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This paper is mainly devoted to the study of implicit multifunction theorems in terms of Clarke coderivative in general Banach
spaces. We present new sufficient conditions for the local metric regularity, metric regularity, Lipschitz-like property, nonemptiness,
and lower semicontinuity of implicit multifunctions in general Banach spaces. The basic tools of our analysis involve the Ekeland
variational principle, the Clarke subdifferential, and the Clarke coderivative.

1. Introduction

Let X and P be topological spaces, Y a topological vector
space, F : X x P = Y a multifunction, and (x,, py) € X x P
a pair with 0 € F(xy, py). The multifunction G : P = X
defined by

G(p)={xeX|0eF(xp)} 6))

is called the implicit multifunction defined by the inclusion
0 € F(x, p). The problem is to find some verifiable conditions
on F such that G has the desirable properties. In the litera-
ture, different topological, metric, and differential properties
(e.g., lower semicontinuity, metric regularity, Lipschitz-like
property, upper Lipschitz continuity, and B-differentiability)
of implicit multifunctions are considered. The structure of F
and its behavior around (x,, p,) decide local properties of G
in a neighborhood of the point (p,, x,) in its graph.

The study of the stability of implicit multifunctions has
a long history. The pioneering works of Robinson [1-4] gave
good samples for implicit multifunction theorems and their
applications. Later, Ledyaev and Zhu [5] and Ngai and Théra
[6] established sufficient conditions for the metric regularity
of implicit multifunctions in terms of Fréchet coderivative
in Banach spaces with Fréchet-smooth Lipschitz bump func-
tions. Recently, Lee et al. [7] showed some sufficient con-
ditions for the nonemptiness, the lower semicontinuity, the
metric regularity, and the Lipschitz-like property of implicit

multifunctions in terms of Mordukhovich normal coderiva-
tive in Asplund spaces. Yen and Yao [8] obtained some
point-based sufficient conditions for the metric regularity
of implicit multifunctions in finite-dimensional spaces. Huy
and Yao [9] established another set of sufficient conditions
for the local metric regularity and the Lipschitz-like property
of implicit multifunctions in terms of Mordukhovich normal
coderivative in Asplund spaces. Huy and Yao [10] studied
the metric regularity of implicit multifunctions in terms of
Mordukhovich normal coderivative in WCG Asplund spaces.
Chieu et al. [11] examined the relationship between the
metric regularity and the Lipschitz-like property of implicit
multifunctions in finite-dimensional spaces. Chuong [12]
gave new sufficient conditions for the Lipschitz-like property
of implicit multifunctions in terms of Fréchet coderivative
in Asplund spaces. Nghia [13] is also devoted to the study
of implicit multifunction theorems in terms of Fréchet
coderivative in Asplund spaces. Yang and Huang [14] gave
sufficient conditions for the local metric regularity, the metric
regularity, the Lipschitz-like property, the nonemptiness, and
the lower semicontinuity of random implicit multifunctions
in terms of Mordukhovich normal coderivative in separable
Asplund spaces.

As mentioned above, the results obtained for the (local)
metric regularity, the Lipschitz-like property, the nonempti-
ness, and the lower semicontinuity of implicit multifunc-
tions are almost restricted in Asplund spaces. Noting that
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Huy et al. [15] established new sufficient conditions for both
the metric regularity and the Lipschitz-like property of
implicit multifunctions in terms of Clarke coderivative in
general Banach spaces, it is worth mentioning that the
coderivative condition of implicit multifunction theorems in
[15] can be weakened. So it is natural for us to study implicit
multifunction theorems under much weaker conditions in
terms of Clarke coderivative in general Banach spaces.

In this paper, we present new sufficient conditions for
the local metric regularity, metric regularity, Lipschitz-like
property, nonemptiness, and lower semicontinuity of implicit
multifunctions in general Banach spaces. The basic tools of
our analysis involve the Ekeland variational principle, the
Clarke subdifferential, and the Clarke coderivative.

The paper is organized as follows. Section 2 recalls some
basic concepts and results from variational analysis and
generalized differentiation. Section 3 presents some implicit
multifunction theorems in terms of Clarke coderivative in
general Banach spaces.

2. Preliminaries

Throughout this paper, unless otherwise stated, all spaces
under consideration are Banach spaces whose norms are
always denoted by | - |l. For any X, we consider its dual
space X~ equipped with the weak™ topology w”, where (-, -)
means the canonical pairing. As usual, By and By stand
for the closed unit balls of the Banach space X and its dual
X", respectively. The closed ball with center x and radius r
is denoted by B(x, ). For a subset QO ¢ X, intQ denote the
interior of Q.

For a closed subset A of X and a pointa € A, let T.(a; A)
denote the Clarke tangent cone of A at a; that is, v € T.(a; A)
ifand only if, for each sequence {a,} in A converging to a and
each sequence {t,,} in (0, +00) decreasing to 0, there exists a
sequence {v,} in X converging to v such thata, +t,v, € A for
all n. We denote by N (a; A) the Clarke normal cone of A at
a; that is,

N. (@A) ={x" e X" | (x",h) <0,VheT.(@A)}. (2)

Let F : X =3 Y be a multifunction between topological
spaces. Denote by

domF := {x € X | F(x) #0},

€)
rgeF := {y € Y | 3x with y € F(x)}

the domain and the range of F. Each multifunction F : X =
Y is uniquely associated with its graph:

gphF = {(x,y) e X xY | y € F(x)} (4)

in the product space X x Y. As usual, F is said to be closed if
gphF is a closed subset of XxY. F is lower semicontinuous (in
short, Ls.c.) at X € dom F if, for any open set V C Y satisfying
F(x) NV #0, there exists a neighborhood U of X such that
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F(x) NV #0 forall x € U. For any (x, y) € gphF, the Clarke
coderivative D” F(x, y) of F at (x, y) is defined by

DF (x,y) (y")={x"eX"1(x", —y") € N.((x, y); gphF)},

Vy'eY".
(5)

The history of the coderivatives can be found in [16, 17].
Let ¢ : X — R be an extended real-valued function,

domg :={x € X | ¢ (x) < o0},
(6)
epig = {(x,p) €e XX R | > ¢ (x)}.

We say that ¢ is proper if (x) > —oco for all x € X and
dom ¢ # 0. Recall that ¢ is Ls.c. at a point X with |¢p(X)| < co
if liminf, _ £ ¢(x) > ¢(x). We say that ¢ is Ls.c. around x
when it is Ls.c. at any point of some neighborhood of x. For
x € domgand h € X, let ¢'(x,h) denote the generalized
directional derivative introduced by Rockafellar (cf. [18]);
that is,

10

(pT (x,h) :=limlimsup in . (7)

el0 zihc t10 weh+eBy

where the expression z %, x means that z — x and
@(z) — @(x). Let 0,¢(x) denote the Clarke-Rockafellar
subdifferential of ¢ at x; that is,

0. (x) = {x" € X" | (x",h) < ¢ (x,h),Vhe X}. (8)

When ¢ is convex, the Clarke-Rockafellar subdifferential
reduces to the one in the sense of convex analysis; that is,

Ocp (x)
={x"eX" | {x",y-x)<9(y)-9x),Vye X}, 9)
Vx € dom ¢.

For a closed subset A in X, let §, denote the indicator
function of A. It is known that 0,6 4,(a) = N_(a; A) and

0.9 (x) ={x" e X" | (x*,-1) € N, ((x, ¢ (x));epi9)},

Vx € dom¢.
(10)

The following sum rule plays important role in variational
analysis and is useful for our analysis.

Lemma 1 (see [18]). Let X be a Banach space and let ¢,, ¢, :
X — R be proper lower semicontinuous functions. Let x €
dom ¢, Ndom ¢, be a local minimizer of ¢, + ¢,. Suppose that
one of ¢, and ¢, is locally Lipschitz around x. Then

0 € 0.9, (x) + 0.9, (x). (11)
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Lemma 2 (see [16]). Let (X, d) be a metric space. Assume that

X is complete and that ¢ : X — R is a proper Ls.c. function
bounded from below. Let € > 0 and x,, € X be given such that
¢(x,) < infy @+e. Then forany A > 0 thereis x € X satisfying

(@) o(x) < ¢(x,),
(b) d(F, x,) < A
(©) p(x) + (e/N)d(x, %) > ¢(X) for all x +x.

3. Implicit Multifunction Theorems

Theorem 3. Let X and Y be Banach spaces, P a topological
space, F : X x P =3 Y a multifunction, G : P = X the implicit
multifunction defined by (1), and (x,, p,) € X X P a pair with
0 € F(xy, py). Denote F,(-) := F(:, p). Suppose that there exist
constants r > 0 and o > 0 such that

(i) for any p € B(py, 1), the multifunction Fp(-) is closed;

(ii) for any 8 > 0 and any (x, p) € B(x,,1) x B(py, 1) with
0 ¢ F(x, p),

o< lgg)linf{“x*" :x" € DIF, (%, 9) ("),

y €113 (0:F, (x)) N B(0,r), y" € Js ()}
(12)

where TIg(0;Fy(x)) = {y € Fy(x) | Iyl <
dist(0, F,(x)) + 0} and Js(y) == {y" € Sy- | Iyl -
(y*,y) <6}

Then G is locally metrically regular around (x,, p,) with
modulus 1/o. In fact, for any p € (0, min{r, ra/2}), we have

dist (x, G (p)) < é dist (0, F (x, p)) 13)
forall (x, p) € B(xy,7/2) X B(py, r) with dist(0, F(x, p)) < p.

Proof. Fix any u € (0,min{r,r0/2}) and any (x,p) €
B(xy,1/2) x B(py,r) with dist(0, F(x, p)) < . If dist(0,
F(x, p)) = 0,then 0 € F(x, p) and hence x € G(p). Therefore,
both sides of (13) are equal to 0 and (13) holds. Hence, we can
assume that dist(0, F(x, p)) = «, where « € (0, u). It remains
to show that

dist (x,G (p)) < g. (14)

Since 0 < a < y < ro/2, we obtain that 2a/r < o. For each
e € (0,r — p) with 2(x + €)/r < 0, by the definition of the
distance function, there exists y € Fp(x) such that |y]| < « +

€ < p+ & < r. Define the function f, : X xY — R by

£y () = g, (45), V(') €07

(15)

We claim that fp isLs.c. on X xY due to condition (i). Fix any
te 2a+e)/r,0).Put f = fp(x, y) = [[¥ll. We see that

fym=tE 16)

Clearly,

17)

-~

fp(xy)< inf f, (x',y') +t-

(x’,y’)eXxY

Applying the Ekeland variational principle via the new norm
(', y')lln = x| +11||y' | in the product space X xY for some
0 < < 1/o allows us to find (X, y) € X x Y satisfying

£, (23) % £, (5.7), g
fr(®9) < fp (x', y') + t"(x', y') - (& )7)";1, (18)

V(x',y') e X xY.

|%7) - P, <

This implies that (X, ) € gphF,,

Bl<Fl,  15-xlnlp-7l<L

t
170 < ']+ (' = =] + 2]y - 51)
(20)
+ 8gphFP (x',y') , v (x',y') € XxY.
Furthermore,
% = xof| < 1% = xll + [|x = xo]
Biriarer oL @
t 2 t 2 2 2
171 <7l =B <r.

That is,

X €intB(xy,7) € B(xy,7), y €intB(0,r) c B(0,7).

(22)

We now show that0 € F »(X). Assume to the contrary that

0 ¢ F,(%) and then y # 0. Define the function @ : XxY — R
by

o ()= ]+ (- =+ nly - 7)),
(23)
V(x',y') € X xY.
It follows from (20) that (X, ¥) is a minimum of the function
¢+0 £, on XxY. Noting that y # 0, it follows from Lemma 1
that

(O> 0) € ac(P (55’ )7) + ac(sgphFP (55’ 5})

= {0} x J (7) +t (Bx- x nBy.) + N. (%, 7); gphF,)
(24)

gph

This implies that there exist y; € J(y) and (x;,y;) €
Nc((k: )7), gpth) such that
Il <t v +yil<m (25)

It follows that

Il <1+l + x5l <1+
(26)

ly2l = 1-t9>0,



Let x* := x;/lly, I and y* := (3, /ly; ). Then (x*,-y") €
N.((%, 7); gphF,), and hence x* € D:Fp(f,f/)(y*). We

observe that [ y*|| = 1 and

*
sl
1= 5

Since yf € J(), we have that ||yl | = Land (y;, ¥ = 7.
Furthermore,

211171

<t(1—tn) " (27)

ol P21 EXCS %)

= (2 =070 + 7] + (32> 9)
<tnr+(y,9) + (92, 7) (28)
=tnr+(y +,.7)

<tyr+ |y +y; || |71 < 2tnr.

Dividing both sides of the above inequality by ||y, || gives us
that

17l = (" ) < 2tnr- <anr(l-ty)™. (29)

4] 2"

For any y' €F, (X), by (20), we have that

171 <y + el =5 < @+ ) |y ] +enl50. - GOy
This implies that

171 < {

1+t17

|| 1. v eF,®. (31)
Hence,

|| ” < ’7 dlSt (0 F (x))

(32)

2
= dist (o, F,(®)+ _”Zn dist (0, F, (%)).
Fix any § > 0; it follows from (27), (29), and (32) that

¥ €10, (0; F, *)
(33)

[l <t+8 ¥ eJs(3),

when # > 0 are chosen sufficiently small. Taking § | 0 in
the above gives us that x| < t < o, which is contrary to
condition (ii). Therefore, we have shown that 0 € F,(%); that
is, X € G(p). It follows that

dist(x,G(p)) < [x— x|l < = ﬁ (x:-e‘ (34)
Lettingt — o, we obtain that
dist (x,G (p)) < L (35)

Letting e — 0, we obtain that

dist (x,G (p)) < = = édist (0.F(x.p).  (36)
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Remark 4. We obtain the same result with Huy et al. [15
Theorem 3.1] under much weaker coderivative condition.
Noting that the proof of Theorem 3 is much simpler than that
of [15, Theorem 3.1], similar results presented in [9, Theorem
3.5], [10, Proposition 3.6], [14, Corollary 3.3], and [8, Theorem
3.1] all require the assumption of the inner semicompactness
of the metric projection mapping. However, Theorem 3 does
not require this assumption. Moreover, we can see from the
proof of Theorem 3 that the conclusion of the theorem is still
valid, if the topological space P is replaced by a metric space.

Theorem 5. Suppose that all the assumptions of Theorem 3 are
satisfied. Moreover, assume that

(iii) F is Ls.c. at (xg, py)-

Then G is metrically regular around (x, p,) with modulus 1/o.
In fact, there exists a constant p > 0 such that

dist (x, G (p)) < édist (0,F (x, p)) (37)

for all (x, p) € B(xy, p) x B(py, p).

Proof. By Theorem 3, for any y € (0, min{r, ro/2}), we have
dist (x, G (p)) < édist (0,F (x, p)) (38)

for all (x, p) € B(xy,7/2) x B(p,,r) with dist(0, F(x, p)) <
p. Clearly, 0 € F(x,, p,) N int B,(0). By condition (iii), there
exists a constant p; > 0 such that

F(x,p)n int B, (0) #0 Y (x, p) € B(xg,p1) X B(po> p1) -
(39)

Hence,

dist (0, F (x, p)) <@, ¥ (x,p) € B(x0 p1) X B(po» 1) -

(40)

Choose a number p € (0, min{p,,r/2}). Then p satisfies
the conclusion of Theorem 5. Indeed, for any (x,p) e
B(xy, p)xB(py, p), we have (x, p) € B(xy, p;)xB(py> p1)> and it
follows from (40) that dist(0, F(x, p)) < u. Moreover, (x, p) €
B(xy,7/2) x B(py, ). It follows from (38) that dist(x, G(p)) <
(1/0) dist(0, F(x, p)). O

Remark 6. Similar results presented in [7, Theorem 3.2] and
[14, Corollary 3.6] are established in terms of Mordukhovich
normal coderivative in Asplund spaces. Moreover, [7, Theo-
rem 3.2] and [14, Corollary 3.6] all require the assumption of
the inner semicompactness of the metric projection mapping.
However, Theorem 5 does not require this assumption.

Theorem 7. Suppose that all the assumptions of Theorem 3 are
satisfied. Moreover, assume that P is a subset of a normed space
and

(iii) there exists a constant | > 0 such that
F(x,p') NrBy C F(x,p)+1 ||p' - p“ By,

Vx € B(xp.7), Vp.p' € B(pp7).

Then G is Lipschitz-like around (p,, x,) with modulus 1/o.

(41)
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Proof. Choose a number y € (0, min{r, ro/2}). We can assert
from Theorem 3 that

dist (x, G (p)) < é dist (0, F (x, p)) (42)

for all (x, p) € B(x,,7/2) x B(p,,r) with dist(0, F(x, p)) < p.
Choose a number p € (0,7/2) with 2Ip < y. We claim that

) Ly
G(p')nB(x0p) <G(p)+— P - P B )

vp',p € B(ppp)-

Indeed, fix any p’, p € B(p,, p) and any x € G(p') N B(x,, p).
Then we have 0 € F(x, p'), and it follows from condition (iii)
that 0 € F(x, p) + lllp' — pliBy. Hence,

dist (0, F (x, p)) <1[[p" - p| < 1(|[p" - po| + |20 - 2Il)

<2lp < p.
(44)

By (42) and (44), we obtain that

dist (%G (p)) = L dist (0.F (. p) < = [~ p] . 49)

1
o

Therefore,

xec(p)+§||p'_p||BX. (46)

It follows that (43) holds. Therefore, G is Lipschitz-like
around (p,, x,) with modulus //o. O

Remark 8. We obtain the same result with Huy et al. [I5,
Theorem 3.2] under much weaker coderivative condition.
Similar results presented in [9, Theorem 3.5], [10, Corollary
3.9], [7, Theorem 3.3], and [14, Corollary 3.10] all require the
assumption of the inner semicompactness of the metric pro-
jection mapping. However, Theorem 7 does not require this
assumption. Similar result presented in [12, Theorem 3.1] does
not require the assumption of the inner semicompactness of
the metric projection mapping, but it is established in terms
of Fréchet coderivative in Asplund spaces.

Theorem 9. Suppose that all the assumptions of Theorem 3 are
satisfied. Moreover, assume that

(iii) for any (x, p) € B(xy, 1) x B(py, 1), the multifunction
F(x,-)isLs.c. at p.

Then there exists a constant s €
multifunction G : P = X defined by

(0,7) such that the

G(p) :=G(p)nint B(xq,r) (47)
is nonempty and Ls.c. on B(p,, s).

Proof. Since 0 € F(x,, py), by condition (iii), there exists a
constant p > 0 such that

F (x4, p) Nint B(0,min{r,ro}) #0, Vp € B(pyp).

(48)

Hence,

dist (0, F (xg, p)) < min{r,ro}, Vp e B(pyp). (49)
Choose a number s € (0, min{r, p}). We show that s satisfies
the conclusion of Theorem 9.

(a) Fixany p € B(p,, s). We prove that G(p) is nonempty.
Define the function f, : X XY — R by

fo (. 9) = ¥+ 8gpnr, (. 7), ¥ (x,3) € XxY. (50)

We claim that fp is L.s.c. on X x Y due to condition (i). If
fp(xO,O) = 0, then 0 € Fp(xo), and hence x, € G(p). It

follows that x, € G(p) N int B(x,,r). That is, G(p) +0. If
fp(xo, 0) #0,then0 ¢ Fp(xo), and hence dist(0, F(x,, p)) > 0.
We may assume that « := dist(0, F(x,, p)), where 0 < « <
min{r,ro} < r.

For each ¢ € (0,7 — ) with (e +¢€)/r < 0, by the definition
of the distance function, there exists y € F,(x,) such that
VIl < « +€& < r.Let B := fp(xoj) = |[yll. Fix any t €
((ex + €)/r,0). We see that

Sty =1L gl
Clearly,
_ . B
fp (%0, 7) < (x,yl)rg( b (e y) +t- 2 (52)

Applying the Ekeland variational principle via the new norm
[l(x, y)II}7 := |lx|l + #ll ¥l in the product space X x Y for some
0 <7 < 1/o allows us to find (X, ¥) € X XY such that

HED T @), < b
&)< o)+t - @], O
V(x,y) € XxY.

This implies that (X, ) € gphF,,

17l < 171l ||f—xo||+nllf—illsg) (54)
y<ly x=X[+njy-y gphE, (6 7)
171 < Iyl + ¢ (e = =+ 7]y = 91D + e, (. ) )
V(x,y) € XxY.
Furthermore,
Fxl<f < plspl<n 69

That is,

X €intB(xy,7) € B(x,,7), y €intB(0,7) C B(0,7).

(57)



We now show that0 € F P(f). Assume to the contrary that
0 ¢ F,(x)and then y #0. Define the functiong : XXY — R
by

¢ (% y) = [yl +t(lx ==l + 7]y - 7).
V(x,y) e XxY.

It follows from (55) that (X, y) is a minimum of the function
o+ SgphFP on X xY. Arguing as in Theorem 3, we can deduce a

contradiction with condition (ii). Therefore, we have shown

that 0 € F,(x); that is, X € G(p). It follows from (57) that
G(p) #0.

(b) Fix any p € B(p,,s). We prove that G is L.s.c. at p. It
suffices to show that, for any x € G(p) and any & > 0,
there exists a constant t > 0 such that

G(p')nintB(x,e) #0, ¥p' € B(p,t). (59
Since x € (~?(p), we have that 0 € F(x, p) and x € int B(x,, r).
Choose a number # € (0, €) such that B(x,#) C B(x,,r) and
B(p,n) € B(p,, ). Arguing as above for the pair (x, p) in the
place of (x,, py), the constant # in the place of 7, and the ball
B(x,1), B(0,7), and B(p,#) in the place of B(x,,r), B(0,r),
and B(p,, ), respectively, we find a constant ¢ € (0,#) such
that

G(p')nintB(x,n) #0, Vp' € B(p.t).  (60)
Since int B(x, #) C int B(x,, r) N int B(x, €), from (60) we get

G(p')nintB(xpr) NintB(x,e) #0, Vp' € B(p,t).
(61)

That is,
G(p') NnintB(x,e) #0, Vp' € B(p.t). (62)
O

Remark 10. Similar results presented in [7, Theorem 3.1] and
[14, Theorem 3.12] are established in terms of Mordukhovich
normal coderivative in Asplund spaces. Moreover, [7, Theo-
rem 3.1] and [14, Theorem 3.12] all require the assumption of
the inner semicompactness of the metric projection mapping.
However, Theorem 9 does not require this assumption.

Corollary 11. Let X and P be Banach spaces, ® : X = P a
multifunction, and (x,, p,) € X x P a pair with p, € ®(x,).
Suppose that @ is closed and that there exist constants r > 0
and o > 0 such that, for any § > 0 and any (x, p) € B(x, 1) X
B(py, 1) with p ¢ O(x),

o <liminf {|x’|: 2" € DI @ (x,y + p) (4",
y €5 (0;® (x) - p) N B(0,1), y" € Js ()},
(63)

whereI15(0; ©(x)—p) :={y € D(x)—p | Iyl < dist(0, D(x)—
p) +0}and Js(y) == {y" € Sy | Iyl - (y*, y) <&}
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Then one has the following:

(a) there exists a constant p; > 0 such that, for any T €
(Ox pl]: B(Po> O'T) C (D(B(-x()) T));
(b) there exist constants yu > 0 and p, > 0 such that

dist (x, o' (p)) < é dist (p, @ (x)) (64)

for all (x,p) € Bl(xy,p,) X B(py,p,) satisfying

dist(p, D(x)) < w;
(c) @ is Lipschitz-like around (py, x,) with modulus 1/o;

(d) there exists a_constant s € (0,r) such that the
multifunction G : P = X defined by

G(p) =" (p) nint B(x,,7) (65)

is nonempty and Ls.c. on B(p,, s).
Proof. PutY := P. Define F: XxP = YandG: P = X by
F(x,p)=®(x)-p, V(x,p)eXxP,
G(p)={xeX:0eF(xp),

(66)
Vp € P,

respectively. Obviously, G(p) = {x € X : p € O(x)} =
o7Y( p). Itis easy to see that all the assumptions of Theorem 3
are satisfied. Indeed, p, € ®(x,) implies that 0 € F(x,, p,)-
Denote F,(-) := F(, p). We observe that gphFP = gph® -
(0, p) and Vp € P. Since @ is closed, we have that F,, is closed
for all p e P. It follows that condition (i) of Theorem 3 is
satisfied. Furthermore, we can prove that T.((x, y); gpth) =
T.((x, y + p); gph®), and it follows that N ((x, y); gphFP) =
N.((x,y + p);gph®). Hence, x* € D]F,(x,y)(y") &
x" € DI®(x,y + p)(y*). Then condition (ii) of Theorem 3
is satisfied.
Fix any y € (0, min{r, ro/2}). By Theorem 3, we have

dist (x, o' (p)) < é dist (p, @ (x)) (67)

for all (x, p) € B(xy,1/2) x B(py,r) with dist(p, P(x)) < p.
We now prove the conclusions of the corollary.

(a) Choose a number p; € (0,u/0). Let T € (0, p;]. Take
arbitrary p € B(p,,07). Clearly, p € B(py,0p,) C
B(py> 1) € B(py,r). Since p, € D(x,), we have that
dist(p, D(xy)) < llp — poll < p. It follows from (67)
that

dist (xo, o' (P)) < (lr dist (p, @ (x,))

 dist(p, (o)) -~ dist (po,  (x0))

el _
o
(68)

Hence, B(py, 01) € O(B(x, T)).
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(b) Take any p, € (0, (r/2)]. We can get the conclusion
immediately from (67).

(c) Clearly, ®(x) — p' ChDx)-p+p- p' c O(x) -
p+I p' — plBy. We can verify that condition (iii)
of Theorem 7 holds for F with modulus [ = 1. The
conclusion follows immediately from Theorem 7.

(d) Clearly, for any (x,p) € B(xy,r) x B(p,y, 1), the
multifunction F(x,-) is ls.c. at p. The conclusion
follows immediately from Theorem 9.

O

Remark 12. We obtain the same result with Huy et al. [15,
Corollary 3.1] under much weaker coderivative condition.
Similar results presented in [10, Corollary 3.10] are estab-
lished in terms of Mordukhovich normal coderivative in
Asplund spaces. Moreover, [10, Corollary 3.10] requires the
assumption of the inner semicompactness of the metric
projection mapping. However, Corollary 11 does not require
this assumption.

Conflict of Interests

The authors declare that there is no conflict of interests
regarding the publication of this paper.

Acknowledgments

This work was supported by the National Natural Science
Foundation of China (nos. 11226228, 71372113, and 11301254),
the Science and Technology Program Project of Henan
Province of China (no. 122300410256), and the Natural Sci-
ence Foundation of Henan Education Department of China
(no. 2011B110025).

References

(1] S. M. Robinson, “Stability theory for systems of inequalities, I.
Linear systems,” SIAM Journal on Numerical Analysis, vol. 12,
no. 5, pp. 754-769, 1975.

[2] S. M. Robinson, “Stability theory for systems of inequalities, II.
Differentiable nonlinear systems,” SIAM Journal on Numerical
Analysis, vol. 13, no. 4, pp. 497-513, 1976.

[3] S. M. Robinson, “Generalized equations and their solutions, I.
Basic theory, Mathematical Programming Studies, vol. 10, pp.
128-141, 1979.

[4] S. M. Robinson, “Generalized equations and their solutions,
II. Applications to nonlinear programming,” Mathematical
Programming Studies, vol. 19, pp. 200-221, 1982.

[5] Y.S. Ledyaev and Q. J. Zhu, “Implicit multifunction theorems,”
Set-Valued Analysis, vol. 7, no. 3, pp. 209-238, 1999.

[6] H. V. Ngai and M. Théra, “Error bounds and implicit multi-
function theorem in smooth Banach spaces and applications to
optimization,” Set-Valued Analysis, vol. 12, no. 1-2, pp. 195-223,
2004.

[7] G. M. Lee, N. N. Tam, and N. D. Yen, “Normal coderivative
for multifunctions and implicit function theorems,” Journal of
Mathematical Analysis and Applications, vol. 338, no. 1, pp. 11-
22,2008.

[8] N. D. Yen and J.-C. Yao, “Point-based sufficient conditions
for metric regularity of implicit multifunctions,” Nonlinear
Analysis: Theory, Methods and Applications, vol. 70, no. 7, pp.
2806-2815, 20009.

[9] N. Q. Huy and J.-C. Yao, “Stability of implicit multifunctions in
Asplund spaces,” Taiwanese Journal of Mathematics, vol. 13, no.
1, pp. 47-65, 2009.

[10] N. Q. Huy and J.-C. Yao, “Metric regularity of parametric gen-
eralized inequality systems,” Taiwanese Journal of Mathematics,
vol. 14, no. 5, pp. 2107-2123, 2010.

[11] N. H. Chieu, J.-C. Yao, and N. D. Yen, “Relationships between
Robinson metric regularity and Lipschitz-like behavior of
implicit multifunctions,” Nonlinear Analysis: Theory, Methods
and Applications, vol. 72, no. 9-10, pp. 3594-3601, 2010.

[12] T.D. Chuong, “Lipschitz-like property of an implicit multifunc-
tion and its applications,” Nonlinear Analysis: Theory, Methods
and Applications, vol. 74, no. 17, pp. 6256-6264, 2011.

[13] T. T. A. Nghia, “A note on implicit multifunction theorems,’
Optimization Letters, vol. 8, no. 1, pp. 329-341, 2014.

[14] M. G. Yang and N. J. Huang, “Random implicit function
theorems in Asplund spaces with applications,” Journal of
Nonlinear and Convex Analysis, vol. 14, no. 3, pp. 497-517, 2013.

[15] N. Q. Huy, D. S. Kim, and K. V. Ninh, “Stability of Implicit
Multifunctions in Banach Spaces,” Journal of Optimization
Theory and Applications, vol. 155, pp. 558-571, 2012.

[16] B. S. Mordukhovich, Variational Analysis and Generalized
Differentiation vol I: Basic Theory, Springer, Berlin, Germany,
2006.

[17] B. S. Mordukhovich, Variational Analysis and Generalized
Differentiation vol II: Applications, Springer, Berlin, Germany,
2006.

[18] E H. Clarke, Optimization and Nonsmooth Analysis, Wiley, New
York, NY, USA, 1983.



