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Using fixed point method, we prove the generalized Hyers-Ulam stability of the following

additive-quadratic-cubic-quartic functional equation f(x+2y) + f(x-2y) =4f(x+y) +4f(x-y) -
6f(x)+ f(2y) + f(-2y) —4f(y) - 4f (-y) in non-Archimedean Banach spaces.

1. Introduction and Preliminaries

A valuation is a function |- | from a field K into [0, co) such that 0 is the unique element having
the 0 valuation, [rs| = |r| - |s|, and the triangle inequality holds, that is,

|r+s| <|r|+]s|, Vr,seK. (1.1)

A field K is called a valued field if K carries a valuation. The usual absolute values of R and C
are examples of valuations.

Let us consider a valuation which satisfies a stronger condition than the triangle
inequality. If the triangle inequality is replaced by

|r +s| <max{|r|,|s|}, Vr,se€K, (1.2)

then the function | - | is called a non-Archimedean valuation, and the field is called a non-
Archimedean field. Clearly [1| = | -1 = 1 and |n| < 1 for all n € N. A trivial example of
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a non-Archimedean valuation is the function | - | taking everything except for 0 into 1 and
|0] = 0.

Throughout this paper, we assume that the base field is a non-Archimedean field,
hence call it simply a field.

Definition 1.1 (see [1]). Let X be a vector space over a field K with a non-Archimedean
valuation | - |. A function || - || : X — [0, o0) is said to be a non-Archimedean norm if it satisfies
the following conditions:

(i) ||lx|| = 0if and only if x = 0;
(i) [lrx|l = |rlllx[| (r € K, x € X);

(iii) the strong triangle inequality

[lx + |l < max{lxl, ¥}, VxyeX (1.3)

holds. Then (X, || - ||) is called a non-Archimedean normed space.

Definition 1.2. (i) Let {x,} be a sequence in a non-Archimedean normed space X. Then the
sequence {x,} is called Cauchy if for a given € > 0, there is a positive integer N such that

[y — x|l < & (1.4)

foralln,m > N.

(ii) Let {x,} be a sequence in a non-Archimedean normed space X. Then the sequence
{xn} is called convergent if for a given & > 0, there are a positive integer N and an x € X such
that

[l — x|l < € (1.5)

forall n > N. Then we call x € X a limit of the sequence {x,}, and denote it by lim,, _, o x,, = x.
(iii) If every Cauchy sequence in X converges, then the non-Archimedean normed
space X is called a non-Archimedean Banach space.

The stability problem of functional equations originated from a question of Ulam [2]
concerning the stability of group homomorphisms. Hyers [3] gave a first affirmative partial
answer to the question of Ulam for Banach spaces. Hyers’ Theorem was generalized by
Aoki [4] for additive mappings and by Rassias [5] for linear mappings by considering an
unbounded Cauchy difference. The paper of Rassias [5] has provided a lot of influence in the
development of what we call generalized Hyers-Ulam stability or as Hyers-Ulam-Rassias stability
of functional equations. A generalization of the Rassias theorem was obtained by Gavruta [6]
by replacing the unbounded Cauchy difference by a general control function in the spirit of
Rassias’ approach.

The functional equation

flx+y)+ f(x-y) =2f(x) +2f (v) (1.6)
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is called a quadratic functional equation. In particular, every solution of the quadratic functional
equation is said to be a quadratic mapping. A generalized Hyers-Ulam stability problem for the
quadratic functional equation was proved by Skof [7] for mappings f : X — Y, where X is
a normed space and Y is a Banach space. Cholewa [8] noticed that the theorem of Skof is
still true if the relevant domain X is replaced by an Abelian group. Czerwik [9] proved the
generalized Hyers-Ulam stability of the quadratic functional equation.

In [10], Jun and Kim considered the following cubic functional equation:

f@x+y)+f(2x-y) =2f(x+y) +2f (x —y) + 12f (x), (1.7)

which is called a cubic functional equation and every solution of the cubic functional equation
is said to be a cubic mapping. In [11], Lee et al. considered the following quartic functional
equation:

fQx+y)+f(2x-y) =4f(x+y) +4f (x —y) +24f(x) - 6f(y), (1.8)

which is called a quartic functional equation and every solution of the quartic functional
equation is said to be a quartic mapping.

The stability problems of several functional equations have been extensively
investigated by a number of authors and there are many interesting results concerning this
problem (see [12-27]).

Let X be a set. A functiond : X x X — [0,00] is called a generalized metric on X if d
satisfies

(1) d(x,y) =01if and only if x = y;

(2) d(x,y) =d(y,x) forall x,y € X;

(3) d(x,z) <d(x,y)+d(y,z) forall x,y,z € X.

We recall a fundamental result in fixed point theory.

Theorem 1.3 (see [28, 29]). Let (X, d) be a complete generalized metric space and let | : X — X
be a strictly contractive mapping with Lipschitz constant L < 1. Then for each given element x € X,
either

d( J"x, ]”*1x) - (1.9)

for all nonnegative integers n or there exists a positive integer ny such that

(1) d(J"x, J"*'x) < oo, for all n > ny;

(2) the sequence { J"x} converges to a fixed point y* of J;

(3) y* is the unique fixed point of | in the set Y = {y € X | d(J™x,y) < oo},
@) d(y,y") < (1/(1-L)d(y, Jy) forall y € Y.

In 1996, Isac and Rassias [30] were the first to provide applications of stability theory
of functional equations for the proof of new fixed point theorems with applications. By
using fixed point methods, the stability problems of several functional equations have been
extensively investigated by a number of authors (see [31-36]).
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This paper is organized as follows: in Section 2, using the fixed point method, we
prove the generalized Hyers-Ulam stability of the additive-quadratic-cubic-quartic functional
equation

flx+2y) + f(x-2y) =4f (x+y) +4f(x —y) —6f(x) + f(2y) + f(-2y) - 4f (y) —4f((1-1y0))

in non-Archimedean Banach spaces for an odd case. In Section 3, using the fixed point
method, we prove the generalized Hyers-Ulam stability of the additive-quadratic-cubic-
quartic functional equation (1.10) in non-Archimedean Banach spaces for an even case.

Throughout this paper, assume that X is a non-Archimedean normed vector space and
that Y is a non-Archimedean Banach space.

2. Generalized Hyers-Ulam Stability of the Functional Equation (1.10):
An Odd Case

One can easily show that an odd mapping f : X — Y satisfies (1.10) if and only if the odd
mapping f : X — Y is an additive-cubic mapping, that is,

flx+2y) + f(x-2y) =4f (x +y) +4f(x -~ y) - 6f(x). (2.1)

It was shown in Lemma 2.2 of [37] that g(x) := f(2x) —2f(x) and h(x) := f(2x) — 8f(x) are
cubic and additive, respectively, and that f(x) = (1/6)g(x) — (1/6)h(x).

One can easily show that an even mapping f : X — Y satisfies (1.10) if and only if the
even mapping f : X — Y is a quadratic-quartic mapping, that is,

flx+2y) + f(x-2y) =4f(x +y) +4f (x —y) - 6f(x) +2f (2y) - 8f (y).  (22)

It was shown in Lemma 2.1 of [38] that g(x) := f(2x) —4f(x) and h(x) := f(2x) —16f(x) are
quartic and quadratic, respectively, and that f(x) = (1/12)g(x) — (1/12)h(x).
For a given mapping f : X — Y, we define

Df(x,y) = f(x+2y) + f(x - 2y) —4f (x +y) —4f (x —y) + 6f(x)

(2.3)
- fQy) - f(-2y) +4f (y) +4f (-y)

forall x,y € X.
We prove the generalized Hyers-Ulam stability of the functional equation D f (x, y) = 0
in non-Archimedean Banach spaces: an odd case.

Theorem 2.1. Let ¢ : X? — [0, 00) be a function such that there exists an L < 1 with

L
p(x,y) < W’@x, 2y) (2.4)
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forall x,y € X. Let f : X — Y be an odd mapping satisfying
IDf Ce )l < 9(x v) (2.5)

forall x,y € X. Then there is a unique cubic mapping C : X — Y such that

L

1 2) = 2£ ) - CE) | < =gy max{4lp(x, 1), 92, ) 26)
forall x € X.
Proof. Letting x = y in (2.5), we get
15 Gy) =4f 2y) +5f W)l < ¢ (v v) (27)
forally € X.
Replacing x by 2y in (2.5), we get
1f (4y) —4f (3y) +6f (2y) ~4f W)l < (2w, v) (2.8)

forally € X.
By (2.7) and (2.8),

[l f (4y) - 10f (2y) +16f (y)||
< max{||4(f By) —4f (2y) +5f (),

f4y) -4fBy) +6f(2y) —4f ()Il}

(2.9)
<max{l4]-[|f By) - 4f 2y) +5f (). [|f (4y) - 4f (By) +6f (2y) -4/ (W) |}
< max{l4lp(y,y), 92y, y))
forall y € X.
Letting v := x/2 and g(x) := f(2x) - 2f(x) for all x € X, we get
560 =85()]| < max{isio (3 3) (> 3)} 210)
forall x € X.
Consider the set
S={g:X—Y}, (2.11)

and introduce the generalized metric on S

d(g h) =inf{p e R, : ||g(x) — h(x)|| < p(max{[4lp(x, x), p(2x,x),Vx € X})}, (2.12)
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where, as usual, inf ¢ = +oo. It is easy to show that (S, d) is complete. (See the proof of Lemma

2.1 of [39].)
Now we consider the linear mapping J : S — S such that

Jg(x) = 8g<§)

for all x € X.
Let g, h € S be given such that d(g, h) = €. Then

|g(x) = h(x)|| < &-max{[4]p(x, x), p(2x, x)}
for all x € X. Hence

||7g(x) = Jh(x)| = ||8g<§> - 8h<§>” < |8|£% max{[4|(x, x), p(2x,x) }

for all x € X. So d(g, h) = € implies that d(J g, Jh) < Le. This means that
d(Jg,Jh) < Ld(g,h)

forall g,h € S.
It follows from (2.10) that

) -85 (3 )| < 7 max{ 4l 20, 2, 2)))

forallx € X.Sod(g,Jg) <L/8|.

By Theorem 1.3, there exists a mapping C : X — Y satisfying the following.

(1) Cis a fixed point of J, that is,

X

1
for all x € X. The mapping C is a unique fixed point of J in the set

M={heS:d(gh) < o).

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

This implies that C is a unique mapping satisfying (2.18) such that there exists a u € (0, o0)

satisfying
lg(x) = C)|| < - max{|4lp(x, x), p(2x, %))

forall x € X;since g: X — Yisodd, C: X — Yisan odd mapping.

(2.20)
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(2)d(J"g,C) — 0asn — oo. This implies the equality

lim 8”g(2£n> =C(x)

n—oo

for all x € X.
(3)d(g,C) <(1/(1-L))d(g,Jg), which implies the inequality

L
d(¢g,C) < ———.
(&C) < g @i

This implies that the inequality (2.6) holds.
By (2.5),

os(s 2] <o (2 ) (3 )

forall x,y € X and all n € N. So

8'Dg (55 2| < ISI"%maX{tp(Zx,Zy)JZI(P(x/J/)}

forall x,y € X and all n € N. So

[DC(x )| =0

for all x, y € X. Thus the mapping C : X — Y is cubic, as desired.

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

O

Corollary 2.2. Let 0 and p be positive real numbers with p < 3. Let f : X — Y be an odd mapping

satisfying
IDf Gey) |l < Ol + [y l”)

forall x,y € X. Then there exists a unique cubic mapping C : X — Y such that

0

17 @) = 2f (x) = C)I| < max{2- |4, 12 + 1) o

[lll”

forall x € X.

Proof. The proof follows from Theorem 2.1 by taking

o(x,y) = 0(llx|I” + [|ly]I")

for all x, y € X. Then we can choose L = |8|/|2[P and we get the desired result.

(2.26)

(2.27)

(2.28)
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Theorem 2.3. Let ¢ : X? — [0, 00) be a function such that there exists an L < 1 with
XYy
o(xy) <I8ILp(5,5) (229)

forall x,y € X. Let f : X — Y be an odd mapping satisfying (2.5). Then there is a unique cubic
mapping C : X — Y such that

| f 2x) =2f(x) = C(x)]|| < m max{[4|g(x, x), p(2x,x) } (2.30)

forall x € X.

Proof. 1t follows from (2.10) that
1 1
||g(x) - gg(Zx) H < G max{|4]p(x, x), p(2x, x) } (2.31)

for all x € X.
The rest of the proof is similar to the proof of Theorem 2.1. O

Theorem 2.4. Let ¢ : X* — [0, 00) be a function such that there exists an L < 1 with
L
() < o (x2y) (2.32)

forall x,y € X. Let f : X — Y be an odd mapping satisfying (2.5). Then there is a unique additive
mapping A : X — Y such that

172 =85 ) = A < =577 max (e, ), (2, ) (233)

forall x € X.

Proof. Letting y := x/2 and g(x) := f(2x) —8f(x) for all x € X in (2.9), we get
s -25(3)] <o 3. 200 ) o

for all x € X.
The rest of the proof is similar to the proof of Theorem 2.1. O
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Corollary 2.5. Let 0 and p be positive real numbers with p < 1. Let f : X — Y be an odd mapping
satisfying (2.26). Then there exists a unique additive mapping C : X — Y such that

_9

1 2) - 8f () - A < max{2- 141, 2F +1) (235)
forall x € X.
Proof. The proof follows from Theorem 2.4 by taking
o(x,y) =0(IxI” + [ly[") (2.36)
for all x, y € X. Then we can choose L = |2|/|2[P and we get the desired result. O

Theorem 2.6. Let ¢ : X* — [0, c0) be a function such that there exists an L < 1 with
xYy
o(xy) <PILyp(5. ) (237)

forall x,y € X. Let f : X — Y be an odd mapping satisfying (2.5). Then there is a unique additive
mapping A : X — Y such that

If @x) - 8f(x) - A)|| < m max{ 4o (x, x), p(2x, x)) (2.38)

forall x € X.

Proof. It follows from (2.34) that

1 1
”g(x) - Eg(Zx) < B max{|4|p(x, x), p(2x, x) } (2.39)
for all x € X.
The rest of the proof is similar to the proof of Theorem 2.1. O

3. Generalized Hyers-Ulam Stability of the Functional Equation (1.10):
An Even Case

Now we prove the generalized Hyers-Ulam stability of the functional equation Df(x,y) = 0
in non-Archimedean Banach spaces: an even case.

Theorem 3.1. Let ¢ : X> — [0, 00) be a function such that there exists an L < 1 with

L
p(x,y) < m<p(2x, 2y) (3.1)
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forall x,y € X. Let f : X — Y be an even mapping satisfying (2.5) and f(0) = 0. Then there is a
unique quartic mapping Q : X — Y such that

L

[|f(2x) = 4f(x) - Q)| < 6= 161L max{[4lp(x, x), ¢(2x, x) } (3.2)

forall x € X.

Proof. Letting x = y in (2.5), we get

17 By) -6 2y) + 15f W)l < ¢ (v, v) (3.3)

forall y € X.

Replacing x by 2y in (2.5), we get

1f (4y) — 47 By) +4f (2y) +4f ()| < 92y, v) (34)

forall y € X.
By (3.3) and (3.4),

|| f (4y) - 20f (2y) + 641 (y) ||
< max{|[[4(f(By) —6f(2y) +15f ()|, || f(4y) - 4f By) +4f 2y) +4f (W) ||}

<max{l4]- || fBy) - 6f(2y) +15f (W), || f (4y) —4f (By) +4f 2y) +4f (W) ||}
<max{|4lop(v, v), 92y, y)}

7

(3.5)
forally € X.
Letting v := x/2 and g(x) := f(2x) —4f(x) for all x € X, we get
x X x x
s -165(3)]| < maxiato (5. 5) (> 3) (36)
for all x € X.
The rest of the proof is similar to the proof of Theorem 2.1. O

Corollary 3.2. Let 0 and p be positive real numbers with p < 4. Let f : X — Y be an even mapping
satisfying (2.26) and f(0) = 0. Then there exists a unique quartic mapping Q : X — Y such that

9

1£22) =4 () = Q|| < max{2- 41, 2F +1) 7

[l” (3.7)

forall x € X.
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Proof. The proof follows from Theorem 3.1 by taking
o(x,y) = 0(llxl” + [|y[|") (38)

for all x, y € X. Then we can choose L = |16|/|2[P and we get the desired result. O

Theorem 3.3. Let ¢ : X> — [0, 00) be a function such that there exists an L < 1 with
XYy
o(x,y) <[16lLp(5,5) (3.9)

forall x,y € X. Let f : X — Y be an even mapping satisfying (2.5) and f(0) = 0. Then there is a
unique quartic mapping Q : X — Y such that

1722 =4£ () - Q| < ar—rrary max{Hip(x, ), (2, ) (3.10)
forall x € X.
Proof. 1t follows from (3.6) that
1 1
||g(x) - Eg(Zx)H < 6] max{[4|(x, x), p(2x,x) } (3.11)
forall x € X.
The rest of the proof is similar to the proof of Theorem 2.1. O

Theorem 3.4. Let ¢ : X* — [0, 00) be a function such that there exists an L < 1 with

L
9(xy) < (2, 2y) (3.12)

forall x,y € X. Let f : X — Y be an even mapping satisfying (2.5) and f(0) = 0. Then there is a
unique quadratic mapping T : X — Y such that

L

1 (20) = 16f () = TN < i —prp

max{[4]p(x, x), p(2x,x) } (3.13)

forall x € X.

Proof. Letting y := x/2 and g(x) = f(2x) — 16f(x) for all x € X in (3.5), we get
s -45(3)] < max{isto (5. 5). (. 3)} (614)

for all x € X.
The rest of the proof is similar to the proof of Theorem 2.1. O
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Corollary 3.5. Let 0 and p be positive real numbers with p < 2. Let f : X — Y be an even mapping
satisfying (2.26) and f(0) = 0. Then there exists a unique quadratic mapping T : X — Y such that

|| f(2x) = 16f(x) = T(x)|| < max{2- |4, [2]" + Umllxll’” (3.15)
forall x € X.
Proof. The proof follows from Theorem 3.4 by taking
o(x,y) = 0(llxll” + lly[I") (3.16)
for all x, y € X. Then we can choose L = |4|/|2[P and we get the desired result. O

Theorem 3.6. Let ¢ : X> — [0, 00) be a function such that there exists an L < 1 with
xYy
o(x,y) <MILo(5. ) (3.17)

forall x,y € X. Let f : X — Y be an even mapping satisfying (2.5) and f(0) = 0. Then there is a
unique quadratic mapping T : X — Y such that

||f(2x) —16f(x) - T(x)|| < m max{[4]p(x, x), p(2x, x) } (3.18)

forall x € X.

Proof. 1t follows from (3.14) that

1 1
||g(x) - Zg(Zx) H < ] max{[4]p(x, x), p(2x,x) } (3.19)
forall x € X.
The rest of the proof is similar to the proof of Theorem 2.1. O

For a given f, let fo(x) = ((f(x) = f(=x))/2) and f.(x) = ((f(x) + f(-x))/2). Then
fo is odd and f, is even. Let go(x) = fo(2x) — 2f,(x) and ho(x) = fo(2x) — 8fo(x). Then
fo(x) = (1/6)go(x) = (1/6)ho(x). Let ge(x) := fo(2x) — 4f.(x) and he(x) := f.(2x) = 16f.(x).
Then f.(x) = (1/12)g.(x) — (1/12)h.(x). Thus

f(x) = %go(x) - %ho(x) + 11—2ge(x) - 11—2he(x). (3.20)
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Theorem 3.7. Let ¢ : X? — [0, 00) be a function such that there exists an L < 1 with

L
p(x,y) < W(zx, 2y) (3.21)

forall x,y € X. Let f : X — Y be a mapping satisfying f(0) = 0 and (2.5). Then there exist an
additive mapping A : X — Y, a quadratic mapping T : X — Y, a cubic mapping C : X — Y, and
a quartic mapping Q : X — Y such that

760 - g - e - few - How

{ L L L L }
< max , , ,
|6l - 12|(1 = L)" [12] - [4|(1 - L)" |6] - |8](1 - L)" [12| - [16](1 — L)

(3.22)

1
: m max{ |4|()0(x/ x)/ (p(Zx, x)/ |4|(P(_xl _x)/ ()0(_2x/ _x) }

L
<
- [12]-[16] - [2[(1 - L)

' max{ |4|(P(xr x)/ (p(Zx, x)r |4|(P(_xr _x)/ (P(_ZXI _x) }

forall x € X.

Corollary 3.8. Let 0 and p be positive real numbers with p < 1. Let f : X — Y be a mapping
satisfying f(0) = 0 and (2.5). Then there exist an additive mapping A : X — Y, a quadratic
mapping T : X — Y, a cubic mapping C : X — Y and a quartic mapping Q : X — Y, such that

1 1 1 1 0
J— J— — [ — < . P R — P
“f(x) 6A(x) 12T(x) 6C(x) 12Q(x) <max{2- 4], 2] + 1} 2I(2F ) 1|
(3.23)
forall x € X.
Proof. The proof follows from Theorem 3.7 by taking
o(x,y) = 0(lIx|I” + |ly||") (3.24)
for all x, y € X. Then we can choose L = |2|/|2[P and we get the desired result. O

Theorem 3.9. Let ¢ : X> — [0, 0) be a function such that there exists an L < 1 with

o(xy) <NelLy(3, %) (3.25)
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forall x,y € X. Let f : X — Y be a mapping satisfying f(0) = 0 and (2.5). Then there exist an

additive mapping A : X — Y, a quadratic mapping T : X — Y, a cubic mapping C : X — Y anda
quartic mapping Q : X — Y such that

|70 - g0 - S - 0w - ew

< max{ 1 ’ 1 ) 1 ’ 1 }
|61 - 121(1 = L)" [12] - [4](1 = L)" |6] - |8](1 - L)" [12] - [16](1 - L)

(3.26)

. I;_l maX{ [4]p(x, x), p(2x, x), |4|p(-x, —x), p(-2x, —x) }

1
<
~12]-116]-|2[(1 - L)

: max{ |4|(P(x/ .X'), (p(2x, x)r |4|(P(_x/ —.X'), (P(_zx/ _x) }

forall x € X.
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