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convergence spaces and those for Boustique et al’s stratified L-convergence spaces are defined and studied. Here, the lattice L is
a complete Heyting algebra. Some characterizations and properties of weaker regularities are presented. For Jager’s generalized
stratified L-convergence spaces, a notion of closures of stratified L-filters is introduced and then a new p-regularity is defined. At
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1. Introduction

In 1954, Kowalsky [1] introduced a diagonal condition (the
K-diagonal condition) to characterize whenever a pretopo-
logical convergence space is topological. In 1967, Cook and
Fischer [2] defined a stronger diagonal condition (the F-
diagonal condition) which, as they showed therein, is neces-
sary and sufficient for a convergence space to be topological.
Furthermore, a dual version of F (the DF-diagonal con-
dition) is necessary and sufficient for a convergence space
to be regular. Regularity can also be characterized by the
requirement that, for each filter [, if F converges to x then
so does F (the closure of F). In [3, 4], by considering
a pair of convergence spaces (X, p) and (X, q), Kent and
his coauthors introduced a kind of relative topologicalness
(resp., regularity) which was called p-topologicalness (resp.,
p-regularity). They discussed p-topologicalness (resp., p-
regularity) both by neighborhood (resp., closure) of filter
[5] and generalized F (resp., DF)-diagonal condition.
When p = ¢, p-topologicalness (resp., p-regularity) is
precisely topologicalness (resp., regularity). In 1996, Kent and
Richardson defined a weaker regularity by using the duality of

Kowalsky’s diagonal condition. They also proved that weaker
regularity, regularity, and p-regularity were distinct notions
but closely related to each other [6].

In [7], Jager investigated a kind of lattice-valued con-
vergence spaces, which were called generalized stratified L-
convergence spaces. Later, the theory of these spaces was
extensively discussed under different lattice context [8-19]. A
supercategory of generalized stratified L-convergence spaces,
called levelwise stratified L-convergence spaces in this paper,
was researched in [20-24]. Indeed, a generalized stratified
L-convergence space is precisely a left-continuous levelwise
stratified L-convergence space [22].

Lattice-valued K- and F-diagonal conditions for gen-
eralized stratified L-convergence spaces were studied in [11,
12, 17, 18] and those for levelwise stratified L-convergence
spaces were discussed in [18, 23]. Both by lattice-valued
DF-diagonal condition and «-level closures of stratified L-
filters, the lattice-valued regularity for generalized strati-
fied L-convergence spaces was presented in [13] and that
for levelwise stratified L-convergence spaces was given in
[20, 21]. Later, by a-level closures of stratified L-filters, p-
regularity for levelwise generalized stratified L-convergence
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spaces was studied in [24]. Recently, p-topologicalness and p-
regularity for generalized stratified L-convergence spaces and
that for level stratified L-convergence spaces were discussed
systemically in [25].

In this paper, for generalized stratified L-convergence
spaces and levelwise stratified L-convergence spaces, we
will discuss some lattice-valued weaker regularities, p-
regularities, and their relationships. The content is arranged
as follows. Section 2 recalls some basic notions as prelim-
inary. Section 3 presents the definitions, characterizations,
and properties of lattice-valued weaker regularities. Section 4
presents a notion of closures of stratified L-filters and a
new lattice-valued p-regularity for stratified generalized L-
convergence spaces. Also, the relationships between lattice-
valued weaker regularities and lattice-valued p-regularities
are established.

2. Preliminaries

In this paper, if not otherwise specified, L = (L, <) is always a
complete lattice with a top element 1 and a bottom element 0,
which satisfies the distributive law a A (\/;¢;8;) = Vs (@nBy).
A lattice with these conditions is called a complete Heyting
algebra or a frame. The operation —: L x L — L given by
a — B=V{yeL:any < f}iscalled the residuation
with respect to A. A complete Heyting algebra L is said to
be a complete Boolean algebra if it obeys the law of double
negation: Vo € L, (@ — 0) — 0= «.

For a set X, the set L of functions from X to L with the
pointwise order becomes a complete lattice. Each element of
L% is called an L-set (or a fuzzy subset) of X. For any A € L%,
H < LX anda € L, wedenoteby a A A, & — A, VE,
and AJ the L-sets defined by (o A A)(x) = a A A(x), (& —
MN(x)=a — Ax), VH)(x) = \/we%lu(x), and (AFK)(x) =
Npegeti(x). Also, we make no difference between a constant
function and its value since no confusion will arise. For a crisp
subset A € X, let 1, be the characteristic function; that is
I4(x) = 1ifx € Aand 1,(x) = 0if x ¢ A. Clearly, the
characteristic function 1, of a subset A € X can be regarded
as a function from X to L.

Let X be a set. A fuzzy partial order (or an L-partial order)
on X [26]isafunctionR : Xx X — Lsuch that(1) R(a,a) =
1 for every a € X (reflexivity); (2) R(a,b) = R(b,a) = 1
implies that a = b for all a,b € X (antisymmetry); (3)
R(a,b) A R(b,c) < R(a,c) for all a,b,c € X (transitivity).
The pair (X, R) is called an L-partially ordered set.

Let [LX] : L* x L*¥ — L be a function defined by
[T p) = Npex(Mx) — p(x)); then [L*] is an L-partial
order on L. The value [L¥](A, u) € L is interpreted as the
degree that A is contained in y. In the sequel, we use the
symbol [A, u] to denote [L*](A, u) for simplicity.

Let f : X — Y be an ordinary function. We define
f7 LY - LYand £~ : LV — LX[27]by f7(M)(y) =
V poy=yAlx) for A € L*and y € Y,and f~(u) = po f for
JZS L.

2.1. Stratified L-(Ultra)filters. A stratified L-filter [27] on a set
Xisa function & : L* — L such that for each A, u € L* and
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eacha € L, (F1) #(0) = 0, #(1) = 1; (F2) FA) A F(p) =
F(ANp); (Fs) F(a) = a. A stratified L-filter F is called tight
if #(a) = « for each « € L [5]. It is proved in [27] that
all stratified L-filters are tight if and only if L is a complete
Boolean algebra. It is easily seen that for a stratified L-filter
F on X, we have VA € L*, F (1) = \/ e x (F (1) A [, A]).

The set F7 (X) of all stratified L-filters on X is ordered by
F <% o VYAe L*, F()) < 9(A). tis shown in [27] that the
partially ordered set (%} (X), <) has maximal elements which
are called stratified L-ultrafilters. The set of all stratified L-
ultrafilters on X is denoted as %} (X). Let ¥ € F7(X). Then
F is an L-ultrafilter if and only if for all A € L* we have
FA) = FA — 0) — 0. A stratified L-filter & is called
a stratified L-prime filter if F(AV y) = F(A) V F (u) for each
A € L*. And when L is a complete Boolean algebra then
F = /\ggZe%;(x)? and F is prime whenever & is maximal
[27].

For each # € (X)), it is easily seen that F5; = {A
X | #(1,) = 1} is a filter on X. For each A € L%, take 1A =
{x € X | AM(x) > 0}. Let F be a filter on X. Then, when L is a
linearly order frame or 0 € Lis prime (¢ Af = 0 impliesa = 0
or 3 = 0), the function F : LX — L, defined by VA € Lx,
Fr(A) = 1if 1A € Fand F(A) = 0if not so, is a stratified
L-filter on X [22]. Also, when L is a linearly order frame or
0 € L is prime, a stratified L-ultrafilter takes values in {0, 1}
only [10].

N

Lemma 1 (Jéger [28] for L = [0, 1]). Let L be a linearly order
frame or let 0 € L be prime. Then, for each F € U;(X), Fg is
an ultrafilter on X and F = F_
Proof. At first, we check that [Fg is an ultrafilter on X. For
each A € X, we assume that A ¢ Fg; thatis, #(1,) = 0; then
F(lx_p) =FAxp —» 0 — 0=F(1,) — 0 =1 That
means X — A € . By the arbitrariness of A we get that Fg; is
an ultrafilter on X. At second, we check # < F_. Note that
F takes values in {0, 1} only; thus, it suffices to prove that if
F (1) = 1; then 9%(}{) = 1. Indeed, let (1) = 1; then
F(1,) 2 F(A) = L thatis, 1A € Fg and so F¢_(A) = L.
Therefore, # < F_ and it follows that F = F r, Dy the
maximality of &. O

The following examples belong to the folklore; we list
them here because the notations are needed.

Example 2. (1) For each point x in a set X, the function [x] :
LX = L,[x](}) = A(x)isastratified L-filter on X. In general,
[x] is not a stratified L-ultrafilter. But when L is a complete
Boolean algebra, then it is so.

(2) Let {# i | j € J} be afamily of stratified L-filters on
X; then /\;¢; % j, in particular, #, = AF ] (X), is a stratified
L-filter on X.

(3)Let f: X — Y bea function. If # € &} (X), then the
function f7(F) € F1(Y), where f~(F) : LY — L defined
byAd > F(Ao [).IfF € %;(X), then f7(F) € U;(Y).

There is a natural fuzzy partial order on %7 (X) inherited
from L&, Precisely, for all #,¢ € F}(X), if we let
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[FXOUF, ©) = X UFD) = Nyepx(F) — SQ)),
then [#](X)] is an L-partially order. For simplicity, we use
the symbol [, €] to denote the value [F] (X)](F, €) below.

2.2. Lattice-Valued Convergence Spaces

Definition 3. A generalized stratified L-convergence struc-
ture [7] on a set X isa function lim : &3 (X) — L* satisfying
(LCD Vx € X, lim[x](x) = 1;and (LC2) VF, % € F;(X),
F < & = limF < lim¥. The pair (X,lim) is called
a generalized stratified L-convergence space. If lim further
satisfies the strong axiom (LC2)VF,C € FL(X), [F,8] A
lim% < lim¥, then the pair (X,lim) is called a strong
stratified L-convergence space [8, 15, 16].

A function f : X — X' between two generalized
stratified L-convergence spaces (X, lim), (X', lim") is called
continuous if for all ¥ € F;(X) and all x € X we
have lim %(x) < lim' f=(%)(f(x)). The category SL-GCS
has as objects all generalized stratified L-convergence spaces
and as morphisms the continuous functions. This category

is topological over SET [7, 10]. For a given source (X ER
(X;,lim;));¢;» the initial structure, lim on X is defined by
VF € F1(X),Vx € X, lim F(x) = N\, lim, £ (F)(f;(x)).

Definition 4. A collection g = (q, )y Where g, : F1(X) —
P(X), is called a levelwise stratified L-convergence structure
on X [20] if it satisfies the following:

(LL1) [x] 2, xforeach x € X;
(LL2) € > F x5 implies & e, X;

o q
(LL3) & 2 x implies & -, x whenever B<a.

. th . —_—
The notation, # — x, means that x € g,(%). The pair (X, gq)
is called a levelwise stratified L-convergence space.

A function f: X — X' between two levelwise stratified

L-convergence spaces (X, q), (X',?) is called continuous if
forall # € Fi(X)all x € X, and all « € L we have

F = implies [~ (F) N f(x). The category SL-LCS
has as objects all levelwise stratified L-convergence spaces
and as morphisms the continuous functions. This category

is topological over SET [20, 21]. For a given source (X i»

(Xi,a))i€ 1> the initial structure, g on X is defined by # SN
xeviel, f2(F) I fi(x) (F e FUX),x € X,a e L.

3. Lattice-Valued Weaker Regularities

In this section, we will present the definitions, characteriza-
tions, and properties of lattice-valued weaker regularities.
Let X be a set; a function ¢ : X — F7(X) is usually
called an L-filter select function on X. We define ¢ : L* —
L¥as $(A) : X — Lx = ¢(x)(A). Let Z(X) denote the set of

all L-filter select functions on X, and let X*(X) be the subset
consisting of all ¢ € X such that ¢(y) € %;(X) forall y € X.
Let ¢ € Z(X). For all ¥ € F;(X), it can be proved
that the function k;¢F : L* — L, defined by VA € L%,
ki¢F(A) =F ((Z(/\)), is a stratified L-filter, which is called the
L-diagonal filter of (¢, F) [11, 17]. Then we have the following
obvious lemma. It may have appeared in some other places.

Lemma 5. Let ¢, 0 € 2(X) or 2" (X). Then
(1) $(0) = 0, $(1) = 1;
(2) foreach A,y € L, <E()L ANu) = (Z()L) A $(y);
(3) 0 < ¢ implies & < <$;

4) for all 7, % € F(X), then [F,Z] < [k ¢F,k; $Z].
In particular, if F < G then k¢ F < k; ¢pG.

3.1 For Generalized Stratified L-Convergence Spaces. Let
(X,lim) be a generalized stratified L-convergence space. We
consider the following axioms.

DLK. For each ¢ € 2(X), we have
VF e F3(X), [\ lim¢(y)(y) < [limk ¢F,lim F].

yeX
€]
DLK'. Taking ¢ as Vy € X, lim¢(y)(y) = 1 in DLK.
Replacing F;(X) by %;(X) in DLK (resp., DLK"), we
obtain a weaker axiom in symbol DLK " (resp., DLK " ).

Remark 6. The axiom DLK is the dual axiom of LK which
appeared in [11], and the axiom DLK' is the dual axiom of
LK' which appeared in [17].

Definition 7 Let (X,lim) be a generalized stratified L-
convergence space. Then (X,lim) is called k-regular (resp.,
k'-regular, k*-regular, and k'* -regular) if it satisfies the axiom

DLK (resp., DLK', DLK*, and DLK'").

Lemma 8 (Li and Jin [25]). Let ¢ € 2(X) and F € F1(X).
Wedefine 7% : LX — Las F(A) = \/ e px (F()A[$(w), A]).
Then F* satisfies (F1), (F2), and (Fs); thus, we say that F?is
nearly a stratified L-filter. If 7% € F1(X) then ki p(F?) > F.

Lemma 9. Let ¢ € 3(X) and F € F5(X). Then (ky¢F)? €
F3(X) and (k¢ F)? < F.

Proof. For each A € L, we have

(kpF)* W) = \/ (kdF (1) A [$ (1), A])

pelX

=V (F(3W) A [6 W), A]) < F W);

pelX

2)

that is, (k;¢F)? < . It follows that (k;¢F)?(0) = 0. From
the above lemma we have that (k;¢F )¢ is a stratified L-filter
on X. ]



By the above two lemmas, we get the following character-
istic theorem.

Theorem 10. Let (X,lim) be a generalized stratified L-con-
vergence space. Then (X,lim) is k-regular (resp., k™ -regular)
if and only if, for each ¢ € E(X)(resp., ¢ € Z* (X)),
Nyex im ¢(y)(y) < [lim F, lim F] whenever 7% € F3 (X).

Proof. We prove only for k-regularity. Assume the given
condition is satisfied, let ¢ € 2(X) and F € F(X). By
Lemma 9 we have (kL¢9)¢ € #1(X) and

/\ lim¢ (y)(y) < [hm k ¢F lim (k ¢ F) ]
yexX (3)

< [limk ¢F,lim F],
and so DLK holds; that is, (X, lim) is k-regular.

Conversely, let F € F(X), ¢ € Z(X) with F* e F1(X).
By Lemma 8, k; ¢(F?) > Z. It follows by DLK that

[lim Z,lim #*] = [limk;¢ (#?),lim F*]

. (4)
> A\ lim¢ () (y).
yeX
Thus, the requirement is satisfied. O

Corollary 11. A generalized stratified L-convergence space
(X, lim) is k' -regular (resp., k'" -regular) if and only if for each
¢ € Z(X)(resp., ¢ € (X)) with limd(y)(y) = 1 for all
y € X, we have lim F < lim F* whenever F? € F1(X).

The following theorem considers lattice-valued weaker
regularities w.r.t. the initial structures.

Theorem 12. Let (X, lim) be the initial structure relative to the
source (X ER (X;,lim,));e; with each f; + X — X, being

injective. Then if each (X, lim,) is k-regular (resp., k'-regular),
then the same is true of (X, lim).

Proof. We prove only for k-regularity. Let ¢ € X(X). Fix
i € I; define ¢; € X(X;)as ¢;(y) = [y]if y ¢ f(X) and

¢i(y) = ff(¢(f[1(;v))) if y € f;(X). Then for eachi € I, by
lim[y](y) = 1 it follows that

/\hmi‘/’i (»)(y) = /\ lim;¢; () (v)

yeX; yefi(X)

= A\lim, £~ (¢ () (f; (%))

x€X

©)

(In particular, if Vx € X, lim¢(x)(x) = 1, then Vy € X,
lim;¢;(y)(y) = 1).
For each A € L% and each x € X, it follows that

$(ho f)(x) =dp(x) (Ao £;) = £ (¢ (x) V)
= ¢ (fi () V) = W) (f; (x).
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Hence, ¢(A o f;)
fi7 (ko) (V)

= ¢;(A) o f;, and then, for each F € F3(X),
=k pF (Ao f;) = F (§ (A= f))
=F(HWefi) =7 (HW) O

= k¢ (f;: (97)) ).
Therefore, f;” (k,¢F) = k ¢;(f” (F)). Then, for each x € X,

N\ lim ¢ () (y) Alim k $F (x)

yeX
= A\ Nlimi £ (6 () (£ ()
yeX iel
A Niim; £ (k6 F) (f; (1))
=/\ /\ lim; ¢, (z;) (2:) A \lim; ke (£ () (£ (0)
< /\( /\ lim; ¢, (z;) (2;) A lim, k¢, (f (F) (f; (x))>

< Nlim, £7 (%) (f; (0)) = lim F (x).
i€l
(8)
Here, the last inequality holds because each (X, lim;) is k-
regular. Now, we have proved that (X, lim) is k-regular. [

The following theorem gives the relationship between
types of lattice-valued weaker regularities.

Theorem 13. Let L be a complete Boolean algebra. Then k-
regularity & k*-regularity and k' -regularity & k' -regularity.

Proof. We check only the equivalence k-regularity & k*-
regularity. The other equivalence is similar. Obviously, k-
regularity = k*-regularity. Conversely, let (X,lim) be k*-
regular. Note that when L is a complete Boolean algebra,
then for every stratified L-filter there exists a stratified L-
ultrafilter containing it. Thus, for each ¢ € X(X), there is some
¢* € X" such that ¢(y) < ¢*(y) for all y € X. Assume that
F e F1(X) with F? € F1(X). Then it is easily seen that

F¢ < Fand F*" ¢ F1(X). By Theorem 10,

/\ lim¢ (y)(y) < /\ lim¢”* (y) (y) < [limg,lim,?‘b*]

yeX yeX

< [lim F,lim Fi‘b] .
9)
Thus, (X, lim) is k-regular. O

As a consequence, we obtain that when L is a complete
Boolean algebra, Theorem 12 holds for k*-regularity and k'* -
regularity.

Obviously, k-regularity = k'-regularity and k*-regularity
= k'"-regularity. The following example shows that the
reverse inclusions do not hold generally.
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Example 14. Let X = {x, y} and L = {0, , 3, 1} with ordering
O0<a f<landaApPB=0,aV =1 Then (L,A)becomes
a complete Boolean algebra. Obviously, [x] and [y] are all
stratified L-ultrafilters on X. Thus, it is easily seen that the
function lim : #3(X) — LX defined by

(1, F =[x];

IimZ (x)=4a, F=[y];

0, otherwise,

, (10)
L F=[y
imZF (y) =18 F=[x];

|0, otherwise,

is a generalized stratified L-convergence structure on X.

(1) (X, lim) satisfies DLK'(DLK'"). Let ¢ € X(X) with
lim ¢(x)(x) = lim¢(y)(y) = 1. Then ¢(x) = [x], $(y) = [y].
Thus, for each # € F7(X), we have k;¢F = F. Then the
axiom DLK', and thus the axiom DLK'" holds obviously.

(2) (X,lim) does not satisfy DLK(DLK™). Let ¢ € X(X) be
defined by ¢(x) = ¢(y) = [y]. Then, for each A € L*, we have

$(A) = A(y). For each F € F1(X),

tight

kioF N =F (p)=F (A (y) = A(y)
= [yl Vs (1)
that is, k ¢F = [y].

Taking & = [x] A [y], then lim @(x) = lim &(y) = 0, and
limk; ¢Z(x) = lim[y](x) = &, limk; ¢&(y) = lim[y](y) = L.
It follows that

a= [\lim¢(2)(z) £ 0 = [limk ¢%,lim ©]. (12)

zeX

It follows that the axiom DLK ™ and thus the axiom DLK does
not hold.

3.2. For Levelwise Stratified L-Convergence Spaces. Let (X, q)
be alevelwise stratified L-convergence space. We consider the
following axioms:

DLLK. For each ¢ € 2(X) and each ¢ € L with Vz € X,
$(z) A, 2 Then VF e Fi(X),Vx e X, F 2, x whenever

da
ki ¢F — x.
Replacing %} (X) by %; (X) in DLLK, we obtain a weaker
axiom in symbol DLLK ™.

Remark 15. The axiom DLLK is a special case of the regular
axiom (R2) in [23] with ] = X and y = id.

Definition 16. Let (X,q) be a levelwise stratified L-
convergence space. Then (X,q) is called k-regular (resp.,
k" -regular) if it satisfies the axiom DLLK (resp., DLLK™).

For k-regularity (k*-regularity), we have the following
characteristic theorem.

Theorem 17. Let (X, q) be a levelwise stratified L-convergence
space. Then (X,q) is k-regular (resp., k™ -regular) if and only
if for each F € F1(X) and each ¢ € Z(X)(resp., ¢ € Z*(X))
and each o € LwithVz € X, ¢(z) &, z, we have that F 2

. . G
implies F® 25 x whenever F9 € F1(X).

Proof. We prove only for k-regularity. Assume the given
condition is satisfied; let ¢ € X(X) satisty the condition in

DLLK and k; ¢F 25 x. By Lemma 9 we have (k;¢F)? €
F1(X) and (k ¢F Y < F. By the given condition, we have

(kL ¢pF )¢ N x and then & &, x. So, the axiom DLLK holds;

that is, (X, q) is k-regular. Conversely, Let ¢ € £(X)anda € L
with Vz € X, ¢(2) &, 2. Suppose that F %, xand F* ¢
3 (X). By Lemma 8, k,¢(F%) > F, so, k,p(F?) =5 x. It

follows by DLLK that ? 2, x as desired. O

The following theorem shows that k-regular is an initial
property relative to any family of injection functions.

Theorem 18. Let (X,q) be the initial structure relative to the

source (X EN (Xi,g))id with each f; : X — X, being
injective. If each (X;,q;) is k-regular, then the same is true of
(X, 9.

Proof. Let ¢ € 2(X) and o € L satisfy ¢(x) 2, x for all
x € X.Fixi € I; define ¢; € 2(X;) as ¢;(y) = [y] if
y ¢ fi00 and ¢(y) = f;7(@(f; (1) if y € f(X). Then
o:(») LN y for each y € X;. Indeed, if y ¢ f;(X), then
& (y) = [yl N y,and if y € f;(X), then there exists an
x € X such that fi(x) = y and so ¢;,(y) = f; (¢(x)) N
fi(x) = y. Let k; pF %, x. Similar to Theorem 12, we have
fo(kp9F) = ki (f7(F)) for alli € I. Because each f; is
continuous, thusk; ¢,(f;7(F)) = [ (k ¢F) ﬂ fi(x). Then

f(F) e, f;(x) since each (X, E) is k-regular. It follows that

7L« by the definition of initial structure. We have proved
that (X, q) is k-regular. O

Theorem 19. Let L be a complete Boolean algebra. Then k-
regularity & k*-regularity.

Proof. The proof is similar to Theorem 13 and thus it is
omitted. 0

As a consequence, we obtain that when L is a complete
Boolean algebra, then Theorem 18 holds for k*-regularity.

The last theorem gives the relationship between k-
regularity for generalized stratified L-convergence space and
k-regularity for levelwise stratified L-convergence space.

Let (X,lim) be a generalized stratified L-convergence

space. It is proved in [22] that the pair (X,qlm), where



lim
F M xifand onlyiflim & (x) > «,isalevelwise stratified

L-convergence space.

Theorem 20. Let (X,lim) be a generalized stratified L-
convergence space. Then (X,lim) is k-regular (resp., k*-

regular) if and only if (X, qlﬁ) is k-regular (resp., k™ -regular).

Proof. We prove only for k-regularity. Let (X,lim) be k-

hm)

(q
regular. Take ¢ € 2(X) and € LwithVz € X, ¢(z) — z;
then we have a < /\yex lim ¢(y)(y). Take F € F;(X) with
lim
F* e F1(X); then we have F M x; that is, lim % (x)
a. By Theorem10 we obtain o < A cxlim@(y)(y)

l]m)a

(lim %, lim %°]. Then lim #*(x) > «; that is, ¢ —> X.
It follows by Theorem 17 that (X, g'™) is k-regular.
Conversely, assume that (X, g'™) is k-regular. Let us take
¢ € X(X) with A\ cx lim¢(y)(y) = a and take F € F}(X)
with % € &5 (X). Then if limF(x) = ffor x € X,
lim lim

(q )a/\ﬁ (q )zx/\ﬁ
we have ¢(y) —— y and F —— «x. It follows by

hm

IN IV

Jan
Theorem 17 that 7* ——ﬁ—> x; that is, lim #®(x) > aA . By

the arbitrariness of x we note that /\ cxlim@(y)(y) = & <

[lim &%, lim %°]. It follows by Theorem 10 that (X, lim) is k-
regular. O

4. On the Relationship between Weaker
Regularity and p-Regularity

4.1. For Generalized Stratified L-Convergence Spaces. Gener-
ally, p-regularity relates to two different generalized stratified
L-convergence structures on the same underlying set. Thus,
in this section, we add the lowercases p, q as the superscript
of lim and use lim?, lim? to denote different generalized
stratified L-convergence structures.

At first, we give the notion of closures of stratified L-filters
and then introduce a new p-regularity.

Definition 21. Let (X,limf) be a generalized stratified L-

convergence space. For each A € L*, the L-set )_tp e L
defined by
veeX, L,(x)= \/ (m"Fx)AF Q) 13)

FeF(X)
is called the closure of A w.r.t (X, lim?).

Lemma 22. Let (X,lim?) be a generalized stratified L-
convergence space. Then for all \,u € L* and all & € L we
get the following:

A<y
(2) A < pimplies Xp < By

B)(BAN), = BA XP and the equality holds if L is a
complete Boolean algebra;
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(4) if L is a complete Boolean algebra, then Vx € X,
Ay(x) = \/gewi(x)(limpg(x)/\?(/\)), and (AV ), =
Ap Vi,

Proof. (1) For each x € X, by lim?[x](x) = 1 we get Xp(x) >

[x](A) = A(x).So, A < XP. Take A = 1in (1); we obtain 1, = 1.
(2) It follows from the property (F2) of stratified L-filters.
(3) For each x € X we have

(BAL), )= \/ (im’F (x)AF (BAL))
FeF5(X)
= (lim? F ( F (B AF )
FeF5(X)
> (lim? F (x) ABAF (X)) (14)
FeFL(X)
=BA (lim? F (x) A F (X))
FeF5(X)
=BAL, (x).

When L is a complete Boolean algebra, then VF € F}(X),
F () = 3. So, the “>” in the above inequality can be replaced

by “=" Thus, (BA L), = BAX,.

(5) Let L be a complete Boolean algebra. That Xp(x) =
V gears o (im? F (x) A F (1)) follows because, for each F €
F1(X), there exists an L-ultrafilter & such that & < &. To
prove (AV ), = )_Lp V i, it suffices to check that (A V ), <

XP V @, since the reverse inequality holds by (2). Indeed,
because each stratified L-ultrafilter is prime we have

Ay () VE, (x)

=< \/ (limPF/T(x)/\F/T(/\))>
FeU;(X)

v< \/ (limp?(x)/\?(‘u))>
GeUs (X)

\/ ((lim?ZF (x) A F (V)

FGU(X)

(15)
vV (lim?Z (x) A G ()

\%

\/  ((im’F (x) A F (L)
FEU(X)
vV (Lim? F (x) AN F

7 ()
F (W)

\/ (lim?F (x) A (F (M) v

FeU(X)

\/ (lim?F (x) N F

FeUs (X)

FAvu)=Avp,x).
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Theorem 23. Let (X,lim”) be a generalized stratified L-
convergence space. For each F € F1(X), the function F , :
L* — L defined by

vieLl®, F,)=\/ (FWA[E,1]) (16)

uelX

is a stratified L-filter, called the closure of F.

Proof. (F1) That F/Tp(l) = 1 is obvious. By Lemma 22(1) we
have

gp () = \/ (‘G}(P’)A [‘EP’A])

" 17)
<\ (FWAwA)<F ).
yELX
Thus, % ,(0) = 0. O

(F2) Firstly, note that Pf_“p()t) <F p(/,t) whenever A < p. It
follows that §P(/\ Au) < §P(A) A &Tp(y). Conversely,

F,MAF,(u)

V (7 @nlap )2V (7 © A [F,4)

aelX belX

\/ (F@AF®) A [a,A]A[b,u])
abelX (18)

\/ (F@rb)A[@nb), Anul)

abelX

\/ (?(C)/\[Ep,)t/\‘u]) =F,(AAp).

ceLlX

IN

IN

(Fs) For all 3 € L, it follows that 971,([3) = \/HeLx(f%”(‘u) A

(Fp B = () AB= By T, = 1.
It is easily seen that the following lemma holds. We omit
the routine proof.

Lemma 24. Let (X, lim?) be a generalized stratified L-
convergence space. Then, for each F,% € F1(X), [F,Z] <
[(F > Gl

Definition 25. Let (X,lim?,1lim?) be a pair of generalized
stratified L-convergence spaces. Then (X, 1im7) is called p-
regular if and only if, for each # € &7 (X), we have lim?F <
limq§p.

Remark 26. When L = {0,1}, a generalized stratified L-
convergence space reduces to a convergence space. It is easily
seen that §P is precisely the filter generated by {A : A €
F} as a filterbasis [29]. And the p-regularity reduces to the
corresponding crisp notion in [3].

The following theorem shows that p-regularity is pre-
served under initial constructions.

Theorem 27. Let {(X,,lim%,1im)},.; be pairs of generalized
stratified L-convergence spaces with eachlim? being p;-regular.
If lim? (resp., lim?) is the initial structure on X relative to the

source (X BN (X;, lim%)),; (resp., (X ER (X, lim?)),.;), then
(X,lim?) is p-regular.

Proof. At first, we check below that for each i € I and each
A€ L% we have (ff()ti))P < ]‘;—((Ai)Pi). Indeed, for each
x€X,

(fi7 (M), ()
=\ (AT ()
TeF(X)
=V << Nim? 7 (©) (f; <x>)> NG (f (M)))
geFy(X) \\ jeI
<\ £ @) (F@)AF (@)
GeF (X)
< \/ (Lim”%; (f; (0) A &; (A;))
9,75 (X;)
- f;7 ((X;jpi>(xj'
(19)
It follow that, for each F € 3 (X) and each A; € L,
17 (Fp) )
=7, (7 ) =V ([Fp £ Q)] A7 ()
ueLlX
=\ ([Tw, i WA F (7 )
wEL” B (20)
Z \/ ([f;_ ((/"i)P,-) i (/\i)] NF(f (.”z)))
pel®i
> V([ 4] 1 17 @ )
pelXi

=&, ().

Thus, ff(f%_“p) > (ff(fﬁ))p_ for all i € I. It follows by each
(X;,1im%) being p;-regular that
lim?% , (x) = Nlim? £;7 (F,) (f; (%))

i€l

> Nlim®(f7(F),, (f; (%)) (1)
iel
> \lim? £7 (F) (f; (x)) = lim?F (x).

i€l

Thus, (X, lim?) is p-regular. O



When L = {0, 1}, Kent and Richardson [6] studied the
relationships between weaker regularities and p-regularity.
Now we discuss them for the general case.

Definition 28. A generalized (strong) stratified L-
convergence space (X, lim?) is called

(i) a (strong) L-Kent convergence space [10] if VF ¢
F1(X), Vx € X, lim?F (x) < im?(F A [x])(x);

(ii) pretopological [11] if V& e Fi(X), Vx € X,
lim?1F(x) = (% ,(x), ], where % (x), defined by VA ¢
LY %y = NgegyoimiF(x) — F(A), is called
the stratified neighborhood L-filter of x w.r.t. lim?, and
when (X,1im?) is a strong stratified L-convergence space,
then (X,lim?) is pretopological if and only if it satisfies
limi% (x)(x) = 1 for all x € X [17];

(iiig ultrapretopological if it is pretopological and for each
x € X, there exists a stratified L-ultrafilter &, such that
%q(x) =[x]NF

(iv) topological [11] if there exists a stratified L-topology
7 such that VA € L*, Vx € X, we have %,(x)(A) = int(A)(x),
where int(A) = \/Heg(y A [p, A]) is called the interior of A
w.r.t. I [11, 30].

X

Proposition 29. Let (X,lim?) be a strong stratified L-Kent
convergence space which is p-regular relative to every ultra-
pretopological generalized stratified L-convergence structure

lim? < lim?. Then (X, lim?) is k'~ -regular.

Proof. Let ¢ € Z*(X) with Vy € X, lim%p(y)(y) = 1
Let lim? be the ultrapretopological generalized stratified L-
convergence structure defined by Vy € X, Uy(y) = ¢(y) A

[y]. From ¢(y) > %p(y) we have lim?¢(y)(y) = 1. For each
F e F1(X) with F* ¢ F1(X), it follows that for each

A e L%, Xp(y) = Vgegi(x)(limpg(y) ANFA) = d(y)(A),
which means Xp > (/3(/1). Thus,
FyM =V (FWn[a,A])
eLX
' X 22)
<\ (FWAr[W),.A])=F*W);
pelX

that is, ?P <  F®. Because (X,lim?) is a strong L-
Kent convergence space, then it follows that lim9% ,(y) =

Lm?(¢(y) A [y])(y) = lim?¢(y)(y) = 1, and so
V8 e F,(X), VyeX,

lim?@ (y) = (%, (y), %] =1lim %, (y) A [, (y), %]

(LC2 : 1lim?% (y).

(23)
That is, im” < lim%. It follows by the assumption that
(X,lim?) is p-regular. Thus limiF(x) > limq&TP(x) >

lim?% (x). By Theorem 17 we know that (X,lim?) is K-
regular. O
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Itis easily seen that when L is a complete Boolean algebra,
then the above proposition holds for k’-regularity.

Lemma 30. Let (X,lim?) be a topological generalized strati-
fied L-convergence space and let T be the stratified L-topology
corresponding to lim?. Then F > U (x) if and only if F (u) >
U (X)) forallp e T

Proof. We need only to check the sufficiency. Note that to
for each p € L, U, (x)(p) = int(p)(x) and U (X)) =
int(u)(x) = pu(x) it p € I [11, 30]. It follows that, for each

Ae L%,
F () = \/X (F (W) A [ A])
2 \/ (% () A A \4(% () (1) A [, A])

= \/ () A [ A]) = int (V) (x) = %, (x) (A).
ueg

24

Theorem 31. Let L be a linearly order frame or let 0 € L
be prime. A topological generalized stratified L-convergence
space (X, lim7) is k'*-regular if and only if it is p-regular for
every ultrapretopological generalized stratified L-convergence
structure lim? < lim?.

Proof. Note that a topological generalized stratified L-
convergence space is natural a strong stratified L-Kent
convergence space [17]. Then the sufficiency follows by
Proposition 29. Thus, we prove only the necessity. Let
(X,lim7?) be k'*-regular and let lim” be an arbitrary ultra-
pretopological generalized stratified L-convergence structure
with lim? < lim?. Then, for each y € X, there exists a
x, € %7 (X) such that %,(y) = , A [yl. Obviously,
limp%y(y) > limPCZlP(y)(y) = 1and then lim?% (y) =
by lim” < lim?.

Let ¢ € Z7(X) be defined by ¢(y) = #,, forall y €
X. Then lim7¢(y)(y) = 1 for each y € X. Foreach A € 7,
we check below [Xp,gg()t)] 1. Here, 9 is the stratified L-
topology corresponding to lim?. For each ¢(y) € %} (X), it
follows by Lemma 1 that ¢)( y)[ﬁ»m ¢(y); that is,

1, IA, € IF¢()’)’

25
0, A ¢ IF(/J(,‘V) ( )

W) =40)0 -
Note that [XP, $(/\)] = /\ya@))(xp(y) — ¢(¥)(L)). For each
y € i(d), it follows that A,(y) = Vgeg: o (lim F(x) A
F(A)) > 0, which means that there exists an F y € F1(X)
such that lim”& (y) > 0 and % ,(1) > 0. Thus, F (1,,) >
.97},(/\) >0.Fixye I(Xp); we have y € A or y € X —A.

Case 1. y € 1A; that is, A(y) > 0. Because (X, lim?) is topo-
logical, then A(y) = %q(y)()t) > 0. From lim7¢(y)(y) = 1,
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we get p(y) > CZlq(y) and then ¢(y)(A) > 0;indeed, p(y)(A) =
1 since ¢(y) € %;(X) takes values in {0, 1}.

Case 2. y € X —A; that is, A(y) = 0. We assume that
d(»)(A) # 1; it follows by equality (25) that /A ¢ Fy(,)- Because
Fy(y) is an ultrafilter on X, then X — (1) € Fg(,) and

so ¢(y)(1x_,) = 1. As we have known limp.?y(y) > 0

and (X,lim”) is ultrapretopological; hence, lim’F (y) =

[%,().F,] > 0, then by %,(»)(1x_) = $()(Tx ) A
[¥](1x_) = 1it follows that & ,(1x_,;) > 0. Now,

0= ‘ojjy (11/\ A lX—L/\) 2 ‘G/:y (1M) A 97}/ (1X—t/\) > 0. (26)

A contradiction! Thus, if y € X — A, then ¢(y)(A) =L
Combining Cases 1 and 2 we get that if y € 1(A,) then
$(A)(y) = 1. It follows immediately that [Xp"ﬁ()‘)] =1.
Next we prove that kch(%q(x)p) > U ,(x). By Lemma 30,
we need only to check that kL(p(%q(x)P)(A) > %q(x)()t) for
all A € 7. Indeed,

kit (Z,,) N =7, ($0)

=\ (%, (W) A B, $W)])
peL® (27)

> U ()M A X, §OV)]
= %q (x)(A).

Then, for each ¥ € F}(X),

im'F () = [%, (), F] < [%,() . 7, |

< [k (7,9, ) k6 (7,)]
< [,k ()] @)
=lim%k, ¢ (Z,) (x)

< limqu (x),

where the first and the second equalities hold by the pre-
topologicalness of (X,lim?), the first inequality holds by
Lemma 24, the second inequality holds by Lemma 5(4), and
the last inequality holds because (X, 1im?) is k" -regular. Then
it follows that (X, lim?) is p-regular. O

Remark 32. To prove that Theorem 31 holds for k'-regularity,
it seems that L must be a complete Boolean algebra. If we
further assume that L is linearly ordered or 0 € L is prime
then L = {0, 1}. Thus, we guess that Theorem 31 holds for K'-
regularity only if L = {0, 1}.

4.2. For Levelwise Stratified L-Convergence Spaces

Definition 33 (see [31]). Let (X, p) be a levelwise stratified

L-convergence space. For each A € L%, the L-set Xz e LX
defined by

vixeX, L= \/ FW),
9€c1‘;‘(x)
(29)

cg(x)z{geg;(xygix}

is called at-level closure of A w.r.t. (X, p).

It is easily seen that «-level closures of L-sets have similar
properties to closures of L-sets. We do not list them but use
them directly.

In [20], Boustique and Richardson modified Jager’s def-
inition [11] and introduced a notion of a-level closures of
stratified L-filters. In [25], we give an equivalent charac-
terization of Boustique and Richardson’s definition. This
characterization seems more simple and more intuitive. Thus,
we use it as the definition of «-level closures of stratified L-
filters.

Definition 34. Let (X,p) be a levelwise stratified L-
convergence space. For each &« € L and each ¥ € F7(X),
it is easily seen that the function §Z : LX — L, defined
by VA € L%, ?_29) = Vyerx (F(u) A [, A]), is a stratified
L-filter; then & o
(X, p).

is called the a-level closure of & w.r.t.

Definition 35 (see [24]). Let (X, p,q) be a pair of levelwise
stratified L-convergence spaces. Then (X,q) is called p-
regular if, for each « € L and each ¥ € F7(X), we have

qa qa
?2 — x whenever # — x.

It is proved in [25] that p-regularity is preserved under
initial constructions. Now, we look at the relationships
between weaker regularities and p-regularity.

Definition 36. A levelwise stratified L-convergence space
(X, 9q) is called

. . th
(i) an L-Kent convergence space if [x] A F — x

th
whenever & — x;

(ii) pretopological [23] if F 2, xifand only if # >
U(x) = MF | F LAY

(iii) ultrapretopological if, for each x € X and each « €
L, there exists a stratified L-ultrafilter &, such that
%Z(x) = [x]ANF

(iv) topological [23] if there exists a stratified L-topology
T, foreacha € LsuchthatVA € L%, Vx € X, wehave
%Z(x)(/\) = int*(1)(x), where int*(A) is the interior
of Awrt. 7.
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Proposition 37. Let (X,q) be a levelwise stratified L-Kent
convergence space which is p-regular relative to every ultrapre-
topological levelwise stratified L-convergence structure p > .

Here for p > g, we mean that & P x implies F 2, x. Then
(X,q) is k™ -regular.

Proof. Let ¢ € 2"(X) and « € L with Vy € X, ¢(y) SN
y. Let p be the ultrapretopological levelwise stratified L-
convergence structure defined by Vo € L, Vy € X, %}(y) =

¢(y) Aly]l. From ¢(y) > %;(y) we have ¢(y) e, y. For each

F € F1(X) such that F? e F1(X) and F N x, it follows
that for each A € L%, Ap(y) = \/gag(y)g(/\) > ¢(y)(A),

which means X? > ¢(A). Thus,

F,0 =\ (F (W [EA])

yELX

<\ (Z (WA [P(w),A]) =2 )

ueLlX

(30)

that is, §Z < F*. Because (X,q) is an L-Kent convergence
space, then it follows by ¢(y) &, y that %;(y) = ¢(y) A
[y] e, y. Thus, p > g; then (X,q) is p-regular by the
assumption. It follows that 97"2 X, x and then F* X5 x

by §; < Z*%. By Theorem 17 we know that (X,q) is k"-
regular. O

It is easily seen that when L is a complete Boolean algebra,
then the above proposition holds for k-regularity.

Lemma 38. Let (X,q) be a topological levelwise stratified L-
convergence space and let T (o« € L) be the stratified L-
topologies corresponding to q. Then F > "Zlg(x) if and only

if F(u) > Ug(x) () forallp € T,

Proof. The proof is similar to Lemma 30 and thus it is
omitted. O

Theorem 39. Let L be a linearly order frame or let 0 € L be
prime. A topological levelwise stratified L-convergence space
(X,q) is k*-regular if and only if it is p-regular for every
ultrapretopological levelwise stratified L-convergence structure
p=q

Proof. The sufficiency follows by Proposition 37. We prove
only the necessity. Let (X,q) be k*-regular and let p
be an arbitrary ultrapretopological levelwise stratified L-
convergence structure with p > g. Fix « € L; then, for each
y € X, there exists a &, € %;(X) such that %g(y) =

. p‘x qa _— _—
Z , N [y]. Obviously, #, — yand then #, — ybyp >q.
Let¢ € X*(X) be defined by ¢(y) = # ,, forall y € X. For

eachA € 7, we check below [Xi, (E(/\)] = 1.Here,7 ,(a € L)
are the stratified L-topologies corresponding to g.
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Note that [1, )] = A\ g (Ap(2) = $()(A). For
P
each y € t(XZ), it follows that X:(y) = \/%cg(y)%‘()t) > 0,

which means that there exists an # y L y such that # y()t) >

0. Thus, (1) = % (1) > 0. Fix y € (X,); then y € 1A or
yeX—IA

Case 1. y € 1A; thatis, A(y) > 0. Because (X, q) is topological,
thus A(y) = %2V = MFQ) | F 25 3} > 0. From

o(y) &, y, we get ¢(y)(A) > 0; indeed, ¢(y)(A) = 1 since
¢(y) € U (X) takes values in {0, 1}.

Case 2. y € X —A; that is, A(y) = 0. We assume that
¢(»)(A) # 1; it follows by equality (25) that /A ¢ Fy(y)- Because
Fy(y) is an ultrafilter on X, then X — (1) € Foi) and so

¢(»)(1x_p) = 1. As we have known &, e, y; hence,
Fy 2 Uy(y) = ¢(y) Ayl then F,(1x_2) > ¢(¥)(1x_n) A
1x_2(») = 1. Now,

0= ‘ijy (IM A lX—M)
(D)
2 gy (1l)t) A gy (IX—M) = g:y (11/\) > 0.

A contradiction! Thus, if y € X — A, then ¢(y)(A) = 1.
Combining of Cases 1 and 2 we get that if y € I(X;) then

$(A)(y) = 1.1t follows immediately that [X;f, #(A)] = 1. Then
similar to Lemma 30 we have kLgb(%g‘(x)P) > %Z(x). Let

F 2 x;then F > ?Z‘;(x) by the topologicalness of g. Hence,
F, 2 %g(x); and then k;¢(F,) > kL¢(%;‘(x):) > U(x),
which means kL¢(§§) 2, x. Because (X, q) is k*-regular,

then 52 2, x. It follows that (X,q) is p-regular. O
Remark 40. Similar to Remark 32, we guess that Theorem 39
holds for k-regularity only if L = {0, 1}.

5. Conclusions

In this paper, we introduce some weaker regularities for
levelwise stratified L-convergence spaces and generalized
stratified L-convergence spaces and study their characteriza-
tions and properties. For generalized stratified L-convergence
spaces, we also investigate a notion of closures of stratified
L-filters and then define by it a new p-regularity which
is different from the p-regularity in [25] defined by the
notion of a-level closures of stratified L-filters. At last, we
discuss the relationships between weaker regularities and
p-regularities. In addition, it seems that the p-regularity
(for generalized stratified L-convergence spaces in [25]) has
close relationships with k-regularity and k* -regularity. But we
fail to establish those relationships for it is difficult to find
an appropriate definition for ultrapretopological generalized
stratified L-convergence spaces.
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