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We study a class of evolutionary pseudodifferential equations of the second order in t, (QPult, x) /ot + 2a>T*(u(t, x)/dt) +
VPTu(t, x) + cu(t, x) = q(t, x)), where t € (0,z] and T" is pseudodifferential operator in x € Q, which defined by Weiyi Su in
1992. We obtained the exact solutions to the equations which belong to mixed classes of real and p-adic functions.

1. Introduction

In recent years p-adic analysis has received a lot of attention
due to its applications in mathematical physics; see, for
example, [1-9] and references therein. The definition of
pseudodifferential operator is very important in the theory of
PDE on p-adic field. In 1960s, Gibbs defined logic derivative
over dyadic field. Then, Vladimirov et al. [8] generalized
logic derivative over p-adic field, and we called the oper-
ator referred to as Vladimirov pseudodifferential operator.
Chuong et al. have done a lot of work on PDE over p-
adic field using Vladimirov operator; see, for example, [9-
12]. However, as a kind of operation, Vladimirov pseudod-
ifferential operator is not closed in the test function space
S(Qp). This makes the definition of Vladimirov operator

difficult to be applied to distribution space S'(@P). In
1992, Su [13] redefined derivative and integral operator T*
over p-adic field. The definition makes the operator closed
in S(@p) and can be extended to its dual space S'(Qp).
In 2011, Su [14] has applied the differential operator to
study two-dimensional wave equations with fractal bound-
aries.

In this paper, we consider the exact solutions to the
pseudodifferential equations of the second order in t over p-
adic field Q,, of the type

—azu (%) + 2612T"‘/2M + VT u(t, x)
ot? ot 1)
+ctu (t,x)=q(t x),
with initial conditions
u(0,x) = f (x), u; (0,x) = g (x), ()

where a, b,c € Randa* - < 0,t € [0,z], using
pseudodifferential operator T (« > 0) which was introduced
by Suin [14, 15]. Here, g, f, g are functions given by

q(t,x):[0,z]xQ, — C,

f®:0, —C 3)
g(x):Q, —C,
and unknown function is
u(t,x) : [0,2] x Q, —C (4)
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We will give the existence of the solution u(t, x) to (1) and (2)
with the form

u(t,x) = Z unjr () Yjr (%) (5)

N,j,I

under some assumptions of f, g, g where yy;;(x) is an
orthonormal base of eigenfunctions of the operator T in
L*(Q »)> which is constructed by Qiu and Su in [17].

2. Preliminaries

We will use the notations and results from Taibleson’s book
(16]. Let Q, be the p-adic field, in which p is a prime number.
It is a nondiscrete, locally compact, totally disconnected and
complete topological field endowed with nonarchimedean
norm|-|:Q, — R satisfying

(i) |x| = 0;]x| =0 & x =0;

(i) [xyl = Ixllyl;
(iii) |x + y| < max{|x|, |y[}

for x, y € Q,, so that it is also ultrametric.

Define D as the ring of integers in Q,; D = {x € Q,, :
|x| < 1}. It is the unique maximal compact subring in Q » with
the Haar measures |®| = 1. Define B = {x € @P dx| < pil}
as the prime ideal. There exists a prime element j of Q,, with
|l = p' such that B = fD. It is the unique maximal ideal in
®. Define the fractional ideal in QP as B, = {x € QP s x| <
p~*} with the Haar measures |B,| = p*, k € Z.

For x € Q,, it has a unique expression x = x, B+
X+, t € Z with |x] = pf. Foreach | € Z,
we choose elements z;; € Q,,i € Z", so that the subsets
Bi;i, =z;+B cQ satisfy B;NB,; = 0ifi#jand
UisoBy; = Qp'

Define indicative function of Haar measurable subset E ¢
Q, as

p

1, x€E,

6
0, x¢€ES ©)

Oy (x) = {
then, the Haar measure of E is |E| = _[E dx = _[@ Op(x)dx
4
where dx denote the Haar measure on Q,, normalized by the
condition _[g dx=1.
Define translation operator 7, : f — 7,f,h € Q, as

T,f(x) = f(x —h),x € Q,. Then, the test function space
S= S(@p) is defined as

S(@p) = {(p :Q, — Cox)= chrhjCDBkj(x),
=1

7)
cjeC,hje@P,kjeZ,lstn},

where the element ¢(x) is called test function.
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For the test function space S, we give the following
topology: for ¢ € S(Q,), there exists unique integers (k, )
such that the function ¢ is constant on the coset of By,
with supports in the ball B;; lim, _, , ¢,(x) = 0 converges
uniformly for x € Q. Then, S is complete topological linear
spaces.

Denote by §' = S'(@P) the distribution space of test
function space S. S’ is a complete topological linear space
under the dual topology.

Let x(x) be a fixed nontrivial character of Q, which is

trivial on D. For the p-adic field, x can be constructed by the
base value [17] as

2mi .
xw0={m%?)’®”EN ®)

1, otherwise.

Then for x = x, 8,4+ %1 Ber +++ > x(x) = exp(2mi Z;:lt ijj)
andforA = A B+ A B+

X (x) = x (Ax)

—(t+t+1) [ k . 9)
: T+
=exp | 2mi Z xt+‘r—jAt+‘r P :
k=0 \j=0

For ¢ € §(Q,), we define its Fourier transform ¢" by
O] pWH@dr £cq, )
P

and inverse Fourier transform ¢" by
WMFL¢®M®% xeQ, ()
14

In 1992, Su [13] has given definitions of the derivative
for the p-adic local fields Q,, including derivatives of the
fractional orders and real orders.

Definition 1. Let (&) = max{1, ||}, « = Oiffor¢ € S(@P), the
integral

T (x) = ((£)¢" @) () (12)

exists at x € Q,, where x(x) is a fixed nontrivial character of
Q,,. Then it is called a pointwise derivative of order « of ¢ at
X.

Note that the defined domain of T* in the definition can
be extended to the space §'(Q »)> where s'(Q ») denote the set
of all functionals (distributions) on S(Q P)'

Let D(T®) be the domain of T* defined as

D(T%) = {p e L*: (§)%" e I’}. (13)
We have the following.
Lemma 2. Consider
D(T*) < D(T%?), (14)

witha > 0.
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Proof. Let ¢ € D(T®), then

J 0" ©)[dE < oo,
K,

P

JK <f>2a|(PA (£)|2df <00, (15)
with (§)% < ((1 + (£)*¥)/2); thus

2«
L (&)"|¢" (E)|2d£ < L #W (E)|2d£ < 00,

(16)
and we have
o o 2 o 2
TPpel?, 1| = JK &% ®[de.  ar
P
Then ¢ € D(T*?). O

Lemma 3 (see [17]). T* is a positive definite self-adjoint
operator on D(T®); {yy;;} is an orthonormal base of L’

consisting of eigenfunctions of the operator T*, defined as
follows:

Ynjr (X) = PiN/sz (PNflx) Dpo (PNx - ZI) >

. ®
Nez I=z+B €2,
BO
where ®po(x) is a characteristic function of a unit ball.
And
(I—N)ochjI (X) , N<1,

N2>1. 9)

o p
T (x) =
Wit (%) { Vit (),

3. Main Results

We will solve the following pseudodifferential equation over
p-adic field by using the orthonormal base {y/;;} constructed
in Lemma 3.

First, we consider the case of homogeneous equation.

Theorem 4. Let

’u (t, x)

ou (t, x)
y 2227
ot? “ t

+ VT u(t, x) + Cu(t,x) = 0,

u(0,x) = f (x),

uz 0,x) =g (x),
(20)

wherea, b, c € R,a*~b* < 0,a > 0, f € D(T*), g € D(T*/?).
Then one has a formal solution

u(t,x) = Y uy; Oy (x), tel0,z], xeQ, 1)
NI

and u(t,x) € V = C([0,2], D(T%) n C'([0,2], D(T**)) n
C([0,2], L*(Qy)).

Proof. Consider the following.

Step 1. We will write )’ instead of ', ; ; in the following proof.
Let u(t,x) = Y uy;(t)yy;(x) be the exact form of
problem (20); it is a lacunary series. Then

o%u (t, x) _ Z dZUNjI (®)

ot2 a0

Tyu(t,x) = Z Pa(l_N)”sz () ynjr (%) (22)

N<1

+ Yt () Yy (%).

Nz1
From
2
o°u(t, x) + 22272 ou (t, x) + VT u (L, x)
ot? ot (23)
+ctu (t,x) =0,

we get

" 2 2)(1-N) /1
Y s @) + 2 p 0l 1)
N<1

+ b7 p™ N (6) + Cungyr (0} gy ()
n 21 (24)
+ ) {uyr (6) + 2a7uy, (0)
N=1
+ (0% + ) upi (O} wir () = 0.
Due to the orthogonality of {wnjr(x)}, we have

" 2 (a/2)(1-N)_ 1
Uy (£) +2a pl/N )”sz (t)

n (bzpa(l—N) + CZ) Unir (t)=0, N<I,
g () + 2a°upgy (6) + (b2 + ¢ )up () =0, N> 1.
(25)

Then we obtain an ODE of order 2 on R. And the character-
istic equation is

A4 2a?p@PUN ) L p2p N L 2 g N <,

(26)
Vi2a'A+bP+c =0, N=1
With a* - b* < 0, we have
4 [(a4 - bz)p“(lfN) - cz] , N<1,
= (27)
4[(a4—b2)—c2], N=>1.
The solution of the equation is
_ p@D-N)
upir (1) = Ayre CPE s (1A)
@/2(1-N)
+BNJ-167“2P P sin (tA), N<1,
upjr (t) = CNjIe_“Zt cos (tB) + DNﬂe_“zt sin(tB), N =1,
(28)

where A = \/(b2 —at)pe-N) 4 2 B = /(b — a*) + ¢%.



To determine the coeflicients A 1, Byjr» Cnjp> and Dy
we assume that f € D(T) can be expanded as lacunary series

f= ZfNjIV/NjI(x)) where
P = (f )y () = J@ f )yt (),

5l < o0,
« a(1-N) (29)
T°f(x) = Z p Fjr¥ir (%) + Z Inir¥nir (%)

N<1 Nx1

2a(1-N) 2 2
ZP “ | g™ + Z | fnjrl™ < +o0.

N<1 N>1

With the initial condition u(0, x) =

] o f(x) and then usz(O) =
NjI» We obtain

Anjr = fyjp N <1,
(30)

Cnjr = fnjp N2 1.

The same as with g € D(T*/?), we get g = 2 Inji¥nji (%),
where

Inj1 = <g (%) Wi (x)> = J@ 9 (x) yj (x)dx,
X [axi] < +oo,

> PR gy (0 + Y gt (),

N<1 N>1

T%g (x) =

% 5ol + 3 ol < ve0
N<1 N>1
(31)

With the initial condition #' (0, x)
gn;j1> We obtain

= g(x) and then u;\,ﬂ(O) =

2 (a/2)1-N)

ap

By = A_fNjI A 9NiD N <1, -
a’ 1
Dyjr = EfNjI + gInie Nzl

Then the exact solution of the equation is

u(t,x) = Ze

N<1

(1x/2 )A-N)y

aZP(oc/Z)(l—N)

X [fsz cos (tA) + ( Inir + ZgNjI)

x sin <tA>] Yt ()
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—a? a’ 1
+ Ze ' |:fNjI cos (tB) + (EfNjI + gINiI

N>1

X sin (tB)] Y (%)

(33)

Step 2. We will prove that the solution we obtained in Step 1
satisfies the conditions in Theorem 4.

(i) Consider that

2 (zx/2)(1—N)t

_ _2
0<e P <1 0<e <1

(34)
|cos (tx)| < 1; [sin (tx)| < 1.
Then the series of u(t,x) converges uniformly in LZ(QP)
where t € [0, z].
With the assumptions of f € D(T%), g € D(T*'?), the
series

Tyu(t, x)

X

N<1

2 (a/Z)(l N)t 0((1 N)

(«/2)(1-N)

X |:fNjI cos (tA) + (aprNﬂ + %gNﬂ) sin (tA)]
X Yy (%)

2
+Ze“t

Nz1

[fNjI cos (tB) + ( —fnjr + gNﬂ> sin (tB)]

X Yt (%)
(35)
is converging uniformly in L*(Q p)-
(ii) We obtain
ou (t, x)
ot

=)

N<1

0(/2)(1 N)t

X [gNjI cos (tA)

1 a(1-N) /2)(1-N)
_Z(a f11+“P“ gNjI)

xsin (tA) — Afyr sin (FA) ] Vi (%)

2
—a“t
+Ze“

N21

1 .
X | gnjr cos (1B) = B (a4fNjI + angﬂ) sin (tB)

~ Bfyysin (tB)] Y (%)
(36)
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which converges uniformly in LZ(QP), with f € D(T%), g €
D(T*?), and

(a/2)(1-N) 4 2

2
0<e“? <1, 0<e’ <. (37)

Furthermore

«0u (£, x)

* ot

_ 2 («/2)(1-N) _
_ Ze a’p tp(zx/Z)(l N)
N<1

X

1 . .
g €os (tA) — 1 (a'p" N)fNjI +a’p 2 N)!]le)
X sin (A) — Ay sin (£A) ] Yy (%)

e 1 4 2
+ Ze at [gNﬂ cos (tB) — = (a fujr+a gNjI)
N=1 B

x sin (¢B) - Bf; sin (tB)] Yt ()
(38)

converges uniformly in LZ(QP) where t € [0,z]; then u €
C'([0,2]; D(T*?)).

(iii) Similarly with the above case, the series

o' (t,x) 202U (E%) o >
T=—<2(IT T+bTu(t,x)+cu(t,x))
(39)
converges uniformly in Lz(@p) where t € [0, z].
Combining (i)-(iii) we obtain u € V. ]

Next, we will consider the case of nonhomogeneous
equation.

Theorem 5. Let

2
—a ult,x) +2a°T%? _au (l;’ X) + VT u (t, x) + Cu (t, x)

ot?
=q(tx),
u(0,x) = f(x),

ou(0,x)
o

gx),
(40)

wherea, b,c € R,a*~b* < 0,a >0, f € D(T*), g € D(T*?),
q(t, x) € C([0, z], D(T*)).

Then there exists an exact solution u(t, x) of equation (40)
with the form

u(t,x) = Z Unjr () Vit (x), tel0,z], x¢€ Q,
NI

(41)

and u(t,x) € V.

Proof. Consider the following.

Step 1. Similarly to the proof of Theorem 4, we expand g(¢, x)
as lacunary series

q(tx) = ) qujr (8) s (%), (42)

where

it () = (062, 930 (9) = |90, o,
' (43)

and we obtain

" 2 2)(1-N) _/
Y i @) + 27 p P (1)
N<1

o(1-N

+ b7 p Ny (6) + gy (0} gy ()

+ ) {uy (O + 2auy (0) (44)

N>1
+ (b2 + Cz) UNir (t)} Vi (%)
= Z qnijr () Y (%) .

Due to the orthogonality of {yy;;(x)}, we get

" 2 2)(I-N) 1 2 1-N
sy (8) +2a° p P () + 0P p N u (1)

+ CZuNjI (t) = qanjr (t), N<1, 45)

u;j, (t) + 2a2u;\,ﬂ (®) + (b + )y (1)

=qNji (), N=1

It is clear that the exact solution of the equation is

u(t,x) = Z unjr (1) Yjr (%) 5 (46)

NI
with

un;r (£)

2 (a/2)(1-N)
—a t
—e P

X [fNjI cos (tA) +

2 (a/2)(1-N)
a
. <P_

1 .
A Inir + Z!]le) sin (tA)]

1 t 2 (@/2)(A-N)
o L e v g1 (1) sin ((t - 7) A) d,

N <1,



2
uyjr () = e* ‘

2
X [fNjI cos (tB) + (%fle + %gNjI) sin (tB)]

t 2
+ % L e gy (Dsin(t-1)B)dr, N21.
(47)

Step 2. It will be proved that the solution satisfies the
conditions of Theorem 5.

(i) With g(¢, x) € C([0,T], D(T)) we obtain
q(t,x) = ) dnjr () Y (%), (48)

where )’ |qu1(t)|2 converges in t € [0, z] uniformly. Then the
series is bounded on [0, z].
Furthermore we get

TRq(t,x) = Z P[x(l_N)quI (1) Yyjr (x)
N<1
(49)

+ z dnijr () Yjr (%) 5

Nz1

where
Yo N O + Yl (s0)
N<1 N>1

converges in t € [0, z] uniformly.
(ii) By using Swartz inequality, we obtain

2

t «/2)(1-
L PN ) qnjr (1) sin ((t - 7) A) dt

502 1 2
<T A J |quI (T)' dr,
0

(51)
2

t 2
IL e gy ()sin ((t - 1) By dr

32 [F 2
<T°B J 'quI (T)' dr,
0

and we get

2

1 (f _p2pemang_
Z Z J' . azp( /2)( N)(t T)quI (T) sin ((t _ T) A) dT
N<1 0

(52)

t t
<7 J Y lqu(®)Pde < T° j Mdr < oo,
0 N<1 0

2

t 2
1 J e’ (t_T)quI (1) sin ((t - 7) B) dt| leqT”

0

(53)

X Jt Z |quI (T)|2dT <7’ JthT < 00,
0 Nz1 0

with Y’ |qu; (7)” < M.

Abstract and Applied Analysis

(iii) Consider

2

«(1-N) -t 2 («/2)(1-N)
£ e im0

N<1 A 0
t
(1 2
< T3J Z (p2 « N)|quI (T)| )d‘l’ < 00.
0 N<1
(54)
Combining (i)-(iii), we obtain u(t, x) € V. O

4. Conclusion

In this work, a class of evolutionary pseudodifferential
equations of the second order in t over p-adic field Q, was
investigated where T* is a p-adic pseudodifferential operator
defined by Su Weiyi. The exact solution to the equation was
obtained and the uniform convergence of the series of the
formal solution was constructed.
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