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We consider the second dynamic operators of elliptic type on time scales. We establish basic generalized maximum principles and
apply them to obtain weak comparison principle for second dynamic elliptic operators and to obtain the uniqueness of Dirichlet

boundary value problems for dynamic elliptic equations.

1. Introduction

Maximum principles play an important role in the theories
for differential equations. They can be used to obtain a priori
estimate and uniqueness results for differential equations and
other results. The survey of classical maximum principles
can be found in Protter and Weinberger [1] and references
therein.

Similarly, discrete maximum principles and their rela-
tions to their continuous counterpart are very important in
difference equations. They have been consequently studied;
see in Cheng [2] or Kuo and Trudinger [3].

The theory of time scales was first introduced by Stefan
Hilger in 1988 to unify the continuous and discrete analysis.
Since then much contributions have been made to the
theories of time scales; see [4-6] and references therein.

Because of the importance and the distinct behavior of
maximum principles in differential and difference equations,
it seems natural to study them in the time scales setting.
Reference [7-9] have studied the classical maximum prin-
ciples. Unfortunately, the generalized maximum principles,
that is, maximum principles in H' setting, have not been
studied yet. In this paper, we study the generalized maximum
principles for dynamic operators and their applications.
To our knowledge, our results are new even in difference
equations.

The paper is organized as follows. In Section 2, we
give some notations on time scales, introduce the Sobolev
spaces H' on time scales, and give some basic properties
of H'. In Section 3, we establish the generalized maximum
principles for dynamic operators. In Section 4, we establish
the comparison principle for dynamic operators. In Section 5,
we study the uniqueness results to dynamic equations.

2. Preliminaries about Time Scales

We introduce some concepts related to time scales, which
can be found in [5, 6, 10-12]. A time scale T is defined as a
closed subset of R. The forward jump operator o(t) : T — T
and the backward jump operator p(t) : T — T fort € T
are defined as o(t) := inf{r > ¢t | 7 € T} and p(t) :=
sup{r < t | T € T}, respectively, with supplementation inf @ =
sup T, sup @ = inf T. A point t € T is called rightscattered,
rightdensed, leftscattered, and leftdensed if p(t) > t, p(t) = t,
and o(t) < t, o(t) = t hold, respectively. We define T" = T
if T does not have a left-scattered maximum ¢, ; otherwise,
TF =T\ {tmax)- The graininess function u(t) : T — [0, +00)
is defined by u(t) := o(t) — t.

A function f: T — R is called (delta) differentiable at
t € T* with (delta) derivative f2(t) € R if for any e > 0, there
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exists a neighborhood U of t (i.e, U = (t - 8, + §) (T for
some & > 0) such that

|fe®)-f)- 2O o) -5

Vs e U.

@

<elo(t)-s|,

The function f is differentiable on T* if f*(t) exists for all
t € TF. The following lemma gives some basic properties of
f A(t); for the proofs, we refer the readers to [5, 11].

Lemmal. Let f,g:T — R be two functions, and let t € T,
Then we have the following:
(i) szA(t) exists, then f is continuous at t;
(ii) ift is right scattered and f is continuous att, then f*(t)
exists and f2(t) = (f(a(t)) — f(£))/u(t);
(iii) if t is right dense and f™(t) exists, then f“(t) =
lim, _, ((f(s) = f(0)/(s - 1));
(iv) if f At) and gA(t) exist, then Af + Bg is differentiable

at t with (Af + Bg)"(t) = Af2(t) + Bg™(t) for any
constants A, B;

(v) if fA(t) and gA(t) exist, then fg is differentiable at t
with (fg)°(t) = f7()g" )+ A (B)g(t) = fA(Bg° )+
f6)g* ()

(vi) let f,g : T — R besuch that g(t)g°(t) 0 and f°(t)
and g (t) exist; then f /g is differentiable at t and

A\ g -fBg @) 5
( ) © g(t)g° ) ’ @

g
(vii) if fA(t) exists, then f7(t) = f(t) + u(t) f2(1).
Here and in the following, we use the notation g°(t) = g(o(t)).

A function f: T — Ris called rd-continuous, provided
it is continuous at each right-dense point and its left-sided
limit exists (finite) at each left-dense point in T, and write
f e Cy(T) = Cy(T,R). A rd-continuous function f with
compact support is written as f € Cfd(T) = C?d(T, R). We
write f € Cl4(T), provided 2 € C4(T), write f € C2(T),
provided fA is differentiable on T% = (TFY* with fA2 =
( fA)A € Crd(Tk ), and similarly, write f € Ci&O(Tk), Cf(’lo(Tk)
if f, f*, and fAZ have compact support, respectively. The
definition of Riemann delta integral on time scales which is
similar to the classical Riemann definition of integrability is
given in [6]. We present some properties of the integral in the
following lemma.

Lemma 2 (see [6]). Let f,g : T — R be two functions and
a,b € T. Then we have the following:

(i) let f and g be Riemann delta integrable functions on
[a,b] and o, B € R. Then af + Bg are Riemann delta
integrable and

b b b
J [ocf(t)+/3g(t)]At=ocJ f(t)At+ﬁJ g At (3)
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(i) [ fO)at = ut) f©) fort € T

(iii) let ¢ € T witha < ¢ < b. If f is Riemann delta
integrable from a to c and from c to b, then f is
Riemann delta integrable from a to b and

be(t) At = ch(t) At + fg(t) At; (4)

a a

(iv) (fundamental theorem of calculus) let f be a con-
tinuous function on [a,b] < T such that f is
(delta) differentiable on [a, b). IffA is Riemann delta
integrable from a to b, then

b
[ rroaw=ro-r@; ©)

(v) (integration by parts) let f and g be continuous
functions on [a,b] that are differentiable on [a,b). If

% and g* are Riemann delta integrable from a to b,
then

b b
[ rogtwa=1rmewl-[ fog s ©

(vi) if f is Riemann delta integrable on [a,b], then is | f|
and

b
< j 1] A, 7)

Lb £(0) At

The construction of the A-measure on T and the following
concepts are derived from [6]:

(i) for each ¢, € T\ {max T}, the single-point set ¢, is
A-measurable, and its A-measure is given by

s ({to}) = 0 (to) —to = u(to); (8)
(ii) ifa,b € T and a < b, then

Hp([a0)) =b-a,  py(@b)=b-o(a); (9)

(iii) ifa,b € T \ {max T} and a < b, then

ta ((a,b]) =0 (b) -0 (a), ty ([a,b]) = 0 (b) —a. (10)

The Lebesgue integral associated with the measure y, on
T is called the Lebesgue delta integral. For a (measurable)
set E ¢ T and a measurable function f : E — R, the
Lebesgue delta integral of f on E is denoted by JE fAt. All
the theorems of Lebesgue integral hold also for the Lebesgue
delta integral on T. Comparing the Lebesgue delta integral
with the Riemann delta integral on T, we have the following.

Lemma 3 (see [6]). Let [a,b] be a closed bounded interval
inT, and let f be a bounded real-valued function defined on
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[a,b]. If f is Riemann delta integrable on [a,b], then f is
Lebsgue delta integrable on [a, b), and

b
(R) J fAt = (L) J fAt, (11)
a [a,b)

where R and L indicate the Riemann delta integral and
Lebesgue delta integral from a to b, respectively.

Assume 1 < p < +00. Let L¥([a, b]) denote the set

{f: [a,b] — R | |f|p is Lebesgue delta integrable on

[a,b) in time scale sense}.
(12)

Then the space Lf([a, b)) is a complete linear space with the
norm || - ”P defined by

|UL=(LMmeFm>U5 (13)

Lemma 4 (Holder inequality [4, 5]). Let f,g € C,4([a,b]),
p > 1, and q be the conjugate number of p. Then

b
[1r@gwar

b Up s b 1/q
S(J |f(t)|PAt) (J Ig(t)Ith) .

Lemma 5 (see [13]). Forany p > 1,

(14)

(a) C%(T) ¢ C°(T) ¢ LP(T);
(b) C°(T) is dense in LP(T).

From Lemma 5, we see that Lemma 4 still holds for f €
L?([a,b]), g € LU([a,b]).

Lemma 6 (see [13]). Suppose that (u,) is a sequence in LP(T),
for some p > 1.
(@) If lu, - uIIP — 0, forsomeu € LP(T), and ift € T is
right-scattered, then u,(t) — u(t).

(b) If (u,,) is a Cauchy sequence in LP(T) (with respect to
the norm || - ll,), then there exists a unique u € LP(T)
such that |lu, — uIIP - 0.

Following [13], we now define the generalized derivative
of Lebesgue delta integrable functions.

Definition 7. Define the norm | - ||, - on C14(T*) by
2 k
lull} o= ually + |, weCly(TF),  (5)

and define the space H YT*) ¢ L*(T) to be the completion of
Cid(Tk) with respect to the norm || - ||, - and H(} (T*) to be the
completion of Ci&O(Tk) with respect to the norm | - |, 7.

Lemma 8 (see [13]). (a) u € H'(TY) if and only if there exists
a functionu®s € L*(T) such that the following condition holds:
there exists a sequence (u,,) in Cid(Tk) such that u, — uand
uﬁ — P in LX(T). Ifue Hl(Tk), then the function ula is
unique (in L2(T) sense).

(b) Ifu e Cid(Tk), then u®s = u®.

Definition 9. For any u € H'(T*), the function u”¢ in
Lemma 8 will be called the generalized derivative of u.

Remark 10. We can also define the generalized derivative of
u and the spaces HY(T*) as in [14].

The following two lemmas present basic properties of
HN(T").

Lemma 11 (see [13]). If u € HYT"), then u € C%(T), and
there exists C > 0 such that

lulos < Cllullyg,  we H' (TF). (16)

Furthermore,

t

u(t)—u(s) = J uPIA,

N

s,;teT. (17)

Lemma 12 (see [13]). Suppose u,v € Hl(Tk). Then

(a) if the sequence (u,) in CN(T") is as in Lemma 8, then
u, — uin C(T);

(b) iquﬂ = 0, then u = constant;

(c) if t is right scattered, then uPo(t) = ul(t) = W) -
u(t))/(o(t) - t);

(d) ife, B € R, then au+ Pv € HY(T*) and (au + ﬁv)A-‘f =
aule + Bvie;

(e) )™ = P9y + uv™s = s + utar7;

() Lt ubavA = [uv]’ - Lt uVBaA, st € TF,

Remark 13. From (f),ifv € Hé (T*), then we have Lt ubovA =

t
—L u"vAﬂA, s,t € Tk; hence, we can also define weak
derivatives as usual Sobolev space [15].

Definition 14 (see [16]). A function f : T — R is said to
be absolutely continuous on T if for every € > 0, there exists
a8 > 0 such that if {(a, b))}, with g, b, € T is a finite
pairwise of subintervals satisfying

Z (b —a) <8, then Z If (&) - f(a)] <e. (8)
k=1 k=1

Lemma 15 (see [17]). If g € LY(T,R) and f: T — Ris the
function defined by

ﬂﬂ:L A 19)

a,t)n

then f is absolutely continuous and f*(t) = g(t) A-almost
everywhere on T*.



Proposition 16 (see [16]). A function f: T — Risabsolutely
continuous on T if and only if f is A-differentiable A-almost

everywhere on T¥, f* € L'(T*) and
J. fA (s)As= f(t)— f(a), foreveryteT. (20)
[a,t)NT
In the following sections, we still write u*¢ as 1.

3. Generalized Maximum Principle

Let T be a bounded time scale and seta = minT, b = max T}
that is, T = [a, b], where [a, b] is a time scale interval. In this
section, we consider the generalized maximum principle for
the dynamic operators L on T* = [a, p()]:

Lu = (a ®) uA)A +b()ud +c(t)u (21)

To study the generalized maximum principle, we should
make clear what it means when we say a L (T) function takes
some value on the boundary of T It is well known that a usual
LP(Q) function that takes some value on the boundary 0Q is
understood in the trace sense, that is, the limitation of some
suitable smooth function with definite value on the boundary
0Q. The boundary value of a L?(T) function is understood
in the same way; that is, if u € L?([a,b]), u,, € C,4([a,b]),
u, — uinL?,andu,(a) = ¢, u,(b) = d, thenwe say u(a) = c,
u(b) = d. And u(a) > ¢, u(b) < d are understood in the same
way.

We define the bilinear form associated with the operator
L as follows:

p(b)
[a O uv = b () u™V —c (1) uva] At.

(22)

£u,v] = J

a

We assume that a(t),b(t),c(t) € L*([a,b]) satisfy the
following conditions:

at)=1>0, 0<b(t) <Ay, c(t) <0. (23)

Theorem 17 (generalized weak maximum principle). If u €
HY(TF satisfies Lu > 0 (<0) in weak sense; that is, £[u,v] <
0 (20) forall 0 < v € Hy(T*), then

< supu’ ( fu > inf *).
sgpu sngu inf u 151T u (24)
Proof. Ifu € HY (T, v e Hé(Tk), we have uv € Hé(Tk) and
(uv)A = u™7 + uv®; hence we can rewrite £lu,v] <0as

o) pb)
J [a ) uv™ = b (1) uAva] At < J

a

c(t)w’At <0.
(25)

Equation (25) holds for all v > 0 which satistys uv > 0.
Conditions (23) and (25) imply

p(b) p(b)
J a(t)uviAt < ij 'uA| VAt (26)

a a

Journal of Applied Mathematics

In the special case that b(t) = 0, we can easily obtain the result
by choosing v = max{u — I, 0}, where | = supy, u". In general
case, we deduce by contradiction. Suppose that / < sup, u :=
M; we can then choose k satisfying | < k < M and set v =

(u—k)*. Then we have v € Hé (Tk) and

A
A u~, u>k,
= 27
Y {0, u<k, @)

and hence, we obtain by (26) that
p(b) p(b)
J a(t) |vA|2At < A/AJ |VA' VAL, (28)
The condition on a(t) and Holder’s inequality imply

J‘P(b) |VA'2At <u J'P(b) ‘VA| VAL < M"VU“2||VA'|2’ (29)

a a

from which, we have
“VAHZ < v’ (30)
Applying embedding theorem and Holder’s inequality, we get

171, <, <cfv*], < cll,
(31)

< C|supp Va|(1/2)—(1/f1)||va"q’

where C = C(T, ), |E| denotes the y, measure of set E.
Hence,

|supp v7| > crla2, (32)

Since the above inequality does not depend on k, it still
holds as k tends to M, that is, 4%, that is, ¥ must attains its
superemum on a set of positive 1, measure. Hence, the set
of the points on which u attains its superemum must contain
either an interval [c,d] C [a, p(b)] (in time scale sense) or at
least one right-scattered point ¢,,.

In the first case where u(t) = M in [c, d], then u®(t) = 0
and u > 01in [c,d]. Choosing 0 < v ¢ Hé([c, d]), we have

d
0< —J c(t) w’ At
Cc

4 (33)
= J [a B u —b ) ut —c(t) uv”] At <0,

which is a contradiction.

In the second case, we have u(t,) = M; if u°(t,) = u(t,),
then proceeding as before in the interval [c,d] = [t,, o (ty)],
we then get a contradiction. If u?(¢;) < u(ty), then uA(tO) <
0.Setv =X [to’a(to))(u — )", where X(E) is the characteristic
function of the set E; then we have 0 < v € Hé (Tk); hence,
we deduce from £[u, v] < 0 that

jw fa ] b @ u[@-1"°
v (34)

_C(t)u[(u—lf]”}m <0,
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while
olto) NE A +10
J {a(t)|u ' b u [(u-D"]
ty

—c () uf(u - l)*]"} At

(35)
= a(to) [u* (1) = b (t0) u® (t0) [ (1) - 1)
—c(to) u(ty) [ (tg) = 1]" (0 (tg) — to) > 05

the above two inequalities contradict each other. O

Theorem 18 (strong maximum principle). If u € H'(T*)
satisfies Lu > 0 (<0) in weak sense; that is, £[u,v] < 0 (>0)
forall0 < v € Hé(Tk), suppose further that u attains its
nonnegative maximum (nonpositive minimum) at inner point
of (a,b) and at a (at b), and then u is a constant.

Proof. Suppose that u is not a constant and u attains its
maximum M at ¢, € [a,b). Then there exists at least one
point t; € (a,b) such that u(t;) < M = u(t,). Then we may
assumet, < t; < b.Inthe first case, we may assume u(t) < M
in (ty,t,). If t, is right scattered, then u*(t)) < 0. Choosing
v = Xpy ot > we deduce from £[u, v] < 0 that

(o) 5 - -
J {a ®) |uA' -b(@®)u (") - c @) u(u®) } At <0,
° (36)

while
J~U(to) {a (t) |uA'2 ~b (t) uA(u+)‘7 —-c (t) M(u+)‘7} At

= {a (1) [u (to)|” b (to) u® (1) (1) G37)

= (o) (ko) u” (t6) } (0 () — £0) > 0

the above two inequalities contradict each other. If £ is right
dense, Lemma 11 implies that u is continuous on [a, p(b)),
especially at t,, and there exists a neighbourhood [¢,,t, +
h) (h > 0) of t, such that # > 0 and is decreasing on [t,, ¢, +
h]; hence u is uniformly continuous on [ty,t, + h] and so
absolutely continuous on [¢, t, +h]; therefore, Proposition 16
implies u® < 0, ae on [tyt, + h). Choosing v =
Xitoto+mt" > We can also obtain a similar contradiction.  [J

Remark 19. From the proof of Theorem 18, we see that the
result is also true if only that u attains its nonnegative
maximum at a (nonpositive minimum at b).

4. Weak Comparison Principle

It is well known that the comparison principle plays essential
role in the theory of partial differential equations. In this
section we study the counterpart for dynamic equations on
T = [a, b] by applying the weak maximum principle.

Theorem 20. Ifu € HY(TY) satisfies Lu > 0 (< 0) in weak
sense, that is, £{u, v] < 0 (=0), forall 0 < v € Hé(Tk), u(a) <
0 (=0), and u(b) < 0 (>0), then u(t) <0 (=0) forallt € T.

Proof. We assume that u € H Y(T*) satisfies Lu > 0 in weak
sense; then by Theorem 17, we have

u(t) <supu<supu' =0. (38)
T oT
O

We can easily deduce from Theorem 20 the following.

Corollary 21. Ifu,v € H'(T*) satisfies Lu > 0, Lv < 0 in weak
sense, that is, £[{u,h] < 0, £[v,h] > 0, forall0 < h € HS(Tk),
u(a) < v(a), and u(b) < v(b), then u(t) < v(t) forallt € T.

Corollary 22. Ifu,v ¢ Hé(Tk) satisfies Lu > 0, Lv < 0 in
weak sense, that is, £[u,h] < 0, £[v,h] > 0, forall 0 < h €
Hé(Tk), then u(t) < 0, v(t) > 0 forallt € T.

Corollary 23. If u,v € HYT) satisfies Lu > f(t), Lv
f@®), f@t) e LX(T*) in weak sense, that is, £[u,h]
[7” f@h@az, glvhl > [P f@h@)AT, forall 0 < h €

Hé(Tk), u(a) < v(a), and u(b) < v(b)), then u(t) < v(t) for all
teT.

ININ

Definition 24. If u € HY(T*) satisfies Lu > fOE f@),
f) € LZ(Tk) in weak sense, we say that u is a weak
subsolution (supper solution) to dynamic equation Lu =

F@).

Corollary 23 asserts that if the supper-solution and subso-
lution to dynamic equation Lu = f(¢) attain the same value
on the boundary of T, then the supper solution is not less than
the subsolution.

5. Uniqueness Results

We now consider the following dynamic equation:
Lu = f(t),
u(a)=u(p()=0,

where f(t) € L*(TF).

te Tk,
(39)

Theorem 25. There exists at most one solution to dynamic
equation (39) in Hé (Tk).

Proof. Suppose that there exist two solutions u, v € Hé(Tk)
to (39). Set w = u — v; then w satisfies

Lw=0, teTk

w(a) =w(p (b)) =0.

Then Theorem 17 implies 0 = infyrw™ < infrw < w(t)
supyw < supyrw' = 0, from which we deduce that u
V.

(40)
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