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By using a fixed point theorem of strict-set-contraction, which is different from Gaines and Mawhin’s continuation theorem
and abstract continuation theory for k-set contraction, we established some new criteria for the existence of positive periodic
solution of the following generalized neutral delay functional differential equation with impulse: x'(t) = x(t)[alt) - ft, x(t), x(t -

T, (6 x())), ..., x(t — 7,(t, x(1))), x'(t - i (t,x(t))), ...

X (E =y O], t#t k€ Z,; x(t]) = x(£) + 0,(x(t,)), k € Z,. As

applications of our results, we also give some applications to several Lotka-Volterra models and new results are obtained.

1. Introduction

Many systems in physics, chemistry, biology, and information
science have impulsive dynamical behavior due to abrupt
jumps at certain instants during the evolving processes. This
complex dynamical behavior can be modeled by impulsive
differential equations. Impulsive differential equations have
become more important in recent years in some mathe-
matical models of real processes and phenomena studied in
physics, chemical technology, population dynamics, biotech-
nology, and economics; see [1-8]. There has been a significant
development in impulse theory, in recent years, especially
in the area of impulsive differential equations with fixed
moments; see the monographs [9-11].

In this paper, we consider more general neutral delay
functional differential equation with impulse:

O =x®)a®) - f(Lx®),x(t -1, tx®),...,
x(t -1, (tx(1)),
X (t=y (tx(t),...,
X (t=y, tx(®))],
t+t, keZ,,
keZ,

x () = x () + O (x (8))
@

where a € C(R, R"), 7;(t),y;(t) e C(RR) (i = 1,2,...,n, j =

1,2,...,m) are w-periodic functions and f € C(R*"*™, R)
is w-periodic function with respect to its first argument.
Moreover, x(t}), x(t; ) represents the right, left limit of x(¢) at
the point ¢, respectively. In this paper, it is assumed that x is
left continuous at t;; that is, x changes decreasingly suddenly
at times ;. 6, € C(R",R"),w > 0 is a constant, R =
(=00, +00), and R* = [0, +00), Z, = {1,2,3,...}. We assume
that there exists an integer ¢ > 0 such that f;,, = #; + o,
Oksq = Ok, where 0 < t; <, <--- <t, < w. For the ecological
justification of (1) and the similar types refer to [8, 12-17].

In 1993, Kuang in [12] proposed an open problem (open
problem 9.2) to obtain sufficient conditions for the existence
of a positive periodic solution of the following equation:

W _N®[a) - FONO-bONE-7()

dt (2)
—cON' (t-7@1)].

In [13], Fang and Li studied model (2) and gave an answer
to the open problem 9.2 of [12]. But paper [13] required that
b(t) = 0,c(t) > 0and ¢(t) > b(t), (t) > 0 or c(;(t) < b(t),
B(t) < 0fort € [0, w], where ¢(t) = c(t)/(1 - 7'(t)). In [14],
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Yang and Cao studied a general neutral delay model of single-
species population growth:

‘%j =N@®)|a®)-BENE® - Db )N (t-7,(t))
i=1

) (3)
DGON (t-y,0)|.
i=1

They applied the theory of coincidence degree to obtain
verifiable sufficient conditions of the existence of positive
periodic solutions of system (3). In [15], Lu considered the
following neutral functional differential equation:

N _ N

o at)-BONE - YbEON(t-1(b)

i=1

(4)
_ch ON'(t-v; (t)):| )
j=1

He obtained some sufficient conditions for the existence of
positive periodic solutions of model (4) by using the theory
of abstract continuous theorem of k-set contractive operator
and some analysis techniques. In [16], Yang and Cao used the
theory of coincidence degree to investigate a complex neutral
equation with several state-dependent delays as follows:

CZ—I;I =N(@)|a@)-BE)N({) - Zb,- ()N (t-7;(t,N (1))
i=1

D aON (t-y,0) |-
i=1

©)

They also got some verifiable sufficient conditions of the
existence of positive periodic solutions of system (5). In
[17], Li and Kuang considered the periodic Lotka-Volterra
equation with state-dependent delays:

‘;_f = x(t) I:r(t) —a(t)x(t) + i:zlbi () x (t—7; (tx (1))
Y x (t—y; tx®)) |
=1
(6)
They used the continuation theorem of coincidence degree

theory to obtain some sufficient and realistic conditions for
the existence of positive periodic solutions of system (6). In
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[8], Wang and Dai investigated the following periodic neutral
population model with delays and impulse:

6%] =N !a(t) —e(t)N () - zbj (t)N(t_Oj (t))
=1

_Zci(t)N'(t—Ti(t))jl, t# b
i=1
N({t)= (1+6)N (), k=12,....

@)

They obtained some sufficient conditions for the existence of
positive periodic solutions of model (7) by using the theory
of abstract continuous theorem of k-set contractive operator
and some analysis techniques.

The main purpose of this paper is to establish new criteria
to guarantee the existence of positive periodic solutions of
the system (1) by using a fixed point theorem of strict-set-
contraction [18-20].

For convenience, we introduce the notation

M = max (h(t)}, k"= min {h(®)},

te[0.w] te[0.0]
6, )
L

. — [ a(t)dt
8 = lim sup o =¢ loa®d
u—0
t<ti<t+w

(8)

B, = Jw aB)+0Y b () - )¢ |dt,
0 i=1 j=1

B, - jw B+ Vbt +Ye o] dt,
0 - st

i=1

where h(t) is a continuous w-periodic function.
Throughout this paper, we assume the following.
(A)a T, Y; € C(R, R) are w-periodic functions. In addi-
tion, a(t) > 0,t € [0,w],and o = e~ [y a®ds _ q

(A,) f € C(R*™™ R) is w-periodic function with f(t +
w,-) = f(t,-), f(£,0,...,0) = 0.

(A;) There exist w-periodic functions f(t),b(t) € C(R,
RY), ci(t) € CY(R, R"), such that

aB(t)+0Y b (t) - Y c;(t) >0,
i=1 j=1
|f (£ %0 X153 % Vi Vi)

* * * *
—f (85, XY 5o e X Yyrene

< B () |xo — %o

V)l

>

n m
" Z{b,- ) |x; - x| + fo ® |y -
i= J=
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F (6 X0 X103 X V1o o> Vi)

> B(t) xy + sz (1) x; — ch )y
=

i=1

9)
where t € [0,w], aly;| < x;, olyfl <xi,andi=1,2,...,n
j=L2,...,m.

(A,) We assume that (1 + aL)azBl/(l - 0) >
max;eo, {B() + X1, bit) + Z;il ¢;(t)}.
(As) We assume that @™ - 1)B,/o(1 - o) <

i, o, {0B() + 0 T, b6) - X (1))
(Ag) We assume that (1 - 0)/0”B,) Y1, ¢ < 1.

The paper is organized as follows. In the next section,
we give some definitions and lemmas to prove the main
results of this paper. In Section 3, we established some criteria
to guarantee the existence of at least one positive periodic
solution of system (1) by using a fixed point theorem of strict-
set-contraction. As applications in Section 4, we study some
particular cases of system (1) which have been investigated
extensively in the references mentioned previously.

2. Preliminaries

In order to obtain the existence of a periodic solution of
system (1), we first introduce some definitions and lemmas.

Definition I (see [17]). A function x : R — (0, +00) is said
to be a positive solution of (1), if the following conditions are
satisfied:

(a) x(t) is absolutely continuous on each (f;, t;,1);

(b) for each k € Z,, x(t]) and x(t;) exist, and x(t;) =
x(ti);

(c) x(t) satisfies the first equation of (1) for almost every-

where in R and x(t;) satisfies the second equation of
(1) at impulsive point t;, k € Z,.

Definition 2 (see [18]). Let X be a real Banach space and E a
closed, nonempty subset of X. E is a cone provided that

(i) ax+ By e Eforallx,y € Eand alla, 8 > 0;
(ii) x, —x € E imply x = 0.

Definition 3 (see [18]). Let A be a bounded subset in X.
Define ax(A) = inf{§ > O0: there is a finite number of
subsets A; ¢ A such that A = [J; A; and diam(4A;) < 6},
where diam(A ;) denotes the diameter of the set A ;; obviously,
0 < ax(A) < 00. S0 ax(A) is called the Kuratowski measure
of noncompactness of X.

Definition 4 (see [18]). Let X, Y be two Banach spaces and
D c X;a continuous and bounded map T': D — Y is called
k-set contractive if for any bounded set S ¢ D we have

ay (T(S)) < kax (). (10)

T is called strict-set-contractive if it is k-set contractive for
some 0 < k < 1.

Definition 5 (see [19]). The set F € PC,, is said to be quasieq-
uicontinuous in [0, w], if for any € > 0, there exists § > 0 such
thatifx € F,k € N',t,,t, € (t;_1, t)N[0, w],and |t, —t,| < 6,
then |x(¢;) — x(t,)| < e.

Lemma 6 (see [19]). The set F ¢ PC,, is relatively compact if
and only if

(1) F is bounded, that is, | x| < M, for each x € F, and
some M > 0;

(2) F is quasiequicontinuous in [0, w].
Lemma 7. x(t) is an w-periodic solution of (1) is equivalent to

x(t) is an w-periodic solution of the following equation:

x(t) = J:m [G(t, 9x(s) f (t,x o),

x(s—1,(5,x(s)),...,
x(s—1,(s5,x(s)),

X (s=p (%)
f@—m@anﬂ%
+ Z G(t,t) O (x (1))

t<tp<t+w

(11)
where

o s al®dt

G t)s = T 0 ..
&) 1 — o Iy a®az

seltt+w]. (12)

Proof. Assume that x(t) € X is a periodic solution of (1).
Then, we have

% [ x(eh a(&)ds]

= e b O () f (tx0),x (-7 (X ©), s

x(t -1, (6 x (1)), (13)

X (t-nE&x®),
Kty (EX0)), tHe

Integrating the above equation over [, + w], we can have

x(s) e b a©d a(dg| 2

by THQ _ J-s
+x(s)e
t

Ly THW

ttw

- [ a®)de

+--+x(s)e
tmq+nw



t+w s
- I [ x (s) e b a®dt
t

x f (t,x(s),x(s —7(8x0(8),. s

x(s—1,(sx(s),
X (s=p(5%(5))5. s

* (5= 1 (2 9) )] s,

(14)
wheret,, +nw € (t,t +w), m €{1,2,..., qhk=12,...,q
n € Z_. Therefore,

x () ¢ hoa®d [1 ek u(&)d&]
LY axfay)e b
t<t<t+w
_ Jt+w [x (S) o J’; a(&)dé
t
(15)
X f<t,x(s),x(s— 7, (5,%(5)))..0s
x(s—1,(s,x(s)),
X (s=y (%)),
x' (s =y, (5% (5))) )] ds,
which can be transformed into
t+w
= G (t,
x(t) L [G(t,5)x (s)
x f (t, x(s),x(s =7, (5x(5)),...,
x(s—1,(s5,x(s)),
(16)

X (s =y (5,x(9)s- 0
X (5= Y (5% (5))) )] ds
+ ) G6t) 6 (x (1)

t<t<t+w

Thus, x is a periodic solution for (11).
If x(t) € E is a periodic solution of (11), for any t = t,
from (11) we have

x () = % “t " [G(t:5)x ()

X f(t,x(s) x(s=1(5x(8)) .05
x(s—1,(s5x(s)),

X (s=y1(5x(s). .,

x' (s =y, (s, x (s))))] ds]»
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=[Gttt +w) x(t +w)
< f(t+wx(t+w),
x(t+w-1, (t+w,x(t+w)),...,
x(ttw-1,0t+0x(t+w)),
X (t+w—y (t+wxE+)),...,
X (t+w-y,+o,x(t+w))
Gt x®) f(Lx®,x(t-1,Ex®),. ..,
x(t -1, (tx (1),
X (t-p tx(®)),...,
Xty tx(®))] +a® x (®)
=x®)[a®)- f(tx®),x(t-7, (tLx(1),...,
x(t—1,(tx(1)),
X'ty 6 x (1)),
X (t-y, (x(@)))].
7)
Foranyt =t;, j € Z,, we have from (11) that
«(5)-x(t)= [ (0659 -9 x0
< f(6x(),x(s =1 (%))
x (s =17, (5% (),
X (s=y1 (%))
X (5= Y (5,x(5)))) ds

+ Z G (t; tk) O (x (t))

N
th<t<tjtw

- Z G (tj’ tk) O (x ()

ti<tp<t+w

= Ok (x (1)) -

(18)

Hence x(t) is a positive w-periodic solution of (1). Thus we
complete the proof of Lemma 7. O

Lemma 8 (see [18-20]). Let E be a cone of the real Banach
space X and E,p = {x € E:r < |x|| < R} with0 <r <R
Assume that A : E, p — E is strict-set-contractive such that
one of the following two conditions is satisfied:

(a) Ax £ x,Vx € E, ||x|| = r and Ax # x, Vx € E,
lxl = R;
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(b) Ax 2 x,Vx € E, |x|| = rand Ax £ x,Vx € E, || x| =
R.

Then A has at least one fixed point in E, p.
In order to apply Lemma 8 to system (1), we set
PC(R) = {X :R— R | X € C((tk,tk+1),R),

3x(t;) =x (), x(t;), k€ Z,,t € R},

PC! (R) = {x R — R|xeC ((tptr1)  R), (19)

3 (£) = ¥ (6), % (£) K € Zy b e R} .
Define
X={x:x€PC(R) | x(t +w) =x(t)} (20)
with the norm defined by [|x|| = max,¢[o . {lx(¢)[} and
Y={x:xGPCl(R)|x(t+w)=x(t),t€R} (21)

with the norm defined by || x|, = max{||x], lx"||}. Then X and
Y are both Banach spaces. Define the cone Ein Y by

E={x:xePC'(R) | x(t) 2 ollx],,t € [0,0]}. (22)

Let the map ¢ be defined by

t+w

[G (t:5) x(s)

00 = |

t
X f (s (8),x (s =7 (5,%(9) o

x (s =7, (5% (),

X (s=p (5x(9)5- .0

X (5= P (5x(5))) | ds

+ Y Gbt) 0 (x (1),

it o

where x € E, t € R, and G(t, s) is defined by (12). It is obvious

to see that G(t + w, s + w) = G(t, s), 0G(t, s)/ot = a(t)G(t, s),
G(t,t + w) — G(t,t) = -1, and

TGt < selttral.  (24)

1-0’

In what follows, we will give some lemmas concerning E and
¢ defined by (22) and (23), respectively.

Lemma 9. Assume that (A,)-(A,) hold.

(i) Ifa™ < 1, then ¢ : E — E is well defined.

(ii) If (As) holds and a™ > 1, then ¢ : E — E is well
defined.

Proof. For any x € E, it is clear that ¢x € PCY(R). From (23),
fort € [0, w], we have

(¢) (t + w)

= Lt”w [G (t + w, s) x (s)

xf(s,x(s), x(s—1,(5,x(s))...,
x(s—1,(5x(s)),
X (s=y (5x()),...

x' (s =y, (5, %(5))) )] ds

o)

t+w<t, <t+2w

G(t +w,ty) O (x (t))

= Lﬁw [G(t+w,u+w)x(u+w)

xf<u+w,x(u+w),
x(utw-1W+wxW+w)),...,
x(utw-1,Uu+wxWu+w)),

X (Ut w-y U+oxu+w)),...,

x (u+w—ym(u+w,x(u+w)))>]du

+ Y Gt 6 (x (1)

t<t; <t+w

- LW [G(t, §) x(s)

< f (52,2 (51, (5, 2(6)
% (s =7, (5,x(5)).
A CEI0))
K (5= 1 (5. x(5) ) s
FY Gt 0 (x(5)) = (¢x) ().

<t <t+w

(25)

That is, (¢x)(t + w) = (¢px)(t), t € [0,w]. So ¢px € Y. In view
of (A), for x € E, t € [0, w], we have

flx@®,x(t-7 6x®),...,

x(t—1,(tx (), x (t-y, 6x(1)),...,

X (t=y, (X (1))



> B x(t)+ )b (1) x(t -7, (tx (1)
i=1
=YX (t—ytx 1))
j=1

2 b @]+ Yo 0o |- S 0|
i=1 j=1

=[] [aﬁ (t) + ibi t)o - icj ®|>o,
i=1 j=1

(26)
flx@®,x(t-7 6x®),...,

x(t—1,(tx (), x (t-y &x®)),...,
X' (t =y (6x (1))
sh(nxaxxa—rgaxa») .....

x(t-1,tx(t)),

X (t=y (6x (@),

x' (t—ym(t,x(t)))>—f(t,0 ..... 0)’

<B@x®) + Y b () x(t -7 (tx ()

i=1

+ Y0 x (t-y; (6x(1).
j=1

(27)
Therefore, for x € E,t € [0, w], we find

[¢x] = max {|¢x 0]}

= max {fw [G(t, s) x (s)

te[0,w]

xf(s,x(s),

x(s=1,(s5,x(s)),
X (s=p (5x()5- -0

x' (s =y, (5,2 (5))) )] ds

+ z G(t,t;) O (x (tk))}

t<t <ttw
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oo

x(s—1,(5,x(s)),...,
x(s—1,(s5x(s)),

X (s=p (5%(5))5. s

<

x' (s =Y (5,x(5))) )] ds

+ Z ek(x(tk))}'

e
(28)
Furthermore, for x € E,t € [0, w], we have
(¢x) (t)
21f0{wa{uwf(ax@x
x(s—1,(5x(5)),.- -
x(s =1, (5% (),
X (s=y (5x())s- 0
K (5= (s (5) )] ds
+t5tkz<t+w9" o (t"))} (29)
=ﬁ%{£ﬂugf6x@,
x(s=1(5x())s...,
x (s =7, (5% (5))).
A CEI0))

x' (s =y, (5,x(5))) )] ds

-3 ) 2ol

<t <t+w

Now, we show that (¢x)(t) > oll¢x]|, ¢ € [0, w].
On the other hand, from (23), we obtain

((/)x)’ ) =Gt t+w)x(t+w)

xf<t+w,x(t+w),

x(tto-1t+twx(t+w)),...,

x(ttw-1,0+0x(t+w)),
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X (ttw-y (t+wx(t+w)),...,

x'(t+w—ym(t+w,x(t+w))))

_GDx) f (t,x(t) x (-1, (L (D).,
x(t-1,t x(1)),

X (t=p tx (@),
X (E =y (6 (1)) )

+a(t)(¢x) ()
=a(t) (¢x) ()

—x(0 f (620,

x(t-1 @t x®)),...,
x(t-1,tx(1),

X (t—y Ex(®),...,

X (t =y, (6% (1)) )
(30)

It follows from (29) and (30) that if (¢x)'(t) > 0, then
(dx) (1) < a (t) (¢x) (t) < ™ (¢x) (1) < ($x) (1). (D)
On the other hand, from (30) and (A ), if (¢x)'(¢) < 0, then
~(¢x)' (©) = —a(®) (¢x) ®)
+x(t)f<t,x(t),
x(t-17,tx(®),...,

x(t—1,t x(1)),
X (t =y, (X (©)) )
< [lxl} [ﬁ O+ Y+ Y (t)] —a" (¢x) (1)
i=1 j=1

2
< (1+a") —Iel}

< - lﬁ(s) Y- (s):| ds
¢ i=1 j=1

—a" (¢x) ()

t+w

= (1+aL)L lf

——olxl,
o

i=1

x [ﬁ(s) lxll, + ) b () l1xlly

=Y (s) ||x||1] ds
j=1

—a" (¢x) (1)

t+tw
< (1 +aL)J G(t,s)x(s)

X [ﬁ(t)x(s) + Db () x(s—7,(5))

i=1

_ch ) x' (s—yj (s))] ds
=1
—a" (¢x) (1)
i t+w
- (1+a )L G (t,s) x (s)

X f (s (8),x (s =7 (5,%(9)) o
x(s=17,(5%()),
X (s=y (5x(5),-..
X (5= Y (5,x(5)))) ds
—a" (¢x) (1)
= (1+a") (¢x) (t) - a" (¢x) (1) = (¢x) (£) .

(32)

It follows from (31) and (32) that ||((/>x)'|| < |lgx|. So llgxll, =
lpxll,. By (29) we have (¢x)(t) = oll¢xll,. Hence, ¢x € E.
This completes the proof of (i).

(ii) In view of the proof of (i), we only need to prove that
(¢x)'(t) > 0 implies (¢x)/(t) < (¢x)(t). From (23), (26), (A5),
and (A5), we have

(¢x)' (1) = a (t) (¢x) (1) = x (®)
< f(tx@®),x(t-1 (tLx®)),...,
x(t-1,t x (1),
X (t—yp tx(®)),...,
X (t=y, (6x (1))

< al(t) (¢x) @) - ollxll;



><f(t:x(t),x(t—r1 (t,x (). .,
x(t-1,(6x (1)),
X (- Gx®)),.
X (t =Y (62 (1))

< a (¢x) (t) - ollxII}

x[ﬂ%ﬂ+a£ha»—zga1

i=1 j=1

a¥ -1

< a™ (¢x) (t) - a||x||f0 T

x jw [ﬁ(s) B+ Y (s)] ds
0 i=1 j=1
= a™ (¢x) (1) - (a™ - 1)

t+w 1 L
XL It;wm[ﬁ@WMh+;@@wwl

+Y ¢ (s) ||x||1] ds
j=1
< a (¢x) (t) - (aM - 1)

X L G (t,s) x(s)

i=1

x l:ﬁ(s)x(s) + Zbl () x (s —7;(s,x(s)))

2.6 x(s-y;(5x(5)) | ds
j=1

< a™ (¢x) (t) - (aM - 1)
t+w
X { J; G (t,s) x(s)

X f(s,x(),%(s =7, (5,x(s) . s
x (s =17, (5x(5)),
X (s=p (5 x(5))5 .0
X' (s = Y (5,2 (5)))) s

+ Z G(t,t;) O (x (tk))}

t<t,<t+w

= a™ (¢x) (1) — (a™ = 1) (¢x) (£) = (¢x) (8).

(33)
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The proof of (ii) is complete. Thus we complete the proof of
Lemma 9. O

Lemma 10. Assume that (A,)-(A,) hold and R Z;‘zl CJM <L

() Ifa™ < 1, then ¢ : E(\Qg — E is strict-set-con-
tractive.

(ii) If (As) holds and a™ > 1, then ¢ : ENQg — Eis
strict-set-contractive,

where Qp = {x €Y : |x|; < R}.

Proof. We only need to prove (i), since the proof of (ii) is
similar. It is easy to see that ¢ is continuous and bounded.

Now we prove that a ay (¢(S)) < RZ;;I cJMocY(S) for any
bounded set S € Q. Let 1 = ay(S); then, for any positive
number € < R Z;l: 1 cJMn, there is a finite family of subsets {S;}
satisfying S = | J; S; with diam(S;) < # + €. Therefore,

|x_)’|1371+€, forany x, y € S;. (34)

As Sand S; are precompact in X, it follows that there is a finite
family of subsets {S;;} of S; such that §; = J; S;; and

|x—y|,<e foranyx,ye Sij- (35)

In addition, for any x € Sand ¢ € [0, w], we have

(¢x) (t) = J:m [G (t,s) x (s)

xf (550 x (=7 (26D oo
x(s =1, (5, (),
X (s=p (5x())s- 0
K (5= 1 (5 x(5) )| ds
+ ) Gbt) 0 (x (1)

t<t<t+w
2 w n n
< [ B0+ YhO+ Yo |ds
1-0 ) st =
1
P Y () = A
_Utstk<t+w

(36)
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|((/>x), (t)' = |a (t) (¢x) () —x(t) + tn?glx] { x(t) f (t,x ), x(t-7, tx®)),...,
x f(bx @), x(t-7, (6 x(®),..., ’
x(t-1,tx(t)),
x(t-1,Etx(t)),
) X (t-y tx ),
x (t-y tx®)),...,
X (£ =y (6% (1)) # (-3 0x @)
<a A+ R (ﬁM+ ib,-M+ iéM) _y(t)f<t’y(t)’y(t_11 -y @),
(t =, (6, @)
(37) y n\bLY ,
Y (t-ntytym)),...,
Hence, '
¥ (=1 ey @) )|}
()] < 2 <™ (¢x) - ()]
"I <a™ 2 gM oy M S M G t t,x(t),x(t t,x(t
o< aa e e Yo e ). v max fle@) [/ (8205 (-7 6x©) o
x(t -1, x (1),
Applying the Arzela-Ascoli theorem, we know that ¢(S) is /
precompact in X. Then, there is a finite family of subsets {S; ;. } X (t-nBx@),s
of §;; such that §;; = [Jy Sy and =y (6% () )
|¢px — ¢y|, <€, forany x,y € Sijk- (39) - f (t,y(t),y (t—1,(t,y(®)),...,
From (34)-(39) and (A;), forany x, y € Siji we have y(t-7,(ty®)),

Y -y (6yty®)). ..,

(6 - (89| Y (- p ey o) )|}

= max { a(t) (¢x) (t) —a(t) (¢y) () - x (t) + max {. [x () - y ()]
te[0,w]
xf(t,x(t),x(t—‘rl (t,x(t))) ..... xf(l‘,y(t)J’(t_Tl (t)y(t))) RN
x(t-1,(tx (), (t-1,(ty®))
yu-rn LYy ’
"=y, (X D)),
x (t-y tx(1)) Y (t-n(tyty®)...,
"t =y, (6 x (1)
Xty (tx )> y,(t_)’m(t’y(t)))>]|}
PLOY) (SIOBTCENCHIC) I < |(¢x) - (@)
y(t-1,(ty®)), + Rimax {y(t) |x (t) - y @)
Y (t-nEym),.... |
Y (E= Y (t,y(t)))>l} +,Z‘bi v |x(t_ri o)
< max [la ) (490 - (6) O)] y(t-n .y o)
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+ Y ) |x’ (t-, 6 x ()
j=1

-y (t-; Ly (®)) H

€ max

te0,0] B&)y(®+ sz @) y(t-=(ty®))

i=1
5O (£ 6y 1))
j=1

< aMe+Re</3M+ Zb,M> +RZCJM(€+1’])
=1

i=1

+R€Z<ﬁM+fQM+ ich>
i=1 j=1
=7 <icJMR> + Ie,

j=1
(40)

where

r;=aM+2R<ﬁM+Zb}4+ch”>. (41)
i j=1

i1

From (40) we obtain

[[px — </5y||1 <n <ZCJMR> +Tle, forany x,y € Sy.

=1
(42)
As € is arbitrary small, it follows that
ay (¢(8)) < <chjM ) ay (S). (43)
=

Therefore, ¢ is strict-set-contractive. The proof of Lemma 10
is complete. O

Lemma 11. Assume that (A,)-(A,) hold.

(i) If a™ < 1, then x is a positive w-periodic solution
of model (1), where x is a nonzero fixed point of the
operator ¢ on E.

(ii) If (As) holds and a™ > 1, then x is a positive w-periodic
solution of model (1), where x is a nonzero fixed point
of the operator ¢ on E.

3. Main Results

In this section, we will study the existence of positive w-
periodic solutions of system (1).

Journal of Applied Mathematics

Theorem 12. Assume that (A,)-(A,), and (Ag) hold.

(i) IfaM < 1, then system (1) has at least one positive w-
periodic solution.

(ii) If (A5) holds and a > 1, then system (1) has at least
one positive w-periodic solution.

Proof. We only need to prove (i), since the proof of (ii) is
similar. Let
l-0 o(l-0)-¢&

R= , 0<r< ——m. 44
02B, B, (44)

Then it is easy to see that 0 < r < R. From Lemmas 9 and 10,
we know that ¢ is strict-set-contractive on E, . By Lemma 11,
we see that if there exists x* € E such that ¢x* = x”, then x”
is one positive w-periodic solution of system (1). Now, we will
prove that condition (b) of Lemma 8 holds.

First, we prove that Tx 2 x, Vx € E, ||x|; < r. Otherwise,
there exist x € E, ||x||; < r, such that Tx > x. So ||x|| > 0 and
¢x — x > 0, which implies that

(¢x) () = x () 2 of¢x - x|, 20,

forany t € [0, w] .

(45)
Moreover, for t € [0, w], we have
(¢x) (1) = L [G(t5)x(s)
xf(s,x(s), x(s—1,(5x())),...,
x(s—1,(s5,x(s)),
X' (s=y,(5,%(5)),...,
x' (s =y, (s x (s))))] ds
+ ) G660 (x (1)
,
< 1-o flxl
x {Jw |:ﬁ(s)+ b, (5) + icj(s)} ds+£]»
0 i=1 j=1
< B g <o,
-0
(46)
In view of (45) and (46), we obtain
Il < [l¢x]| < o llxll < llx]l» (47)

which is a contradiction.

Finally, we prove that ¢x £ x, Vx € E, | x|, = R. For this
case, for the sake of contradiction, suppose that there exist
x € E, |x[l; = R such that ¢x < x. Furthermore, for any
t € [0, w], we have

x(t)-¢x(t) >0 ||x - ¢x|| >0, foranyt e [0,w]. (48)
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In addition, for any ¢ € [0, w], we find

(¢x) (1) = j

t

t+tw

[G (t.5) x (5)

x (550 x (-7 6x ()0
x(s =1, (5,2 (),
K (5= (5x())s- -0
K (s =y (5 () )| ds
+ Y G(tt) 6 (x ()

t<ti<t+o
g 2
> x
T la
w n m
X J o (s) + O'Zbi (s) - ch (s)|ds
0 i=1 j=1
2
- % BR=R
1-0

(49)

which is a contradiction. Therefore, condition (b) of Lemma 8
holds. By Lemma 8, we see that ¢ has at least one nonzero
fixed point in E. Thus, the system (11) has at least one positive
w-periodic solution. Therefore, it follows from Lemma 7 that
system (1) has a positive w-periodic solution. The proof of
Theorem 12 is complete. O

4. Applications

In this section, we apply the result obtained in the previous
section to some periodic population models with impulses
which are mentioned in the first section.

First, we consider a general neutral delay model of single-
species population growth with impulse:

‘;_Zj =N@® |[a®)-BEONE® - Y bEON(t-7,(1)
i=1

_ici N (t-y, (t))] , t#t, keZ,

i=1

N(t) =N (t) + 0 (N (), keZ

+>

(50)

and we investigate a complex neutral equation with several
state-dependent delays and impulse:

dN
— =NW [a(t)—ﬁ(f)N(f)

~YbON(t -7 (N (1)

i=1

1
e ®ON (t-y &N ®) |,
i=1
t#t, ke Z,,
N(t) =N () + 6. (N (), keZ,.
(51)

For convenience, we list several assumptions:
(A]), (A}), (A%), and (A}) are the same as (A ), (A,),
(As), and (Ag), respectively;
(AY) B),b(1),¢(t) € C(RR") (i = 1,2,...,n) are
w-periodic functions and

o (t) + O‘ib,- () - ic,- () >0, tel0,w]. (52)
i=1

i1
Theorem 13. Assume (A])-(A3), (A%) hold.

(i) IfaM < 1, then systems (50) and (51) have at least one
positive w-periodic solution.

(ii) If (A%) holds and a > 1, then systems (50) and (51)
have at least one positive w-periodic solution.

Proof. The proof is similar to that of Theorem 12; we omit the
details here.

Second, we consider a general neutral delay model of
single-species population growth with impulse:

N _Nw

7 a(t)=BE)N(t)

=Y (N (t-7,(t))
i1

(53)

—Zganwo—wan}
j=1

t+t, ke Z,,

N () = N () + 0 (N (t)), ke Z.,

and we investigate a periodic Lotka-Volterra equation with
state-dependent delays and impulse:

N _Nw

O r(t) —a(t) N (1)

~YbON(t-7,(tN (1))
i1

(54)
2 GON (t=y; 6N @) |,

j=1
t#t, ke Z,,

N(§) =N () +6,(N (1), keZ..



12

For convenience, we list several assumptions:

(H,), (H,), (H;),and (H,) are the same as (A ), (A,),
(As), and (Ag), respectively;

(Hs) B(),b,(t),¢;(t) € C(R,RY) (i = 1,2,...
1,2,...,m) are w-periodic functions and

M j =

Bt +aY b ()= Yc;i(t)>0, tel0w]. (55)

i=1 =1

Then we can obtain the following theorem. O
Theorem 14. Assume (H,)-(H,) hold.

(i) If a™ <1, then systems (53) and (54) have at least one
positive w-periodic solution.

(ii) If (H;) holds and al > 1, then systems (53) and (54)
have at least one positive w-periodic solution.

Proof. The proof is similar to that of Theorem 12; we omit the
details here. O

Remark 15. We apply the main result obtained in the previous
section to study some examples which have some biological
implications. A very basic and important ecological problem
associated with the study of population is that of the existence
of a positive periodic solution which plays the role played
by the equilibrium of the autonomous models and means
that the species is in an equilibrium state. From Theorems
13 and 14, we see that, under the appropriate conditions,
the impulsive perturbations do not affect the existence of
periodic solution of systems. Therefore, our result generalizes
and improves the corresponding results in [12-17].

Conflict of Interests

The authors declare that there is no conflict of interests
regarding the publication of this paper.

Acknowledgments

This research is supported by NSF of China (nos. 10971229,
11161015, and 11371367), PSF of China (nos. 2012M512162 and
2013T60934), NSF of Hunan province (nos. 11JJ900, 12JJ9001,
and 13]J4098), the Education Foundation of Hunan province
(nos. 12C0541, 12C0361, and 13C084), and the construct
program of the key discipline in Hunan province.

References

[1] Z.G.Luo and L. P. Luo, “Existence and stability of positive peri-
odic solutions for a neutral multispecies logarithmic population
model with feedback control and impulse,” Abstract and Applied
Analysis, vol. 2013, Article ID 741043, 11 pages, 2013.

[2] S. R. Zhang, J. T. Sun, and Y. Zhang, “Stability of impulsive
stochastic differential equations in terms of two measures
via perturbing Lyapunov functions,” Applied Mathematics and
Computation, vol. 218, no. 9, pp. 5181-5186, 2012.

Journal of Applied Mathematics

[3] Z. G. Luo, B. X. Dai, and Q. Wang, “Existence of positive
periodic solutions for a nonautonomous neutral delay n-species
competitive model with impulses,” Nonlinear Analysis: Real
World Applications, vol. 11, no. 5, pp. 3955-3967, 2010.

[4] D. W. Lin, X. D. Li, and D. O'Regan, “Stability analysis of
generalized impulsive functional differential equations,” Mathe-
matical and Computer Modelling, vol. 55, no. 5-6, pp. 1682-1690,
2012.

[5] X. D. Li and X. L. Fu, “On the global exponential stability of
impulsive functional differential equations with infinite delays
or finite delays,” Communications in Nonlinear Science and
Numerical Simulation, vol. 19, no. 3, pp. 442-447, 2014.

[6] Q.]. Wu, J. Zhou, and L. Xiang, “Global exponential stability of
impulsive differential equations with any time delays,” Applied
Mathematics Letters, vol. 23, no. 2, pp. 143-147, 2010.

[7] S. M. Afonso, E. M. Bonotto, M. Federson, and L. P. Gimenes,
“Stability of functional differential equations with variable
impulsive perturbations via generalized ordinary differential
equations,” Bulletin des Sciences Mathématiques, vol. 137, no. 2,
pp. 189-214, 2013.

[8] Q. Wang and B. X. Dai, “Existence of positive periodic solutions
for a neutral population model with delays and impulse;
Nonlinear Analysis A, vol. 69, no. 11, pp. 3919-3930, 2008.

[9] D. D. Bainov and P. S. Simeonov, Impulsive Differential Equa-
tions: Periodic Solutions and Applications, Longman Scientific
and Technical, 1993.

[10] A. M. Samoilenko and N. A. Perestyuk, Impulsive Differential
Equations, World Scientific Publishing, Singapore, 1995.

[11] S.T. Zavalishchin and A. N. Sesekin, Dynamic Impulse Systems,
Kluwer Academic Publishers Group, Dordrecht, The Nether-
lands, 1997.

[12] Y. Kuang, Delay Differential Equations with Applications in
Population Dynamics, Academic Press, Boston, Mass, USA,
1993.

[13] H. Fang and J. B. Li, “On the existence of periodic solutions
of a neutral delay model of single-species population growth,”
Journal of Mathematical Analysis and Applications, vol. 259, no.
1, pp. 8-17, 2001

[14] Z.H. Yang and J. D. Cao, “Sufficient conditions for the existence
of positive periodic solutions of a class of neutral delay models;”
Applied Mathematics and Computation, vol. 142, no. 1, pp. 123-
142, 2003.

[15] S. P. Lu, “On the existence of positive periodic solutions for
neutral functional differential equation with multiple deviating
arguments,” Journal of Mathematical Analysis and Applications,
vol. 280, no. 2, pp. 321-333, 2003.

[16] Z. H. Yang and J. D. Cao, “Existence of periodic solutions in
neutral state-dependent delays equations and models,” Journal
of Computational and Applied Mathematics, vol. 174, no. 1, pp.
179-199, 2005.

[17] Y. K. Li and Y. Kuang, “Periodic solutions of periodic delay
Lotka-Volterra equations and systems,” Journal of Mathematical
Analysis and Applications, vol. 255, no. 1, pp. 260-280, 2001.

[18] R. E. Gaines and J. L. Mawhin, Coincidence Degree, and
Nonlinear Diﬁerentiul Equations, Springer, Berlin, Germany,
1977.

[19] N.P. Cic and J. A. Gatica, “Fixed point theorems for mappings
in ordered Banach spaces,” Journal of Mathematical Analysis and
Applications, vol. 71, no. 2, pp. 547-557, 1979.

[20] D. J. Guo, “Positive solutions to nonlinear operator equa-
tions and their applications to nonlinear integral equations,”
Advances in Mathematics, vol. 13, no. 4, pp. 294-310, 1984.



