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Nonselfadjoint boundary value problems for second-order differential equations on a
finite interval with nonintegrable singularities inside the interval are considered under
additional sewing conditions for solutions at the singular point. We study properties of
the spectrum, prove the completeness of eigen- and associated functions, and investigate
the inverse problem of recovering the boundary value problem from its spectral charac-
teristics.

1. Introduction

We consider the differential equation

9"+ <(x ioa)z +q(x)>y =1y, 0<x<T,ac(0,T), (L.1)

with nonintegrable singularity inside the interval. Here, g(x) is a complex-valued func-
tion, and vy is a complex number. Let vy = v*> — 1/4, and for definiteness, let Rev > 0,
v & N. We will assume that g(x)|x — a|™n®1=2Re%)  1(0, T).

This paper deals with the boundary value problem L for the differential equation (1.1)
with the boundary conditions

U(y):=y'(0) —hy(0) =0, V(y):=y(T)+Hy(T) =0, (1.2)

and with additional “sewing condition” for solutions at the singular point x = a. We con-
sider in some sense general sewing conditions defined by a transition matrix

A= [ajk]j,k:hz: (13)

which connects solutions of (1.1) near the singular point (see Section 3 for details). In
the particular case of the absence of the singularity (v = 1/2), these sewing conditions
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166  Spectral analysis for differential operators with singularities

correspond to the following jump conditions

[yy,](am):fx[ﬂ (a—0). (1.4)

Problem (1.1), (1.2), and (1.4) without singularities (v = 1/2), was studied in [10, 11, 26]
and other works. In another particular case when A = E (E is the identity matrix) and v
is an arbitrary complex number with Rev >0, v ¢ N, the sewing conditions considered
in this paper correspond (in the case when g(x) is a regular function) to sewing solutions
by the analytic continuation in the upper half-plane Imx > 0. This particular case was
studied in [24, 25].

Differential equations with singularities inside the interval play an important role in
various areas of mathematics as well as in its applications. Moreover, a wide class of differ-
ential equations with turning points can be reduced to equations with singularities. For
example, such problems appear in electronics for constructing parameters of heteroge-
neous electronic lines with desirable technical characteristics [7, 15, 18]. After reduction
of the corresponding mathematical model, we come to the inverse spectral problem for
the boundary value problem L where q(x) must be constructed from the given spectral
information which describes desirable amplitude and phase characteristics. Boundary
value problems with discontinuities in an interior point appear in geophysical models
for oscillations of the Earth [2, 13]. Furthermore, direct and inverse spectral problems
for equations with singularities and turning points are used for studying the blowup be-
havior of solutions for some nonlinear integrable evolution equations in mathematical
physics (see, e.g., [5]). Other classes of boundary value problems with discontinuities
were considered in [1, 6] and other works. We also note that in different problems of
natural sciences, we face different kind of sewing conditions defined by different matrices
A. This makes actual to study the boundary value problem L with an arbitrary sewing
condition.

In this paper, we study direct and inverse problems of spectral analysis for the bound-
ary value problem L defined by (1.1), (1.2) and a transition matrix A. Properties of the
spectrum are obtained, the completeness of eigen- and associated functions (e.a.f.) is
proved, and the inverse problem of recovering L form its spectral characteristics is inves-
tigated.

For the classical Sturm-Liouville operators (when v = 1/2 and A = E), direct and in-
verse problems of spectral analysis have been studied fairly completely (see [9, 14, 16,
17, 19] and the references therein). The case when a singular point lies at the end of the
interval (a = 0) was investigated in [4, 8, 20, 21, 22, 23, 28] and in other works. The pres-
ence of singularity inside the interval produces essential qualitative modifications in the
investigation of direct and inverse problems. For studying the boundary value problem
L, an important role is played by special fundamental systems of solutions with necessary
analytic, asymptotic, and structural properties which gives us an opportunity to inves-
tigate the behavior of the corresponding Stokes multipliers and to study the character-
istic function and the so-called Weyl function. These fundamental systems of solutions
are constructed in Section 2. In Section 3, properties of the spectrum and the charac-
teristic function are studied. We introduce the so-called regularity condition for sewing.
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Under this condition, the completeness of e.a.f. is proved in Section 4. We also provide
a counterexample showing the importance of the regularity condition for studying the
boundary value problem L. In Section 5, the inverse spectral problem is considered for
the boundary value problem L.

2. Fundamental systems of solutions

2.1. Let A = p?. Consider the functions
Ci(x,A) = (x —a)" chk(p(x—a))zk, ji=L2, (2.1)

where

| -
pj=(=1)v+ 2 croc20 = (2v)71,
k (2.2)

Cik = (—1)kcj0<l_[ ((2s+pj)(2s+pj—1) - vo)> .

s=1

Here and in the sequel, z# = exp(u(In |z| +iargz)), argz € (—m,]. For x >a and x < g,
the functions C;(x,A) are the solutions of the equation

144 v
-y + oy _Oa)zy =y. (2.3)

Letsj(x,A), j = 1,2, be solutions of the following integral equations for x >a and x < a:
5(xA) = Ci(x0h) +J g b ) q(D)s; (1) dt, (2.4)

where g(x,t,1) = C1(t,A)Ca(x,4) — C1(x,A)Cy(t,1). The functions s;(x,A) are entire in A
of order 1/2, and form a fundamental system of solutions of (1.1). At that,

det[s/" " (x,2) 1, (2.5)

jm=1,2

s/ )| <Cle—a ], [si(xd) = i) | <Cl (x|, |plx—a)| <1.
(2.6)

Here and below, one and the same symbol C denotes various positive constants in the
estimates. We will call s;(x,A) the Bessel-type solutions for (1.1).
Letsj —(x,A), x > a, be the Bessel-type solutions for the equation

-y’ (x)+ <(x ioa)z +q(2a - x))y (x)=Ay_(x), x>a. 2.7)

Then, the functions sf(x,/l) =5, (2a—x,1), x < a, are solutions of (1.1). It is easily seen
that

sf(x,/\) = exp (—imy;)sj(x,1), x<a. (2.8)
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Denote Sk, = {p : argp € (kom/2,(ko + 1)7/2)}, ko = —2,1. In each sector Sy, the roots
Ry, k = 1,2 of the equation R* + 1 = 0 can be numbered in such a way that Re(pR,) <
Re(pRy), p € Sk,. Clearly, Ry = (—1)k1i for Sy and Sy, and Ry = (—1)¥i for S_; and S_,.
For definiteness, let Rep > 0, that is, p € So U S_;. In [21], a special fundamental system
of solutions { yk(x,p)}k=1,2, X > a, p € Sk,, of the differential equation (1.1) in each sector
Sk, 1s constructed having the following properties:

(1) for each x € (a, T], the functions y,im)(x,p), m =0, 1, are regular with respect to p
for p € Sk, Ipl = p«, are continuous for p € S, |p| = px, and

|y (x,p) (pRe) " exp (— pRi(x —a)) — 1|

5 2.9
SH’TC—“”’ x€(a,T), p €S lplx—a)| = 1; (29)

(2) the relation
yi(x,p) = Zbk] )si(x,A), x>a (2.10)

holds, where
by;(p) = bijpt (1], |pl — oo, (2.11)

where [1] := 1+ O(p!), and the constants by ; depend on the sector. We will call
yik(x,p) the Birkhoff-type solutions for (1.1).

Let yx—(x,p), x > a, be the Birkhoff-type solutions for (2.7). Then, the functions
Yk(x,p) := yk,-(2a — x,p), x < a, are solutions of (1.1). Then, symmetrically to (2.10),

2
yr(x,p) = Z sfx)), x<a, (2.12)

where

bis(p) = bigp 1], Ipl — o0 (2.13)

with the same constants by; as in (2.11). By virtue of (2.8) and (2.12),

2
yi(x,p) = > Bii(p)sj(x,A), x<a, (2.14)
=1

where

Byi(p) = by;(p Jexp (—imy;). (2.15)
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It follows from (2.10) and (2.14) that

pyk(x,p), x>a,

i

(2.16)
p)yk(x,p), x<a,
where
Dy (p) = dji(p) exp (imy;), (2.17)
and [djik(p)]j,k:l,z = ([b,fj(p)]k,j:hz)’l. Using (2.11) and (2.13), we infer
di(p) =djp™[1],  |pl — oo, (2.18)

where [djr]jk=12 = ([bkj]k,jzl,z)’l. We rewrite (2.9) as follows:

W (x,p) = (pR)" exp (pRe(x — a)) [1]es  x € (a,T], p € Sy |p(x—a)| = 1,
(2.19)

where [1], = 1+ O(1/|p(x —a)l), lp(x —a)| = 1 (i.e. f(x,p) =[1], means | f(x,p) — 1| <
C/lp(x —a)l, |p(x —a) = 1]). Similarly,

y,({m)(x,p) = (—pRi)" exp (pR(a—x))[1]asy x € [0,a), p €S> |plx—a)| = 1.
(2.20)

In particular, (2.19) and (2.20) yield det[y,imil)(x,p)]k,mzl,z = F2ip[1], x € ], where
= [O,Q), ]+ = (a)T]'

2.2. Let a matrix

A= [a“ a”], detA #0 (2.21)
azy ax

be given, where ay; are complex numbers. We introduce the functions {0j(x,A)};-12,
x € [0,a) U (a,T], by the formula

si(x,1), x<a,
(oA) =1 & 2.22
9 (x:A) Zakjsk(x,/\), x> a. ( )
k=1

The functions o;(x, 1) satisfy the differential equation (1.1) for x < a and x > a, and ac-
cording to (2.5),

1 x<a
(m 1 > >
det [ ( A)] m=1,2 {detA x> a. (223)



170  Spectral analysis for differential operators with singularities

The fundamental system of solutions {o;(x,A)} will be used for sewing together solutions
at the singular point x = a.
Using (2.10), (2.14), (2.16), and (2.22) we get

2 2
Z f p)oj(x,A),  0j(x,A) = Z ik P)vk(x,p), x€]Js, (2.24)
where
: (-1t 2
jKp) =2 aydi (), Bj(p) =g Zas o3-bis(p), (2.25)
s=1

and D]fk(p), B,;j(p) are defined by (2.15) and (2.17). Clearly,

[Dji(P)]jh=12 = ([Bkij(P)]kJ:ll)il' (2:26)

For definiteness, in the sequel we confine ourselves to the most important particular
case when a;, = 0. Substituting the asymptotics (2.11), (2.13), and (2.18) for b,fj (p) and
;-—’k(p) into (2.15), (2.17), and (2.25), we calculate, for [p| — o0, p € S,

Bfi(p) = bij(a;;) 'p (1], Dllp) = dyajip (1],

. . (2.27)
Byi(p) = bijexp (—imp;)p*i[1], Dy (p) = djkexp (imu;)p ™ [1].
3. Properties of the spectrum and the Weyl function
3.1. Suppose that
ap exp(2miv) — ax # 0. (3.1)

We will call (3.1) the regularity condition for sewing. Below, in Section 4 we provide a
counterexample showing the importance of the regularity condition (3.1) for studying
the boundary value problem L.

We denote

901(x,4) = 05(0,1) a1 (x,4) — 67 (0,1) 02 (x,A),

92(60) = 310,02 (x, 1) — 03(0, )01 (x, ). (3.2)

The functions ¢;(x,A), j = 1,2, are solutions of the differential equation (1.1) for x € J.,
and satisty the initial conditions

0" V(O0,0) = 8y jim=1,2 (3.3)

(0jm is the Kronecker delta). By virtue of (2.23),

1 x<a
Wl 1) _ ) )
det[ (x,/l)] m=12 {detA, x>a. (34)
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LemMa 3.1. For |p(x—a)l =1, m=0,1, |p| — oo, the following asymptotic formulae are
valid:

9" (x,1) = (( ip)™ i exp(—ipx)[1]a + (ip)™ 7 exp(ipx)[1]a), x €], (3.5)
<p,-m)(x,/\)=§(( ip)™ "1 (Enz exp(—ipx)[1]a+(=1) " Ex exp ( — ip(x — 2a)) [1]a)

+ (ip)™ 7+ (&1 exp(ipx) [1]a + (= 1) &1 exp (ip(x — 2a)) [l]a)), x€Js
(3.6)

where
[511 flz]
&1 &

1 —ay1 exp(2miv) + ap exp(—2miv)  —i(ay exp(miv) — ax exp(—miv))
"~ 2sinmy | —i(an exp(wiv) — ax exp(—miv)) an —an )

(3.7)

We note that it follows from (3.1) that &1, # 0, &; # 0.

Proof. Applying the fundamental system of solutions {yx(x,p)}k=1,2, we expand ¢;(x,1)
for x € J; and x € J_ separately:

2
GDJ(X’)‘) = ZA]ik(P)yk(x)P)> xe]i- (38)
k=1

For definiteness, let p € Sy (other p can be treated similarly). Then, Ry = (—1)*~1i. First
we calculate AJTk (p) using the initial conditions (3.3):

2
Z 7 V0,0) = 8im (3.9)
Taking (2.20) into account, we get

1 L N1-j .
A5(p) = S (=D%ip) " exp (=1)¥ipa) (1. (3.10)
Together with (3.8) and (2.20), this yields (3.5).
In order to calculate A;Tk(p), we use sewing (matching) solutions with the help of the

fundamental system of solutions {c;(x,A)} (see (3.2)). Substituting (2.24) into (3.8), we
get

2
9j(x,1) = ZAk(p)ykx,p) Zas(x/\Zf )Bi(p), x€]-, (3.11)
s=1 k=1

and hence,

2 2
ZA;'rk(P)Bks Z Bks (3'12)
k=1 k=1
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Since ([B,fj(p)]k,jzl,z)’l = [Dﬁ(P)]j)k:])Q, the last equality yields

Ajik(/)) ZA S(p)Ex(p), (3.13)

where

Eilp) = Z B, (3.14)

It follows from (3.14) and (2.27) that
2 1
% (p) = Z bsmAmicAmmexp ( — impm) + O(P>. (3.15)
m=1
It was shown in [21] that

i

sz = blj exp (17'[[1]‘), b11b12 = sinm}’ (316)
and consequently,
. 1
djl =djexp(fzn‘uj), dj2=dj, d1d2 :741‘Si1’17'[1/’ (3.17)
where d; = b12/2i, d, = —by1/2i. Together with (3.15), this yields
. 1
(m=@+o;, (3.18)

where the numbers &g are defined by (3.7). Substituting (3.18) and (3.10) into (3.13), we
calculate

2

A;rk = %z ((—= l)szp exp((—l)sipa) (fsk+0</l)>>, (3.19)

hence, (3.8) and (2.14) yield (3.6). Lemma 3.1 is proved. O
We denote

o) = @1(x,4) + hoa(x, 1), (3.20)

AA) = V(p) =¢'(T,A) +Heo(T,A). (3.21)

The function A(A) is entire in A, and its zeros {A,},=o coincide with the eigenvalues of
the boundary value problem L. Moreover, if A,, is a zero of A(A) of multiplicity «,, then
the functions ¢,s(x) = (3°/0A%)@(x,A)|1=1,, s = 0,k, — 1 form the chain of e.a.f. for the
eigenvalue A,. The function A(A) is called the characteristic function for L. In view of
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(3.6), (3.20), and (3.21), we have

A :Ao(p)<1+0<%)), (3.22)

where
Ao(p) = %p (Ezl exp(ipT) — & exp(—ipT) + &1 exp (ip(T — 2a))
—&pexp(—ip(T - Za))).

Using (3.22) and (3.23), by the well-known methods (see, e.g., [3]), one can obtain the
following properties of the characteristic function A(1) and the eigenvalues {1, },>0 of
the boundary value problem L:

(3.23)

(1) for [p] — o0, A(A) = O(lplexp(|7|T)) where 7 := Imp;
(2) there exist h >0, Cj, > 0, such that

|AV)| = Culplexp (I71T) (3.24)

for |7| > h. Hence, the eigenvalues A, = p? lie in the domain | Imp| < h;

(3) the number N of zeros of A(A) in the rectangle II¢ = {p : |[Imp| < h, Rep €
[£,&+ 1]} is bounded with respect to &;

(4) denote Gs = {p: |p — pul = 6}. Then,

|AV) | = Cslplexp (171 T), p € Ge; (3.25)

(5) there exist numbers ry — oo such that for sufficiently small § > 0, the circles |p| =
ry lie in G4 for all N;
(6) let {pY} be zeros of the function Ay(p) of the form (3.23). Then for n — oo,

pﬂ=p2+0<i0>. (3.26)
Pn
3.2. We introduce the function
6
M) = A (3.27)

where (1) := V(¢2) = 95(T,1) + Hp,(T,A). Then the function
D(x,A) := @2 (x,A) + M(A)p(x,A) (3.28)

satisfies the differential equation (1.1), for x € ]+, and the boundary conditions U(®) =
1, V(®) = 0. The functions ®(x,1) and M(A) are meromorphic in A with poles on the
spectrum of the boundary value problem L. We will call M(A) the Weyl function since it
is a generalization of the concept of the Weyl function for the classical Sturm-Liouville
operators (when v = 1/2, A = E). Clearly,

y(x,1)

D(x,A) = W) (3.29)
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where y(x,A) = V(@)@2(x,A) — V(¢2)¢(x,A). The function y(x,A) is entire in A and sat-
isfies the differential equation (1.1) and the initial conditions

w(T,A) = —detd,  y'(T,\) = HdetA. (3.30)

We note that by virtue of (3.4), (3.20), and (3.28),

1, x<a,
{ (3.31)

), D(x, A
(p(x,1), D(x,1)) detd, x>a

where (y,z) := yz' — y'z.

LEMMA 3.2, For |p(x—a)l =1, m=0,1, |p| — o, the following asymptotic formulae are
valid:

Y (x,1)

= —%detA((ip)'”eXP (—ip(T = x))[1]a+ (—ip)"exp (ip(T = x)) [1]a), x €5,

(3.32)
v (x,1)
1/,. . . .
= —5((1/))’”(512 exp (—ip(T —a)) = &uexp (ip(T —a))) exp (—ip(a—x))[1]a
(3.33)
+(—ip)" (le exp (ip(T — a))
—&nexp(—ip(T - a))) exp (ip(a —x)) [1]a), xej_.
Proof. Using the fundamental system of solutions { yx(x,p)} k-1, one can write
2
YA = > Ac(p)yk(xp), x€J-. (3.34)
k=1
Taking (3.30) into account, we calculate
detA detA (m—-1)
+ _ + _ _
AT = =TSV Ok AL = EEV O, wle) = ded T
(3.35)
For definiteness, let p € Sy. Then Ry = (— 1)*1j and, by virtue of (2.19),
AL(p) = —5 detAexp (- 1Fip(T ~ @) 1] (3.36)

Substituting (3.36) and (2.19) into (3.34), we arrive at (3.32).
Furthermore, repeating the arguments in the proof of Lemma 3.1 we infer similarly to
(3.13):

2
A (p) = DAL (P)E;(p). (3.37)
s=1



Vjacheslav Anatoljevich Yurko 175

Since [€4(p)lsk=1,2 = ([€5.(p)]sk=1,2) ", it follows from (3.18), (3.36), and (3.37) that

Af(p) = > & pjexp (1) tip(T - a))[1]a (3.38)

and we arrive at (3.33). |

COROLLARY 3.3. Forp € G,

| D™ (x,1) | < Cslpl™ Texp (- I7lx), l[p(x—a)| =1, (3.39)
IMV)| < Cslpl™". (3.40)

Indeed, (3.39) follows from (3.29), (3.25), and Lemma 3.2. By virtue of (3.28), M(A) =
®(0,1), and (3.40) follows from (3.39).

4. The completeness theorem

Let « be a real number, and let 1 < p < co. We consider the Banach spaces By, = { f(x) :
f)x* € £,(0,T)} with the norm || fllap = Il f(x)x~*|l 5, where || - ||, is the norm in
the space &£,(0, T). We denote by B, the dual space. Clearly, Bf , = B_aq (p~' +q7' =1,
p >1). We show that

1

Bup<SBg,, l<s<p<oo,f-a<s'—p! (4.1)

(here the symbol < denotes dense embedding [12, page 9]).

Indeed, for a > 8, s < p, we have By, < Bg p, Bgp < Bg,s, and consequently (4.1) is ob-
vious. Assume now that & < 8, s < p. We consider the function f(x) € By . Let r = p/s,
r"=p/(p—s). Then, r "1+ (r')"! = 1. Since f—a <s ! < p~!, we have (a — f)sr’ > —1.
Applying Hélder’s inequality, we obtain || f (x)xP|s < | f (%)%~ s ||| s, and conse-
quently ||f||ﬁ,5 < Cllflla,P. Since By, p is dence in Bgg, it follows that (4.1) holds. In partic-
ular, it follows from (4.1) that By, € L for1 <s<p<oo,a>p 1 —s71

We set w = —Rev+1/2.

THEOREM 4.1. The system of e.a.f. of the boundary value problem L is complete in the space
Bgfor1 <s<oo, B<w+1/s.

Proof. Let {¢¢(x)} be e.a.f. of L, and let a function f(x) be such that

T

fx)(x—a) eZ(0,T), L f(x)pe(x)dx = 0. (4.2)

We consider the function

x T
Y(x,1) = O (x,1) L f(t)go(t,)t)dtﬂp*(x,mj FOOEN )L, (4.3)
where
* — M * _ §0(xa/\) _ 1, x<a,

P ol) = 1n(x) ’ prind) = nx ’ () = {detA, X >a. (44
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In view of (3.31), a direct computation yields
Y -AY = —f(x), x€].. (4.5)

We now estimate the function Y(x,A) for p € Gs. For this, we will use (3.39) and the
estimate

o™ (x,A)| < Clpl™exp (I7lx), |p(x—a)| =1, m=0,1, (4.6)

which follows from (3.20) and Lemma 3.1.
Fixx € [0,T]\ {a}. Then, [p(x — a)| = 1 for sufficiently large p. Let x € .. We have

a—lpl™! atlpl™  rx
|Y(x,A)|§C5|p|1exp(—|r|x)<JO +J +J )|f(t)<p(t,/\)|dt

a—|pl~! atlp|~!

’ (4.7)
+Cexp(17lx) || FO@(0)dt,

and consequently,

Y (M) < c(;(iexp(— |T|x)J | F(O(t) | de+ -

lpl Y lpl Jr |f(t)|dt>> (4.8)

where [p(x —a)| = 1,x € J,p € Gs, y, = {t:|p(t—a)| < 1},andT, = {t: [p(t —a)| = 1}.
Analogously, for [p(x—a)| = 1,x€]_, p € Gs,

b

Pl ) |f(t)|dt). (4.9)

1Y (e ) | 5C5<exp(|‘r|x)J | F(ODLA) | de+
Ve

In order to estimate the integrals on y, in (4.8) and (4.9), we need the following assertion.

LEmMMA 4.2. For |p(x—a)| <1,

lp(x,A)| < Clp(x—a)|"exp(I7la),

o © (4.10)
|O(x,A) | <Cslpl ™ p(x—a)|“exp(—Itla), pEGs.
Proof. It follows from (3.2), (3.20), and (3.30) that
(P(.X,A) = U(GZ)GI (X,A) - U(O—I)O'Z(xyl)) X e ]i:
(4.11)

v(x,A) = detA(V(01)02(x,4) — V(a2)01(x,4)), x €.
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By virtue of (2.24), (2.27), (2.19), and (2.20),

[0 (0,0)| < Clp|™ Reti exp (|7la),

- (4.12)
|a;"(T,1)| < ClpI"™ < exp (I7(T - a)),
and consequently,
|U(0;)| < Clp|' ®etiexp (|7]a),
! P Cen (4.13)
|V(gj)| < Clpl'" *#exp (IT|(T — a)).
Since aj; = 0, it follows from (2.6) and (2.22) that
loj(x V)| =<Clx—a) |, |p(x—a)] =1, x€].. (4.14)
Using (4.11), (4.12), (4.13), (4.14), (3.25), and (3.29), we arrive at (4.10). O

We return to the proof of Theorem 4.1. Substituting (4.10) into (4.8) and (4.9), we get

1Y ()| <%<J |p(t—a)|w|f(t)|dt+L |f(t)|dt),

el \ Uy, ) (4.15)
lp(x—a)| =1, p€Gs.
If Rev > 1/2, then w < 0, and
Cs
[Y(x,A)| < m, lp(x—a)| =1, p€Gs. (4.16)
If Rev < 1/2, then w >0, and
A G
|Y(X, )\ Sw, |p(x—a)\ >1, pEGé‘. (4.17)
Thus, we conclude that for each fixed x € /.,
Y(x,A) =0(1), |pl— o, peGs. (4.18)
Furthermore, taking (3.28) into account, one can rewrite Y (x,A) as follows
T
Y(x,1) = MO)g* (1) J FOPEN)dE+ Yolx,A), (4.19)
0

where the function Yy(x,A) is entire in A for each fixed x # a. By virtue of (4.2), the last
relation implies that y(x,A) is entire in A for each fixed x # a. Together with (4.18), this
yields Y (x,A) = 0. Using now (4.5), we conclude that f(x) = 0 a.e. on (0, T).
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Thus, we have proved that for each p (1 < p < =), the system of e.a.f. of L is complete
in B, p. Since f — w < 1/s, we have 8 — w < 1/s — 1/p for sufficiently large p, and according
to (4.1), By, p < Bps. Consequently, the system of e.a.f. of L is complete in B, for 1 < s <
00, B < w+1/s. Theorem 4.1 is proved. O

CoROLLARY 4.3. The system of e.a.f. of L is complete in £(0,T) for 1/s >Rev —1/2.

Remark 4.4. We provide here a counterexample showing the importance of the regularity
condition (3.1). We consider the boundary value problem L with vy =0, g(x) =0, T = 7,
h=H=0,a=3n/4, a;; = —axn =1, a = aj; = 0, that is, we consider the boundary
value problem

-y =1y, 0<x<m,

y'(0) = y'(m) =0, (4.20)
Y™ (a+0) = (-1)"y"™(a-0), m=0,1,a= %T
For this problem, the regularity condition (3.1) is not fulfilled. The characteristic function

for (4.20) has the form
A(A) = psinp(2a—T). (4.21)

The eigenvalues A, = p? are p, = 2n, n > 0, and the eigenfunctions have the form

3
cos2nx, X< —

Ialx) = - (4.22)
(=1)"cos2nx, x> R

The system of functions {y,(x)} =0 is not complete in Bgs for I <s< oo, B <1+1/s.

5. Inverse problems

In this section, we study the inverse problem of recovering the boundary value problem L
from its spectral characteristics. We consider two formulations of the inverse problems: to
construct L from the Weyl function and from discrete spectral characteristics. These in-
verse problems are the generalization of the well-known inverse problems for the classical
Sturm-Liouville operators (see [16]).

We formulate the uniqueness theorem for the solution of the inverse problem of recov-
ering L from the Weyl function M (A). For this, we agree that together with L, we consider
a boundary value problem L of the same form but with different coefficients §(x), ¥,
h, and H. If a certain symbol & denotes an object related to L, then & will denote the
analogous object related to L.

THEOREM 5.1. If M(A) = M(L), then L = L. Thus, the specification of the Weyl function
uniquely determines the boundary value problem.

Proof. Consider the functions

P, (x,A) = (p(x,A)CTD(’”) (x,A) — CD(x,/\)gb(m) (x,A), m=0,L. (5.1)
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For each fixed x € [0,T]\ {a}, the functions P,,(x,A) are meromorphic in A with poles at

A=A,and A = A,. Fixx € [0,T] \ {a}. Then |[p(x —a)| = 1 for sufficiently large p. Denote
G} = G5 N Gj. By virtue of (3.39) and (4.6),

[Pn(x,A)| < Cslpl™Y, pE€Gs |plx—a)| =1 (5.2)

Substituting (3.28) into (5.1), we obtain

Pu(x,)) = (906, 1)@y (x,4) — 92(x, 1) (x,1))

- (5.3)
+ (M) = M) p(x, )9 (x, 1),

Since M(A) = M(A), the last relation implies that for each fixed x € [0,T] \ {a}, the func-
tions Py, (x,A) are entire in A. Together with (5.2), this yields

Py(x,A) =0, Py(x,A) = P(x). (5.4)
But then, according to (5.1),

P, V) D(x,1) = O(x,1)(x,1),
P(x)p(x,A) = (p(x, VD' (x,1) — D(x,1)§ (x,1)) P(x,1)

3 } 5.5
= () D" (x,1) — D(x,1)§’ (x,1)) @(x,1) o
= 7(x)p(x,A).

Consequently,

p(x1)  D(x,))  P(x) (5.6)

Pl dxd)  Ax)”

Furthermore, it follows from (3.5), (3.6), and (3.20) that for |p| — oo, argp € [e,7m — €],
>0,

p(x,A) = %eXP(—ipx)[l]m x<a,

| (5.7)
p(x,A) = Efu exp(—ipx)[1]s, x>a.
Similarly, by virtue of (3.32), (3.33), (3.29) and (3.23),
(x,A) = (ip) ' exp(ipx)[1]ey  x<a,
(5.8)

D(x,A) = detA(ipEp)  explipx)[1]ss x> a,

for |p| — oo, argp € [e,m — €], € > 0. Substituting (5.7) and (5.8) into (5.6), we get P(x) =
1 for x < a, and P(x) = P — const for x > a, that is, p(x,1) = ¢(x,1), P(x,1) = (x,A) for
x < a,and ¢(x,A) = C@(x,A), D(x,A) = CD(x,A) for x > a. Consequently, vy = 79, q(x) =

G(x) a.e.on (0,T), h = h,and H = H. Theorem 5.1 is proved. O
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Now we consider the inverse problem of recovering L from discrete spectral character-
istics. For brevity, we confine ourselves to the case when all zeros of A()) are simple. We
denote

a, = F:e)iM(/\). (5.9)

The numbers {A,, &y} n>0 are called the spectral data of L.
THEOREM 5.2. IfA, = Aoy 0y = @n foralln >0, then L= L.

Proof. Let T = {/1 =u+iv:u=(2h*)"2v> — h?} be the image of Imp = +h under the
mapping A = p?. Denote I'y = TN {A: |A| <y}, and consider the closed contours I'yo =
IvyU{A: Al =71y, A& intl}, Tyt =ITn U {A: 1] = ry,A € intT} (with counterclockwise
circuit). Since the Weyl function M(A) is regular for A € intT'yo, we get by Cauchy’s inte-
gral formula that

1 M(p)

M = 27i Two U—A

——=du, A€ intIyo. (5.10)

By virtue of (3.40),

M
lim - M 4, — o, (5.11)
Nvoo 2711 Jjulcry th— A
and consequently,

e Lo M)
ML) _1!713}0 2mi I, —A—ydﬂ' (5.12)

Calculating this integral by the residue theorem, we arrive at

Ay

A=Ay

MQ) = >

n=0

(5.13)

where the series converge “with brackets”:
> =lim > . (5.14)

Under the assumptions of Theorem 5.2, it follows from (5.13) that M(A) = M(A). Apply-
ing Theorem 5.1, we get L = L. a

Remark 5.3. Using the obtained results and the method of spectral mappings [27], one
can obtain an algorithm for the solution of the inverse problems considered, along with
necessary and sufficient conditions of their solvability (in analogous manner as in [25]).
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