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The main purpose of this paper is using the properties of Gauss sums and the estimate for character sums to study a mean
value problem related to the primitive roots mod p and the different forms of Golomb’s conjectures and propose an interesting

asymptotic formula for it.

1. Introduction

Let g > 1 be an integer. For any integer a with (a,q) = 1, from
the Euler-Fermat theorem we know that a®? = 1 modg,
where ¢(g) denotes Euler function. Let k be the smallest
positive integer such that a* = 1 modq. If k = ¢(q), then
a is called a primitive root of g. If g has a primitive root,
then each reduced residue system mod g can be expressed
as a geometric progression. This gives a powerful tool that
can be used in problems involving reduced residue systems.
Unfortunately, not all moduli have primitive roots. In fact
primitive roots exist only for the following moduli:

q=12,4,p%2p% 1

where p is an odd prime and « > 1.

Many researchers focused on the properties of primitive
roots and some related problems and have obtained many
interesting results; see [1-7]. For example, Moreno and Sotero
[4] proved that Golomb’s conjecture is true for all g < 2%°.
That is, there exist two primitive elements « and f3 in finite
fields F such thata + = 1,if g < 2%, Cohen and Mullen
[2] established a generalization of Golomb’s conjecture by
proving the existence of g, > 0 such that, whenever g > g,

there exist primitive o, 3 € F_ with ya + 8 = &, where
¥> 8, and ¢ are arbitrary nonzero members of F,. What is
more, they also gave an asymptotic formula for the number
of solutions. But we think the error term is too big and can be
improved. In order to verify our viewpoint, we take the mean
value properties of the error term into account. By using the
properties of Gauss sums and the estimate for character sums,
we obtained a stronger asymptotic formula.

Let p > 3 be an odd prime number. For any integer ¢ with
(¢, p) = 1,let N(c, p) denote the number of all solutions of the
congruence equation x — y = ¢ mod p, where x and y are the
primitive roots mod p. We define E(c, p) = 0, if ¢ = 0 mod p,
and

(p-2)-¢*(p-1)

, if (c,p)=1.
(b1 e

2)

E(c,p)=N(c.p) -

In this paper, we give an interesting asymptotic formula
for the mean value of E(c, p). This problem is interesting,
because it cannot only reveal the profound properties of
Golomb’s conjecture and provide the distribution law of the
error term E(c, p), but it is also a generalization of the related
contents.
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Theorem 1. Let p > 3 be a prime. Then for any three integers
a, b, and c with (abc, p) = (a® - 4b, p) = 1, one has the
asymptotic formula

p-lp-l

ZE(x2 +axy + by’ +c,p)
x=0 y=0
=-p-¢(p-1)+¢* (p-1) (3)
L0. P (p-1) 49D,
(p-1)

where ¢(n) is Euler function, |0| < 1, and w(n) denotes the
number of all distinct prime divisors of n.

We may immediately deduce the following corollary from
this theorem.

Corollary 2. Let p > 3 be a prime number. Then for any three
integers a, b, and c with (abc, p) = (a* - 4b, p) = 1, one has

p-lp-l

ZE(x2+axy+by2+c,p)
x=0 y=0 (4)
~¢*(p-1)-p-¢(p-1), asp— co.

2. Several Lemmas

In this section, we provide several lemmas that will be
necessary for the proof of our theorem. Throughout this
paper, we used many properties of Dirichlet characters and
Gauss sums, which can be found in [8]. Firstly, we have the
following lemma.

Lemma 3. Let p be an odd prime. Then for any integer ¢ with
(¢, p) = 1, one has the identity

¢(p-1) ¢ uh) < <kindc
p-1 h,pz_mh) 2 )
(h,k)=1 (5)

B 11, if ¢ is a primitive root of p,

0, otherwise,

where ind ¢ denotes the index of c¢ relative to some fixed
primitive root of p; u(n) is the Mobius function.

Proof. See Proposition 2.2 of [9]. O]
Lemma4. Let p be an odd prime; a, b, and c are three integers

with (abc, p) = (a® — 4b, p) = 1. Then for any nonprincipal
character x mod p, one has the identity

p-1p-1
Z Zx<r2 +ars + bs’ +c)
r=0 s=0

2_
:X(C)’(a p4b)'1”

where (] p) denotes the Legendre symbol.
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Proof. Since any nonprincipal character y mod p is a primi-
tive character mod p, so from the properties of Gauss sums
we conclude that

p-1p-1
Z Zx(rz +ars+bs’ +c)

r=0 s=0

p-lp-1p-1

- LYY Sroe(!

T(X)r 0 s=0 t=1

_ l_ply(t)e(%)zz:;(tr +tars+tbs>

p

r +ars + bs* +c)>

X

P_1e<ﬁ> +I’Z‘:1P§e<t(r2 +ars+bsz)>>
r=0 p r=0 s=1 p

X
3

= (trz) L (tsz(r2+ar+b)>>
r=0 P r=0 s=1 P

x(ple(ﬁ)—p+}7zl lee(tsz(rz+ar+b)>))
r=0 p r=0 s=0 P

7)

where 7(y) = 5;11 x(a)e(a/p) is the classical Gauss sums.
On the other hand, for any integer t with (¢, p) = 1, we
have

(8)

N\ [ t
() ew
P/ \P p
For any integer n with (n, p) = 1, from [10] (Section 7.8,
Theorem 8.2) we also have

p-1 2
Z(f +1’l>:_1' (9)

r=0 P
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Therefore,

:‘§<M).G(m+p. 5o

r=0
r*+ar+b=0 mod p

t ‘D_l((2r+a)2+4b—a2>
(L) .G(p).
(5)c@- 3 ;
p-1

+p- D 1
r=0
(2r+a)®+4b—a?=0 mod P

:_(%>.G(p)+<1+<a2;4b>)'17-

Then from (7), (8), (9), and (10) we deduce the identity

(10)

p-1p-1
Z ZX("Z +ars + bs’ +c)

(11)

This proves Lemma 4. O

Lemma 5. Let p be an odd prime and let ¢ be an integer with
(¢, p) = 1. Then one has the identity

-1
rlon - S0
Ly oy e

lp-1 u|p_1¢ (h) ¢ (u)

h>1 u>1

h u
x Z Z Xsthu

s=1 v=1

(hs)=1 (vsu)=1

) Xy (1)

3
XT (}_(s,h%v,u) T (Xs,h) T (Xv,u)
2-¢°(p-1) ¢ uh)
- i (—€)»
(0-17 b0 Z o
h>1 (hs
(12)

where e((k ind y)/h) = xun(y) is the Dirichlet character
mod p.

Proof. From the trigonometric identity, the properties of
classical Gauss sums, and Lemma 3 we have

N (c p)

R (p-1)
A5 (-
uhypw) & &

D Shem & X

¢ ( Xs.h (x) Xvu (y)
hlp-1u|p-1

p p(p-1)

x <§Xs,h (x)e<%)> : (Zx (y)e<_—;y)>
¢ (p-1) ¢ (p-1)
p p(p-1)°

uh)pw) & &
thlu§1¢(h)¢(u) SZ: Z XSthu

1 1
)=1 (ru)=1

VM

(h,

W

X )_(v,u (-Dr (xs,h)_(v,u) T (Xs,h) T (Xv,u)

24 (p-1)
(p-1)

(p-2)-¢*(p-1)
(p-1)

uh) &
x Y BN yn (o)
Loty & e
h>1 (hs)=1

( - 1) u (h) p (u)
p(p=1) up 11%1 "5(”)

h>1 u>1



X XV,u (_1) T (Xs,h%v,u) T (Xs,h) T (Xv,u) >

(13)

where we used the properties |t(y)| =
principal character mod p.

From formula (13) and the definition of E(c, p) we may
immediately deduce Lemma 5. O

\/P> if x is not a

3. Proof of Theorem 1

In this section, we shall complete the proof of our theorem.
First from Lemma 5 and the definition of E(c, p) we have

p-1p-1
Z ZE(x2 +axy + by’ + c,p)

x=0 y=0

2:¢ (P-l) ulh) <
- D)
(p—l hg:l(p() Z; "

h>1 (h,s)=1

p-1p-1
X Z ZXs,h (x2 +axy + by’ + C)
x=0 y=0
M p(h) p ()
p(p—1) oo 6 W) ¢ () (14)

h>1 u>1

h U
x ), Z
s=1 1
(hs)=1 (ru)=1

(=1

p-1p-1
X DY X (2 + axy +by” +0) T (X pXo)

x=0 y=0

T (Xs,h) T (Xv,u)
= E, + E,,

where E; and E, denote the corresponding formula, respec-
tively, in the summation.

Now we will estimate E, and E, in (14), respectively. It
is clear that if h > 1 and (s,h) = 1, then yx,; must be
a nonprincipal character mod p. So for any integer ¢ with
(¢, p) = 1, from Lemma 4 we have the identity

o 2 2 a’ —4b
Y xon (5% + axy + by +C):Xs,h(c)'< )-p

x=0 y=0 p
(15)
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Therefore, we have

2-¢”(p-1)
[Bif < ——5= ) lu]-p
(P-1) wips
h>1 (16)
_2p¢’(p-1) (2407 1),
(p-1)°
To estimate E, in (14), we write E, = E,; + E,,, where

E,, includes all the characters such that y,,x,., = xo, and
Xo is the principal character mod p; E,, includes all the
characters such that y,,x,.,, # xo- Now note that if y,x,,,, is

the principal character mod p, then h = u and 7(},,X,,,) =

-1 Xs,h( I)T(Xs,h) T(Xv,u) - T(Xs,h) T(Xs,h) - P This tlme’
from identity (9) we have

p-1p-1
DY Xenkow (x* +axy +by* +¢)
x=0 y=0
p-1p-1
F- 3y
x=0 y=0

x2+axy+by?+c=0 mod p

p-1p-1
- Ty 1 )
x=0 y=0
(2x+ay)25y2 (u2—4h)—4c mod p

A E(2)

So from (17) and Lemma 4 we have

L V)]
plp-1)
<3 (e (550) 7
h>1 (18)
R (e (50))

(a0 1)
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Applying Lemma 4 and the estimate for Gauss sums we also
have the estimate

¢*(p-1)

|Ezz| =T

p(p-1)°
x Y 3 e Juw| p-p"?

hlp—1ulp-1
h>1 u>1

pa/z(, ¢ (11;2_ 1) (206 1)2 (19)
p -

_ ¢ (p-1)

(p-1)’

: (4“’(1"1’ . 1).

<

Combining (14), (18), and (19) we may immediately deduce
the asymptotic formula

p-lp-1
ZE <x2 +axy + by’ + c,p)
x=0 y=0
=-p-¢(p-1)+¢*(p-1) (20)
/
9. P-4 (Pz_ 1) T
(p-1)

where |0] < 1. This completes the proof of Theorem 1.
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