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I. N. Baker established the existence of Fatou component with any given finite connectivity by the method of quasi-conformal
surgery. M. Shishikura suggested giving an explicit rational map which has a Fatou component with finite connectivity greater
than 2. In this paper, considering a family of rational maps R(z,t) that A. F. Beardon proposed, we prove that R(z,t) has Fatou
components with connectivities 3 and 5 for any ¢ € (0,1/12]. Furthermore, there exists t € (0,1/12] such that R(z, t) has Fatou

components with connectivity nine.

1. Introduction and Main Results

By Sullivan’s theorem [1], each Fatou component of a rational
map is eventually periodic. Moreover, for periodic Fatou
components, there are only four possibilities: attracting basin,
parabolic basin, Siegel disk, and Herman ring. Attracting
basins and parabolic basins are either simply connected or
infinitely connected, a Siegel disk is simply connected, and a
Herman ring is doubly connected. However, for nonperiodic
Fatou components, the corresponding connectivity may be
bigger than two.

For any given n € Z*, Baker et al. [2] proved that there
exists a rational map R which has a Fatou component with
connectivity n by the method of quasiconformal surgery. M.
Shishikura suggested giving an explicit example such that it
has a Fatou component with finite connectivity greater than
two. Beardon [3] investigated the family of rational maps as
follows:

Z* (1 + tlzz3)

R

(zeE,te[R{). 1

He proved the following result.

Theorem A. For sufficiently small t > 0, there exists a Fatou
component D of R(z,t) with connectivity three or four.

At the same time, he claimed that one may be able to
compute the connectivity of D by further discussion. Qiao
and Gao [4] verified that D has connectivity three for t €
(0,107*). Moreover, for any given positive integer n, two
different families of rational maps were constructed such that
one of them has a Fatou component with connectivity n (see
[4, 5]). However, the degree of rational maps satisfies with
those conditions are increased as the number n increases. As
the first step to study the problem of connectivity number
of Fatou components in rational maps space with fixed
degree, we just investigate the connectivity of any other Fatou
component of R(z, t) as the real parameter t varies. In fact, we
have the following results.

Theorem 1. Suppose that R(z,t) is defined as in (1); then we
have the following.

(1) Foranyt € (0, 1/12], there exist two Fatou components
D, and D, of R(z,t) with connectivities three and five,
respectively. Moreover, R : D, — D, is an unbranched
covering.
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(2) There exists t € (0,1/12] such that R(z,t) has one
Fatou component with connectivity nine.

Remark 2. In order to draw the graphs of Julia sets and
Fatou components of such rational maps in complex plane,
we consider its conformal conjugate. Let g(z) = 1/z, and put
R(z,t) = geRog ' (zt) = (z2(z - t)’(z - t1)/(2® + t'). Tt is
easy to see that 0o is a superattracting fixed point of R(z, t) for
any t € (0,1/12]. By Figure 1, R(z,t) has Fatou components
with connectivities three, five, and nine for some t € (0, 1/12]
since R(z,t) and R(z, t) have the same dynamical properties.
Furthermore, by Figure 2, we know that R(z,0.004355) has
Fatou components with connectivities eight and fourteen,
and we conjecture that for any large integral N e N, there
exists ¢, € (0,1/12) such that R(z, t,) has a Fatou component
with its connectivity bigger than N.

2. Preliminary Lemmas

For the fundamental concepts and classical results of iteration
theory of rational maps, see [2, 3, 6, 7]. In order to prove
Theorem 1, we need the following four lemmas. Except for
Lemma 3, the others are certain modifications of results
which have been verified in [3].

Lemma 3 (see [8, Proposition 2.5]). Let f be a rational
map of a degree larger than one, and let {U}Y| be its one
(super)attractive or parabolic cycle of periodic Fatou compo-
nents. If one of U; (i = 1,..., p) is not simply connected, then
UL, U; contains at least two different critical values for critical
points in itself.

In what follows, t € (0,1/12] in R(z,t). It is easy to see
that z = 0 (resp., z = 00) is a superattracting (resp., repelling)
fixed point of R(z,t). Let Dy, be the Fatou component that
contains z = 0.

Lemma 4. The nonzero critical points of R(z, t) lie outside the
circle {z : |z| = 3}.

Proof. R(z,t) has exactly eight critical points, that is,
0,1/t,1/t and Ej (j = 1,2,3,4,5), which are the solutions of

the equation R'(z,t) = 0. Obviously, z = 1/t lies outside
the circle {|z| = 3}. By a calculation, each Ej (j=1,2,3,4,5)
satisfies the following equation:

2+tz H(zt) =0, (2)

where H(z, t) = 1'%z = 2112 (1 +269) 2 + 51122 — 2tz + 1 - 1.
Putting

1
M:sup{lH(z,t)|:|z|S3,te(O,E”, (3)
we can deduce that
M < 816" + 54t (1+26) + 45t 461" + £ + 1< 2. (4)

By (2), the nonzero critical points of R(z,t) lie outside the
circle {z : |z| = 3}. O
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Lemma 5. D, is simply connected and {z : |z| < 1/2} c

Dy, € {z : |z| < 3/2}.

Proof. Forz € K = {z : 0 < |z| < 3/2}, we have

‘R(z,t)’ B 1+ 62z
217 (-t (1-ttI2)
B 1+(3/2)°t" 23
(-G (1-G/2)t) 2
(5)
‘R(z,t)‘> 1- 2
22 |7 (1 +tlz)’ (1 +1t4z])
1-(3/2)°t" J2
T +G2N(1+@B/2)) 3

If |z| < 1/2, then |R(z)| < (3/2)|z]* < (3/4)|z[; we can
deduce that {z : |z] < 1/2} € Dy,.

Suppose that D, meets the circle {z : |z| = 3/2}; take
apoint w € Dy, N {z : |z| = 3/2} and join w to the origin
by a curve 0 C Dy, It is easy to see that R” — 0 uniformly
on o; then there exists a unique positive integer k, such that
R*(0) meets the circle {z : |z| = 3/2}, but R"(c") does not meet
{z : |z| = 3/2} for n > k. Let { be a point where R*(0) meets
{z : |z| = 3/2}; we have

202

51> [R@[ > 317 = [¢]- ()
Itis a contradiction and thus Dy, C {z : |z| < 3/2}. Obviously,
Dy, contains only one critical point z = 0 by Lemma 4; then
Dy, is simply connected by Lemma 3. O
Lemma 6. R™'(Dy,) only consists of two Fatou components,
that is, Dy, and D,y,, which contains a triply connected domain
Q. Here, O = {z : 1/2t* = 1/t < |z| < 3/2t* + 1/t, |z - 1/t*| =
1/2t%.

Proof. Take z € Q; by a simple calculation, we have
1
tlz] - 1> — —2 > 800,
213
1 3
P <tz < Z+7, (7)
2 2
1
'1 - t4z| > —.
2
It is easy to see that 1/(t|z| — 1) < 1.002/t|z|; we have

z* (1 + t12z3) |z|2 (1 + t12|z|3)
<

(1-tz)’ (tlz] - 1)°
8
(1 002)3|Z|2<1 ) ’
< (1. _—
(tlzl)’
Moreover, R(Q)) ¢ {z : |z|] < 6t} C {z : |z|] < 1/2}. By

Lemma 5, we have R(Q) € Dy, and Q & Dy, and there exists
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FIGURE I: The Julia set J(R(z, 1/20)) and three Fatou components of R(z, 1/20) with connectivities 3, 5, and 9, respectively.

atleast one Fatou component Dy, ( # Dy,) of R (D). Noting
that there are three (resp., two) zeros of R(z,t) in Q (resp.,
Dy), this implies that R™'(Dy,) = Dyy U Dy; and Dy; > Q.

O

3. Proofs

Let D ¢ C be a bounded Fatou component of R(z,t). We
denote the connectivity of D by n(D) and the unbounded
component of C\D by Out(D). Let Int(D) = C \ Out(D)
and d|p = deg(R : D — R(D)). Moreover, we say that a
component of R(D) (n € N) is a component D such that
R"(D) = D. We say that D surrounds a point z(¢ C) (or a
domain U(c C)) if it satisfies z € Int(D) (or U ¢ Int(D)) and
denote by D ¢ z (or D ¢ U). Denote the number of zeros
and poles of R(z, t) in the interior of Jordan curve y ¢ C by
N(R, y) and P(R, p). In order to prove Theorem 1, we need the
following propositions. Considering the connectivity of Dy,
in Lemma 6, we have the following result.

Proposition 7. Dy, is a triply-connected domain.
Proof. By a simple calculation, we have

zQ (z,t)

R (z,t) = .
&0 (1-t2)*(1 - t1z)’?

)

Here
Q(z,t) =172 -2t (1+28) 2" + 5617
(10)
—2t522 +t(1 —ts)z+2.
Note that
2
Q (—? + 5t2,t) = — ¢ +35t° — 122¢° + 524t — 9104

—1775t" + 77502 — 8750¢**

+3125t7 <0,
2
Q <_? ¥ 6t2,t) = 421° — 144¢° + 648+ — 1560t

— 1800t"® + 12960¢%! — 18144¢*

+ 7776t > 0,
(11)

we can deduce that there exists a point ¢, € (—-2/t+ 5¢%, -2/t +
6t%) such that Q(¢y> t) = 0 (¢, isacritical point of R(z, t)). Note
that (=2/t + 5t%, =2/t + 6t2) ¢ (-2/t,-1/t) and

R(-%J): xz(l—t9x9)

3 , (12)
2(1+x)° (1 +£3x)
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FIGURE 2: Two Fatou components of R(z, 0.004355) with connectivities 8 and 14, respectively.

and for any x € [1,2], we have |R(-x/t,t)| > 3/2; thus
[R(cy,t)| > 3/2. By Lemma 5, it follows that ¢, ¢ D,.
Moreover, three critical points 0, 1/¢ (twice) lie outside of D, .
Hence, D, contains at most four critical points. By Lemma 6,
since the triply-connected domain Q ¢ Dy, and 1/t* €
J(R(z, 1)) N {|z = 1/t*] < 1/2t*}, then x(D,) < -1. Applying
the Riemann-Hurwitz formula to the threefold covering map
R:D, — D,, we have

X(D1)+Z(kj_ 1) =3x(Dyo) = 3, (13)
so Y (k;—1) > 4. It follows that }(k;— 1) = 4and x(D,) = -1,
and thus n(Dy,;) = 3. O

By Lemma 5, Dy, is bounded. Since co is a repelling
fixed point, then each component in the preimage of D, is
bounded. In fact, we have the following result.

Proposition 8. Each Fatou component of R(z, t) is bounded.

Proof. By Proposition 7, D, contains four critical points and
they tend to z = 0 under R"(z,t) (1 — 00). Note that
R(1/t,t) = oo; then the dynamics of R(z,t) are decided by
the forward orbit of the critical point ¢, in Proposition 7. If
lim,, _, . ,R"(¢y) #0, there exists at most one cycle of periodic
components which is distinct from D, by Sullivan’s theorem.
Assume that this cycle exists, denoted by Uy, ..., U,; then

00 oo p
F(R(z,t) = [ JR™" (Dgo) U <UUR‘” (U,-)>. (14)
n=0

n=0i=1

Otherwise, F(R(z,t)) = U,2,R™(Dy).

Below we will prove that each component of F(R(z,1)) is
bounded. From the above analysis, let D be any component
of F(R(z,t)); there exists n € N such that R"(D) = Dy, or
R"(D) = U, (if it exists). In order to show that D is bounded,
we need to prove that U, is bounded. Suppose that U, .. ., U,

exist, and note that U’ R"(¢;) ¢ RU{oo}; we have U, ..., U,
which are (super)attracting or parabolic components by the
Sullivan theorem, and thus ¢, € U’ U,. Without loss of

generality, ¢, € U;. By Lemma 3, U; (i = 1,..., p) is simply

connected; then U, is contained in the bounded component
of C. O

Remark 9. By Proposition 8, z = oo and its preimages are
buried points; here a point z in Julia set is called buried point
if it is not on the boundary of any Fatou component.

By Lemma 6 and Propositions 7 and 8, let M, be
the component of C \ D,, which contains 1/¢* . Clearly,
M, +#{1 /t*}, and in the following, we denote M = Int(Dy;) \
(Dg; UM, ); then 1/t € M. Below we consider the connectivity
of R"(Dy,).

Proposition 10. R™'(D,,) consists of three Fatou components
with connectivities 5, 3, and 3, respectively.

Proof. We claim that R™' (D, ) consists of three Fatou compo-
nents. On one hand, since R(Out(Dy,;)) = R(M;) = Out(D,)
and D;; ¢ Out(D,,), there exists at least one component
of R™}(Dy,) in Out(D,,) and M, respectively. On the other
hand, since R(z, t) is monotone increasing from 0 to +co for
z € (0,1/t) and Dy; > Q by Lemma 6, there exists a unique
component D, of R™'(D,,) with D,N(0, 1/¢t) # 0 and D, ¢ M.
We claim that

1
D, o rt 15)

Assume that (15) is true (in what follows, we will return to
the proof of this fact later in the proof), and by the definition
of interior at the beginning of this section, 1/t € Int(D,).
Since 1/t is a critical point with multiplities 2 and 1/t* , 0o ¢
Int(D,), then R(z,t) is a 3-fold map from Int(D,) to some
neighborhood U of co. Furthermore, we can easily deduce
that D, is the unique component of R™'(Dy,) in Int(D,)
(otherwise, R(z,t) : Int(D,) — U is at least a 4-fold map; it
is a contradiction). Hence, d| p, = 3owingto R(z,t) : D, —
Dy, which is a proper map. Obviously, we have d|g, ) = 5, so
the number of components of R™*(D,,) in Out(D,,) and M,
is exactly one, respectively, denoted by D, and D;. Clearly,
D,, D,, and D, are mutually disjoint preimage components
of R"!(Dy,) and dlp, =dlp, = 1.
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Below we prove (15). In fact, if D, does not surround 1/t,
we distinguish two cases to discuss and get a contradiction.

(i) If D, does not surround Dy, it is easy to see that
R(Int(D,)) = Int(D,) and Dy, ¢ Int(Dy,), and since
D, has no pole, then R’l(DOO) N Int(D,) #0, but it is
a contradiction to Lemma 6.

(ii) If D, U Dy, note that R(z,t) < 0 for z € (1/t, 1/t%)
and lim, _,;,,R(2,t) = —00, and we can deduce that
there exists at least one component (denoted by D,)
of R"1(D,,) with D, N (1/t,1/t*) 6. Obviously, D, c
Out(D,,) and D,ND, = @ since D, does not surround
1/t. Ifﬁ; U Dy, then D; & 1/t, and by a similar
discussion as used in the case of D,, it is easy to see
that d| B, =3 but it is a contradiction to the fact that
both M and M, contain some connected components
of R (Dy,). If D, does not surround Dy, we also
get a contradiction by a similar discussion of case (i).
Hence, we get D, O 1/t.

Next we will acquire the connectivity of D; (i = 1,2, 3).
Obviously, ¢ ¢ D, U Dj, and by the Riemann-Hurwitz
formula, n(D;) = n(D;) = 3. Furthermore, we claim that
the “free” critical point ¢, in Proposition 7 is not contained in
D,, and thus n(D,) = 5. In order to prove that ¢, ¢ D,, we
turn to show the stronger result as follows:

D,NR™ =0. (16)

Otherwise, assume that x € D, N R™. Note that ¢ is a real
parameter and D,NR" # @; then D, is symmetric with respect
to real axis R. We choose a Jordan curve y in the interior of
D, such that y is very close to 0Out(D,) and symmetric with
respect to R, and we take a pointzyinyn{z | z € C,Imz >
0} such that z; is one of the nearest points from x; denote
the arc of y from z; to z, in counterclockwise direction by I
Moreover, we can also choose a Jordan arc # between x and
zoinyn{z | z € C,Imz > 0} such that y N T = {z,}. Set
#1=1{z | Z e y}and take T = TUnU7}; then T is a Jordan curve
in D_2 andTn 0D, ¢ {x}. Since N(R, I)=2,P(RT) = 3,and
arg R(z,t) changes by —27 as z goes around T by argument
principle, but arg R(z, t) changes by —67 since d| p, = 35 it is
a contradiction. Hence, we get (16). O

By a similar argument as the one used in (15), we can
deduce that D; & 1/t* and D, & Dy,. In fact, it is decided by
the “similarity” of the Julia sets J(R(z,t)). By the definition
of M, and Lemma 6, for any x, € M, N R, x, > 1/2t*.
Let x, € R™ be the largest point of 0Dy, and let x, € R"
be the largest point of 0D,; by Lemma 5, R(x,,t) = x, <
2. Furthermore, by Lemma 6 and (16), the unique “free”
critical point ¢, in Proposition 7 satisfies ¢, € (x;,0). Note
that R(z, t) is monotone increasing in (x;, ¢;) and monotone
decreasing in (¢, 0); by a calculation, we can easily deduce
that |R(c), )| < 1/t* for any x € (=1/t*,0). 1t is easy to
see that R(z,t) is monotone increasing in (0, 1/t) from 0 to
+00; then the equation R(z,t) = x, has only one real root
in (=1/t*, 1/t*) since R(z,t) < 0 for z € (1/t,1/t*). Since

FIGURE 3: Schematic diagram of U2 R™'(Dy).

D, c Mand M NR c (=1/t*,1/t*), we can deduce that the
number of bounded components of C \ D, which intersects
with R is two (see Figure 3).

For any component D in the preimage of D; (i = 1,2, 3), it
is easy to see that n(D) > 3 by the Riemann-Hurwitz formula.
Furthermore, the connectivity n(D) is decided by the number
of critical points in D and local degree d|,. It is easy to see
that there exists at most one Fatou component which contains
the free critical point ¢y; the following Proposition 13 shows
that even if there is no critical point in D, its local degree
may be larger than one. Therefore, we cannot give a complete
description of connectivity of this family of rational maps. In
order to get Proposition 13, we first consider the number of
poles in Int(D).

Proposition 11. No preimage component of D, or D sur-
rounds 0, 1/t or 1/t*.

Proof. We argue by contradiction and induction. Let D be
a preimage component of D, or D;; we distinguish the
following three cases to discuss.

(i) Suppose that D (& 0; it is easy to see that D & D, since
0 € Dy, and D # Dyy,.

(ii) Suppose that D & 1/t; then D ¢ M, or D c Out(D,).
If D ¢ M,, since R(z,t) > 0 forany z € D n (0,1/t) (#0)
and R(z,t) < 0 for any z € D N (1/t, 1/t*) (#0), R(D) & Dy,
by symmetry. If D ¢ Out(D,), then D & Dy, or there exist
two points z; € (0,1/t) N D and z, € (1/t, 1/t%) n D. Since
R(z,,t) > 0 and R(z,,t) < 0, then R(D) surrounds D, by
symmetry.

(iii) Suppose that D ¢ 1/t*; then either D or R(D)
surrounds Dy, by the similar proof of (i) and (ii).

In all, if D surrounds any of 0, 1/t or 1/ t* then either D
or R(D) surrounds Dy,. Note that if R(D) surrounds Dy, we
have D ¢ R7'(D,) and D ¢ R™(D;) since D, NR™ = 0
and D; ¢ M. To get the conclusion in this proposition, it
suffices to prove that no preimage component of D, or D,
surrounds Dy.



Below we prove that no preimage component of D,
surrounds Dy, by induction.

Let D be a component of R (D, ). Obviously, we have DN
Dy, = 0. Suppose that D & D,,; we will get contradictions by
discussion.

(iv) Suppose that D ¢ Out(D,,), and since (-0, -1/thn
D#0, we get R(D) N R™" 0 which contradicts with D, N
R = 0.

(v) Suppose that D ¢ M, and choosing a Jordan curve y in
D such that y 0 Dy, it is easy to know that N(R,y) = 2 and
P(R,y) = 0 or 3. Since R(D) = D, and D, does not surround
Dy, the contradiction can be deduced by argument principle.

Hence, any component D of Ril(Dz) cannot surround
Dyo- Assume that any component of R™"(D,) cannot sur-
round D,. Again, let D be a component of R™"*V(D,).
Suppose that D & D,,; we still distinguish two cases to
discuss.

(vi) Suppose that D ¢ Out(Dy, ), and since R(z, t) < 0 for
anyz € Dn (=00, -1/t*) (#0) and R(z,t) > 0 for any z €
DN(1/t*, +00) (#0), then R(D) surrounds Dy, by symmetry
which contradicts with the assumption.

(vii) Suppose that D ¢ M, and since R(D) is a component
of R7"(D,) and R(D) # D, then R(D) cannot surround Dy, by
assumption. By a similar analysis as used in the case (v), we
also deduce a contradiction.

Therefore, we get that no preimage component of D,
surrounds Dy,. By a similar discussion as the above used
in D,, any preimage component of D; cannot surround
Dy. O

However, the conclusion in Proposition 11 cannot fit for
D,. For simplicity, the symbol (1 x n) (n € N) is -1 and

1--
. n
D(1xpy; = D; fori=1,2,3.

Proposition 12. Given that n € [1,+00), only one component
of R(D,) surrounds 0, 1/t, and 1/t*. Moreover, only one
component of R™"(D,) surrounds 1/t but does not surround
0 and 1/t*. In addition, only one component of R™™(D,)
surrounds 1/t* but does not surround 0 and 1/t.

Proof. By induction and a similar discussion as the one used
in Proposition 10, it is easy to get the following conclusion. For
any integer n € N, R™' (D) consists of three components:
one is contained in Out(D,y,,), denoted by D(y,,,1); one
is contained in M,, denoted by D j,,,,; one is contained in
M,, denoted by Dyy,,;. Moreover, D(;,(11)) O D15, and
D(sni O Daxmsryi (i = 2,3). By a similar discussion as
used in Proposition 11, we can deduce that any preimage
component of Dy, OF D53 (M = 1,...,n — 1) cannot
surround 0 or 1/t. Since R”(D(IXH)I-) = D;(i = 1,2,3), then
D(1x(u+1))> Dasmyz @a0d D(y,,)5 are satisfied with conditions of
this proposition in turn as follows:

D2 D12 DIIZ
Dy «— Dy «— 4 Dy «— {1 D;; «— 1§ Dy;; «—
D3 D13 D113
(17)
O
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By Proposition 10, we can deduce that n(D;y,,;)
1(D(15m3) = 3, M(D(1y);) = 5 for any n € [1, +00). However,
for the other components in the preimage of D; (i = 1,2, 3),
we have the following result.

Proposition 13. Given that n € N, let D be a component of
preimage of D 15,, 0F D153 and if ¢, € Out(D), then d|p, =
lord|p =2.

Proof. By Propositions 11 and 12, Int(D) contains no pole of
R(z,t), and thus R(Int(D)) = IntR(D) and R is a proper
map in Int(D). We distinguish three cases to discuss the local
degree of D as follows.

(1) If ¢ € Out(D), then d|j,py = 1 by the Riemann-
Hurwitz formula. Obviously, d|, = 1.

(2) If ¢y € D, then d|, > 2. By the Riemann-Hurwitz
formula, d|},py = 2, s0d|p = 2.

(3) If ¢y € Int(D) \ D, then d|;,py = 2 by the Riemann-
Hurwitz formula. Furthermore, we can deduce that
d|p = 2. Otherwise, d|, = 1. Note that Int(D) has
no poles of R(z, t), and for any bounded components
of C\R(D), the forward components of it in Int(D) are
corresponding to all bounded components of C \ D.
Hence, R }(R(D)) n Int(D) = D; it is a contradiction
to dliyyp) = 2.

O

Proof of Theorem 1. (1) It is an immediate result of Proposi-
tions 7 and 10.

(2) We show that R(z, 1/20) has a Fatou component with
connectivity 9.

Put t, = 1/20, and by Proposition 7, the “free” critical
point ¢, satisfies ¢, € (-2/t, + 5t5,-2/t, + 6t). Set
R(x) = R(x,ty), ri(x) = X2, r(x) = 1+ tész, ri(x) =
1 - tox)S, rg(x) = 1 - tgx (x € R); then R(x) =
(ry (), (%)) [ (r5(x)r4(x)). Put I} = [-2/t, + 5t§, -2/ty + 6t§],
and for any x, € I;, we have

ry (=2/to + 6t5) 1y (=2/ty + 567
r3 (=2/ty + 5t3) ry (—2/ty + 5t7)

(18)
ry (=2/t +5t5) 1y (=2/t, + 617)
r3 (=2/ty + 613) 1y (=2/t, + 6t3)

<R(x;) <

Furthermore, we can deduce that

R(x,) € [59.237,59.252] := I,, Vx, €I,.  (19)
If necessary, we enlarge or reduce the length of corresponding
interval, by a similar discussion as the one used in inequality
5, as follows:

R(x,) € [-465.125,-464.357] :=I;, Vx, € L;
R(x;) € [15.065,15.188] :=I,, Vx; € I3;
R(x,) € [15108,16564] := I, Vx, € I ;
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R(xs5) € [-0.714,-0.445] := I, Vxs € I5;
R(x4) € [0.178,0.478] := I,, Vx4 € I.
(20)
For example,

r, (59.252) 1, (59.252)
r; (59.237) 1, (59.252) ~

r, (59.237) 1, (59.237)

r3(59.252) r, (59.237)
(21)

N

R(x,) <

By Lemmas 5 and 6, I, U I, ¢ Dy, and I; ¢ D,,. Note
that I, = [15.065,15.188]; then I, C D,. Let D be the
Fatou component that contains ¢,, and since R(¢;) > 0, then
R(D)NR™ = @ by Proposition 11, and thus ¢, € Out(R(D)). As
R(z,t,) = —1/(t0)4 has an approximate root 22.9777(> 1/t,),
we have R(D) ¢ Out(D,). By Proposition 12, we can deduce
that R*(D) cannot surround D. By Proposition 13, d|, = 2
and dg«(p) = 1 (n = 1,2), and thus n(R(D)) = n(R*(D)) = 5,
n(D) = 9 by the Riemann-Hurwitz formula. O

Conflict of Interests

The authors declare that there is no conflict of interests
regarding the publication of this paper.

Acknowledgments

The authors would like to thank the referees for their valuable
suggestions for improving this paper. This research was sup-
ported by the National Natural Science Foundation of China
(nos. 11371363, 11231009, and 11261002), the Fundamental
Research Funds for the Central Universities (no. 2009QS15),
and the construct program of the key discipline in Hunan
province.

References

[1] D. Sullivan, “Quasiconformal homeomorphisms and dynamics.
L. Solution of the Fatou-Julia problem on wandering domains,”
Annals of Mathematics, vol. 122, no. 3, pp. 401-418, 1985.

[2] I. N. Baker, J. Kotus, and Y. N. Lii, “Iterates of meromor-
phic functions. III. Preperiodic domains,” Ergodic Theory and
Dynamical Systems, vol. 11, no. 4, pp. 603-618, 1991.

[3] A. E Beardon, Iteration of Rational Functions, vol. 132 of
Graduate Texts in Mathematics, Springer, Berlin, Germany, 1991.

[4] J. Y. Qiao and J. Y. Gao, “The connectivity numbers of Fatou
components of rational mappings,” Acta Mathematica Sinica,
vol. 47, no. 4, pp. 625-628, 2004 (Chinese).

[5] M. Stiemer, “Rational maps with Fatou components of arbitrary
connectivity number;” Computational Methods and Function
Theory, vol. 7, no. 2, pp. 415-427, 2007.

[6] L. Carleson and T. W. Gamelin, Complex Dynamics, Tracts in
Mathematics, Springer, Berlin, Germany, 1991.

[7] J. Milnor, Dynamics in One Complex Variable, vol. 160 of Annals
of Mathematics Studies, Princeton University Press, Princeton,
NJ, USA, 3rd edition, 2006.

[8] E Przytycki, “Iterations of rational functions: which hyperbolic
components contain polynomials?” Fundamenta Mathemati-
cae, vol. 149, no. 2, pp- 95-118, 1996.



