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Existence of Nonnegative Solutions for Fourth Order Elliptic Equations of
Kirchhoff Type with General Subcritical Growth

Jianping Huang and Qi Zhang*

Abstract. This paper is dedicated to investigating the following fourth-order elliptic
equation with Kirchhoff-type

A%y — (a—i—b/ Vqux> Au+cu= f(u) inRY,
RN
we H2(RN),

where ¢ > 0, b > 0 and ¢ > 0 are constants. By using cut-off functional and mono-
tonicity tricks, we prove that the above problem has a positive solution. Our result
cover the case where the nonlinearity satisfies asymptotically linear and superlinear
condition at the infinity, which extend the results of related literatures.

1. Introduction

In this paper, we consider the following fourth order elliptic equation of Kirchhoff type:

A%y — <a+b/ |Vu|2dx> Au+cu= f(u) inRY,
(1.1) RN
u € H?(RY),

where N > 5, A% := A(A) is the biharmonic operator, a, b, ¢ are positive constants and
f: R — R satisfies

(fi1) feC(R4,Ry) with Ry = [0,400), and lim; o+ f(t)/t = 0;
(f) limysyoo f()/t? 1 =0 with 2, = 2N/(N — 4);
(f3) there exists 7 > 0 such that F(7) > §72, where F(7) = [ f(s) ds.

The problem ([1.1)) is related to the stationary analogue of the evolution of the equation
of Kirchhoff type

u + A% — <a + b/ |Vul|? dx) Au = g(z,u),
RN
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which is used to describe some phenomena appeared in physics and engineering, due to it
is regarded as a good approximation for describing vibrations of beams or plates, see [1,2].
Obviously, the problem is a nonlocal problem because of the appearance of the
term b [n |[Vu|? dz which causes some mathematical difficulties. In the same time, this
provokes the problem more interesting.

On the one hand, for the general case of the problem with ¢ = V(z), then this
problem is reduced to the following fourth-order elliptic equation of Kirchhoff type

A2y — <a + b/ |Vu)? d:v) Au+V(z)u = g(z,u) in RN,
(1.2) RN

u € HY(RN).

With the aid of variational methods, under various conditions of the potential V' (z) and
the nonlinearity g(z,u), some valuable results for the problem have been wide range
of investigated in the literature. For example, Zhang et al. [29] studied the existence of the
least energy sign-changing solution for the problem by constraint variational method
and quantitative deformation lemma. Xu and Chen [23| dealt with problem with sup-
cubic case, and the existence of infinitely many solutions for the problem is established by
using symmetric mountain pass theorem. For related works, one can see |[11412/16,18,21.22]
and the references therein.

There are also some works on the existence and multiplicity results for following elliptic

equation

A2y — (a + b/ |Vu)? dx) Au = g(z,u) in Q,
RN
u=Au=0 on 0,

(1.3)

where Q C RY is a bounded domain with a smooth boundary. More precisely, in [19],
the authors using the mountain pass techniques and the truncation method studied the
existence of nontrivial solutions for the problem . In recent paper [17], Song and Shi
did with problem with critical exponent case, the new results about the existence
and multiplicity of solutions for the problem are obtained by using the concentration com-
pactness principle and variational method. For more results related to elliptic equations
of Kirchhoff type, we refer the readers to [3-7}|14,26,28] and the references therein.

We also note that the problem with ¢ = 1 and b = 0 has been studied for the
nonlinear biharmonic equation and system, which problem arises in the study of travelling
waves in suspension bridge (see [15]) and the study of the static deflection of an elastic
plate in a fluid. There are many works, see [13,20,24,25,27.,130]. In particular, Zhang [30]
and Ye [24] studied the sublinear case; [27] and [25] studied the super-quadratic case.
Here, we do not try to review the huge bibliography.
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Inspired by the works mentioned above, in the present paper, our aim is to establish
the existence of nonnegative solutions for the problem with the nonlinearity f asymp-
totically linear and superlinear at the infinity. Under some weaker assumption, we reach
the goal by using cut-off function and monotonicity tricks. To the best of our knowledge,
there has no works concerning this case up to now. Comparing the aforementioned results,
our result is different and extends them to some extent.

Since we are looking for positive solutions to the problem , without loss of gener-
ality, we suppose that f(t) =0 for all £ < 0.

Now, we are ready to state the main results of this paper.

Theorem 1.1. Assume that N > 5, a, b, ¢ are positive constants. Suppose that (f1)—(f3)
hold. Then there exists by > 0 such that for any b € [0,by), the problem (1.1 has a

nonnegative solution.

The conditions (f2) and (f3) are sometimes replaced by the following stronger asymp-

totically linear assumption.
(f4) limy 400 f(t)/t = O, where © € (¢, 4+00).

To show that the condition (f4) implies (f2) and (f3) is easy. Indeed, from (fy), one has
NI 1)

m = 11m
t—too t2ex—1 oo H2ex—2

=0,
which shows that (f2) holds. On the other hand, from the condition (fs), there exists a
constant K > 0 such that for any ¢ > K,

©+ec
2

t< f(t).
Thus,

t K t t c
F(t):/o f(s)ds:/o f(s)ds+/Kf(s)d32/Kf(s)ds> 94* (2 — K2),

and if only ¢t > K (%)1/ ?_ there holds F (t) > $t?, which implies that (f3) holds. Conse-

quently, we have the following corollary right away.

Corollary 1.2. Assume that N > 5, a, b, ¢ are positive constants. Suppose that (f1) and
(f4) hold. Then there exists by > 0 such that for any b € [0,by), the problem (1.1)) has a
nonnegative solution.

Notations. Throughout this paper we make use of the following notations:

e H?(RY) denotes the usual Hilbert space;
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e For 1 < s < oo, L*(RY) denotes the Lebesgue space with the norm |ulls =
(Jo ul* o)

L>®(RN) denotes the Lebesgue space with the norm ||u||oo = esssup,cpy [u(z)];

X! denotes the dual space of a Banach space X;

e (-,-) denotes the duality pairing between X! and X;

e meas(-) denotes the Lebesgue measure in RV

e Forany z € RN and r > 0, B.(z) :={y e RN : |z —y| < r};

o (1, (s, (3, Cy4, C5 denote positive constants possibly different in different places.

The rest of the paper is organized as follows. In Section [2] some preliminary results
are presented. Section |3|is devoted to finding a nonnegative solution for the problem (|1.1J).

2. Preliminaries

Because equation (1.1]) is autonomous, according to the symmetric critical principle, any
critical point v € H2(RY) is also a critical point of H?(RY). Hence to seek weak solutions
of problem ([.1]), we need only discuss in H2(RY). Let

E:={u € H*R") | u is radially symmetric},
equipped with the inner product

(u,v) = / (AulAv + aVuVv + cuv)dz, VYu,v€E
RN

and the induced norm |ul| = (u,u)?. Obviously, E is a Hilbert space. And the embed-
ding F < LS(RN) is continuous for 2 < s < 2,,, that is, there exists s such that

(2.1) [ulls < ysllull,  Vue E.

Furthermore, the embedding E < L*(RY) is compact for s € (2, 2, ).
The energy functional 7, related to the problem (1.1)) on E is

2
Tolw) = Sl + 2 / VulPde) - / F(u) de.
2 4 \ JrN RN

From the conditions (f;) and (fz), for any € > 0, there exists C: > 0 such that

(2.2) F(t) <et? + Ct?*, VteR,.
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Consequently, the functional 7, is well defined and is of class C'(E,R). Moreover, for any
u,v € F, one has

(Tiw),0) = (u,0) + b /

\Vu|2d:c/ VuVudr — f(u)vdx.
RN RN RN

In order to find a bounded (PS) sequence for the functional 7, we adopt the method
introduced by [9,[10]. Hence we introduce the modified functional jb:f)\: E—-R

1 b 2
i) = gl + ghe) ([ 9ude) <3 [ Fds
RN RN

of Jp, where A > 0 and hp(u) = 9(||ul|?/T?) for any T > 0, with the cut-off function
P € C® (R4, R;) satisfying

Y(t) =1 if t € [0,1],
0<y(t)<1 ifte(1,2),
Y(t) =0 if ¢ € [2,400),
[ floo < 2.

Now, to find a critical point u of J;, we have to verify that the critical point of ij satisfies

|lul| < T. To proceed we first present a useful proposition which developed by Jeanjean.

Proposition 2.1. (see |8, Theorem 1.1]) Let X be a Banach space equipped with a norm
|- |x and let I C Ry be an interval. We consider a family {®)}rer of C-functional on
X of the norm

Oy (u) = A(u) — AB(u), Ve,

where B(u) > 0 for all w € X, and such that either A(u) — 400 or B(u) — +o00, as

|lul|x — +o00. We assume that there are two points vi, vy in X such that

ey = ;Iellf“ tren[gi(} Dy (y(t)) > max{®Py(v1), Pr(v2)},

where
I = {y €C(0,1],X) : 7(0) = v1,7(1) = va}.
Then, for almost every A € I, there exists a sequence {u,} C X such that
(i) {un} is bounded in X;
(i) Pa(un) — cn;

(iil) @4 (un) — 0 in X1
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By Proposition in our case, X = E, ¢, = .Z)T)\, v = 0, vo will be found in
Section [3]

1 2
Alu) = =|Jul* + éhT(u) / |Vu|? de and B(u) = / F(u)dz.
2 4 RN RN
The perturbed functional is
T Lo, b 2 ?
Dy (u) = Ty (u) = =||u||* + =hr(u) |Vu|*dx ] — A F(u)dz.
’ 2 4 RN RN

In addition, for any u,v € F,

(T w0 = )+ ot (B0 ([ @) e

2
+ by <HUH ) / |Vul|® de VuVvdr — A flu)vdx.
RN RN RN

To prove the boundedness of (PS) sequence, we need the following Pohozaev identity.

Lemma 2.2. Let N > 5. If u € F is a critical point of ij)\, namely, a week solution of

[1 + ﬁ@b ("“"2> </sz |Vu!2d:n)2} — b (”“”2> /}RN IVul? de Au = \f(u),

where Hu = A%u — aAu + cu, then the following PohoZaev type identity holds

AN F(u)dx
RN
-1 [(N _4)/ |Au|?dz + a(N — 2)/ |Vu|?dz + ¢N u? dx]

2 RN RN RN

b2N —4) [ |ul? 2\
(2.3) + 1 1/1< T2 /RN |Vu|*dx
lull? / 2\
4T2¢ < x |Vu|® dz
X [(N—4)/ |Au|? dz + a(N — 2)/ \Vul?dx + cN u? dm} .
RN RN RN

Proof. Let u € E\ {0}. We make a transformation u;: E — E satisfying

u(x) =u (%) , t>0.
Then

1
jﬂ\(ut) =5 [tN_4/ |Au|2d3:—|—atN_2/ |Vu|2dx—|—th/ u? dzp}
RN RN RN

_ — — 2
i (fRN[tN 1A8uf? + ath2|Vuf? + N eu?] dw) ( / |Vu!2da?)
RN

4 T2

- )\tN/ F(u)dx.
RN
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Since u is a critical point of JbTA, we can get

_ djb:,F)\(ut)
dt |
= [(N—Zl)/ | Aul? dx—i—a(N—2)/ \Vul|? dz 4+ cN u? da:]
RN RN RN
=0 1 Jul? :
2
[ () (Lore) |
b(2N — 4 2 2
+ ( )w lul / \Vu|*dz ] — AN F(u)dx.
4 T2 RN RN
The desired identity (2.3|) follows immediately from (2.4]). O

3. Proof of the main results

To prove the main results of the paper, we need the following lemmas.

Lemma 3.1. Suppose that (f1)-(fs) hold. Then there exist a constant o € (0,1) and
ve € E such that jbql\(vg) <0 forall X € I :=[o,1].

Proof. Let L > 0, 7 as in (f3), define z: RV — R as
T for |z| < L,

z(x) =S 7(L+1—|z|) for L <|z| < L+1,
0 for |z| > L + 1.

Then z € E, and it follows from (f3) that

/}RN (F(Z)—g;ﬂ) dq;:/BL (F(Z)_gz2> dx+/]3

> (F(T) - %’2) meas(Br)

L+1\BL

—meas(Bp+1 — Br) (tren[gtx}
T

Ft) - thD
> C LY — ¢, LN

From (3.1), for L > 1 big enough, we have

/RN(F(Z)—Qz)dx>O

Further, there exists o € (0,1) such that

/RN (aF(z) — gz2> dx > 0.
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On the other hand, setting va(z) = z(x/t9) with ¢g > 0 large enough, one has

/RN (aF(vg) - gvg) dz =t /RN (aF(z) - %ZQ) dx

th4 athQ
(3.2) > 0 / |Az]2daj—|—0/ |Vz|? da
2 RN 2 RN

1
:2/ ]Av2]2dx+;/ |Vg|? da
RN RN

and
(3.3) ||v2\|2:tév_4/ |Az|2dx+atév_2/ \Vz|2dx+ctév/ 2dp > 272,
RN RN RN

Thus, by the definition J;,, the cut-off function ¢, ([3.2) and (3.3)), for all A € I := [0, 1],
we obtain that

1
~7b:,F,\(U2) = 5””2”2 - /\/RN F(vq) dx

1
<l —o [ P
]RN

1
— / (|Avg‘2+a\vv2|2+0v§) dm—a/ F(vo) dx
2 Jew o
1 c
=5 /]RN (\Avg‘Q + a\Vw’?) dxr — /RN <UF(1}2) — 51}%) dx
< 0.
The proof is completed. 0

Lemma 3.2. Suppose that (f1)—(f3) hold. Then there exists a constant co > 0 such that
cy > co forall N € 1.

Proof. For all u € E and ) € I, using (2.1)) and (2.2) with e = 1/(473), we have

1 b 2
ijA(u):§‘|u||2+1hT(U) </ IVulzda:) —)\/ F(u) d
RN RN
> 1\\u\|2—/ Fu)da
2 RN

1
> L2 - 5/ 2dr—Co | u do
2 RN RN

.

1
> S lull® = Cendzzfu

Then, there exists a > 0 such that J;/\(u) > 0 for all 0 < |lu|| < a and any X € I.
Particularly, for ||u|| = «, there exists ¢y > 0 such that ij)\(u) > ¢p. On the other hand,
from Lemma we have jg/\(fy(l)) = %T/\(Ug) <0 forall y €I So ||7(1)|| > a. Due



Nonnegative Solutions of Fourth Order Equations 89

to 7(0) = v1 = 0 and the continuity of ~, there exists ¢, € (0,1) such that |y(¢,)|| = a.
Consequently, for any A € I, there holds

T (v(t)) > 0
gﬁﬁﬂuh(»_00>,

which shows that ¢y > ¢g. ]

Lemma 3.3. Suppose that (f1)—(f3) hold. Then for any X € I and b < 1/(8T?), each
bounded (PS) sequence of the functional jbq’; at the level ¢y admils a convergent subse-

quence in E.

Proof. Let A € I, suppose that {u,} C E is a bounded (PS) sequence of the functional
\71;:,F>\ at the level ¢y, namely

{un} is bounded and jbq;\(un) — ey (jbg\)’(un) —0in BL.
Subject to a subsequence, we can assume that there exists v in F such that

U, = u in F,
up, = u on L¥(RY), Vs € (2,2.),

Up, — U a.e. on RN,

Thus, in view of the definition jb?/\, one has

Because (f1) and (f3), for any € > 0, there exists C; > 0 such that
[F(0)] <elt] +elt ! + Cftf*7!, VieRy,

where kg € (2,2,). It follows from Hoélder inequality and ([2.1]) that

fun)(up —u) de
RN

< 5/ |t ||, — u| dz + s/ |t |2ty — w| d
RN RN
+C: / |t |~y — | da
RN

< ellunllzllun — ullz + ellunll3:: ™ lun —u

ek
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ko—1
+ Cellunlligy " lun = ullk,

< e [[unlllun — ull + €732 lun >~ |un — ull
+ Cellun 5o lun — ullig

—0 asn — +4oo.

2
by (Ll / |Vun|2dx/ YV, V (up — u) dz — 0.
T2 RN ]RN

What’s more, since b < 1/(8T?), one has

It is clear that

b | o ( llunl® / 2\ b Hunll2 4
nl”d < Un
e |0 ()| ([, o) < g | Jl
- 407> !
- a? 2a2°
Hence,
b ||un||2 2\’ B
1+ Y |Vuy,|® de (Un, Up, —u) = 0 as n — +oo,
2T2 RN
which implies that u,, = v in F. ]

Lemma 3.4. Suppose that (f1)—(f3) hold. If b < 1/(8T?), for almost every \ € I, there
exists uy € E\ {0} such that (ng)’(uA) =0 and jbj:)\(uk) =cC).

Proof. The result follows immediately from Proposition 2.1 and Lemma [3.3] O

Lemma 3.5. Let b < 1/(8T?). Suppose that u,, is a critical point of the function \75\” at
level cy,,. Then there exist T > 0 and by € (0,1/(8T?2)) such that for all b € [0,bp), up to

a subsequence, ||uy| <T.

Proof. By Lemma [3.4] there exists a sequence {\,} C I and {u,} C E such that
Ap — 17, jg/\n(un) =c,, and (ij)\n)/(Un) =0 asn— +oo.

On the one hand, due to Lemma [2.2| and (jb x,) (un) =0, one has

[(N—él) /]RN |Au,|* dz 4+ a(N — 2) /RN \Vu,|? dz + cN
T b, unl? 2
sy s () (L mor) |
' b@N—4) |2 ?
+ w(’zﬂ ></RN|Vun|2dx>
=A N/ (up,) dx.

u? dx
RN
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On the other hand, since ijAn (upn) = ¢y, , we get

1 b 2
(3.5) ~Nl|un|* + = Nhr(uy) / \Vu,|*dz) — )\nN/ F(up)dx = Ney, .
2 4 RN RN "

Combing (3.4) with (3.5)) we obtain

(2/ |Aun|2d$+a/ Vunl2dx)
RN RN
b unu?) < 2 00) 2
2+w( / Vunfde) | [ 1wl ds
|: T2 T2 N| | RN' |
2 2
RN ]RN
_ N||un||2 b Hunnz 2 00)
== |t g (e /RN Vuy,|” dz
C 4>w<||un|| )(/ |Wn|2dx) AN [ Fluy) da
4 17 RN RY

No o (lunl? o\ 2 PN —4) ([ 2\
= N — .
A T e ( T2 /RN IVun|"dz | lunll” + =——9 | = /RN |V, |* da

Now we define a function ¢: [0,1] — E by

¢(0)=0 and C(t)zw(j)zz<£0), Vit e (0,1].

It is obvious that ¢ € I', and we have
(3.6)

e, < m[gf] jbj,;\n (<))

< s {5lcoe+ 5o (LE) (] |v<<t>|2dm)2 ~o [ Py}

1
< max {/ [(tto) N Az|? + altto)N 2| Vz|* + c(tto)V %] dx — o (tto N/ F(z da?}
te0,1] 2 RN RN

+ 8 e Lo (IKOE) (] VC(t)|2dx>2 }

< max { ! / [tV YAz 4+ atN 2V + otV 2P do — atN/ F(z) d;v}
t>0 (2 RN
(SIS 2 0
+ Lo (LG0) (] iveopas
= K1 + bKo(T).
Since w(HuH /T?) =0 for 272 < ||ul|?, from the definition of K5(T) in (3.6) one has
bT?
bKZ(T) < ?a

Nb , (|lun]? 2 \on g2 4bNT?
o (V) ([ FuaP o)l < 255
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BN —4) [ |lun]? 2 p(N —4)T*
1 ¢( T2 > </RN ]Vu,fd:c) §7a2 .

and

Then, we get

bNT* b(N —4)T*
RN RN a a

Finally, it follows from (f1), (f2) and (jbq;\n)’ (up) = 0 that

b e 2 12 2
[1+ L (||1;2|| ) (/RN |Vt |2 dm) ]||unH2 + by <||UT2H> (/RN |V d:c)

=\, f(up)uy, dx
]RN

Se/ ]un|2dm—i—05/ [t
RN RN

together with (2.1)) that

un2 2
JunlP < 9l + Ce [ unP o - by (el Veunlde) [l
2T

RN
8bT4

2 dx,

<572Hun|]2+0/ unf? dz +

2**/2 4
80T
< ev3||lun||? + C3 (/ |Vun|2dx> +—
RN a

NK;  B5bNT* (N — 474> 8prt
— + + +

< 93 lunl® + Ca e e aZ

Choosing € = 1/(273), there exists C5 > 0 such that

(3.7) lun | < Cs

NK;  5bNT* (N —4)T*]*/* 16674
— + + .

a3 al a

On the contrary, there exists no subsequence of {u,} which is uniformly bounded by
T. Without loss of generality, we may suppose that T < ||uy,||, Vn € N. Then, by (3.7),

we have

NK;  5bNT*  b(N —4)T4)*/*  16bT*
+ + + :

(3.8) T? < ||lun||® < Cs 2

ad asd a

We can find T, > 0 such that

(3.9) 1+ Cs <a1
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and by € (0,1/(872)) with

a3 a3 2

NK; B5bNT* b(N —T41%? 16714 NE;\2/2
L+ L )*} + a*<05<1> +1.

(3.10)  Cs [

Thus, for any b € [0, bp), it follows from (3.8)—(3.10]) that

a?

NEK\ 272 NKi B5bgNTY  bo(N — )T/ 16byT*
C5< 1> +]—<CS|:CL1+ 0 *+0( )*:| + 04

a3 a3

NEK;\ /2
<Cs (al> +1,

which is a contradiction. Then we complete the proof. O
Now we are in the position to complete proof of Theorem

Proof of Theorem [L.1l Let T and by be defined as in Lemma Suppose that u, is a
critical point for ij)\n at the level cy,. From Lemma we get that

[unll < T

Further, we can obtain that

1 b 2
T () = ~ a2 + 2 / Vunl2dz) - A / Fluy) da
2 4 RN RN

From A, — 17, it shows that J;(u,) — ¢1. Moreover, we also have

Vu,Vodr — /\/ f(up)vde

<(‘7EITAn)/(un)7U> = (uva) + b/RN ’V’U,n’?dx o

RN

= <t7b/(un)av> + (1 - )\n) /]RN f(un)’Ud:L'

Therefore, J;(un) — 0. Then {u,} is a bounded (PS) sequence of J,. By the similar
discuss as the proof of Lemma we can get that {u,} has a convergent subsequence.
We may suppose that u, — « in E. Thus, J(u) = 0. Moreover, by Lemma

To(u) = lim Fyp(up) = lim Ton, (un) > co > 0,

together with the condition (fi), we get that w is a nonnegative solution of the prob-

lem (|1.1)). O
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