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We will prove the stability of the functional equation 2f (X xi) + X< jeniz; f(Xi — %) = (n +
1) >, f(x) + (n—1) 3%, f(=x;) in non-Archimedean normed spaces.

1. Introduction

A classical question in the theory of functional equations is “when is it true that a function,
which approximately satisfies a functional equation, must be somehow close to an exact
solution of the equation?” Such a problem, called a stability problem of the functional equation,
was formulated by Ulam in 1940 (see [1]). In the following year, Hyers [2] gave a partial
solution of Ulam’s problem for the case of approximate additive functions. Subsequently,
his result was generalized by Aoki [3] for additive functions and by Rassias [4] for linear
functions. Indeed, they considered the stability problem for unbounded Cauchy differences.
During the last decades, the stability problems of functional equations have been extensively
investigated by a number of mathematicians (see [5-23]).

A non-Archimedean field is a field K equipped with a function (valuation) |- | : K —
[0, o0) such that
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(F1) |r| = 0if and only if r = 0;
(F2) [rs| = |rlls;

(F3) |r + s| < max{|r|,|s|} forall r,s € K.

Clearly, it holds that |1| = |- 1| =1 and |n| < 1 forall n € N.
Let X be a vector space over a scalar field K with a non-Archimedean and nontrivial
valuation | - |. A function || - || : X — R is a non-Archimedean norm (valuation) if it satisfies

the following conditions:

(N1) [|x|l = 0 if and only if x = 0;
(N2) |lrx]|| = |r]l|x]|| for all r € K and x € X;

(N3) [lx + yll < max{|lx|, llyll} for all x, y € X.

Then (X, || - ||) is called a non-Archimedean space. Due to the fact that

lI%n = x|l < max|lxiq —xif|  (n>m), (L.1)
m<i<n

a sequence {x,} is Cauchy if and only if {x,+1 — x,,} converges to zero in a non-Archimedean
space. A complete non-Archimedean space is a non-Archimedean space in which every
Cauchy sequence is convergent.

Recently, Moslehian and Rassias [24] proved the Hyers-Ulam stability of the Cauchy
functional equation

fx+y) = f(0)+f(v), (1.2)
and the quadratic functional equation
fle+y)+ f(x-y) =2f(x) +2f (y) (1.3)

in non-Archimedean normed spaces.
We now consider the n-dimensional mixed-type quadratic and additive functional equation

2f <Zx> b flimx) = DY)+ (- DX f(-x), (1.4)
i=1 i=1 i=1

1<i j<n,i#j

whose solution is called a quadratic-additive function.

In 2009, Towanlong and Nakmahachalasint [25] obtained a stability result for the
functional equation (1.4), in which they constructed a quadratic-additive function F by
composing an additive function A and a quadratic function Q, where A and Q approximate
the odd part and the even part of the given function f, respectively.

In this paper, we investigate a general stability problem for the n-dimensional mixed-
type quadratic and additive functional equation (1.4) in non-Archimedean normed spaces.
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2. Solutions of (1.4)

In this section, we prove the generalized Hyers-Ulam stability of the n-dimensional mixed-
type quadratic and additive functional equation (1.4). Assume that H is an additive group
and X is a complete non-Archimedean space.

For a given function f : H — X, we use the abbreviations

oty = L),
_fx) - f(=x)
folx) = o,
Af(xy) = f(x+y) - f(x) - f(y),
Qf(x,y) = f(x+y) + f(x—y) - 2f(x) - 2f (¥), 2.1)
Dy f(x1,%2,...,%y) = 2f<§n:x,-> + ) fxi-xj)
i=1 1<i,j<n,i#j

- (n+1)D f(x) - (n-1)D f(-x)
i=1 i=1

for all x,y, x1,x2,...,x, € H and for an arbitrarily fixed n € N.

Theorem 2.1. Assume that n > 2 is an integer. Let H and X be an additive group and a complete
non-Archimedean space, respectively. A function f : H — X is a solution of (1.4) if and only if f, is
quadratic, f, is additive, and f.(0) = 0.

Proof. If a function f : H — X is a solution of (1.4), then we have f,(0) =0,

Qfe(x,y) = fe(x +y) + fe(x —y) = 2fe(x) = 2fc(v)

:%ane(x,y,O,...,O)+%(n—2)(n+3)fe(0) (2.2)

=0,
Afo,) = folx + ) = fol) = foy) = 3Dufo(%,,0,...,0) =0

for all x,y € H, that is, f, is quadratic and f, is additive.
Conversely, assume that f, is quadratic, f, is additive, and f.(0) = 0. We apply an
induction on j to prove D,, fo(x1,x2,...,x,) =0 forall x1,x,,...,x, € H. For j = 2, we have

ang(.?q, X2, 0, e ,O)
=2fe(x1 + x2) + 2fe(x1 = X2) = 4fe(x1) = 4fe(x2) —(n=2)(n+3)fe(0)  (2.3)
=0.
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Ifn >2and D, fe(x1,x2,...,%},0,...,0) = 0 for someinteger j (2 < j <n)and forall x1,xo,...,
xj € H, then a routine calculation yields

ane(xlle/-'-/xj+1/0/-~-/0)

1
= Qfe(xl + -+ Xj, Xjs1 —x]') + Eane(xl,. ..,xj,1,2x,-,0,...,0)
1 2
+ Eang(xll. . .,xj_1,2x]-+1,0,. . ,0) - kZ(Qfg(Xk,x]') + Qfe(xk,xj+1)) (24)
=1

- %QfE(xj+1/xj+1> - %Qfg(xj,xj)

=0
for all x1,x7,...,xj;1 € H. Hence, we conclude that
ane(xlleI"'/xn) =O (25)

forall xq,x5,...,x, € H.
Since f, is additive, a long calculation yields

ano(x1/x2/-- -/xn)

n-1 i
= Z Afo (xi, —x]-) + ZZAfO <Zx]-, xi+1> (26)
i=1 j=1

1<i j<n,i#j

=0.
Hence, it follows from (2.5) and (2.6) that
Dy f(x1,x2,...,%,) = Dpfe(x1,%2,...,%n) + Dy fo(x1,%2,...,%,) =0 (2.7)
for all x1,xy,...,x, € H; thatis, f is a solution of (1.4). O

3. Generalized Hyers-Ulam Stability of (1.4)

In the following theorem, we will investigate the stability problem of the functional equation
(1.4).

Theorem 3.1. Assume that n > 2 is an integer. Let H and X be an additive group and a complete
non-Archimedean space, respectively. Assume that ¢ : H" — [0, 00) is a function such that

lim p(n"xy,n"xy, ..., n"xy) a
m— oo |n|2m -

0 (3.1)
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forall x1,x,,...,x, € H. Moreover, assume that the limit

B ) p(nix,...,n'x) @(-nix,...,-n'x)
=1 - - 2
P 51%{ P o2
exists for each x € H. If a function f : H — X satisfies the inequality
IDnf (x1, %2, ..., x0) || < @(x1, %2, ..., X) (3.3)

forany x1,xy,...,x, € H, then there exists a unique quadratic-additive function T : H — X such
that

| f(x) = T()]| < ¢(x) (3.4)

for each x € H. In particular, T is given by

o (f@"x) + f(-n"x)  f(n"'x) - f(-n"X)
T(x) = n?f}»( m + P ) (3.5)
forall x € H.
Proof. 1f we replace x; in (3.1) with 0 for each i € {1,2,...,n}, then we have
0,0,...,0
lim ‘*’(—2) - 0. (3.6)
m— oo |1’l| m
Since |n| < 1, it holds that ¢(0,0,...,0) =0 and
||(n -1)(n +2)f(0)|| = ||an(0,0,...,0)|| <¢(0,0,...,0) =0. (3.7)
Hence, we conclude that f(0) = 0.
Let J,.f : H — Y be a function defined by
n"x)+ f(-n"x n"x) - f(-n"x
]mf(x):f( ) + f( )+f( ) — f( ) (3.8)

2n2m 2n™m
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forallx € Hand m € {0,1,2,...}. A tedious calculation, together with (F;), (IN3), and (3.3),
yields

D,f(n'x,...,n'x) D,f(-n'x,...,—n'x)
4712i+2 B 4Ap2i+2

Jif (x) = Jini f(x)|| = H_

D,f(n'x,...,n'x) D,f(-n'x,...,—n'x)
- +

4ni+1 4ni+1
Py |IDnf (nix,...,n'x)|| ||Dnf(-nix,...,—n'x)]|
B R VT o)
||D,,f(nix,...,nix)|| ||an(—nix,...,—nix)||
|4+ ' |4 || !

< p(n'x,...,n'x) @(-nix,...,-n'x)
= max 22 2i2
[4]|72] 4[|

forallx e Handi € {0,1,2,...}. It follows from (3.1) and (3.9) that the sequence { ], f(x)} is
Cauchy. Since X is complete, we conclude that { ], f (x)} is convergent.
Let us define

T(x) = lim Juf () (310)

for any x € H. It follows from (IN3) and (3.9) that

() = Tmf )| =

m—1
D Uif (x0) = Jin f(x))
i=0

< @3;(1”]z‘f(x) —Jirnf ()| (3.11)

 0<i<m

< p(n'x,...,n'x) ¢(-n'x,...,-n'x)
roax 22 242
|4]|7| 4|

forallme {0,1,2,...} and x € H. In view of (3.2), if we letm — oo in (3.11), then we obtain
the inequality (3.4).

Replacing x; in (3.3) with n™x; fori € {1,2,...,n} and considering (F,) and (N3), we
get

D, f(n™x1,...,0"x,) = Dy f (-0"x1,...,—n"x,)
2n™

DT f (1,22, . 2) || = H

D, f(n™x1,...,0"x,) + Dy f (=n"x1,...,—-1n"x,)
+ 2n2m
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< max p(n™xy,...,n"x,) e(-n"x1,...,—n"xy)
- 12[|m|™ ’ 12[|m|™ ’

p(n"xy,...,n"x,) @(=2"x1,...,-2"x,)
2fnfm 12][n™

(3.12)

forallm € {0,1,2,...} and x1,x3,...,x, € H. If we let m — oo in the last inequality, then it
follows from the condition (3.1) that D, T (x1,x3,...,x,) = 0 for all x1,x,...,x, € H; that s,
T is a quadratic-additive function.

Assume that T" : H — X is another quadratic-additive function satisfying (3.4). By
the definition of D,, a routine calculation yields

D,T'(n'x,...,n'x) D,T'(-n'x,...,-n'x) D,T'(n'x,...,n'x) D,T'(-n'x,...,-n'x)
B 472i+2 - Ap2i+2 - Api+] 4pi+]

= _% (T’ (ni“x) + T’(—n”lx)) + % (T’ (nix> + T’(—nix>>

- Zn{ﬂ (T'(w%) - 7' (~n"1x) ) + %(r(m) -7(-n'%))

(3.13)
foreachi€ {0,1,2,...} and x € H. Hence, it follows from (3.8) that
=/ DT (n'x,...,n'x) D,T'(-n'x,...,—n'x)
Z - 472i+2 B 4p2i+2
in
(3.14)

D,T'(n'x,...,n'x) D,T'(-n'x,...,-n'x)
N Apitl Anitl

> =T'(x) - JkT'(x)

for any k € Nand x € H. Since T is a solution of (1.4), it follows from the last equality that
T'(x) = JkT'(x) (3.15)

for any k € Nand x € H. Obviously, this equality also holds for T.
Consequently, by considering that |n| < 1, it follows from (N3), (3.1), (3.4), and (3.8)
that

ITG) - T' )|

= lim || /T (x) - JiT'(2) |

< klijrgomaX{ | JxT (x) = Tif ) ||, | Je f () = JkT' () || }
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< i o a1 o) 500 () s ()

|7 () =1 ()| | () =1 (=)}

{(p(nix,...,nix) o(-n'x,...,—n'x) }

7

< lim lim max

k— oo 11— 00 k<i<m+k 8|52 |8]|m|**2
=0
(3.16)
for all x € H. Therefore, T = T’, which proves the uniqueness of T. O

Corollary 3.2. Let X and Y be non-Archimedean normed spaces over K with |n| < 1. If Y is complete
and f : X — Y satisfies the inequality

IDf (v, 22,2 || < 0 Il (3.17)
i=1

forall x1,x5,...,x, € X and for some r > 2, then there exists a unique quadratic-additive function
T : X — Y such that

no
|4{|n]

£ =T < —— x| (3.18)

forall x € X.
Proof. Let ¢p(x1,%2,...,x,) =0 X, ||xi]|". Since |n| < 1 and r — 2 > 0, we get

m(r-2)

lim [n] 2" p(n"x1, 0" x,,...,n"x,) = lim |n] p(x1,%x2,...,x,) =0 (3.19)

for all x1,x7,...,x, € X. Therefore, the conditions of Theorem 3.1 are satisfied. Indeed, it is
easy to see that ¢(x) = n0(|4|n|™)||x||". By Theorem 3.1, there exists a unique quadratic-
additive function T : X — Y such that (3.18) holds. O
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