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We construct the conservation laws for a variable coefficient variant Boussinesq system, which is a third-order system of two partial
differential equations. This system does not have a Lagrangian and so we transform it to a system of fourth-order, which admits a
Lagrangian. Noether’s approach is then utilized to obtain the conservation laws. Lastly, the conservation laws are presented in terms
of the original variables. Infinite numbers of both local and nonlocal conserved quantities are derived for the underlying system.

1. Introduction

The first type of variant Boussinesq equations [1, 2] is given by

u, +v, +uu, =0, (1a)
Ve+ (Uv), + ey, =0, (1b)

and was introduced as a model for water waves [3]. Wang in
his paper [4] obtained the solitary wave solutions of ((la) and
(Ib)) by using homogeneous balance method. The periodic
wave solutions of ((1a) and (1b)) were derived in [5] by using
ansatz method and the multisolitary wave solutions were
obtained in [6] using the homogeneous balance method. Xu
et al. [7] obtained traveling wave solutions of ((1a) and (1b)).
Conservation laws for ((1a) and (1b)) were derived in [8].
Conservation laws play a vital role in the solution process
of differential equations (DEs) because they describe physical
properties that remain constant throughout the various pro-
cesses that occur in the physical world. Thus it is very impor-
tant to compute conservation laws for differential equations.
One can see from the various published papers (see, e.g., [9-
11]) that conservation laws have been used in studying the
existence, uniqueness, and stability of solutions of nonlinear
partial differential equations. They have also been applied in
the development and use of numerical methods (see, e.g.,

[12,13]). Most importantly, conserved vectors associated with
Lie point symmetries have been used to derive exact solutions
of some partial differential equations [14-16].

In this paper, we study the variable coeflicient variant
Boussinesq system:

u, +a(t)v, + pt)uu, =0, (2a)

Ve B() (), + ¥ () Uy, = 0, (2b)

which generalizes the system ((la) and (1b)). In ((2a) and
(2b)), «(t), B(t), and w(t) are arbitrary functions of t, with
y(t) describing the different diffusion strength, u = u(x,t)
representing the field of a horizontal velocity, and v = v(x, t)
representing the amplitude describing the deviation from the
equilibrium position of the liquid.

The objective of the present study is to construct conser-
vation laws for the system ((2a) and (2b)).

The paper is organized as follows. In Section 2 we briefly
give the preliminaries concerning the Noether symmetry
approach. Section 3 obtains the conservation laws for the sys-
tem ((2a) and (2b)). Finally, in Section 4 concluding remarks
are presented.
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2. Preliminaries

Here we present some salient features of Noether operators
concerning the system of two partial differential equations.
These results will be utilized in Section 3. The reader is
referred to (8, 17-19] for further details.

Consider the vector field

0 0 d
let,, )V_ 2t))aV_ lt)) )V_
& (txU )at+§(xU )ax+r](xU )aU

+112 (t,x,U,V) % >
3)

which has the second-order prolongation
X = 8 (60U V) 2+ B (20U, V)
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where

& =D, (n')-UD, (&) -U,D, (&),
1=D,(n')-UD, (¢)-U,D, (&),

¢ =D, (") -viD, (§') - VD, (&), 5)
=D, () - ViD, (§') - V,D, (&),
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The Euler-Lagrange operators are defined by
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Consider a system of two partial differential equations of two
independent variables, t and x, namely,

E, (t’ x UV, Ux’ Vx> Ut’ Vt> Utt’ Vtt’ Uxx’ Vxx’ e ) =0,

(8a)
EZ (t> x UV, Ux’ Vx’ Ut’ ‘/t’ Utt’ \/tt’ Uxx’ Vxx’ e ) =0,

(8b)

which has a second-order Lagrangian L; that is, ((8a) and
(8b)) are equivalent to the Euler-Lagrange equations:

S, oL
sSU 7 8V
Definition 1. The vector field X, of the form (3), is called a
Noether operator corresponding to a Lagrangian L of ((8a)
and (8b)) if
X (@) +{D, (&) + D, (8)} L =D, (B") + D, (B)
(10)

0. )

for some gauge functions Bl(t, x,U, V) and Bz(t, x, U, V).
We recall the following theorem.

Theorem 2 (Noether [17]). If X, as given in (3), is a Noether
point symmetry generator corresponding to a Lagrangian L of
(8a) and (8b), then the vector T = (T*, T?) with components,

SL SL 5L
T'=E8'L+W'=—= +W?=—= - D, (W) —
$L+ oU, i oV, ( )aUn
SL
- D, (W?*)=— - B!,
t( )tht W
2 2 1 6L , 6L 1
T —EL+WaUx+Wan D, ( )aUxx
_Dx(Wz);TL—Bz,

is a conserved vector for ((8a) and (8b)) associated with the
operator X, where W' = #' —~U,&' ~U, & and W* = > - V,&' -
V& are the Lie characteristics functions.

3. Conservation Laws of System ((2a) and (2b))

Consider the variable coefficient variant Boussinesq system
((2a) and (2b)); namely,

u, +oa(t)v,+ pE)uu, =0,
12
v+ B uv, + ) vu, +y () uy,, = 0. 2

Here we note that the system ((2a) and (2b)) does not admit a
Lagrangian. Nevertheless, we can transform the system ((2a)
and (2b)) into a variational form by settingu = U, andv = V.
Thus, the system ((2a) and (2b)), with this transformation,
becomes a fourth-order system, namely

U,+a®) V., +B1HUU,, =0, (13a)

‘/tx + ﬁ (t) UxVxx + ﬁ (t) Vxex + l// (t) Uxxxx = 0 (13b)
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and has a second-order Lagrangian given by

- % [v(OUL, —a )V - B ULV, - VU, -UV,]|.

(14)
Substituting the value of L from (14) to (1) and splitting with

respect to the derivatives of u and v yield the linear overde-
termined system of PDEs; namely

=0 &=0, &=0  &=0
£,=0, =0, p,=0, #1=0,
2By + BOE + BBy + B E —2B1)E =0,

YO 12y, -3y OE +yE =0, niy =0,
a OE r2at) gy —a)E ra(t)E =0,

1 2
2’7xU - Exx =0,

1 2 1 1
Nex =0 7y +1y =0, -B®)n, =0,
2 2 1 1 2
-1, = 2By, B, =0, -1, = 2By,
-5t =2B,, B +B.=0.

(15)

After some tedious and lengthy calculations, the above system
yields

g =a),
g2 :C1x+czjﬁ(t)dt+c3,
' =ht)U+cx+k(t),
W”=-h(t)V+m(t), (16)

B' = —%V+z(t,x),

B - —%h' (O UV - %m' U - %k' OV +w(tx),

z, tw, =0,

BWR®) +B®)a (t)+ B ®)a(t)-2¢B () =0, (17)

2 Oh®)+y Oa®) +y®)a () -3¢y ) =0, (18)

2a()h(t)—a®)a () —a () at)+cqa(t)=0. (19)

The analysis of (17), (18), and (19) prompts the following two
cases.

Case 1. «(t), B(t), and y(t) are arbitrary but not of the form
contained in Case 2.

In this case we obtain four Noether point symmetries.
These are given below together with their corresponding
gauge functions:

0
1 a, B1=Z, BZ=w’ zt+wx:0)
(20)
0 1 2 L,
=k(t) —, B =z, B =—k t)V+uw,
2 ()aU k4 2 ) w
z;+w, =0,
X =m(t)i Blz—lm’(t)U+z B =w
} v’ 2 ’ ’
z, +w, =0,
(22)
d 0 1 1
tdt—+ B =--V+z,
Jﬁ() You P
B =w, z; +w, =0.
(23)

Invoking Theorem 2, the four nontrivial conserved vectors
associated with these four Noether point symmetries are,
respectively,

T, =uv -z, (24)

Tf:&ﬁ_@

5 ui +y () uu,, + (1) utv - w;

(25)
=—k(t)v+D, < ;t) J dx> -z, (26)

T? = —ﬁ(t)k(t)uv—l//(t)k(t)uxx+k'(t)Jvdx

o (27)
- D, ( 5 J.vdx> - w;
t
T31 =-m@{)u+D, (mT() J udx) -z, (28)
T2 = —a(t)ym(t)v- %ﬁ(t)m(t)uz +m' (t)Judx
(29)

- D, (mz(t)J-udx> - w;
Ti J/B(t)dt—xv+D< Jvdx)—z, (30)
72 = 24 “(t) zjﬁ(t)dt v ZJ-,B(t)dt

B () xuv— (1) xug, + B (1) v J B (1) dt

(5 i)

(31)

+1//(t)uuxxJﬁ(t)dt+1//(t)ux—Dt



From the above we observe that the conserved vector (24)-
(25) is a local conserved vector. In (30)-(31) one can see that
the nonlocal part within the parenthesis gives the trivial part
of the conserved vector and therefore can be set to zero. Thus,
the conserved vector (30)-(31) is a local conserved vector. It is
also interesting to notice that the conserved vectors (26)-(27)
and (28)-(29) for k(t) = 1, z(x, t) = 0, w(x,t) = 0,and m(t) =
1 yield the local conserved vectors:

Ty=v, To=BOuv+y®)u,;
(32)

1
T61=u, T62=(x(t)v+§[3(t)u2.

Remark 3. We note that for arbitrary values of k(t) and m(t)
infinitely many nonlocal conservation laws exist for the vari-
able coefficient variant Boussinesq system.

Case 2. oft) = ay, f(t) = By, and y(t) = y,, where a;, 5;, and
Y, are constants.

This case gives us five Noether point symmetries, namely,
X, X,,and X3, given by the generators (20)-(22) and X, X5
given by

0
Xy == B'=z, PB=w  z+w, =0,
d 1_ 1 (33)
X5 = fit— +x—, B =--V+z,
=Pl 5 2
B =w, z; +w, =0.

The application of Theorem 2, due to Noether, gives the five
nontrivial conserved vectors:

Tl1 =uv-2z, (34)

T? = 1 > 1 2 2 . 35
1= 5mv - 5W1“x+‘//1”“xx+/31” v-ow; (35)
T21 :—k(t)v+Dx<@Jvdx>—z, (36)

Ty = =Bk (t)uv —yik () g, + K () J vdx

(37)
—Dt<@ Jvdx) - w;
2
t
T31 =-m (t)u+Dx<mT() Judx) -2z, (38)
T2 = —aym(t)v— %ﬂlm &)1 +m' (8) I udsx
(39)

—Dt<mT(t)J'udx>—w,
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11 5 1 5 1,5
T, = E‘/’l”x — SV - zﬁlu v -z, (40)

TZ = —y U, + (oclv+ %ﬁ1u2> J v, dx
(41)

+ (B + yyuy,) J u,dx + j u,dx J vdx — w;

Ts = Buvt — xv + D, (g J vdx) -z, (42)
2 1 2 1 2 2
Is = E“lﬁﬂ’ b= E%ﬁl”xt = Brxuv =y xu, + Pt

+yuu,, t+yu, — D, (;—C J vdx) - w,
(43)

respectively, corresponding to the above five Noether point
symmetries. We note that in this case we obtain an extra
Noether operator and hence an extra conserved vector, which
is given by (40)-(41).

Remark 4. When «; = 8, = y; = 1, we recover the results
obtained in [8].

4. Concluding Remarks

In this paper we studied the variable coefficient variant Bou-
ssinesq system ((2a) and (2b)). This system does not have a
Lagrangian. Therefore we converted it to a fourth-order sys-
tem ((13a) and (13b)) which has a Lagrangian. Thereafter, we
utilized the Noether’s theorem to construct the conservation
laws of system ((13a) and (13b)). Finally, by reverting back to
our original variables u and v we constructed the conser-
vation laws for the third-order variable coefhicient variant
Boussinesq system. The conservation laws obtained consisted
of infinite number of local and nonlocal conserved vectors.
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