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Two sequences of distinct periodic solutions for second-order Hamiltonian systems with sublinear
nonlinearity are obtained by using the minimax methods. One sequence of solutions is local
minimum points of functional, and the other is minimax type critical points of functional. We
do not assume any symmetry condition on nonlinearity.

1. Introduction and Main Result

We are interested in the following second order Hamiltonian systems:

i(t) + VF(t,u(t)) =0 a.e. te[0,T],
1.1
u(0) —u(T) =u(0) —u(T) =0, i

where T >0and F: [0,T] x RN — R satisfies the following assumption.
(A) F(t,x) is measurable in t for each x € RN and continuously differentiable in x for

ae.t € [0,T],F(t,0) = 0 for a.e. t € [0,T], and there exist a € C(R*,R*), b €
L'(0,T; R*) such that

|E(t,x)| < a(|lxb(t),  [VE(tx)| < a(|x])b(t) (1.2)

forallx € RN and a.e. t€[0,T].
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Then the corresponding functional ¢ on Hy given by
1 (T T
o = [ tawPat- [ P utar (1.3)
0 0

is continuously differentiable and weakly lower semicontinuous on H. 1 where
Hj = {u : [0,T] — RN | u is absolutely continuous, u(0) = u(T), & € L? <O, T; RN>} (1.4)

is a Hilbert space with the norm defined by

T T 1/2
Hw=<LhwWﬂ+LhwWﬂ> (15)

for u € H} (see [1]). Moreover,

T T
(¢'(u),v) = —[o (a(t),o(t))dt —j (VE(t,u(t)),v(t))dt (1.6)

0

for all u, v € Hj. Itis well known that the solutions of problem (1.1) correspond to the critical
points of ¢.

There are large number of papers that deal with multiplicity results for this problem.
Infinitely many solutions for problem (1.1) are obtained in [2—4], where the symmetry
assumption on the nonlinearity F has played an important role. In recent years, many authors
have paid much attention to weaken the symmetry condition, and some existence results on
periodic and subharmonic solutions have been obtained without the symmetry condition
(see [5-7]). Particularly, Ma and Zhang [6] got the existence of a sequence of distinct periodic
solutions under some superquadratic and asymptotic quadratic cases. Faraci and Livrea [7]
studied the existence of infinitely many periodic solutions under the assumption that F(t, x)
is a suitable oscillating behaviour either at infinity or at zero.

In this paper, we suppose that the nonlinearity VF(t, x) is sublinear, that is, there exist
f,g € LY(0,T; R") and a € [0, 1] such that

IVE(t, x)| < f(B)|x|" + g(t) (1.7)

for all x € RN and a.e. t € [0,T]. We establish some multiplicity results for problem (1.1)
under different assumptions on the potential F. Roughly speaking, we assume that F has
a suitable oscillating behaviour at infinity. Two sequences of distinct periodic solutions are
obtained by using the minimax methods. One sequence of solutions is local minimum points
of functional, and the other is minimax type critical points of functional. In particular, we do
not assume any symmetry condition at all.
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Our main result is the following theorem.

Theorem 1.1. Suppose that F(t, x) satisfies assumptions (A) and (1.7). Assume that

T

lim sup inf |x|™ f F(t,x)dt = +o0, (1.8)
r—+oo XERN |x|=r 0
T

lim inf sup |x|_2“f F(t, x)dt = —co. (1.9)
R—+oo x€RN |x|=R 0

Then,

(i) there exists a sequence of periodic solutions {u,} which are minimax type critical points of
functional ¢, and ¢(u,) — +oo,as n — oo;

(ii) there exists another sequence of periodic solutions {u},} which are local minimum points of
functional ¢, and ¢ (u},) — —oo, as m — co.

2. Proof of Theorems

Foru € H}, letu=(1/T) IOT u(t)dt and # = u — u. Then one has

T
a2, < % 4[0 li(t)[’dt  (Sobolev’s inequality),

(2.1)
T TZ T
f i) |Pdt < — J |iu(t)’dt  (Wirtinger’s inequality).
0 4> )
Lemma 2.1. Let H} be the subspace of H}. given by
H}:{ueH;W:o}. (2.2)
Suppose that (1.7) holds. Then
p(u) — +oo (2.3)

as ||ull — oo in HL.
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Proof. It follows from (1.7) and Sobolev’s inequality that

T T
o0 = 3 [ tutPar - [ F,uya
1 ' y 2 ! a+1 _ T
= zfo [(®)] dt—fo F@Olu®)* dt L g(B)[u(b)|dt

> 1 [ worar - [ swoa- [ soa
1 (T T (a+1)/2 T 1/2
> 5 fo [ (t)[2dt - Cy <fo |u(t)|2dt> -G <fo |u(t)|2dt>

for all u in ﬁ% By Wirtinger’s inequality, the norm

T 1/2
Jul = (fo |u<t>|2dt> 2.5)

is an equivalent norm on ﬁ% Hence the lemma follows from the equivalence and the above
inequality. O

Lemma 2.2. Suppose that (1.7) and (1.8) hold. Then there exists positive real sequence {a,} such
that

lim a, = +oo,

n—oo

. (2.6)
lim sup ¢(u) =—co.
noe ueRN |ul=a,

The proof of this lemma is similar to the following lemma.

Lemma 2.3. Suppose that (1.7) and (1.9) hold. Then there exists positive real sequence {by,} such
that

lim b,, = +oo,
m— oo

o 2.7)
Jim, Jgf 90 = e

where Hy,, = {x € RN : |u| = by, }oH}.
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Proof. For any u € Hy,, let u = u + 11, where [u| = b, u € ﬁ% It follows from (1.7) and
Sobolev’s inequality that

T
j [F(t,u(t)) — F(t,u)]dt

0

T (1
f J (VE(t,u+su(t)),u(t))ds dt
0Jo

T A1 T A1
< IO fo F(t)[a + sii(t)] |u(t)|dsdt+fo fo g(B)|ii(t)|ds dt
. . (2.8)
<2(ful" + IIﬁIIZ‘o)IIﬁIIwI fHdt + IIﬁIImJ‘ g(H)dt
0 0

I * e [ .
< piaE+ gl ( [ gwar) 2z [ o | god
0 0 0

1T T (a+1)/2 T 1/2
<37 j [u()*dt + C1[u** + C, <J |u(t)|2dt> +C, < f |u(t)|2dt> ,
0 0 0

forallu e H% Hence we have

T

1 (T ) T _ _
== y d - 7 - 7 d - 7 d
o) =5 L | (t)["dt fo [F(t,u(t)) - F(t,u)]dt I F(t, u)dt

0

L roo (a+1)/2 <T. 2>1/2
- dt-C d -C d .
> 1 | o z<j0 it t> o[ cya 29)
T
-l <|ﬁ|2“ [ Famars cl>,
0

forall u € Hy. As (ja)* + ||L't(t)||Lz)1/2 — oo if and only if |ju]| — oo, then the lemma follows
from (1.9) and the above inequality. O

Now we give the proof Theorem 1.1.
Proof of Theorem 1.1. Let B,, be a ball in RN with radius a,. Define

Sn = {Y € C(Ban/H]l")/ YlaBan = id|aB,,n} ’
(2.10)

cn = inf L{gg;: ‘P(Y(x))]-
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We claim that each y intersects the hyperplane ﬁ% In fact, let r : Hl — RN be the projection
of H} onto RN, defined by

T
a(u) = %Jo u(t)dt. (2.11)

For t € [0,1], u € RN, define
Yi(w) =t (y(u)) + (1 - t)u. (2.12)

Then y; € C(RY; RN) is a homotopy of yo = id with y; = o o y. Moreover, yil,, = id for all
t € [0,1]. By homotopy invariance and normalization of the degree, we have

deg(xr oy, B,,,0) = deg(id, B,,,0) =1, (2.13)

which means that 0 € 7 (y(B,,)). Thus y(B,,) intersects the hyperplane ﬁ%
By Lemma 2.1, the functional ¢ is coercive on ﬁ% There is a constant M such that

maxp(y(x)) 2 uierg%w(u) > M. (2.14)

Hence ¢, > M. In view of Lemma 2.2, for all large values of n,

cn > max (x). (2.15)

x€RN |x|=a,
For such n, there exists a sequence {yx} in S, such that

max p(ye(x)) — ¢k — oo (2.16)

Applying Theorem 4.3 and Corollary 4.3 in [1], there exists a sequence {vi} in Hy such that

(P(vk) — Cpy
dist(vk, yk(Ba,)) — O, (2.17)

¢'(vx) — 0,

ask — oo.
Now, let us prove that the sequence {vi} is bounded in Hy. For any large enough k,

cn < max o(ye(x)) <cu+1, (2.18)
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we can find wy € yx(B,,), such that

lok — wi|l < 1. (2.19)

For fixed n, by Lemma 2.3, we can choose m such that b,, > a, and yx(B,,) cannot intersect
the hyperplane Hy,,. Let wy = Wy + Wi, where Wi € RN and @y € Hy. Then we have

_ 1 (T 1 (T
ol = |7 | wnta] < 1 [ ool < ol = e <b, 220

for b, large enough. Besides, by Sobolev’s inequality and (1.7), it is obvious that
1 T T
cn+ 1> p(wy) = E,[ |wk(t)|2dt—f F(t, wy(t))dt
0 0
1 T T T
> 5 [ o= [ foeord - | gl
0 0 0
>1T|'t2dt4Tt_t““ D ()" dt
> 5 | la®Pdt-4| fo (kO + [@e®]') (221)
0 0

T
_ L g1 ([@k (D] + [ @i (D)t

1 T T (1+a)/2 T 1/2
=5 J [tk (t)*dt — Cy <f |wk(t)|2dt> -G <f Iwk(t)lzdt> - Cs.
0 0 0

As ([a]* + |Ju(®)|| Lz)l/2 is an equivalent norm in Hy, it follows that @y (t) is bounded. Hence,
wy is bounded. Also {vi} is bounded in H%
We assume that

v — u, weaklyin H L

(2.22)
v — U, uniformly in C <[O, T]; RN >,

hence

<(P,(Uk) - (P,(un)r Ok — un) — 0, (2 23)
[T (VE(t,04) = VE(t, ), Ok — )t — 0 '

as k — oo. Moreover, an easy computation shows that

T
(@' (vk) = ' (), Uk = ) = [0k = it1}2 — jo (VE(t,vk) = VF(t, un), vk — up)dt (2.24)
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SO ||[Ok — ity|l;2 — 0asn — oo. Then, it is not difficult to obtain ||vx — u,|| — 0, as k — co.
Now we have

@' (u,) = ,}ijrc}osv’(vk) =0,
(2.25)
p(u,) = klijr;ow(vk) = Cp.

Thus, u, is critical point and ¢, is critical value of functional ¢. For any y € S, if a, > by,
Y(Ba,) intersects the hyperplane H,,, = {x € RV, |u| = by, } ® Hy. It follows that

maxp(y(x)) 2 inf p(u). (2.26)

This inequality and Lemma 2.3 deduce that

lim ¢, = +co. (2.27)

n—oo

The first result of Theorem 1.1 is obtained.
For fixed m, define the subset P, of H% by

sz{ueH}:uzmﬁ, |ﬁ|gbm,ﬁef1'}}. (2.28)

For u € P,,, we have

T T
o = 3 [ laae= | Feu)ar
1T ! Tea g, !
> 5 | erar- [ o a [ g
T T
>5[ mwpa-a oo o) (229)

T
- fo SO + ()t

1 (T T (1+a)/2 T 1/2
- zf ()Pt - Cs <f |u(t>|2dt> -G <f |u<t>|2dt> - Ce.
0 0 0

It follows that ¢ is bounded below on P,,.Define

pm = inf @(u), (2.30)

ueplP,
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and let {u;} be a minimizing sequence in P,,, that is,

p(ux) — pm as k — oo. (2.31)

From (2.29), {ux} is bounded in Hy. Then, there is a subsequence, we also denoted by {uy},
such that

u — u}, weakly in Hy. (2.32)

The case that P, is a convex closed subset of Hy implies that u}, € P,,.As ¢ is weakly lower
semicontinuous, we have

pom = M (1) 2 (1) (2.33)

Since u;}, € Py,
o = 912}, (234)

Suppose that u}, is in the interior of P, then u}, is a local minimum of functional ¢. In fact,
let u}, = u,, +ii},. For large m, from Lemmas 2.2 and 2.3, we have [u;,| # b,,, which means that
u}, is not on the boundary of P,,.

Finally, as u}, is a minimum of ¢ in P,,,

¢(u3,) < sup p(x). (2.35)
‘xlzbm
It follows from Lemma 2.2 that
o(u;,) = —oo. (2.36)
Therefore Theorem 1.1 is proved. O
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