dx_/(bt Vu—u-Vb; — bydivu) - by dz

(3.54) + /(b -Vu; —u; - Vb — bdivy) - by dz
£ L1+ Lo.

Integrating by parts implies that

1
Ly = / (bt -Vu-b; — f\bt|2div u) dz < C|/b¢||74]|Vul 12
(3.55)

< Clbe | L7 Vb|[35 < 61]|Vby|[22 + C(61) | be 2



Singularity Formation of MHD Equations 623

and
(3.56)
Lg:/(b-Vﬁ—ﬁ-Vb—bdivu)-btdx

—/[b-V(u-Vu) —(u-Vu)-Vb—bdiv(u-Vu)| - b;dx
:/(b-Vu—il-Vb—bdivu)-btdm
+/[(u-Vu)-(b-Vbt)+(u-Vu)-Vbt-b]d1:
< C/(IbetHVﬂl + [af[Vb|[b| + [uf[Vu[|b[[Vby]) dz

< C(|[bllzs|bell 2 | Vaall 2 + ([l o Vb 2 lbell s + [l ol |V zolb] 16| Ve 2)
< C(|[bell 31Vl 2 + [ Vul| 6| Vb 2)

< O(|Ibel| 271V be |22Vl 22 + [Vl 26 by | 2)

< 61[[Vbyl[32 + 6| V|32 + C (81, 82) byl 2 + C(61)]| V3.

Inserting (3.55) and (3.56|) into (3.54)), we have

1d
(3.57) 2dt

Ibe]|72 + v[[Vbe||72 < 261(| V|72 + 62| Val7
+ C(81,09)||bel| 2 + C(61)]| Vu|3s.

Adding (3.57) to (3.51) and applying (3.52), we obtain after choosing 1, d2 suitably
small that

d . ~ .
3 (WPl + [bi72) + C (IValze + [1Vbe]72)
< O(Ibell72 + IVl s + Vb 14 + [[Vul|76 + 1).
By (3:3%), (3:27), and (3:52), one has
(3.59) IVull7s < C(lvpalli2 + [Vb|3 + 1) < C(llv/pall72 + [[bel72 + 1)

(3.58)

It follows from Hélder’s inequality, (3.27)), and (3.59)) that

(3.60) IVul7s < ClIVull 2 [Vullze < CUlvpalzs + b7z +1)

< C(1+ lvpaliz + [bellz2) (IVeallze + bellZ:2) + C.

Similarly, we get

IVb|74 < CVb|2]| Vb7 < CIV?b72 + 1) < C(|[bell72 + | Vpil72 + 1)
< O+ |lpulze + bl Z2) (eal 7z + [bellz2) + C.

Substituting (3.59)—(3.61)) into (3.58)) and then applying Gronwall’s inequality and ([3.27))
give the desired (3.43). Hence we complete the proof of Lemma O

(3.61)
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Finally, the following lemma will treat the higher order derivatives of the solutions

which are needed to guarantee the extension of local strong solution to be a global one
under the conditions (1.10)), (1.11)) and (3.1).

Lemma 3.5. Under the condition (3.1)), and let q € (3,6] be as in Theorem then it
holds that for any T € [0,T%),

(3.62) S0 (100, Pl + IVl + [Bl) < €
Proof. First, in view of , , and , one has

(3.63) bl < C.

It follows from , , and that

(3.64) IVul|zs < C.

By virtue of Gagliardo-Nirenberg inequality, Sobolev’s inequality, (3.27)), and (3.64), we
arrive at

lullze < Clrall IVl < Cval 2 val 3 < C.
Direct calculations show that
(3.65) IV le < O+ V1) Vlsa + T
Similarly,
(366)  TIVPle < OO+ [ Vul)(IV Pl + [Vl 0) + CTb] [ Vb s
Applying the standard LP-estimate of elliptic system to , , and yield
IVGllzs + [[Vwllzs < C(llpul|ze + (b - Vb||1s) < €+ C|[ Va2,
which combined with Gagliardo-Nirenberg inequality implies

1
1G]l < 1GI2lIVG " < C+CHVUHL2 :
lwllze < llwll 7]Vl 5" < €+ ClI Vil L
for some g € (0,1).
For 2 < p < ¢, employing the standard LP-estimate of elliptic system to (1.7))2 leads to
IIV2UI|LP < C(llpallr + [[VPzr + [[b - Vb| z»)
C (L+[lpalglpal s + IV PlLe)
C (L+ lpull3 | Val 2 + [V PllLe)
C (1 +[IVall=* + VPl

(3.67)
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for some a € (0,1). This, together with Lemma gives
IVl < € (14 [ValL27) tog (e + [Vl 12 + [P 10) + C Vit 2.
Applying the standard LP-estimate to (|1.7)4 yields

Hv%nm < C(|Ibillzs + [[ull Vbl o + [I1b][Vulzs)
(6—q)/(2q) 3¢—6)/(2q)
C (IIbelf 7 be |5 D 4 ul] HVbHLq+HbHLooHVuHLq)
6—q)/(2q) (3¢g—6)/
(3.68) < (ub a1 g il (v
+||Vu H(6 LI/(QQ)HV ” (3¢—6)/ 211))

<C (1 + ||V | a9/ <2q>) .
It follows from Gagliardo-Nirenberg inequality that
(3.69) IVb] Lo < C([[V?bl|za +1).
Substituting (3.68) and ( into - ) yields that
f1(t) < Cg(t) f(t)log f(t) + Cg(t) f(t) + Cy(t),

where

() £ e+|VpllLe + VPl L,
g(t) & (1 + ||V z2) log(e + [ V]| 12) + || Ve[| F2.

This yields
(3.70) (log f(t))" < Cg(t) + Cyg(t)log f(t)
due to f(t) > 1. Thus it follows from (3.70]), (3.43]), and Gronwall’s inequality that

(3.71) sup |[(Vp,VP)||a <C,
0<t<T

which together with (3.67) yields that

sup V2 2 < C.

0<t<
This combined with (3.71)), (3.27)), and (3.63)) finishes the proof of Lemma O

With Lemmas at hand, we are now in a position to prove Theorem
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Proof of Theorem [I.2] We argue by contradiction. Suppose that (1.12)) were false, that is,
(3.1)) holds. Note that the general constant C' in Lemmas|3.1 is independent of t < T,
that is, all the a priori estimates obtained in Lemmas [3.1H3.5| are uniformly bounded for

any t < T™. Hence, the function
(:0’ u, P, b)(l‘, T*) £ lim (pv u, P, b)(l’, t)
t—T*

satisfy the initial condition (1.10) at ¢t = T™.
Furthermore, standard arguments yield that pu € C([0,T]; L?), which implies

2z T = 1i 1€ L2
pu(z,T%) = lim pa e
Hence,
—pAu — (A + p)Vdivu+ VP — curlb x b|,_,.. = v/p(z,T*)g(z)
with
p V2@, T*) (pd) (@, T%) for @ € x| pla, T*) > O},
0 for z € {z | p(x,T*) = 0}

satisfying g € L? due to (3.62). Therefore, one can take (p,u, P,b)(z,T*) as the initial

g(x) =

data and extend the local strong solution beyond 7. This contradicts the assumption on
T*. Thus we finish the proof of Theorem [1.2 O
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