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We propose another extension of Orlicz-Sobolev spaces to metric spaces based on the
concepts of the ®-modulus and ®-capacity. The resulting space N, is a Banach space.
The relationship between N§, and M, (the first extension defined in Aissaoui (2002))
is studied. We also explore and compare different definitions of capacities and give a
criterion under which Ny, is strictly smaller than the Orlicz space Lo.

1. Introduction

In [22], Shanmugalingam studies extensively an extension of Sobolev spaces on metric
spaces different from the approach of Hajtasz in [12]. In particular, he gives a comparison
between the obtained two spaces. See also [6, 9, 13, 22] for further developments of these
two theories.

Since a first extension of Orlicz-Sobolev spaces on metric spaces, denoted by M, (X),
following Hajlasz’ method, was studied in [4], it is natural to examine Shanmugalingam’s
definition based on the notions of modulus of paths families and on the capacity. The
resulting space N, (X) is a Banach space for any N -function ® and the space M, (X) con-
tinuously embeds on N§,(X) when @ satisfies the A, condition. We know that Lipschitz
functions are dense in M (X) for @ verifying the A, condition. To expect the same re-
sult with the vaster space qu) (X), we must add some assumptions, as in the Sobolev case,
on the metric space X, namely, X must be doubling and support a (1,®)-Poincaré in-
equality, and @ verifies the A’ condition. Remark that when ®(x) = (1/p)x? (p > 1), we
rediscover the same result in the setting of Sobolev spaces. On the other hand, when Q is
a domain in RN, we give a new characterization of the Orlicz-Sobolev space W'Lo(Q),
and we show that N, (Q) = W'Lo(Q) when @ satisfies the A, condition. Hence, for re-
flexive Orlicz spaces Lo(RY), we get Ng(RN) = ML, (RY) = W'Le(RN), since we know
that M§(RYN) = W'Le(RYN). See [4, Theorem 3.3]. We also study the mean equivalent
class with respect to ® (MECg) criterion under which N§ (X) is strictly included in the
Orlicz space Lo (X) and we compare between natural capacities defined on N¢,(X). We
expect that other developments will be done in forthcoming papers.
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2 Another extension of Orlicz-Sobolev spaces to metric spaces

We organize this paper as follows. In Section 2, we list the required prerequisites from
the Orlicz theory. Section 3 is reserved to the study of ®-modulus, the capacity, and
Orlicz-Sobolev space Ng(X). Section 4 deals with comparison between N (X) and
M},(X) and with some properties of N (X). In Section 5, we study the MECy criterion
and we compare between some capacities.

2. Preliminaries

An N'-function is a continuous convex and even function @ defined on R, verifying ®(t) >
0 for t > 0, lim;_o(®(t)/t) = 0, and lim;_ . (P(2)/t) =

We have the representation ®(¢) = fm (x)dL(x), where ¢ : R — R* is nondecreasing,
right continuous, with ¢(0) = 0, ¢(t) >0 for ¢ > 0, lim;—¢+¢(¢) = 0, and lim;_,.¢(t) =
+00. Here £ stands for the Lebesgue measure. We put in the sequel, as usual, dx = d€(x )

The N-function ®* conjugate to ® is defined by ©*(¢t) = M
given by ¢*(s) = sup{t: ¢(t) < s}.

Let (X,I,u) be a measure space and ® an N'-function. The Orlicz class £ ,(X) is
defined by

¢*(x)dx, where ¢*

LouX) = {f : X — R measurable : J

X

() dutx) < o . 2.1)

We define the Orlicz space Lo, ,(X) by
Lo, (X) = {f : X — R measurable : J O (af(x))du(x) < oo for some a > 0}. (2.2)
X

The Orlicz space Lo ,(X) is a Banach space with the following norm, called the Lux-
emburg norm:

1o =int {r>0: [ (L )duo) <1}, (2.3)

If there is no confusion, we set ||| flllo = I f Il [oux-
The Holder inequality extends to Orlicz spaces as follows: if f € Lg,(X) and g €
Lo+ ,(X), then fg € L! and

JX |fgldu < 211 f Houx - 11gIHoxux- (2.4)

Let @ be an N-function. We say that ® verifies the A, condition if there is a constant
C > 0 such that ®(2¢t) < CO(¢t) for all t > 0.

The A, condition for @ can be formulated in the following equivalent way: for every
C > 0, there exists C" > 0 such that ®(Ct) < C'®(¢) forall £ > 0.

We have always £¢,,(X) C Lo, (X). The equality £¢,(X) = Lo, (X) occurs if ® veri-
fies the A, condition.

We know that Lo ,(X) is reflexive if ® and ®* verify the A, condition.

Note that if @ verifies the A, condition, then [ ®(fi(x))du — 0 as i — o if and only if
H filllogux — 0asi— oo.
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Recall that an N-function ® satisfies the A" condition if there is a positive constant C
such that for all x,y = 0, ®(xy) < CO(x)D(y). See [16, 21]. If an N-function P satisfies
the A’ condition, then it satisfies also the A, condition.

Let Q) be an open set in RY, let C*(Q)) be the space of functions which, together with
all their partial derivatives of any order, are continuous on €, and let C{° (RN) = C§’ stand
for all functions in C* (RY) which have compact support in R¥. The space C*(Q) stands
for the space of functions having all derivatives of order < k continuous on , and C(Q2)
is the space of continuous functions on Q.

The (weak) partial derivative of f of order |f3| is denoted by

Dif - o f 25)

Let @ be an N'-function and m € N. We say that a function f : RY — R has a distribu-
tional (weak partial) derivative of order m, denoted by DP f> 1Bl =m,if

JfDﬁdez(—1)'5‘J(Dﬁf)9dx, Vo ey, (2.6)

Let Q be an open set in RY and denote L, ¢ (Q) by Lo (). The Orlicz-Sobolev space
W™"La(Q) is the space of real functions f such that f and its distributional derivatives
up to the order m are in Lo (Q).

The space W™Lq(Q2) is a Banach space equipped with the norm

Nfllmoo= > [IDPfllle f€ W™Lo(Q), (2.7)

0<|Bl<m

where [IDFf 1o = |IIDFflo,c.0-

Recall that if @ verifies the A, condition, then C®(Q) N W"Le(Q) is dense in
W™Le (), and C§° (RY) is dense in W™ Lg (RN).

For more details on the theory of Orlicz spaces, see [1, 16, 17, 18, 21].

In this paper, the letter C will denote various constants which may differ from one
formula to the next one even within a single string of estimates.

3. The Orlicz-Sobolev space N}, (X)

3.1. ®-modulus in metric spaces. Let (X,d,u) be a metric, Borel measure space, such
that p is positive and finite on balls in X.

IfI is an interval in R, a path in X is a continuous map y : I — X. By abuse of language,
the image y(I) =: || is also called a path. If I = [a,b] is a closed interval, then the length
ofapathy:I - Xis

I(y) = length(y) = sup >_ |y(ti1) — y(t:) |, (3.1)

i=1
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where the supremum is taken over all finite sequencesa =1t <t, < --- <t, <ty =b.If
I is not closed, we set

I(y) = supl(yly), (3.2)

where the supremum is taken over all closed subintervals J of I. A path is said to be recti-
fiable if its length is a finite number. A path y : I — X is locally rectifiable if its restriction
to each closed subinterval of I is rectifiable.

For any rectifiable path y, there are its associated length function s, : I — [0,I(y)] and
a unique 1-Lipschitz continuous map y; : [0,I(y)] — X such that y = y, o5,. The path y,
is the arc-length parametrization of y.

Let y be a rectifiable path in X. The line integral over y of each nonnegative Borel
function p: X — [0, 0] is

I(y)
J pds= [ poy(nat. (3.3)
y 0

If the path y is only locally rectifiable, we set

J pds = supj pds, (3.4)
Y Y

where the supremum is taken over all rectifiable subpaths y” of y. See [14] for more de-
tails.

Denote by Iy« the collection of all nonconstant compact (i.e., I is compact) rectifiable
paths in X. If A is a subset of X, then T'4 is the family of all paths in I'i¢ that intersect the
set A, and I} is the family of all paths y in Tyec such that the Hausdorff one-dimensional
measure #;(|y| N A) is positive.

Definition 3.1. Let ® be an N-function and T be a collection of paths in X. The ®-
modulus of the family T, denoted by Mode (I'), is defined as

inf N 3.5
Pelg(r)lllpIIIQ (3.5)

where F(T) is the set of all nonnegative Borel functions p such that [,pds > 1 for all
rectifiable paths y in T. Such functions p used to define the ®-modulus of T are said to be
admissible for the family I

From Definition 3.1, the ®-modulus of the family of all nonrectifiable paths is 0.
We have the following important proposition.

PrOPOSITION 3.2. Let @ be an N'-function and let T be a collection of paths in X. Then the
®-modulus of the family T is an outer measure on I'. That is,

(1) Modo (D) =0,
(2) Mod(p(l"l) =< MOdq)(rz) lf I CTy,
(3) Modo (U2, T) < 32 Modo (T)).
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Proof. Assertions (1) and (2) are obvious. We prove (3). We may assume that Mode (T;) <
oo for all i. For € > 0, there is p; € F(I;) such that

Hlpill | o < Modeo (T;) +€27. (3.6)

Setp = sup,p;and T = ;2 I;. Since p > p; for all i,p € F(T). Thus Modo (T) < [llpllle.
By [5, Lemma 2], |llplllo < X2, Illpilllo. Hence,

Modo () < > Modo(T;) +e&. (3.7)

i=1

Since ¢ is arbitrary, (3) is proved. O

A property relevant to paths in X is said to hold for ®-almost all paths if the family of
rectifiable compact paths on which that property does not hold has ®-modulus zero.

For any path y € I'et and for distinct points x and y in ||, denote yy, to be the
subpath y|(,,], where the two distinct numbers ¢, and ¢, are chosen from the domain of
y such that y(t,) = x and y(t,) = y. The subpath y,, is not a well-defined notion as there
can be more than one choice of the related numbers ¢, and ¢,. Because of this ambiguity,
any property that is required for one choice of the subpath y,, is also required for all such
choices of subpaths.

Definition 3.3. Let @ be an N-function and let I(y) denote the length of y. A function u
is said to be absolutely continuous on ®-almost every curve (ACCgy) if u o y is absolutely
continuous on [0,/(y)] for ®-almost every rectifiable arc-length parametrized path y in
X. If X is a domain in RY, a function u is said to have the absolute continuity on almost
every line (ACL) property if on almost every line parallel to the coordinate axes with
respect to the Hausdorff (N — 1)-measure, the function is absolutely continuous. An ACL
function therefore has directional derivatives almost everywhere. An ACL function is said
to have the property ACLg if its directional derivatives are in Lg.

Definition 3.4. Let u be a real-valued function on a metric space X. A nonnegative Borel-
measurable function p is said to be an upper gradient of u if for all compact rectifiable
paths y, the following inequality holds:

|u(x) —u(y)| < J pds, (3.8)
¥

where x and y are the end points of the path.

Definition 3.5. Let ® be an N-function and let u be an arbitrary real-valued function on
X. Let p be a nonnegative Borel function on X. If there exists a family I' C Tt such that
Modg(I') = 0 and the inequality (3.8) is true for all paths y in T \ T, then p is said to
be a ®-weak upper gradient of u. If inequality (3.8) holds true for ®-modulus almost all
paths in a set B C X, then p is said to be a ®-weak upper gradient of u on B.
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LEmMa 3.6. Let © be an N'-function and let T be a collection of paths in X. Then Mode (T') =
0 if and only if there is a nonnegative Borel function p on X such that p € Lo and for all paths
yel,

Lpds = 0. (3.9)

Proof. Suppose that Mode(T') = 0. Then if n € N*, there exists a nonnegative Borel func-
tion p, on X such that p, € Ly and |l|p,|llo < 27". The function p = Z:ZI pn is a nonneg-
ative Borel function on X and, by [5, Lemma 2], |llpll|¢o < fo’:l [lpnlllo, which implies
that p € Lo. It is evident that [, pds = co for all paths y € T.

Assume that there is a nonnegative Borel function p on X such that p € L, and for all
paths y €I, [, pds = co. Then for each , the function 27"p is admissible for calculating
the ®-modulus of the family I'. This implies that Modg(I') = 0. The proof is complete.

O

CoroLLARY 3.7. Let @ be an N-function and let E C X be such that u(E) = 0. Then
Modo(T}) =

Proof. Since coyg is an admissible function for calculating Mode (I';), the corollary fol-
lows by Lemma 3.6. O

3.2. The Orlicz-Sobolev space N§,(X)

Definition 3.8. Let @ be an N'-function and let the set 1\7{ (X,d,u) be the collection of all
real-valued function u on X such that u € Ly and u has a ®-weak upper gradient in L.

We remark that N§, is a vector space, since if @, 8 € R and u,v € N§, with respect to
®-weak upper gradients p and o, then |«a|p + [B]o is a ©-weak upper gradient of ap + ffo.

If u € N§, we set
gy = |||u|||<1>+ilgf|||P|||c1>, (3.10)

where the infimum is taken over all ®-weak upper gradient p of u such that p € Lq.

If u,v € Ng, let u v if [[|u—v|| |57 = 0. It can be easily seen that «~ is an equivalence
. . . . - . . @ . .
relation, partitioning Ny, into equivalence classes, which is a normed vector space under
the norm defined by (3.10).

Definition 3.9. Let ® be an N-function. The Orlicz-Sobolev space corresponding to @,

denoted by N&)(X), is defined to be the space Ir\zg(X,d,‘u)/ « with the norm |||ul| |N® =
Ml

Ifuve Nd,, then it is easily Verlﬁed that the functions |u|, min{u, v}, max{u v} € Nq,,

that if A > 0, then min{u,A} € N(D, and that if A < 0, then max{u,A} € N¢ Thus N (X)
enjoys all the lattice properties in classical first-order Orlicz-Sobolev spaces.
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Lemma 3.10. Let @ be an N'-function and u € 1\75. Then u is ACCop.

Proof. By hypothesis, u € Le and u has a ®-weak upper gradient p € Lg. Let I be the
collection of all paths in I'ye¢t for which inequality (3.8) does not hold. Then Mode (I') = 0.
Let T'; be the collection of all paths in I'yec; that have a subpath in T. Then any admissible
function used to estimate the ®-modulus of I is an admissible function for I';. Hence,

Modo (T}) < Modo(T) = 0. (3.11)

Let I'; be the collection of all paths y in Ty such that fy pds = . Since p € Lo, then
Modg(I';) = 0. Thus Modo(I'y UT,) = 0. If yisa path in I'yeee \ (I't UT,), y has no subpath
in I';, and hence for all x, y € |y|,

lu(x) —u(y)| < ) pds < . (3.12)

Therefore, u is absolutely continuous on each path y in I'ieet \ (I'1 U T3). The proof is
complete. O

LeEMMA 3.11. Let ® be an N-function and let u € ﬁ(}: be such that |||ullle = 0. Then
Modg(T') = 0, where

[ = {y € [t : ulx) # 0 for some x € |yl}. (3.13)

Proof. Since |l|ulllp = 0, the set S = {x € X : u(x) # 0} has measure zero. Hence, I' = T's
and

I =T¢u (Ts\TE). (3.14)
The subfamily I'§ can be disregarded since
Modo (T%) < [lloo - xslllo = 0, (3.15)

where s is the characteristic function of the set S. The paths y € I's \ I'¢ intersect S only
on a set of linear measure zero, and hence, with respect to the linear measure almost
everywhere on y, the function u takes on the value of zero. By the fact that y also intersect
S, therefore, u is not absolutely continuous on y. By Lemma 3.10, Mode (s \ I'¢) = 0.
Thus Mode (T') = 0 and the proof is complete. O

We deduce from the previous lemma the following corollary.

CoOROLLARY 3.12. Let @ be an N-function. If u,v € ﬁ}: are such that |||u —v|||o = 0, then
u and v belong to the same equivalent class in Ny (X).

In the sequel, we will not distinguish between the functions in N§, and their equiva-
lence classes in N§,.
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LemMa 3.13. Let ® be an N-function. If (p;)icn- is a sequence of Borel functions in Lo such
that lim;_ .|l pill lo = O, then there exist a subsequence (p;, )ken+ and a family T C T'yeee such
that Mode(T) = 0 and for all paths y € Treet \ T,

limJ piyds = 0. (3.16)
y

k—o0

Proof. Let (p;, )ren+ be a subsequence of the sequence (p;)ien+ such that |[lp; [lle < 27k,
Then

I'= {y € Ieet : limsup | pj ds > 0}
Y

k—o0

= U {y € Tt : limsup | pjds > 111} (3.17)
y

neN k—o0

= U S(V € T'tect : for infinitely many k, J pids > %}
Y

neN

Hence, it suffices to show that for each n € N, the family of paths

I, = {y € Itect : for infinitely many k, J pids = %} (3.18)
y

is such that Modg(T,,) = 0. For this goal, let p = ;" p;,. Then by [5, Lemma 2], p € Lo.
Forally €T,

J pds > ZJ pi ds = . (3.19)
4 k=177
Hence, Mode(T,;) = 0. The proof is complete. O

3.3. The capacity Co
Definition 3.14. Let ® be an N-function. For a set E C X, define Cy(E) by

Co(E) = inf {{llulllyy : u € B(E)}, (3.20)

where B(E) = {u € N} : ulp > 1}.

If B(E) = &, we set Cp(E) = o0. Functions belonging to B(E) are called admissible
functions for E.

We define a capacity as an increasing positive set function C given on a o-additive
class of sets T, which contains compact sets and such that C(@) = 0 and C(U;» X;) <
S CX) for X; €T, i=1,2,....

The set function C is called outer capacity if for every X €T,

C(X) =inf {C(O) : O open, X C O}. (3.21)
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We omit the proof of the following lemma, since it is an easy adaptation of the one [4,
Theorem 4.3].

LemMa 3.15. Let @ be an N-function. The set function Co is an outer capacity.

LEMMA 3.16. Let @ be an N-function and let (u;); be a Cauchy sequence in N&(X). Then
there are a function u in N(X) and a subsequence (u;,)x such that (u;, )y converges to u in
Lo and pointwise y-almost everywhere.

Proof. Since (u;); is a Cauchy sequence in N§,(X), it is also a Cauchy sequence in L.
By passing to a subsequence if necessary, there is a function v € Lg to which the subse-
quence converges both pointwise y-almost everywhere and in Lp. We choose a further
subsequence, also denoted by (u,), for simplicity in notation, such that

i =]l <27, (3.22)
u; — v pointwise y-a.e., (3.23)
givnill o <270 (3.24)

where g; ; is an upper gradient of u; — u;. If g; is an upper gradient of u; such that g, € Lo,
then uy = u; + (4 — 1) has an upper gradient g, = g1 + 1.

In general, u; = u; + z;;ll(ukﬂ — ) has an upper gradient g; = g; + z;;ll i1,k such
that g; € Lo.

For j <,

i—-1 i—1
g = gilllo = 2. Nigerill o = 2 27F <277 —0 a5 j — oo, (3.25)
k=j k=j

Hence, (g;); is a Cauchy sequence in Lg, which implies that it converges in Lp-norm
to a nonnegative Borel function g. Let u be a function defined by

u(x) = % SLlim sup u;(x) + lililgionf ui(x)} (3.26)

i—00

whenever the definition makes sense. By (3.23), we get u(x) = v(x) y-almost everywhere,
and hence, u € Lg. Set T = {x: limsup,_ , lu;j(x)| = oo}. The function u is well defined
outside of T. To prove that u € Ny, by Lemma 3.10, we must show that u is well defined
on almost all paths. To this end, we must prove that Mode (I'r) = 0.
LetI'; be the collection of all paths y € Tt such that either fy gds =0 orlim;_ fy gids
+ fyg ds. By Lemma 3.13, Modg(T;) = 0. On the other hand, recall that [} = {y € Tyect
#H1(lyl n'T) > 0}. By (3.23), u(T) = 0. Hence, Modo(I'7) = 0. Therefore, Mode (I'; U
7) =0. Let y € Tyeer \ (I'1 UTT). Then, since y & I'}, there exists a point y € |y| such
that y € T. Since g; is an upper gradient of u;, for any point x € |y|, we get

10| — ()| = i) — ()| =< Lgids. (3.27)
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Hence, |u;(x)| < lui(y)| + fyg; ds. Since y ¢ T'1, we deduce that

limsup |u;(x) | <limsup |u;(y)| +J gds < oo, (3.28)
y

i—00 i—o00

and hence x ¢ T. Thus 't C T'; UTT. This implies that Mod(T'r) = 0.
On the other hand, if y € Tyt \ (I1 UTT), denoting x and y as the end points of y and
noting by the above argument that x, y ¢ T, we get

[u(x) —u(y)| =

; limsup u;(x) — hmlnf ui(y) + hmlnfuz(x) — limsupu;(y)

i— 00 i— o0

<limsup |ui(x) — ui(y) | (3.29)

i—o00

<lim g,ds = J gds.

i—0

This means that g is a weak upper gradient of u, and hence, u € Ng. The proof is
complete. O

LemMa 3.17. Let @ be an N-function. IfE C X is such that Co(E) = 0, then Mode(T'g) = 0

Proof. Since Co(E) = 0, for each i € N*, there exists a function u; € N¢ such that
Muilllyy < 27F with u;|g > 1. Pose v, = 3L, [u;]. Then for each n, v, € N{§ and

n

v = vanll |y < > Wuill [ g <27 — 0 asm — oo. (3.30)

i=m+1

Hence, the sequence (v,), is a Cauchy sequence in N§. By Lemma 3.16, there is a
function v € Lo such that |[|v, — v[l|e — 0. By the construction used in Lemma 3.16 and
since the sequence (v,(x)), is increasing outside of a set T such that Mode (I'r) = 0, we
get

v(x) = ;113?0 Vu(x) (3.31)

with v(x) < oo,
If E\ T # @, then for arbitrary large #,

n

V|E\T2Vn|E\T:Z |u,| |E\T2n. (3.32)
i=1

Hence, v|g\ 1 = oo, which is not possible because x ¢ T. Therefore, E\ T = &, and
hence, I'r C I'r. Thus Mode(I'g) = 0. The proof is complete. O

CoRroOLLARY 3.18. Let @ be an N-function and let E be a subset of X such that Co(E) = 0. If
u € N§(X \ E), then there is an extension of u to E that is in Ny (X). Any two such extensions
of u to all of X are in the same equivalence class of Ny (X).
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THEOREM 3.19. For any N-function ®, Ny (X) is a Banach space.

Proof. Let (u;)ien+ be a Cauchy sequence in N, (X). It suffices to show that some subse-
quence is a convergent sequence in Ng (X). By passing to a subsequence if necessary, we
can assume that

|k = e ||| < 27 (3.33)
and that
givnill o <270 (3.34)

where g; ; is an upper gradient of u; — u; chosen to satisfy the above inequality.
Let

Ex=1{xe€X: |up(x) —upn(x)]| =275} (3.35)
Then 2% |ug — ug41 | € N&(X) and 2K |ug — ug41 115, = 1. Hence, by (3.33),
Co (Ex) < 28| ||uk =t || | o <275 (3.36)

LetF; = U,‘:’:]Ek and F = NjenF;. Then
Co(F;) <> Co(Ex) <2777 (3.37)
k=j

This implies that Co(F) = 0.
For x € X \ F, there is j € N such that for all k € N and k = j, x & E;. Hence, for all
keNandk = j, |ug(x) — ug1(x)] < 27k Therefore, whenever | > k > j, we get

[ (x) — wy(x) | <27F+L (3.38)

Thus the sequence (u;(x));en+ is a Cauchy sequence in R, and therefore is convergent
to a finite number. For x € X \ F, we let

u(x) = limu;(x). (3.39)

1— 00

For x € X \ F, we have

u(x) = u(x) = > (tpe1 (x) = un(x)). (3.40)

n=k
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By Lemma 3.17, Mode(T'r) = 0, and for each path y € Tyt \ T'r, for all points x € [y/,
(3.40) holds. Thus >, gn+1,» is a weak upper gradient of u — uy. Therefore,

[ et = w5y = |||u—uk|||¢+§ g1l

<=l g+ > 2
n=k

< |lu-wl|]g+27F —0 ask — o.

(3.41)

This means that the subsequence converges in the norm of N (X) to u. The proof is
complete. O

In particular, we have shown that if j € N, there is a set F; such that Co (F;) < 277" and
the chosen subsequence converges uniformly outside of F;. Thus we have the following
corollary.

COROLLARY 3.20. For any N-function ®, any Cauchy sequence (u;)ien+ C Ng(X) has a
subsequence that converges pointwise outside a set of ®-capacity zero. Furthermore, the sub-
sequence can be chosen so that there exist sets of arbitrarily small ®-capacity such that the
subsequence converges uniformly in the complement of each of these sets.

The proofs of the following three lemmas are an easy adaptation of those in [22, Lem-
mas 2.1.5, 2.1.7, and 2.1.8] relative to L? Lebesgue spaces. We omit these proofs.

LEMMA 3.21. Let @ be an N-function. Let u; and u, be ACCo functions on X with ©-
weak upper gradients g, and g, respectively. Let u be another ACCq function in X such that
there is an open set O C X verifying u = u; on O and u = u, on X \ O. Then g1yo + g and
g1 T @xx\0 are O-weak upper gradients of u.

Remark that if we are in the hypotheses of the previous lemma and if g, > g; almost
everywhere on O, then g, is a ®-weak upper gradient of u; and if ¢, < g1 almost every-
where on X \ O, then g; is a ®-weak upper gradient of u.

LemMa 3.22. Let © be an N-function and let u be an ACCo function on X such that u =0
y-almost everywhere on X \ O, where O is an open set in X. If g is a ®-weak upper gradient
of u, then gxo is also a O-weak upper gradient of u.

LemMa 3.23. Let @ be an N-function and let u be an ACCq function on X. If g,h € Lo
are two O-weak upper gradients of u and F is a closed subset of X, then the function v =
gxr + hyx\r is also a ®-weak upper gradient of u.

3.4. A characterization of Nj,(X). Next, we define another characterization of Orlicz-
Sobolev spaces on metric measure spaces using only upper gradients and bypassing the
notions of moduli of path families and weak upper gradients. We show in Theorem 3.27
that this characterization gives the same space N (X).
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Definition 3.24. Let @ be an N-function. The Orlicz-Sobolev space Hg,(X) is the subspace
of Ly(X) defined by

Hy(X) = {f €Lo(X): | flio < oo}, (3.42)

where
Iflio = |||f|||®+%?§1iggnf|||gi|||q>- (3.43)

The infimum is taken over all upper gradients g; of the functions f;, where the sequence
(fi)i converges to f in the space Lo (X).

The proof of the following lemma is an adaptation of the one of [15, Lemma 3.1].

LemMa 3.25. Let @ be an N-function and let X be a metric measure space. If ( f); is a se-
quence of functions in Lo (X) with upper gradients (g;); in Lo (X) such that ( f;); weakly con-
verges to f in Lo (X) and (g;); weakly converges to g in Lo (X), then g is a ®-weak upper gra-
dient of f, and there are convex combination sequences ij, = >0l Mifie and @ = D00 Ak igk
with 30 Mi = 1, A >0, so that (7,-),- converges in Lo(X) to f and (g;); converges in Lo (X)
log.
Proof. We apply Mazur’s lemma to each sequence ( f;)7>,. We can form, for each k, a se-
quence of convex combinations of f; that converges in the Lo (X)-norm to f. Extracting a
member from each sequence of convex combinations corresponding to each k, a sequence
(fi )k can be formed so that each f, is a convex combination of the original sequence
(fi)i>and (7k) k converges in the Lo (X)-norm to f. It is easy to see that the corresponding
convex combination (g, )x of the sequence (g;); is a sequence of upper gradients of (Tk)k,
and because of the way (7,() « was formed, the sequence (g, )x converges weakly in Lq (X)
to g. Next, repeating this process to the pair of sequences (f,)x and (g, )k, we can ob-
tain convex combination sequences (fj) j and (g;); that converge in the Lo (X)-norm to
f and g, respectively with gj being an upper gradient of ]7] The final sequences are them-
selves convex combinations of the original sequences, since being convex combinations
of convex combinations.

A slight modification of the proof of Lemma 3.16 shows that g is a ®-weak upper
gradient of f. The proofis complete. O

CoROLLARY 3.26. Let ®@ be an N'-function such that ® and ©* satisfy the A, condition, and
let X be a metric measure space equipped with a o-finite measure. If u is a function with a
D-weak upper gradient in Lo(X), then there exists a ®-weak upper gradient p,, in Le(X)
such that if p is another ®-weak upper gradient of u, then p,, < p almost everywhere.

Proof. By the reflexivity of the space Ly (X) and by Lemma 3.25, there is a ®-weak upper
gradient p, in Lo (X) with the smallest Ly (X)-norm among all ®-weak upper gradients
in Lo (X) of u. Let p be another ®-weak upper gradient of u, and denote E = {x: p(x) <
pu(x)}. Suppose that y(E) > 0. Then there is a closed subset F of E such that u(E) > 0; see
[8, Theorem 2.2.2]. By Lemma 3.23, the function p,xx\r + pxr is a ®-weak upper gradient
of u, of strictly smaller Ly (X)-norm than p,,. This is impossible and hence, y(E) = 0. The
proof is complete. U
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THEOREM 3.27. Let @ be an N'-function. Then the space Hy,(X) is isometrically equivalent
to the space Ng,(X).

Proof. Every function in N§(X) satisfies Definition 3.24, since we can take the sequence
(fi)i to be the function itself. By Lemma 3.25, it is clear that functions satisfying Definition
3.24 have a Lo (X)-representative in Ng,(X). Moreover, the N§ (X)-norm is equal to the
norm (3.43). The proof is complete. O

4. Comparisons between N}, (X) and M}, (X) and more properties of N, (X)

We begin by recalling the definition of the space M (X).
Let u:X — [—o0,+0c0] be a yp-measurable function defined on X. We denote by D(u)
the set of all y-measurable functions g : X — [0,+co] such that

|u(x) —u(y)| = d(x,y)(g(x)+g(y)) (4.1)

for every x,y € X \ F, x # y with u(F) = 0. The set F is called the exceptional set for g.
Note that the right-hand side of (4.1) is always defined for x # y. For the points x,y €
X, x # y, such that the left-hand side of (4.1) is undefined, we may assume that the left-
hand side is +oo.
Let ® be an N-function. The Dirichlet-Orlicz space Lg,(X) is the space of all u-
measurable functions u such that D(u) N Lo(X) # @. This space is equipped with the
seminorm

Hlullley ) = inf {lligllle : g € D(u) NLo(X)}. (4.2)

The Orlicz-Sobolev space My, (X) is defined by M (X) = Lo(X) N Ly,(X) equipped
with the norm
Wl Tag x) = Hlulllo + [Tl ey o) (4.3)
The following lemma is easy to verify.

Lemma 4.1. Let @ be an N-function and let u € My(X). If g € D(u) N Lo(X), then there
exist two functions U and g such that u = u almost everywhere and |||g|llo = |Ig]llo, and
for all points x,y € X,

|ti(x) = (y) | <d(x,y)(gx)+8(y)). (4.4)

Furthermore, if u is continuous in My (X), then it is possible to choose u = U everywhere.

ProrosiTioN 4.2. Let ® be an N'-function. Then the set of equivalence classes of continuous
function u in the space M, (X) embeds into Ng(X) with

Malllng < 4l ag- (4.5)

Proof. Let u be a continuous representative of its equivalence class in M}, (X). Then by
Lemma 4.1, for each ¢’ € D(u) N Lo(X), there is a function g € Lo (X) such that |[|g|l|o =
[1lg"Ille, and for all points x, y € X, (4.1) holds.
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Let x,y € X and y be an arc-length parametrizing rectifiable path connecting x to
y. If [, gds = oo, then |u(x) — u(y)| < [ gds. Suppose [,gds < co. For each n € N, let
0, be the partition of the domain of y into » pieces of equal length. On each partition
Vi = Planinoni+1), 0 < i < n— 1, there exists x; € |y;| such that

glxi) < l(yi)*‘J gds. (4.6)
Vi

We note that d(x;,xi41) < 21(y;). We get

n—1

[u(x0) — u(xn) | = D (i) —ulxinn) |

i=0

= dlxnxin) (g () +g(xin) (4.7)

i=0
n—1
<4> | gds= 4J gds.
i=0 7 Vi Y
Since u is continuous, by letting n — oo, we obtain

lu(x) - u(y)| < 4Lgds. (4.8)

Hence, the continuous representative u of its equivalence class in M,(X) belongs to an
equivalence class in N§,(X) with |||u]|| Ny =< 4lllulllpg - By Corollary 3.12, if any represen-
tative in the equivalence class of u in M (X) belongs to an equivalence class in N (X),
then it belongs to the same equivalence class as u in N, (X). Thus the embedding is well
defined. The proof is complete. O

THEOREM 4.3. Let ® be an N -function satisfying the A, condition. Then the space My (X)
continuously embeds into the space N (X).

Proof. The space N§(X) is a Banach space by Theorem 3.19. Hence, by Proposition 4.2,
the closure of the subspace of equivalence classes of continuous functions in M (X) in
the norm of M}, (X) is a subspace of N§,(X). By [4, Theorem 3.10], Lipschitz functions,
and therefore continuous functions, are dense in M (X). Thus such closure is M (X).
The proof is complete. O

Recall the following lemma in [22, Lemma 3.2.5] or [15, Lemma 2.2].

LemMaA 4.4. If u is a function on X such that there exist nonnegative Borel-measurable
functions g, h on X with the property that

u(x) - uly)| = Lgds+d<x,y><h<x> +h(y)) (4.9)

whenever y is a compact rectifiable path in X with end points x, y, then g+ 4h is an upper
gradient of u.
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Recall that if ® and ®* satisfy the A, condition, then M, (RN) = W!Lg(RN). See [4,
Theorem 3.3]. We examine the relation between Ng(Q) and W'Le(Q) when Q is a do-
main in RY, d(x, y) = |x — y|, and p is a Lebesgue N-measure.

We omit the proof of the following lemma, since it is exactly the same as the one in
[10]; see also [23].

LeEMMmaA 4.5. Let © be an N-function. If Q) is a domain in RN, dx,y)=|x—yl,and pisa
Lebesgue N -measure, then W'Le(Q) C Ng(Q).

For the reverse inclusion, we need some auxiliary results about Orlicz and Orlicz-
Sobolev spaces on Euclidean spaces.

Let ¥ be a nonnegative, real-valued function in C§’ (RY) such that suppy € B(0,1) and
Jw(x)dx = 1. For & > 0, the function defined by v.(x) = e Ny(x/¢) belongs to C (RYN)
and suppy. C B(0,¢). The function y, is called a regularizer, and the convolution u, =
u * ¥, when it makes sense, is called the regularization of u. A proof of the following
lemma can be deduced from [7]; see also [11]. We give a new proof inspired by [24,

Theorem 1.6.1(iii)] relative to L? Lebesgue spaces.

LEMMA 4.6. Let ® be an N'-function satisfying the A, condition. If u € Lo(RN), then u, €
Lo(RN), [(® o u.)(x)dx < [(D o u)(x)dx, and lim,_.q|||ue — ull|o = 0.

Proof. By Jensen’s inequality, (® o u,)(x) < (D o u) * y.(x). Since ® verifies the A, con-
dition, ® o u € L' (RN), which implies that u, € Ly(RY) and

j (@ o u,) (x)dx < J(GD o u)(x)dx. (4.10)
On the other hand, for each & > 0, we can find v € CJ (RN) such that
Jd)(\u—vl(x))dxs& (4.11)

Now, since v has compact support, it follows that [ ®(|v. — v|(x))dx < & for ¢ suffi-
ciently small. We apply (4.10) and (4.11) to the difference v — u and obtain by using the
convexity of @ and the fact that @ verifies the A, condition,

C
Jd)o |u—ue|dx < g[Jd)o |u—v|dx+J®o |v£—v|dx+J®o |v5—u£|dx]
< Cé.

(4.12)

Hence, [ ® o |u — u.|dx — 0 as ¢ — 0. Since O verifies the A, condition, the result fol-
lows. O

LemMA 4.7. Let @ be an N -function satisfying the A, condition and u € W™Lg(Q). Then
the regularizers of u, u, are such that

lim, o | |Jue = ul[] .0 =0 (4.13)

whenever Q' €Q. When Q = RN, then lim, ¢ |||t — ||| mo = 0.
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Proof. Since Q' is a bounded domain, there is &y > 0 such that &y < dist(Q)',0Q). Let € < &.
The differentiation under the integral in the definition of u, and the application of (2.6)
give for x € )" and |a| < m,

D%u.(x) = JD“ (x )/) (y)dy

-1 \rx\ J D(x ( ) d
) u(y)dy (4.14)
= s’NJ w(x—y>D“u(y)dy
Q £
= (D*u) (x).
The result follows from Lemma 4.6. O

CoROLLARY 4.8. Let ®@ be an N'-function satisfying the A, condition and u € Lo (Q)). Then
u € W'Lo(Q) if and only if u has a representative U that is absolutely continuous on almost
all line segments in Q) parallel to the coordinate axes and whose (classical) partial derivatives
belong to Lo (Q)).

Proof. Applying Lemma 4.7, we follow word by word the proof in [24, Theorem 2.14] to
get the result. We omit the details. O

THEOREM 4.9. Let ® be an N'-function satisfying the A, condition. If Q is a domain in RN,
d(x,y) = |x — yl, and p is a Lebesgue N-measure, then W'Le(Q) = N§(Q).

Proof. By Lemma 4.5, W'Le(Q) C N (Q). It remains to prove that Ny (Q) € W'Lo(Q).
Let u € N§(Q). By Lemma 3.10, u has the property ACCq and has a ®-weak upper gra-
dient p in Lp(Q). Therefore, u is ACL with the principal directional gradient matrix Vu
such that by applying the fundamental theorem of calculus and a Lebesgue point argu-
ment, we easily see that |Vu| < p almost everywhere. Hence, u has the property ACLq
and by Corollary 4.8, u € W!Le(Q). The proof is complete. O

Definition 4.10. A measure p is said to be doubling if there is a constant C > 1 such that

u(B(x,2r)) < Cu(B(x,r)) (4.15)

for every x € X and r > 0.
A metric measure space (X, y,d) is said to be a doubling space if y is doubling.

Recall the following result, called Poincaré inequality. See [4, Proposition 3.9].

ProposITION 4.11. Let @ be an N-function. If u € M,(X) and E C X is y-measurable with
0 < u(E) < oo, then for every g € D(u) N Lo (X),

|u — ugl| |L¢(E) < 2diam(E)|lIgl Ly (E)» (4.16)

where ug = (1/u(E)) [ f du.
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Now, we have by Holder inequality,
JE |u—ug| < Cdiam(E)|lIgl Lo 1 Lg 8)- (4.17)

Recall that |1|1]] |1, 5y = p(E)®~1(1/u(X)). This justifies the following definition.

Definition 4.12. Let @ be an N-function. The space X is said to support a weak (1,D)-
Poincaré inequality if there are constants C >0 and 7 > 1 such that for all balls B ¢ X
and all pairs of functions u and p, whenever p is an upper gradient of u on 7B and u is
integrable on B, the following inequality holds:

1 ) ) 1
EJB lu—ug| < Cdlam(B)|||g|||L®(TB)q> 1({4@3)). (4.18)

When 7 = 1, we say that X supports a (1, ®)-Poincaré inequality.

ProrosritioN 4.13. Let @ be an N-function and let X be a doubling space. Define the oper-
ator M by

M(f)(x) =Sup ) (B QI f o) (4.19)

where the supremum is taken over all balls B C X such that x € B. Then if f € Lo,

}im)t‘u{xEX:J(/L(f)(x) >A} =0. (4.20)
Proof. Define for every R >0 the operator Jlg by

Mr(f)(x) —sup O f o)), (4.21)

where the supremum is taken over all balls B € X such that x € B and diam(B) < 2R. Let
f € Lg and set ER={xeX: Mp(f)(x) >A} and Ey = {x € X : M(f)(x) > A}. We have
Ef C Ej. On the other hand, if x € Ef, there is y, € X and r, > 0 so that x € B(y,,ry) and

1

W(BOor) O (Il fll Lo BGrm)) > A (4.22)

Hence, B(yx,7x) C Ef. The set Ef is covered by such balls B(yy, ) with radii r, < R.
By the basic covering theorem (see, for instance, [19, Theorem 2.1 and the remark on
page 23]), there exists a countable disjoint subcollection {B(x;,t;)};2, of this covering
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collection of balls such that Ef is covered by the collection {B(x;,57;)}iz,. Thus

[

u(ER) < > u(B(xi,5r;))

i=1

< CZy(B(xi,ri))
o (4.23)
<CA! zCD(lllfH Lo (B(xir)))
i=1
<CA'o ( DI |L¢(B(x,,ri)))-
i=1
By the same method as the one in [3, Lemma 3.2], we have
D o) < 41 o UiBen)- (4.24)
i=1
Hence,
u(EY) < CAT' O (4111 f Il Lo (uibtom)) < CAT O (41 f Il gy ex))- (4.25)
Thus
u(ER) < CAT' O (411 flllLoey)- (4.26)

For 0 < R; < R,, we have Ef‘ c Efz and E) = Ugrso Ef. This implies, by taking the limit
as R — oo, that

u(Er) < CA O (4111 f lioE)- (4.27)
Hence,
u(Er) < CA o4 f il ) (4.28)

and thus lim,_. . p(E)) = 0. Therefore, we get ||| f || I, (5) — 0 as A — oo, since f € Lg. By
(4.27) and since @ is continuous and increasing, we have

Alim A(Ey) = 0. (4.29)

The proof is complete. O

Let x, be a fixed point and for each positive integer i, consider the following function:

1 if d(xg,x) <i—1,
ni(x) =4i—d(xo,x) ifi—1<d(x0,x) <1, (4.30)
0 otherwise.

It is easy to see that #; is 1-Lipschitz.
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LEMMA 4.14. Let @ be an N -function and let u € N§,(X). Then the function v; = un; is also
in N&(X), and furthermore, the sequence (v;); converges to u in Ng(X).

Proof. Ifx,y € X, then

[vi(x) = vi(y) | = [mi(x)ulx) —ni(x)u(y) | + | gi(x)uly) — n:(y)u(y)|

4.31
< |u(x) —u(y) | + [u() | | 7i(x) = mi(y)|. (43

By Lemma 4.4, if g is an upper gradient of u, then g+ 4|u| is also an upper gradient of
v;. Since v; vanishes on X \ B(xo, 1), by Lemma 3.22, the function g; = (g +4|ul)xB(x,.i) is a
®-weak upper gradient of v;. Since u = v; on B(xy,i — 1) and g + g; is a ®-weak upper gra-
dient of u — v;, we get by Lemma 3.22 that (g + gi)xx\B(x,i-1) is @ P-weak upper gradient
of u — v;. Hence,

| ||1/l — Vi|| |L<D < | ||1/l - Vi|| |L<D(X\B(XO,1'*1)) =< 2| ”uH |L®(X\B(xo,i*l)) - 0) (4°32)
since u € Lp. Moreover,
|1(g +g) xx\Beosi-1) || |L<p < 2llIg 1o x\Bexoi-1)) T4 el Lo x\B(xosi-1)) — 0, (4.33)

since g,u € Lo. Hence, |[[u—villlyy — 0asi— oo. The proof is complete. O

THEOREM 4.15. Let @ be an N -function satisfying the A" condition. If X is a doubling space
supporting a weak (1,®)-Poincaré inequality, then Lipschitz functions are dense in Ng,(X).

Proof. Letu € Ny(X). By Lemma 4.14, we can assume that u vanishes outside a bounded
set. Let ¢ be an upper gradient of u such that g € Lo (X) and set

E = {xeX:M(f)(x) > D)} (4.34)

By Proposition 4.13, ®(A)u(E,) — 0as A — co.
Let x € X \ E. Since ® verifies the A" condition, we get for all r > 0,

1

1
B — u—tipeey) | < CrllighLo(raoer qr‘(—) <Crh. (435
#@%ﬂ”@ﬂ' Bor) | gl Lo (eBlxr) LB ) (4.35)

Hence, for s € [r/2,r], we get for x € X \ E),

1
| UB(x,5) — UB(x,r) | =< m JB(x,s) |u — UB(xr) |
e [ — ] (4.36)
= - X,r
[J(B(x,s)) /J(B(x,r)) B(x,r) | " UBlan) |
<Cri

By a chaining argument, for any positive s < r, we get for x € X \ E),

|uB(x,s) — UB(x,r) | < Crh (4.37)
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Hence, any sequence (up(y,,)); is a Cauchy sequence in R, and hence, is convergent.
This implies that the following function is well defined on X \ Ej:

uy(x) := lir%uB(x,,). (4.38)
—

By [19, Theorem 2.12] or [8, Corollary 2.9.9], almost every point in X is a Lebesgue
point of u since every function in N (X) is locally integrable. On the other hand, at
Lebesgue points of u in X \ E,, we have u, = u, and since E) is open, u — u, satisfies the
hypotheses of Lemma 3.22. Now, for x, y € X, consider the family of balls {B;}{>_,, de-
fined by By = B(x,d(x, y)) and B_; = B(y,d(x, y)) and inductively fori > 1, B; = (1/2)B;_,
and B,,' = (1/2)37,'4.1.

For x, y € X \ E), by construction, we get

lin(x)—wm) | < > |up —ug, | < CA(x,y). (4.39)

i=—o00

Thus uy is CA-Lipschitz on X \ Ey. We extend u) as a CA-Lipschitz extension to the
entire X; see for instance [20]. Choose an extension such that u, is bounded by 2CA. This
can be done by truncating any Lipschitz extension at CA. This truncation do not affect
the u) on X \ E, because for large enough A, the original function u is bounded on its
Lebesgue points of X \ E,, since u is zero outside a bounded set and hence the nonzero
values of u) in X \ E) lie within a bounded set which is independent of A, and u; is CA-
Lipschitz.

Hence,

=l e, = =l ey =< Ml o + [l m)- (4.40)

Since limy_.u(Ey) = 0, we see that limy_o||lulllL,E) = 0. Now, since @ verifies
the A" condition, it satisfies also the A, condition (see [16, 21]). Hence, fEA D(uy)dy <
JEA O(Cl)dy < C'DA)u(Ey) — 0as A — co. Thus | [lupll Ly () — 0 as A — oo. This implies
[llu—uplllL, — 0as A — co. By Lemma 3.22, the function (CA + g)xg, is a ®-weak upper
gradient of u — uy. Hence, u — uy € N,(X) and also u) € N, (X). Since

J O(CAxg,)du < COA)u(Er) — 0 asd — oo, (4.41)
X
we get | [|CAxg, Il lL, — 0 as A — oo. For gyg,, we have

gxell L, = NigoE) — 0 asd — o, (4.42)

since g € Lo(X) and p(Ey) — 0 as A — oo. Thus the sequence (u)) converges to u in
N4 (X). The proof is complete. O

By Corollary 3.20 and Theorem 4.15 we obtain the following corollary.

COROLLARY 4.16. Let @ be an N -function satisfying the A’ condition. If X is a doubling
space supporting a weak (1,®)-Poincaré inequality, then for each function u in N§,(X), there
are open sets of arbitrarily small ®-capacity such that u is continuous in the complement of
these sets.
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5. The MECy criterion and other capacities

In this section, we show that N§(X) is strictly smaller than the Orlicz space Lo (X), and
we give comparisons between some capacities.

Definition 5.1. Let @ be an N-function and let p be a nonnegative Borel function in X
such that p € Lo (X). Define the equivalence relation %R, by xR, y, for x, y € X, if either
x = y or there is a path y € T'ec connecting x to y such that [, yds < .

It is easily seen that %R, is an equivalence relation partitioning X into equivalent classes.

Definition 5.2. Let ® be an N'-function. A metric measure space is said to admit the
MECy if each nonnegative Borel function p in X, belonging to L (X), generates an equiv-
alent class G, called the main equivalence class of p, such that (X \ G,) = 0.

ProrosITION 5.3. Let @ be an N-function and let X be an MECq space containing two
disjoint open sets. For any subset E C X, the following equivalence holds:
MOd(I) (FE) =0 C(D(E) =0. (5.1)

Proof. By Lemma 3.17, if Co(E) = 0, then Mode(I'g) = 0. Now, let E C X be such that
Modg(T'g) = 0. Then by Lemma 3.6, there exists a nonnegative Borel function p on X
belonging to Lq(X) such that for all y € T, [, pds = co. By the MECqo property of X, p
has a main equivalence class G,. Since X contains two disjoint open sets and the open
sets have positive measure, G, has more than one element. Let x € E and y € G, with
y # x; then any path connecting x to y is in I'g. Thus, by the choice of p, we get that x is
not equivalent to y via the relation R,. Hence, E is a subset of X \ G,,, which implies that
U(E) = 0. Therefore, the function u = y is in Ly (X) and is absolutely continuous on all
the paths in Tt that are not in I'g. Since the zero function is a ®-weak upper gradient of
u, u € N, (X). Then

Co(E) < [llull Iy, = 0. (52)
The proof is complete. O

In the proof of the above lemma we have shown the following proposition.

ProrosiTioN 5.4. Let @ be an N-function and let X be an MECq space containing two
disjoint open sets. If E C X and Mode(T'g) = 0, then u(E) = 0.

CoRroLLARY 5.5. Let ® be an N-function and let X be an MECq space containing two
disjoint open sets. Then Mode (I'rect) > 0.

Proof. We have Cy(X) >0, since y(X) > 0. Recall that ||| 1]l ¢ = l/q)’l(l/y(X)) and hence,
[I1]lle > 0. Now, let u € N§(X) and u > 1. Then

el Ty = T o (5.3)
Thus
Co(X) = [lI1llle >0. (5.4)

Proposition 5.3 implies that Modg (T'rect) > 0. The proof is complete. O
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The following proposition gives conditions on X under which N§,(X) is strictly smaller
than Lo (X).

ProrosITION 5.6. Let O be an N-function and let X be an MECq space containing at least
two distinct points. Then there exists an equivalence class of functions in Lo (X) such that no
function u in this equivalence class is in an equivalence class of N&(X). In particular, Ng(X)
is strictly smaller than Lo (X).

Proof. Under the hypothesis, there exists an open ball B € X such that y(B) >0 and
u(X \ B) >0. Let u = yp and [u] its equivalence class in Ly (X). We know that |[[yzll|e =
fligb" (1/u(B)) < . Suppose that v is a function in this equivalence class such that v €
Ng. Then v(x) = 1 for almost all x € B and v(x) = 0 for almost all x € X \ B. Let E =
{x € X :u(x) # v(x)} and let T, be the collection of paths on which v is not absolutely
continuous. Hence, y(E) = 0 which implies by Lemma 3.10 that Mode (I U T,) = 0. By
Lemma 3.6, there is a nonnegative Borel function p on X belonging to Le(X) such that
forally e uT,, fy pds = co. Since X is an MECg, space, p has a main equivalence class
G with u(X \ G) = 0. Hence, there is x € B and y € X \ B so that x, y € G: there is a rec-
tifiable path y connecting x to y so that [ pds < co. On the other hand, y ¢ T UT,, and
hence v is absolutely continuous on y and

¥, (lylnBNE)=0=%(lyl n(X\B)NE). (5.5)

Let x be the point in |y| at which y first leaves the closed set X \ B (such a point exists
since |y| is compact). The function v cannot be continuous at xy as every neighbourhood

in |y| of xg contains points at which v is zero and also points at which v is 1. Thus v & Ng,.
This completes the proof. O

Definition 5.7. Let ® be an N'-function. For a set E C X, define Do (E) by
Do(E) = inf,|l[ulllyy, (5.6)

where the infimum is taken over all u € N§(X) such that for ®-almost all paths y inter-
secting E, the limit of u o y(t) along y, as y(¢) converges to any intersecting point in E,
exists and is not smaller than 1.

This definition in the setting of Sobolev spaces on metric spaces is used in [22], and
for Sobolev spaces in the Euclidean spaces in [2].

Definition 5.8. Let ®@ be an N-function. For a set E C X, define G¢(E) by
Go(E) = inf {||lullly; : u € 6(E)}, (5.7)

where €(E) = {u € N§,: ulg > 1 in a neighbourhood of E}.
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Remark 5.9. It is easily seen that if § € R and u € N§, then the function v = min{u,8} €
N, with any ®-weak upper gradient of u also being a ®-weak upper gradient of v. Hence,
the condition u|g > 1 in a neighbourhood of E can be replaced by the condition u|g = 1
in a neighbourhood of E. By the same reasoning, it can also be assumed that these test
functions are nonnegative.

LeMma 5.10. Let @ be an N'-function. IfE C X, then
Dq;(E) < C(D(E) < Gq)(E) (58)

Proof. Letu e N4 (X) be such that u|g > 1. Then by Lemma 3.10, u is ACCq and hence it
is also an admissible test function in determining Do (E). The second inequality in (5.8)
is evident. This completes the proof. O

ProrosITION 5.11. Let @ be an N'-function and let X be such that Lipschitz functions are
dense in N§(X). IfE C X, then

Go(E) = Co(E). (5.9)

Proof. It suffices to show that Go(E) < Co(E). Let 1 > ¢ >0 and let u € N§(X) be such
that 0 <u <1, ulg =1, and Co(E) = ||lul| Iny — & By Corollary 4.16, the function u is
®-quasicontinuous. Thus there is an open set F, C X such that Ce(F,) < ¢ and u is con-
tinuous on X \ F,. Hence, there exists an open set O, C X such that u|p,\p, = 1 — ¢ and
EcCO,.Letw, € N(})(X) be such that welp, = 1,0 < w, < 1, and ||| well IN(}’ < 2¢. Define v,
by ve = u/(1 — &) + we. Then ve|o, > 1, v € Ng(X), and

1
Go(E) < |[]vell |N(}, = 1—_£|||u|||N$ + ||| wel| |N({,' (5.10)
Hence,
Go(E) < ! is (Co(E) +e) +2e. (5.11)
We get the result by letting ¢ — 0. O

ProrosiTioN 5.12. Let © be an N-function. If X is an MECq space, then for all E C X,
Co(E) = Do (E). (5.12)

Proof. It suffices to prove that Co(E) < Do (E). Let u € N§(X) be such that for ®-almost
every path y € Tg,

lim (uoy(t)) = 1. 5.13
y(t)~|yIﬁE( Yo ( )
Let E; = {x € E: u(x) < 1}. Then for each y € T'g,, either limy )~ |y|ng, (0 p(t)) <1 or
else, either the limit does not exist or the limit exists and is greater than or equal to 1, while
u is less than 1 at the limiting point in |y| N E;. That is, u is not absolutely continuous
on y. By the choice of # and by Lemma 3.10, Mode(I's,) = 0. By Lemma 3.6 and since
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X is an MECg space, it follows that u(E;) = 0. Hence, the value of u can be adjusted on
E, to be greater than or equal to 1 to obtain a function in N§(X) in the same N (X)-
equivalence class as u, but with the property of being greater than or equal to 1 on all of
E. Thus Co(E) < De(E). The proof is complete. O

COROLLARY 5.13. Let @ be an N-function and let X be such that Lipschitz functions are
dense in N§,(X). If X is an MECg space, then for all E C X,

Co(E) = Do(E) = Go(E). (5.14)
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