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Introduction

The purpose of this series of papers is to introduce two new classes of operators, clarify
their connection, and then show how they may be applied to the study of boundary-
value problems. The first class we shall consider has as its geometric setting the Radon
transform but it is combined here with basic features of singular integrals. While this
class of operators, the singular Radon transforms, has an intrinsic interest in harmonic
analysis and real-variable theory, it will also be important for us because of its
applicability to the second class of operators: the Hilbert integral operators. The latter
class arises in boundary-value problems, and is of particular interest in the non-
coercive case, such as in the §-Neumann problem for strongly pseudo-convex domains.
This class will be the subject of a second paper in this series.
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84-02710.

() Partially supported by NSF Grant No. MCS-80-03072.
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Singular Radon transforms. Let Q be a smooth manifold, and suppose that for
each PEQ we are given a co-dimension one smooth sub-manifold Qp so that PEQp,
and a singular integral density K(P, -) concentrated on Qp with its singularity at P.
Then (if the mappings P—Qp and P—K(P, -} are smooth) we define the singular Radon
integral by

R(f)(P)=(K(P, "), flg,), whenever f€C{(€). (0.1)

Our first main task then is to prove the boundedness of the operator R on L?, when
1<p<, There is also a closely related maximal function for which we might expect
similar results. To define it fix a Riemannian metric ds* on Q, with ds,% the resulting

induced measure on Q, and do, the corresponding volume element of €2,. Let B(P, d)
denote the geodesic ball in Q, centered at P of radius ¢, and denote by |B(P, d)) its 0p

measure. Then the maximal function is defined by

M(f)(P)= sup

1
! d .
o<o<t |B(P,6)| Jpp.s) |f(Q)|dop(Q)

It turns out that in order to prove the desired results for R and M some geometric
properties related to the family {Qp} must be assumed, and to a formulation of such
conditions we now turn.

Rotational curvature. There are several ways of stating the curvature condition we
use (see Section 1). One is manifestly invariant, and reverts to a condition formulated
by Guillemin and Sternberg [21] in their generalization of the invertibility of the Radon
transform. Thus when the singular density K(P, -) is replaced by a C” function these
conditions imply that the transform R is a Fourier integral operator in the sense of
Hormander [26], whose Lagrangian manifold is the normal bundle of

G={(P,Q)|0€EQ,} in QAxXQ.

Our analysis requires another formulation of the curvature condition: assuming
dim Q=m+1, one can cover Q by coordinate systems (#, x), with tER, x ER™, so that
if P=(t,x) then

3*8(t, x,y)

Qp={(s,y)|s =t+S(t,x,y)} with S(t,x,x)=0 and det (
0x; 3y,

> *=0. (0.2)
x=y

Some examples. We describe briefly several examples of the above structures
{Qp}, and their corresponding singular Radon transforms.
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(i) Suppose Q=R™*! Q, is a hypersurface passing through the origin, and
Qp=8,+P is the translate of €, by P. Then the condition is equivalent to the non-
vanishing of all the principal curvatures of Q, at the origin. In this translation-invariant
setting our results for the singular Radon transform and corresponding maximal func-
tion are closely related to earlier work of Nagel, Riviere, Wainger and one of the
authors (see e.g. [49], and [35]).

(ii) Even when the Qp are flat the non-zero curvature condition may hold when the
Qp ‘‘rotate” in a suitable manner as P varies. An enlightening example of this occurs
when Q is the Heisenberg group H"={(z, #)}. Then we can take Qp to be the left group
translate of the hyperplane Qp={(z,0)}, i.e. Qp=P-Q, (see Examples 2 and 3 in
Section 1). In this case the singular Radon transforms were studied by Geller and Stein
{161, [17].

(iii) For us the most fundamental example will be the following generalization of
the previous one, where Q is the boundary of a domain @ in C**'. Suppose r is a
defining function for @ i.e. @={z€C"*'|r(z)<0}, and let y(z, w) be an extension of r
which is almost analytic in z, almost anti-analytic in w, and so that ¥(z, 2)=r(z). (¥ and
its variants already appear in the formula for the Bergman kernel obtained by Feffer-
man [11], and Boutet de Monvel-Sjostrand [4].) If we take Qp={z € Q|Imy(z, w)=0},
with w=P, then our non-vanishing curvature condition is equivalent with the non-
degeneracy of the Levi form of 9. In this case the singular Radon transform plays a
crucial role in the 3-Neumann problem.

Oscillatory integrals. We study the operator R (given by (0.1)), by expressing it as
a pseudo-differential operator in one variable, once we have chosen coordinates as in
(0.2). That is we write

R () = i f e a2, 1) FA) d. ©0.3)

Here f(1)=f(4, x) is a function which takes its values in L*(R™, and for each (¢, 1) the
symbol a(z, 1) is the oscillatory operator given by

a(t,2) () (x) = f M2 K(t, x; x—y) f() dy, 0.4)
Rm

where K(¢, x; -) are a smooth family of singular integral kernels. Thus the study of R, at
least for L2, is reduced to the properties of the oscillatory operators (0.4). For these
one can prove Sy, 1, estimates, i.e.
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|G () e

for appropriate k and /.

<AL+ 0.5)

op

Our approach to the estimates for R draws on three sources:

(i) The idea of ‘‘twisted convolution’’ for the Heisenberg group which in that case
makes the passage to the pseudo-differential representation (0.3) entirely natural. The
notion of twisted convolution for the Heisenberg group goes back to Segal, and was
later exploited by many authors (the papers of Grossman, Loupias and Stein [20],
Howe [28], Mauceri, Picardello and Ricci [30], and Ricci [42] being the most germane
here).

(ii) The suggestive results of Hormander [27] for oscillatory integrals like (0.4),
where C” functions replace the singular kernel K.

(iii) The construction of appropriate analytic families of operators in order to get
L? estimates. (This idea was used systematically in [49].)

We should stress an important fact about the S/, 1/, estimates (0.5): these cannot
hold for k+1>m. We are therefore limited in the degree of smoothness of the symbol at
our disposal in trying to apply the Calderén-Vaillancourt theorem or its variants.
Fortunately one can use methods developed by Coifman and Meyer [7] for this
purpose, and adapt them to our situation where the symbol is operator-valued (for this,
see the appendix).

The ideas we have alluded to allow us to prove the L? estimate for the singular
Radon transform and maximal function, with the understanding that we always take
dim Q=3. (The case dim Q=2 has been considered previously in [35] by methods which
do not use the pseudo-differential realization (0.3).)

Model case. The prototype of the oscillatory integral (0.4) is the operator

f=TH)= f B K(x—y) fy) dy, (0.6)
Rn

where (Bx,y) is a real bilinear form, and K(x) is a singular kernel. When B is anti-
symmetric and non-degenerate we are dealing essentially with twisted convolutions,
and operators like (0.6) were studied in [30], and [17]. Other special cases had been
considered also by Sampson [43] and Sjélin [45].

We make a brief study of these model operators in Section 2. We do this partly to
motivate the considerations of the more general form (0.4), but also because these
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model operators lead us to a suggestive generalization of some notions of Hardy space
theory, such as BMO, and ‘‘sharp-functions’’.

Hilbert integrals, coercive case. As we have already stated one of our motivations
for considering the singular Radon transforms is that they allow us to deal with the
Hilbert integral operators which are the second class of operators we intend to study.
Let us briefly describe this application which will be carried out in the succeeding
paper of this series. The archetype of the Hilbert integral operator is the classical
example

U f udy S0 ueIPRY). ©0.7)
o Xx+y

Another example arises in the usual Dirichlet problem for Laplace’s equation. Thus in
the upper half space R**'={(x,0);xER",0 € R*}, it is a classical fact that the solution
to the problem

2 Ld 2
Af= _a__+28_2 fx,0) = u(x,0)
i=1 8%

f(x,00=0

can be written as
f=N@+H@u) (0.8)

where N(u) is the Newtonian potential

Nu) (x,0) =c, f (x=yP+@—wA) ™" D y(y, u) dy du

R'_:_+l

and

(Hu) (x,0) =—c, j =y 4+ P uly, ) dy du.
R

One has AN(u)=u, so H(u) is the compensating term that takes into account the
Dirichlet boundary condition. The estimates for N are well-known (N is a standard
singular integral operator of order —2), but H is essentially an example of a Hilbert
integral operator of order —2. We remark that in the coercive case sharp estimates for '
the Hilbert integrals are easy and are quickly reducible to simple inequalities for
absolutely convergent integrals, and in effect to the original example (0.7).
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We now turn to non-coercive problems and in particular the 3-Neumann problem
on a strongly pseudo-convex domain. For this question the approach in Kohn (see
[13]), Greiner and Stein [19] yielded sharp estimates, and the work of Phong [36], Lieb
and Range [20], Harvey and Polking [23] and Stanton [46] (see also the survey paper of
Beals, Fefferman and Grossman [2]), have provided us with a pretty clear picture of the
nature of the singularity of the kernel of the Neumann operator. The problem that
arises is how to make sharp estimates for the general class of operators whose kernels
display this kind of singularity. It will be natural to consider such operators as further
variants of the Hilbert integrals described above, but with significant differences which
make their study substantially more difficult. In particular the estimates for these
operators are essentially dependent on delicate cancellation properties, and unlike the
coercive case are not reducible to easy estimates or (0.7).

Instead, one can obtain the estimates for the Hilbert integrals by writing them as
integrals of families of singular Radon transforms. The integral decomposition corre-
sponds to a two-fold fibration. First, the domain @ is fibered into a one-parameter
family of copies of its boundary Q, i.e. in terms of S,={z€ P;0(z)=0}, Wwith ¢ a
defining function. Then a second integration corresponds to a one-parameter flow in
each §,, determined by an appropriate vector-field conjugate to 3/3¢.

Concluding remarks. A preliminary announcement of our results was made in [40];
earlier work having some bearing on the present paper is in [38], [39]. We shall now
describe some further areas of research suggested in part by the above.

(a) In view of Corollary 1 of Theorem 1 it seems highly likely that the analogues of
-our results for singular Radon transforms and Hilbert integrals for domains & will still
hold if the Levi form of & has merely one non-vanishing eigenvalue.

(b) It is possible to define a maximal singular Radon transform, via the truncations
implicit in the definition (0.1), and it is expected that it should satisfy properties similar
to R itself. For the case corresponding to the Heisenberg group this is carried out in
Greenleaf [18].

(c) Our methods carry over when the codimension of Qp in Q is small, but the case
" of general co-dimension raises interesting questions. Thus when codimension
Q,>1dimQ, the analogue of the non-zero curvature condition formulated above can

never hold. In that case the work [49] indicates that appropriate non-vanishing ‘‘higher
curvature”” or even real-analyticity would be a suitable substitute. Thus when
dim Q=3, and Q, is the translation by P of a curve Q, passing through the origin, a
sufficient condition is the non-vanishing of the curvature and torsion of the curve ,,
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or that Q, be real-analytic. Other results for higher codimension, in the setting of
nilpotent groups, are in Muller [331, [34], and Christ [9].

(d) G. Uhlmann has called our attention to the possible connection of the present
paper with joint work done with Melrose and Guillemin (see [22], [31] and [32]) on
Fourier integral operators with singular symbols associated to pairs of Lagrangians.
This point merits further exploration.

1. Singular Radon transforms

We now give a precise description of the setting for singular Radon transforms referred
to in the introduction.
Let Q be a C* manifold without boundary. Denote by A the diagonal in QX Q,
e., A={(P,Q)€EQxQ;P=0}, and by m; and 7, respectively the projections from
QxQ on the first and second factor. Then the submanifolds Qp are defined to be

Q,=m (€N 77 (P)
where € is a given C* hypersurface in QxQ satisfying the conditions:

(1) € contains the diagonal A.

(2) The projections 7z; and 7, are submersions near A.

(3) Let N(€)=T*(Qx2) be the normal bundle of €in QXx, and denote by ©; and
02 the restrictions to N(%) of the projections of T*(Q2xQ) on the first and second
factor. Then the mappings

de: T,(N(¢)) — ng(;,) (T*(2)), j=1,2

are isomorphisms at every point 1 € N(%)\0 lying above A.

Conditions such as (3) are due to Guillemin and Sternberg [21] who introduced
them in their approach to Fourier integral operators, and related them to the Radon
transform. Observe that they are symmetric with respect to P and Q.

Often only a neighborhood of the diagonal in € is relevant to our purposes. We
shall thus restrict our attention to an open subset €' of € containing A and having
compact closure in €, for which condition (3) holds at all 1 € N(€')\0, and assume that
Q, and Q,=m,(¢’' na;'(P)) are C* hypersurfaces in Q.

For future reference (when discussing adjoints) we set

Qf=m (6N 7;'(Q), QY =m,(€¢ na;'(Q).
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We shall consider two classes of densities. The densities K(P, Q) in the first class
are smooth in €\ A, with principal value type singularities for Q near P in Qp, and the
main task will be to establish L” boundedness of the corresponding operators. In the
second class, whose study is closely related to and actually implies the results of the
first class, the densities K will be C* everywhere on %; the L? boundedness is then
easy, and of interest is rather the exact dependence of the operator norms on a suitable
family of semi-norms for K.

To define the first class, observe that on each Q, there is a well-defined class
Ko(QP) of generalized densities, namely the class of all linear functionals on Cy(2p) of
the form

Co(Qp)3 9 — (Le)(P)

for some L€ OPS‘,’,O(Q,,), the class of pseudo-differential operators of order 0 in Q,. A
family of distributions (K(P, ‘))peq, K(P, -) € Ko(Q,,) will be said to be a smooth family
in P if supp K(P, -)ccQ}, and

(K(P, ), <p|QP) €C™(Q) for each g€ Cj(Q).

Definition 1. A singular density K is a smooth family in P of distributions
(K(P, *))peq With K(P, -)EKXQ,).

The singular Radon transform R associated to K is then the operator given by
(RAY(P)=(K(P,"),flo,), fECF(Q). (1.1)

The second class of densities is simply the space of C* functions on 4, supported
in €', with semi-norms defined as follows. An admissible coordinate system ¢ is a
covering of a neighborhood of €’ by open sets (%), with a C* function ¢; on each (%)
satisfying

(@ LjI‘GjnA=0;
®) ((P,OE R¥™% s for each fixed P a coordinate system (y) for Qp;

(¢) 71(6) is included for each j in a coordinate patch Q;, with coordinates (x).

We assume that €’ is initially taken to be small enough for existence of at least one
such admissible coordinate system.

Given KE€C;(¥’), an admissible coordinate system ¢, and integers N, M=0, re-
write K as a function of (x,y) and set
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KN pg=sup >, "% |62 52 K(x, y) 1.2)

lalsN
BlsM

where the sup is taken over x € 7,(6), y € ({P, Qp) (x=coordinates of P), and

K57 = sup >

<M

(1.3

f & K(x,y)dy
esly|s1

with the sup taken over 0<e<1, and x €7m(%)).
It is readily seen that the sets of semi-norms corresponding to two different
admissible coordinate systems are equivalent.

Definition 2. An admissible density is a function K € C;(¥€') with the above semi-
norms. Fix a C* density dv on Q and a C* density do on 4. The densities dv and do
induce a density dop, on each fiber of the submersion 7;: 4—€, and the singular Radon

transform associated to K is defined to be

(Rﬁ(P)=j K(P, Q) f(Q)dop(Q), fECT(E). (1.4)

Qp

The manifold € will be referred to as the Lagrangian support of the singular Radon
transform.

We shall also study a maximal operator naturally related to the Radon transform.
Fix a Riemannian metric ds® on Q, and let ds3 denote the induced metric on Q,, with

dop the resulting measure on 2,. Denote by B(P, ) the ball of radius é with respect to
ds% in Q, which is centered at P. Set

1
Mf)(P)= sup ———
MY B)= S92 @3N o

LF(Q)| dap(Q)
where [B(P, 9)| denotes the op measure of B(P, 6).

We can now state the main theorems about singular Radon transforms and maxi-
mal operators. '

Assume throughout that dimQ=3, 4cQxQ is a C™ hypersurface satisfying
conditions (1), (2), (3) listed at the beginning of this section, and let Q,, Q,=Q be two
open subsets with compact closures. All L” norms appearing below are taken with
respect to a fixed positive C* density on Q.
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THEOREM A. (a) Let R be a singular Radon transform defined by a singular
density K on 6. Then for any p, 1<p<<> we have

”Rf“L"(Qz) s Cp,Ql,Qz, K”f”Lp(Ql)

Sor all fECF(Q)).
(b) If K is instead an admissible density with the semi-norms (1.2) and (1.3), then
the same inequality holds Jor 1<p< with the constant Cp,gl’gzy x depending only on

finitely many of the seminorms.

THEOREM B. If I<p< we have

”Mf”Lp(Qz) < Cp,Ql,Qzllf”LP(Ql)
for all f€ CJ(RQ,)).

We conclude this section with some observations.

Obseruvation 1. Tt is of course possible to define Mf in terms of metrics on each
manifold Qp varying smoothly with P, in analogy with the introduction of admissible
coordinate systems used to define seminorms of admissible densities.

Observation 2. The norms for K(P, Q) are equivalent to the norms for K(Q, P)
viewed as a density on €*={(Q, P); PE Qg}.

Observation 3. To establish L bounds for certain ranges of p, we shall have to
consider formal adjoints of singular Radon transforms, i.e., operators R* satisfying

j (Rf) (P) g(P) dv(P) = f f(P) (R*g) (P) dv(P)
Q Q

for all u, v€ C5(R). Since estimates for the first class can be reduced to similar ones for

the second class, it suffices to determine formal adjoints when R is given by (1.4). In
this case, however, it is evident that

R*)(Q)= | K(Q,P)g(P)doy(P)
27
where do}, is the density induced on Qj by the densities dv, do, and the submersion ,.

Thus R* is also a singular Radon transform, its Lagrangian support €* also has non-
vanishing curvature (i.e. condition (3) above) since this condition is symmetric with
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respect to P and Q, and its density has equivalent seminorms to the density of R
(Observation 1). Thus whichever L? estimates already established for R will hold for
R* as well.

Main examples. To treat the main examples in this paper, it is convenient to
provide several different reformulations of condition (3) which may have some interest
in their own right. Let €cQXxQ be a C* hypersurface satisfying conditions (1) and (2).
The following are then equivalent.

(i) do, and dp, are isomorphisms from T,(N(%)) to Tglw(T*(Q)) for each
AEN,(6)\0.

(i) Let N(®)'={(P,&;Q, —n) ETHRXQ); (P,&,Q,n)EN(¥)}. Then locally near
every point above A, N(%)' is the graph of a canonical transformation from T%(£2) to
T*(Q).

(iii) Let € be defined near A By an equation ®(P, 0)=0, with ® € CT(2XQ),
dp®(P, 9)*0, d,®(P,Q)=*0 (this is no loss of generality since we may assume that
dp o ®+0, and on the diagonal d,®=-d,®), and let the Hessian d2QP<I> be the
differential of the map

Q30— (d,P) (P, Q) ETHY)

which is a linear mapping from T,(R2) to TH(<Q).

Define the rotational curvature form L4 to be the bilinear form

Lo: Tp(Qp)XTp(Qp) — R
<L<1> U, 0,) = ((dZQP(D)|P=Q v, 0y).

Then L4 is nondegenerate. (Observe that L;o=ALe for AECT(QXQ), so that the
nondegeneracy of Ly is directly seen to be independent of the choice of ®.)

(iv) Let x denote the coordinates of P, and y the coordinates of Q in a coordinate
patch in Q, and let ®(x,y)=0 be a defining equation with d, ®(x,y)*0, d, P(x,y)+0
near the diagonal. Then the Monge-Ampere determinant

0 » 3®/3x;
J(P) =det (1.5)
3P 3P
3y, Ay, 9x;

does not vanish when ®=0.



110 D. H. PHONG AND E. M. STEIN

When any of these conditions is satisfied, we shall say that 4 has rotational
curvature. Note that the equivalence of (ii) and (iv) can already be found in {26],
Section 4.1.

In fact (i) means that N(%6)’ is locally the graph of a C” invertible mapping. As the
normal bundle of a submanifold, N(%) is automatically lagrangian, and hence the
mapping is a canonical transformation. The equivalence with (ii) follows.

Next to see the equivalence of (i) with (iv) write N(%) and g, as

N(8) = {(P, tdp @; Q,tdy ®); ®(P,Q) =0, tER}
01(P,tdp ®; Q,tdp ®) = (P, tdp P).
That o, be a diffeomorphism near (P,td,®), t+0, thus means that given
(P',1)ETHE(Q), (P',u') near (P, td, ®) we can find Q €Q, s ER\ 0 smoothly satisfying
the system
OWP, Q) =0
sdp®(P', Q) =p.

This in turn means that {0} XR" is in the range of the Jacobian at (¢, P) of the mapping

(s, Q)—(D(P, 0), sdp (P, Q)). As the Jacobian is given by

0 ’ d,® 0 ’ d,®
= ["_2

tdy, @ | dy®

dy® dpp @

and dp ®=+0, the projection of the first component is surjective, and thus the previous
statement is equivalent to the Jacobian having maximal rank, that is, the non-vanishing
of (1.5).
By symmetry, the equivalence with g, being a local diffeomorphism also follows.
Finally choose local coordinates (x', ) ER*'XR near P so that d, ®(P,P)=(0, 1),

and T,(Q,)={(x',0);x' ER""'}. The matrix of L,, is then (3°®/3x, 8Y});c; s<n_1» While
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00 01
0
. 2
J(®)=det | A
Ox; 3y,
0
* *
2
=det< a’q) ,>
ox; Ay,

which shows that (iii)<>(iv).

A consequence of nonvanishing rotational curvature is the following property
which will play a key role in the sequel.

COROLLARY. Assume that €cQXQ satisfies any of the conditions (i)~(iv) near the
diagonal A. Then Q admits a covering by coordinate patches, on each of which there is
a coordinate system

P — (t,x) ERXRY™2-1
so that the hypersurface Qp can be parametrized by
RI™E13 7 5 (1+8(t, X3 2); 2) (1.6)

with $(t,x;z) a C* function near (t,x;x) satisfying

S(t,x:0) =0 a7
2
det (<25 (t:x:0) ) +0 (1.8)
axjazk

Proof of the corollary. Since the surfaces Q, vary smoothly with P, for each fixed
P we can choose a curve y in Q which passes through P and is transversal to 2, for
any P’ on y near P. Parametrize y by t—y(f) with y(0)=P, and choose for each Q,, a
coordinate system Q,, 3 P'—>x €RI™"! centered at (1) and varying smoothly with .
We thus obtain a coordinate system for a neighborhood V of P in Q by letting

VIP —(t,x)

if P'€Q,,, and x are the coordinates of P’ in Q. If V is small enough, this is well

14
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defined, and Qp for P’ in V can be parametrized by (1.6) for some C” function

S(t,x;2). Property (1.7) just says that Q. passes through P’. As for (1.8), observe that

S$(¢,0;2)=0 for any (¢,2) (1.9
and that
0 -ds -1-dS
J(@)=det |d, S d,S -d.S (1.10)
1 0 0

if we choose the function ® of (1.5) to be
O, x;t', 7) =t'~1—5(t, x;2). (1.11)
For x=0, J(®) reduces to (—1}*°"*" det (a’,fZ S) in view of (1.9), and thus
det(d?,$) (2,0; 2)%0.
Shrinking V further if necessary, we obtain the desired statement by continuity. Q.E.D.

Some of the examples discussed below can be more readily understood if we
modify the parametrization of Qp in (1.6) to be

y— (t+B(t, x;y); x~y) (1.12)
for y near 0 in R¥™-! and the condition (1.8) becomes
det (d2, B+d> B) *0. (1.13)

In some sense the term dfyB represents the curvature of each hypersurface Q,, while

dﬁyB measures the rate of change with respect to P of the normal to Q.

Example 1. In R” let H be a hypersurface passing through 0, and let ¢(P)=0be a
defining function for H, with |dg(P)|=1 on H. Define Qp as the translate to P of H.
Then the function @ of condition (iii) may be taken to be

@(P, Q) = p(Q—P),

the mapping Qp3 Q—dp(® (P, 0)=—dp(Q—-P)ES" ! is the Gauss map of Qp
viewed as an embedded hypersurface in R”*, and

— 2
Lo=dgp q)IT,,(QP)x Tp(Qp)
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is just the second fundamental form of H at 0. Thus the condition of nondegeneracy of
Lg is equivalent to the nonvanishing of the gaussian curvature of H at 0.

Example 2. In R” let Qp be for each P a hyperplane, and let »(P) be the unit
normal to Qp. Denote by dv(P) the differential at P of the map P—v(P). That the
distribution of hyperplanes Qp have rotational curvature is now equivalent to the
nonvanishing of the (n—1) symmetric function of the eigenvalues of dv(P).

(Note that the fact that |»(P)|=1 and simple rank considerations imply that the nth
symmetric function, i.e., the determinant of dv(P), is always 0.)

To establish this we use (iv) with &P, Q)=(v(P), Q—P). The Monge-Ampere
determinant J(®) at (P, P) is then given by
v(P)

0
J((IJ)——det‘v(P) P

(1.14)
Observe that the first row of the above matrix is orthogonal to all the other rows since
[»(P)[*=1 for all P. This fact together with the value of the determinant are invariant
under conjugation by matrices of the form .

(1 0 ]
0 U
where U is any matrix in O(n—1). Choosing U so that vU=(0, ...,0, 1) we get
00 ... 01
0 0
J(®P)=—det |: A : (1.15)
0 0
1 * 0
=detA

with A an (n—1)x(n—1) matrix determined by

U'dv(iP)U = [/*\ g]

On the other hand we have

(n—1) symmetric function of eigenvalues of dv(P)
= (n—1) symmetric function of eigenvalues of U’ dv(P) U

=(—=1)""1 [coefficient of A in det(Al,—U'dv(P)U)]  (1.16)

8—868285 Acta Mathematica 157. Imprimé le 15 octobre 1986
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= Coefficient of A in [Adet (A,_;—A)]
=(=1)""!(detA).

The desired assertion follows from (1.15) and (1.16).

Example 3. Let H'={(z, ) EC"XR;(z,8)(z',t')=(z+2',t+t'+2Imz-7')} be the
Heisenberg group. Then there is a natural invariant distribution of hyperplanes

Q. ,={@,¢)EC"XR; t'—t—2Imz-Z =0}. (1.17)
Identify T, , (R, ,) with C", and set
D(z,t;7',¢)=t—1t—2Imz-Z'

It is then readily seen that the rotational curvature L4 reduces to the standard
symplectic form on R*":

(Lo v1,v2) =Im (v 0y) = 0(vy,v0), vy, v,EC". (1.18)

Example 4. This example is basically a generalization of the previous one. In
C"*1, let Q be a hypersurface defined by r(z)=0, with r€ C*(C"*") and dr+0 when
r=0. Let y(z, w) be an almost-analytic extension of r, i.e., y(z, w) is a function having
the following Taylor expansion along the diagonal

%Py _
YE+z,n+2) ~ 2 A aad 5T (1.19)
(see [4]). At each point € Q, set
Q,= {we€Q;Imy(z, w) =0}. (1.20)

To relate the rotational curvature form Ly to the complex structure of Q, rewrite
vectors

n+l n+l

9 9
= ; +8 a = +0,——
v lea’axj fa ° T 2 I3,

with v;=a;+if;, and observe that the real tangent space THQ) consists of vectors v

n+1
Re( a’) 0. a.21)

satisfying

8
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In particular TX(Q) contains the subspace T%(Q) defined by

7%Q) = u_nzﬂ -—a—;fv.ir—=0,
iy, oz, 24 ey,

T =1 J

which evidently is a complex vector space of dimension n. We shall often identify

n+l n+l1

and view T;"’(Q) as the space of ‘‘tangential holomorphic vectors’’ given by

n+l a n+1 ar
Q) =4{v= = =0. 1.22
€)= {U J_El i az, = Y 9z, } (1-22)

The Levi form £ is the sesquilinear form on T,%(Q)xT>%Q) given by

n+l n+l

: 2
3’(01,02)=2 9rz) v, ;U,, Where v—Zv 9

iJj
jie=1 9202, =1 az

Then

(a) the tangent space of Q, at z is just 7-%(Q);

(b) the rotational curvature form L,,, coincides with the imaginary part of the
Levi form;

{c) the nondegeneracy of Ly, is equivalent to the nondegeneracy of the Levi

form, and thus is satisfied when Q is strongly pseudo-convex.

To verify the first assertion, observe that up to terms of second order in v

n+l
Im y(z, z+v) ~ Im (E g_; 2 6,-)

j=1 9%
n+t or

=—Im (Z @ uj>.
j=1 9%;

In particular (d(Im y)|, ,,,v)=—Im(Z}2 3r/dz(z)v) and thus vectors v tangent to Q,
are characterized by the two conditions

n+1l nt+l
1m<2—(z)u)=0, Re( g—’(z)v> 0

=1 9%
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which are exactly the ones defining T;"’(Q). The second assertion is an immediate
consequence of the following two facts:

{Lyp, v, V') = Mixed terms of second order in (Im ) (z+v, z+v").

Mixed terms of second order in y(z+v, z+v') = L] L, 8°/0z,02,(2) v, 0, = HAv, V).

Finally assume that Ly, (v,v)=0 for all v'€T;%Q). Then Im HAv,v')=0 and
Re Av,v')=—Im Av, iv")=—Ly, (v,iv")=0 for all v’, which would imply that v=0 if £

were nondegenerate. The converse being obvious, the third assertion is proved.

2. The model case: motivation

The main ingredients in our approach are bounds for a class of *‘oscillatory singular
integrals’® whose study may be interesting in its own right. To see how they arise we
consider the case where Q is R**!={(x, ) €ER”*xR}, and the hypersurface Qp through
P=(x,1) is given as the image of the linear mapping

R"3y — (x+y, t+{Bx,y)) ER""!

where B=(b;) is a fixed bilinear form. Let K(y) be a kernel on R”, and define a singular
density Ko on 6={(P,Q); Q€Qp} by pushing forth to each manifold Qp through the
above mapping the density K(y)dy.

The singular Radon transform R associated to 46 and K, is then given by the
formula

Rw)(x,n= f u(x+y,t+(Bx,y)) K@) dy.
R’l i

If we denote by #i(x,A) the Fourier transform of u(x, ) with respect to ¢, R can be
rewritten as

(Ru) (x, t)=% Je“’[f X B0 K(y) ﬁ(X+y,l)d}’] di

=2i{ j e'""[ f ei"(B"’Y)K(y—x)ﬁ(y,}.)dy] e~ MBrx) dl}
JT

= f eii.te—iA(Bx,x)(TA a(- ,LAD (x) da
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with the operators T,: Cj(R")—C"(R") defined by
(T, @) (x) = f eMBN) K(y—x) () dy, @€CHR".

We may now write using Plancherel’s formula

f f |Ru(x,t)|2dxdt=# f f
=f <j |(Tlﬁ(-,/1))(x)'2dl>dx
R \J-w

= f “Tl '2( ) A’)”izmn) dj’

—~

2
f eM(T, 4(-,A)) (x)dA| dtdx

< [T I Dy
Here ||Ty||op denotes the norm of T as an operator on L*(R"). Thus L? bounds for R
reduce to bounds for T;. In particular if ||Ty||op is finite and bounded independently of 4
by a constant A we may conclude that

IR sy < A7 f laC: s DI zqen, 2

—

= Al gy

In general, to insure the boundedness of the T;’s we need an appropriate combina-
tion of conditions on the bilinear form B and the kernel K. For example K may be
homogeneous of degree —n and B may be non-degenerate (when it is also antisym-
metric we get back the Heisenberg group of Example 3; however, in many cases of
interest B will be neither symmetric nor antisymmetric). For our purposes, it is
necessary to go further in two directions: first, replace K by more general homogene-
ous kernels (to fulfill conditions for later interpolation on L? spaces; the ideas involved
here will be taken up in the model case); second, replace the bilinear form (Bx,y) by
more general functions S(z, x,y) depending on a parameter ¢.

In the special case where K is homogeneous of degree —r and we have a bilinear
form as phase, the operators can be treated (see Corollary 2 of Theorem 1 and
Corollary 2 of Theorem 2) as a consequence of Sjolin’s n-dimensional version of
Carleson’s theorem on pointwise convergence of Fourier series (see [5], [44]). Since
this case does not suffice for our needs, we require an independent approach.
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The model case: L” estimates

We shall now study the following operators

(Tf)(x)=P-V-fe“""’”K(x-)’)f(y)dy, FECF (R,

where P.V. stands for principal value, K(x) is C* outside the origin, coincides with a
homogeneous function of degree —u for large |x|, with a homogeneous function of
degree —n for small |x|, and satisfies the cancellation property Jixj=e K(x) do(x)=0, for
& small. Finally (Bx,y) is a bilinear form, given by the nxn matrix B.

THEOREM 1. Assume B is nondegenerate. Then T can be extended as a bounded
operator from L*(R") to itself, if 0=<u.

Proof. Step 1. We begin by proving the boundedness of T under the assumption
that K vanishes for |x|=1. In this case we show first that

j |Tfx)|Pdx<c f |F o)) dx, (2.1
Bl BZ

where B, and B, are respectively the balls of radius 1 and 2 centered at the origin. To
see this note that since the support of K(x—y) is in the set where [x—y|<1, in estimating
Tf(x) for x€ B, we may as well assume that f vanishes outside B,. Now let T" be the
operator defined by T'(f) (x)=f K(x—y) ¢®"? f(y) dy. For it we have an estimate like
(2.1), in view of the standard theory of singular integrals. However
(T-T)(f) (0)=J K(x—y) [¢®=?)—/B»?)] f(y)dy, and in absolute value this difference
is bounded by

cj M[ﬂy)'dySCj YOldy ¢ vep..
k-yl=1 d

Ix_yln -yl<i Ix—'y "

From this (2.1) follows.
We next remark that while operators like T do not commute with translations, they
do satisfy the identity

(t_ Tr) (F) (x) = €XBh ) gi(BxB) (PR £(.) (x), 2.2)

with 7,(f) (X)=f(x—h), as a simple change of variables shows. With this we get as an
immediate extension of (2.1) the inequality
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J'x‘(x—h)le(x)lzdecsz(x—h) |F P dx

where x; and y, are respectively the characteristic functions of B; and B,. If we
integrate both sides of the inequality with respect to & we obtain

f Tf)Pdx<2"c f |F)|? dx

which establishes the boundedness of T (under the assumption that K(x) is supported in

Ixl<1).

Step 2. We now turn to the case when K(x) is supported in |x|>1/2, and x>0. It will
be convenient to put our assumptions on K in the following more general form

13" K(x)| < A, (1+}x* e, (2.3)

In this setting we can always replace our original K by a family K, with
K. (x)=K(x) p(ex), where ¢ is a fixed C; function, where @=1 near the origin, and
0<e<l. The kernels K, then satisfy (2.3) uniformly in &, and for the operators
TOf=[ “P~?) K (x—y) f(y)dy there will be no difficulty in justifying the operations
carried out below. Once the estimates are obtained for 7, we then let e—0 to get our
desired conclusions.

Having made these preparations we remark that the boundedness of T follows

from that of T*T. A straightforward calculation shows that the operator T7*T has as its
kernel

L(x,y)=f e~ B2xY) R(z—x) K(z—y) dz. 2.4
Rn

The main point will be the following estimate for L:
|IL(x,y)| < Cylx—y|™™, whenever N=0, and N> n—2u. (2.5)
We proceed as follows. We have (a,V,) (Bz,x~y)=(Ba, x—y). Therefore
@Vv) e~ !B2xY)=i(Bq, x~y) e HBuxY)

So if we set ,<£z=i(a,Vz)/(Ba,x—y), then

("?z)N e~ {Bux-y) — e—"(BZ,X"Y)_
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Inserting this in (2.4) with

()
lx—y|

and integrating by parts N times gives us

Cul=yI™ D |8 K(z~0)||8; K(z—y)| dz
lal+(B|=N

as an estimate for L(x,y). It is now convenient to use the remark that
A+~ % +x)"<c if0<o0,7,and o+r>n. (2.6)

In fact,

f(l+|x—y|)“’(1+|y|)_'dy=f +f +f
bk Jideshisx] Jpl=2i

= 0<(1+|x|)'° f (1+]yD~"dy
i<kl

+(1+[x)~" (1+[yp~%dy
bl<3i

+J’ (1+|y|)“’”dy),
b2k

which proves (2.6). For further reference we set down two other inequalities proved by
this argument.

A+ %(A+x) "< c(1+x)*°", if0<o,7<n,and o+r>n (2.6a)
A+P7o%1A+x)" < c(1+|x]) “log +]x]), if 0<o. (2.6b)

Now observe that if N>n—2u, o=|a|+, t¥|ﬁ|+u, with N=|a|+|g|, then o+7>n.
Thus by (2.6) we can conclude that |L(x,y)|<Cn|x—y|™"; that is we have proved (2.5)

when N is an integer. To treat the general case, let Ng<N<N,+1, with N an integer,
and consider the analytic family L, given by

Ls(x’ y) = eszj e-i(Bz,x—}’) K_(Z_x) K(z_y)(1+|z_y|2)—s/2 dZ
R'l

in the strip No—N<Re (s)<N,~N+1. Observe that Ly=L while the argument we used
in the case when N is integral gives
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IL,(x,y)| < clx—y| ™, for Re(s)= Ny—N
and
1

ILx,y|<cx—y| ™", for Re(s)= N,—N+1.

Thus by the three lines theorem |Lo(x, y)|<CnJx—y| ™" and (2.5) is proved.
Next using (2.5) with N<n (since u>0), for |x—y|<1, and with N>n, when |x—y|=1
shows that

sup f IL(x,y)|dy and sup f |L(x, )| dx
x RrR” y R

are both finite, concluding the proof of the boundedness of T*T and thus T, when u>0.
The case =0 remains. Let us temporarily introduce the notation T=Tj to make

explicit the dependence of 7 on the bilinear form B and the kernel K. We also introduce
the Fourier transform %, defined by

HS) (@)= f e B2 f(x) dx.
Rll

Finally M will denote the multiplication operator given by M(f) (y)=e'wy 7 f(y). Then
for C; we have the identity

FTe=T300M, 2.7)

where B* is the adjoint to B. This identity is proved by writing the left-side as

j e—i(Bx,z){ j B K(x—y) f() dy} dx,

interchanging the order of integration, and noting that

f &Br=2) K(x—y)dx = B0 FHK) (z—v).(")

These formal manipulations are justified when we interpret K and #K) as tempered
distributions, and restrict f to say C,. The identity (2.7) makes clear that to prove the

L? boundedness of T;} it suffices to do the same for T ;(BK*). From (2.3) the following

(") For such identities in the special case of ““‘twisted convolution”, see e.g. {20], [28}1.
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properties of AK) may be proved without difficulty (here * denotes the usual Fourier
transform).

(a) #AK) which equals (27)" K(—B~! -)/|det B| is bounded.
(b) HAK) coincides with a C* function in R™\ {0} which is rapidly decreasing at

©) |AK) (x)|<A/|x]".
Now write AK)=K,+K,,, where K,=gHK) K,,=(1-¢) HK), with p€C;, and p=1
near the origin. Then Tgg=T,+T,. Here T,=T;* is trivially bounded, because of

property (b). Finally to prove that 7, is bounded on L? is merely a reprise of step 1,
carried out before. In fact if we set

T(f)x)= f K (x=y) e ®) f(y) dy,

then T is bounded on L? because of (a), while T,— T, is bounded because of (c). We

can then continue as in the argument in step 1. This concludes the proof of Theorem 1.

COROLLARY 1. Suppose T is defined as in Theorem 1, except now we assume only
that rank of B=k. If u>n—k, then T extends to a bounded operator on L*(R") to itself.

Proof. As in the proof of Theorem 1 we divide consideration in two cases, first
when K(x) is supported in |x|<1. We remark that the proof given above for that case
works also in the present situation since it did not depend on the nondegeneracy of B.
Thus we turn to the case where K is supported in |x|=1/2.
~ Let P denote the orthogonal projection on the range of B. We may assume that the
rank of B is =1.(}) '

LEMMA 1. Suppose B has rank k, k=1, u>n—k, and K satisfies (2.3). Then the
kernel L(x,y) (given by (2.4)), satisfies

|IL(x, y)| <c|P(x—y)|**e (1 +|x—y|)"+*-b (2.8i)
Jor some a>0, and b>0.
ILGx, y)| <c|PG—y)| N (1 +|x—y]) "5, (2.8ii)

for some b>0, and all N sufficiently large.

(") Notice that if rank B=0, the proof becomes trivial in view of the fact that u>n.
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Proof of the lemma. We can always find a matrix B, so that BB;=P, and B, P=B,.
Recall that with ¥,=i(a, V,)/(B(a),x—y),

(&)N e—i(Bz,x—y) = e‘i<BZ:X-)')‘

Let a=B,(P(x—y)/|P(x—y)]). Then B(a)=BB, P(x— y)/'P(x—-—y)l P(x~)/|P(x—y)|. Thus
(B(a),x—y)=|P(x—y)|, and

|L(x, y)| < CIP(x—y)I‘N f 9% K(z—x)||&? K(z—y)| dz.
la+Bl=N

Conclusion (ii) now follows from (2.6b) if N=2n, by (2.3), because either u+|a| or
u+|B] must be at least n, and u>n—*k. ,

To prove (i) we may assume that n—k<u<n—k+1, since the case u>n—k+1is a
consequence of the case when y<<n—k+1. Next repeat the same argument with N=k;
thus we invoke (2.6a) or (2.6b) with o=u+|a|, z=u+|8]. We have o+1—n=2u+k—n>u;
also o=, and r=u. Therefore we get

IL(x, y)| < CIP(x—y)| ¥ (1 +|x—y) ¥ log 2+|x—y)). 2.9

Next define L,(x,y) by

L(x,y)= eszf & (Bux-y) K(Z-X) K(Z_y)(l_l__'Z_ylZ)—s/z dz.

Applying the same reasoning gives
IL,(x, V)| < c|Px—y)|* (1 +[x—y])""**log @+ |x—Y)), (2.10)

when Re (s)=0y=n—k—pu. Similarly
ILy(x, V)| < c|PGx—y)| 5 (1+|x—y) " *log Q+]x—y), (2.11)

when Re(s)=0g+1=n—k—pu+1.
Now we have 0=(1—6)0y+60(0o+1), with 6=—ag,, and so by the three-lines
theorem (note that Ly=L1)

LG, )| < el PG y)| 77 (1+x—y) ™" log 2+{x—y));
however —k—o0y=—n+u. Hence,

IL(x, )| < c|P(x—y)| " (1 +]x—y)) " **log 2+|x—Y)). 2.12)
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Therefore conclusion (ii) of the lemma follows if we take the geometric mean of (2.9)
and (2.12).

We are dealing with the case when K(x) is supported in |x[=1/2, so the assertion of
Corollary 1 is trivial when k=0; hence we assume now that rank B=1. Now following
the argument of Theorem 1 we will show that T is bounded, by demonstrating that the
kernel L of T*T can be estimated as follows: |L(x, y)|<M(x—y), with M(x)ELRY. To
do this write R*=R*XR"¥, with R* identified with the range of B, and R"~* with its
orthogonal complement; write accordingly x=(x’, x"), with x’'=P(x), and x"={—P)(x).
Then by (2.8) we can take

M(x) = cmin {|x'| %+, |x'|"V} xA+x)~"**°, with a>0, b>0.
Therefore, [, M(x)dx<o, since
flx’[sllx,rk+a dx'+flx,I;1|x'|_Ndx'<°°,

and [(1+[]x") ™"+ dy'<oo,

The proof of Corollary 1 is therefore concluded.

Remark. When O<rank B<n, and y=n—rank B, it would be interesting to find the
additional conditions on K that guarantee the boundedness of T on L2, Of course when
rank B=n, Theorem 1 shows that no additional conditions are needed; and when
rank B=0 the boundedness holds when K has vanishing mean-value on large spheres,
by the standard results in singular integrals.

COROLLARY 2. Suppose K is homogeneous of degree —n, smooth away from the
origin, and has vanishing mean-value. Let (Bx,y) be any real bilinear form. Then the
operator T defined by ’

(Tf)(x)=P-V-fei(BxJ)K(x—y)f(y)dy, feCs,

extends to a bounded operator on L*(R"), with bound independent of B.

Proof. Observe that if we replace the operator T by 7,17, where

75(f) (xX)=f(0"'x), then we get an operator having the same norm and of the same type,
with K unchanged (because of its homogeneity of degree —n), but with (Bx, y) replaced
by 6*(Bx,y). Thus we may assume that either B=0, in which case the assertion holds
by the usual theory of singular integrals, or that ||B||=1. In the later case, rank B=1; we
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also observe that the bounds arising in the proof of Corollary 1 depend in a uniform way
on the entires of B, and this proves the corollary.
We now turn to the L? theory of these operators.

THEOREM 2. Let T be the kind of operator considered in Theorem 1, with B
nondegenerate. Then T extends to a bounded operator from LP(R") to itself under the
restrictions that 1<p<o, and |1/2—1/p|<u/2n.

The proof of Theorem 2 requires the introduction of the appropriate variants of the
Hardy spaces, BMO, and the ‘‘sharp function’’ in this context. These notions are here
adapted so as to exploit the particular way our operators behave with respect to
translations, (see (2.2)). We shall begin by doing this in a more general setting.

Let us assume we are given a family E={e,} of functions, e,: R"—C, as Q ranges

over the cubes of R”. That is, to each such cube Q we associate a function, e, in our
family. The assumption we shall make is that |ey|=yx,, where x,, is the characteristic
function of Q. We define an (E) atom, associated to Q, to be a function a supported in
0, so that |a(x)|<1/|Q|, and [ a(x) &,(x)dx=0. We then define Hj to consist of the
subspace of L! of functions f which can be written as f=2 A;a;, where a; are (E ) atoms,
and A, €C, with I |A|<c. Then the infimum of X |4}, ranging over all such representa-
tions of f will be the H. norm. Similarly we define the sharp function, f, by

(f5 () = sup—- f |f ) —~f5)] dx, 2.13)
x€Q |Q' 0

where fﬁ(x)=eQ(x)-f f»ey) dy-|Q|”'. We define BMO; to be the space of locally
integrable f, for which f£€ L, and take ||f}]|,. to be the norm.
Observe that if e,=y, for each Q, then Hp, BMOy, and f} are the usual H',

BMO, and f* (see e.g. [12], [15], [30]). In the context of the operators we shall be
dealing with we shall take the family E={e,} to be given by

egx) =g e Y, 2.14)

with x, the center of Q. We shall be dealing with the operator T=T% given by
T2(f) (x)=P.V. [ &®Y) K(x—y) f(y)dy, where we shall assume that K is C* outside

the origin, coincides with a homogeneous function of degree —n near the origin, and
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satisfies lel=£ K(x) do(x)=0 for small £>0. For large x we assume that K coincides with
a function that satisfies the differential inequalities

182 K(x)] < A b ™14, (2.15)

LemMA 2. Let T=T% be as above, with T*=TF" where K*(x)=K(—x). Then
(a) T* extends as a bounded operator from HL- to L.
(b) T extends as a bounded operator from L” to BMOg.

Here the family E is given by (2.14).

Proof of the lemma. Statements (a) and (b) are dual statements, and in fact the
proof of (a) is very similar to that of (b). Since we shall not be using (a) below, we shall
restrict ourselves to proving (b). |

Write F=T(f), and assume that ||| .=1. In estimating F ¢, we shall first make the

estimates for cubes Q centered at the origin. Now fix such a cube Q, let d denote the
diameter of Q, and write 0=Q;, and °Q for the complement of Q in R". We decompose

f as f=fi+f,+f;, where fi=fin Q,; but f,=0 otherwise; f,=fin (°Qp)NQ, ;, /,=0
otherwise; f;=fin (°Q,)) N(°Q,_)), f,=0 otherwise. Notice that f,=0, if 0=V 2 /2. Write
F=1(f), j=1,2,3. Now by the L? theory (Theorem 1)

S oI\ dx<s[p. i dxssc [ | fif* dy=c|Qy,

therefore

1 ‘ 1 12
— | |F|dx<s|{—| |FJ’dx] <ec. (2.16)
lQlLI | (lQILI y ) c

Now
F(x)=T(f)=[ &5 K(x—y) £,) dy;
define the constant c;, by cp=f K(—y) f,(y)dy. Then
Fyx)—cp=J (") K(x—y)—~K(-)) ) dy.
However,
P K(x=y)—K(=y) = (**7) = 1) Ka—y)+{K(=y)-K(-y)},

which is O(@ly|™"*'+6ly|™™"), if x€ Q,, and y€°Q,,. Hence if x€ Q=0,,
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|Fy(x)—cgl < Cé{ o) dy + Va0l dy } < C'6{ I. dy j —dl-} sC,
b b

! Iyl iees=t I Jpjmes VI

because f, is supported in (°Q,,)N Q... So
L f IFy0)—cgldx<c. @.17)
QJo
Next,
Fy(x)= f B K(x~y) ;) dy
= f P {K(x~y)~K(-y)} L0 dy+ f &5 K(=y) f,0) dy

= F;(x)+F§(x).

However |K(x—y)—K(—y)|<c|x}/|y|*** if x€ Q; and y E°Q,,, and therefore
IF;(x)Iscdf —dn}%l—sc,
[yl=cé Iyl

which gives

L f IFie)|dx <c. (2.18)

101 Jo

Finally, by Plancherel’s theorem
f [P dx < ] [P dx=c f K9P A0 dy
Q R"
< f Y|~ dy = c'o".

pl=co!

Thus (1/]Q)) f, IF3(x)|dx<c. Altogether then (1/|Q)) [, |F(x)—cgldx<c, and as a result

ﬁ f [F()~F | dx <2, (2.19)
e

where F,, is the mean-value of F over Q. We can now use the translation formula (2.2)

to drop the assumption that Q is centered at the origin. The result is
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ﬁ f IF)-FE)| dx <c, (2.20)
Q

since
F5) = 1g0) e ™# (F(-) 7 10),

and so (b) of the lemma is proved.
We shall also need the following:

LEMMA 3. Suppose FELXR"), and 2<p<o. If FLELP(R"), then FEL’(R"), and

NE g < €, IIFE .21)

LP(R™) LP(R™Y"

This lemma is an immediate consequence of the special case for the standard sharp
function (see [12], §4). In fact let G(x)=|F(x)|. Observe that
1 .
L iror-rolo<re ixeo
Q

but [F5(y)| is constant in Q. Thus

1
o L |G —Gyldy < 2F(x),
and as a result G*(x)<2F}(x), for all x. The known inequality ||G||,,<c,||G*||,, then

implies our result.

Proof of Theorem 2. We can now prove the theorem by using the complex
interpolation method of [12]. To do this we consider first the case u<n, and break up
our kernel K as Ky+K.,, where K, is supported in |x|<1, and K.(x) is supported in
|x|=1/2. Define the analytic family of operators T by

(T.f )(x)=e’2{P-V- f B0 K (x—y) f(y) dy+ f BN K (x—y) Ix-yl‘""sf(y)dy}-

When Re (s)=0 we get by Theorem 1 (where one uses only estimates like (2.3) for the
second term)

”Ts(f)”[}S c”f”LZ!
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which implies
1T NE < cllfllz Re(s)=0. .22)
Also bsf Lemma 2, (b), we have
TNl <cllfll,. Re(s)=1.
Thus by complex interpolation we obtain
T NE L < cllfll

where 0<0<1, Up=(1-6)2+0-0. But To=cT, c¢+0, if u=nb, and this gives (via
Lemma 3) the result when 1/2—1/p=u/2n. The result when 1/p—1/2=u/2n follows by
duality, and then the rest of the range is filled in by the M. Riesz convexity theorem.
For u=n the argument is similar with T,=T for all 5. Finally the case u>n is trivial since
the kernel of T is then integrable near infinity.

COROLLARY 1. Let T be an operator as in Theorem 2, except that we now assume
only that rank B=k. Then T extends to a bounded operator on L°(R") for 1<p<o under
the condition that |1/2—1/p|<(u—n+k)/2k when k=1, and y=n when k=0.

To prove the corollary we may assume rank B>0, for otherwise it is a simple
consequence of standard facts about singular integrals. Now the case rank B=1 is very
much the same as that of Theorem 2, except that the assertion (b) of Lemma 2 needs to
be reexamined. We write F=T(f') as before and estimate F=F,+F,+F;. The estimates

for F, and F, are unchanged; next F,=F)+F;, and the estimate for F} is also un-
changed. We come therefore to F2(x) which equals [ €®*) K(-y) £,() dy.

Now the matrix B can be written as O, AO,, where O, and O, are orthogonal
matrices and A is a diagonal matrix, with entries a,, a,, ..., @,. Because of our assump-
tion that rank (B)=1, we may also assume that &;,+0. Now write x=(x,, x"), with x, ER'
and x’' ER"™". Then if we set FA(x)=F%0,x), K»)=K(0;'y), ;)=f(0;"y), we have

Fx) = f e gy, x") dy, (2.23)
Rl

where

g(yl,x’)=f BT R(—y) fi)dy'.
Rn—l

9-868285 Acta Mathematica 157. Imprimé le 15 octobre 1986
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We make the following estimate for g(y;, x’)
le(y,, x")| < cmin (8, [y, ). (2.24)

In fact first take |y,|<c, 67!, where ¢, is sufficiently small. Then since f3(y) is supported

in the set where |y|=cé~!, we have

Ig(yl,x’)lscf ly'| " dy’ < cé.

bize, 87!

Next if |y,|=c, 67", use the estimate that
g0, X)| < f Ky(=y)ldy' <c j (i P+l P dy” < )|
Rn—l

Therefore (2.24) is proved. Hence by Plancherel’s theorem in R

. d
f|F§(x,,x’)|2dxlSc f __2’_12__,_52[ dy, + = c.
v 267! |)’1| y,lsé7!

Thus an extra integration in x’ gives
f IF30)fdx= | |Fifdx<co,
0,(Qy 0,

and finally

L IF3(x)|dx < c.
1237 Jo,

This concludes the proof of Corollary 1.
In the same way as we showed Corollary 2 of Theorem 1 we get the corresponding
result for L”.

COROLLARY 2. Let T be the operator considered in Corollary 2 of Theorem 1. Then
T extends to a bounded operator on LP(R") to itself, if 1<p<o, with bounds inde-
pendent of B.

3. Estimates for the singular Radon transforms

The bulk of the proof of Theorem A is contained in the following localized version.
Set R"'!=RxR"; a point in R**! will be written as (¢, x), tER, xER or (s,y), sER,
yER". we will always take n=2, and work in a fixed compact neighborhood of R"*!,
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We assume that through any point (2o, x¢) in our compact neighborhood, there
passes a distinguished hypersurface, given as a graph by the equation s= #,+5(¢,, x5, y)
where S is a smooth function. Thus S(#,, x,, x;=0. Now our singular integrals will be
defined by giving for each (z,, x,) a kernel concentrated in the hypersurface assigned to
(#5, x5). The formal expression of this kernel will be d(s—z—S(t, x, y)K(¢, x; x—y), where

K will be specified below. There will be several ways of writing out our operator R,
which maps functions on R**! to functions on R**!. If (s, y) is a function on R"*! |
f@,y) will denote its Fourier transform in the s variable. Then we shall write R as

RA)(t, %)= —21; f e* f e K1 x; x—y) f(A, y) dy dA *

or more compactly as a pseudo differential operator

(Rf)(t)=ﬁ f ea(z, ) f(@) di. (**)

Here f(A) is a function which for each A takes its values in the Hilbert space LA(R"),
with f(A)= f(1,). Also a(z, 2) is for each (¢, 1) a bounded operator from L3(R") to itself;
a(t,A) has as its kernel representation

(a(t, 1) f(x)) = f M ERIK(E, x; x~y) f() dy. (***)

Our assumptions on S and K are as follows: S is a real C” function such that

S(t,x,x)=0 forall (1, x). 3.1)
2
For each ¢, the Hessian { 9 S(t, x, y)} is a nonsingular nXn matrix. (3.2)
Ox; 3y,

K(t, x; 2) is C” with fixed compact support and satisfies

3\e/ 3 \f/( 5\ .

KE) <_a_x_> <8_z> K(t,x;2)
a\e[ 9 \8 .

J:<l2l<1 (5) ( ax) K(t, x;2)dz

Our main theorem is as follows.

SAgp, kM (3.3)

SA,p for0<esl. (3.9
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THEOREM 3. Assume n=2, and S and K satisfy (3.1) to (3.4). Then R(f) initially
defined for f€ C; extends to a bounded operator on LP € R™Y 1o itself, 1<p<o,

IR, <A, [1Foll-

With S given, the bound A, depends only on finitely many of Ay g ,, and A, g in (3.3)
and (3.4).

For the proof we shall embed the operator R in an analytic family T,, y=a+if, so
that =R, and when a is negative we can make L? estimates, while for a positive, the
situation becomes more akin to the usual singular operators. To define 7, we choose a
fixed C* function ¢ on [0, ] which is=1 near the origin, and has compact support. We
then write T,=T"'+T2, where T" has as its symbol (see (**)) a'(t, ), with a'(t, 1) having
as its kernel

@(|x—y[*A) e*5“=V K(t, x; x~). (3.5

Ti has as its symbol the operator af,(t, A), whose kernel in turn is

— —2 v ..
(1—qJ(lx—ylzl))Jx—Myl,yue‘ls(""” K@, x;x—y). (3.6)

LEMMA 1. The operator a'(t,1): L>(R") —L*R") whose kernel is given by (3.5)
satisfies the estimates

la'(, Dljop <A, G.7)

k 1
(8 (30

Thus a'(t,) is a symbol of type SV 12

and more generally

op SALHAP, (3.7)

Proof. Let us show first the estimates for the norm of a'(z, A).
We break up R" into a disjoint mesh of cubes {Q}}, so that diameter Q}=1""2

Since the kernel of al(t,4) is supported in the set [x—y|<cA™'? we see that if f is
supported in Qf, then a'(t, 2)f is supported in *Q}, where *Q} is a ball having the same
center as *Q}, but whose diameter is (c+1)A™"% However the balls *Q! have the
property that every point is contained in at most a bounded number of such *Qf’s. Thus
it suffices to prove that
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la'e, Dfll <Al fllz

for each f supported in Q}, where the bound A is of course independent of A and j. To do

this let y; denote the center of Qj Now S(t, x, y)=58(t, x, x)+ s5,(t, x)- (9—x)+ Olx—y|>. But

S(t,x,x)=0, while S,(z,x)=5,(1,y)+O0(x—y]). Thus since px—y]|<(c+DA "2 and
v [x—yl<(c+ DA™Y we get

8@t x,y) = 81, y)- y—x)+ O(A V2 x—y))
SO

eils(r,x,y) — ei}.Sl(t, ¥y e—ilsl(t, y,-)<x+0|l|1/2|x_yl.
Hence for each f supported on Q; we can write

al(e,7) f=Ma*(t, ) Mf+0< A f R Ix—yl‘”“lf(y)ldy)

where M is the multiplication operator

MA®) = e 10 (),
and a3(¢, A) is the operator with kernel

@(lx—yPA) K(t, x; x~y).

Now a’(¢,4) can be handled by the usual theory of singular integrals. In view of the
smoothness of X in the first two variables and the compact support we can write

K(t, x,x—y)= J’K(t, 0, x—y) €% dr do

with each K(z, 0, 7) satisfying

(aizy K@, 0,2)

<A, (@ 0) ™
and

<A(7,0), independent of ¢, 0<e<1

f K(z,0,2)dz
e<|z] =<1

with A(z,0) rapidly decreasing as |r|+|o]—®. The boundedness on L*(R") of the
operators with kernels
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o(x—y[*A) K(o, 7, x—y),

with bounds rapidly decreasing in o and 7, and uniform in 4 then follows by a known
argument (see [47] pp. 35 and 51). This proves the boundedneses of a’(t, A)and hence
a'(t,2) on O} completing the proof of (3.7).

The proof of (3.7') proceeds by noting that the kernel of (3/81)% (8/64) a'(t, A) can
be written as the sum of two kinds of terms. One kind occurs only when /=0, and all the
kd/3t derivatives fall on K(¢, A, x—y). This type of term is, because of (3.3) and (3.4),
similar to a'(z, 1) and hence the bound (3.7) already proved takes care of it. The other
kind is, in view of the fact that S(z, x, xX)=0, given by kernels majorized by

AN x—y[K Y x—y|™", where k'+I=1,

and these kernels are supported on the set where |x—y|<cA~"2. This immediately
leads to the estimate

A f [x[¥+7" dx = AJAJF 22 < AL+ AP
x| <cA—12

for the norms of these terms, when |4|=1, and thus Lemma 1 is completely proved.

LeEMMA 2. The operators af,(t, A) whose kernels are given by (3.6) satisfy

k !
|(5) () s

as long as k+I<n+2Re(y).

<A+, (3.8)

op

The basic facts we shall need are contained in the following.

ProPoSITION 1. Suppose ®=®(x,y) is a smooth real function whose Hessian
{3*®/5x3y,} is nondegenerate. Suppose ¢y(x) is a C™ function, vanishing near x=0,
and =1 for large x. Suppose Y(x,y) € C;(R"XR"), and K(2) satisfies

|02 K(2)| < Aglzl ™" H, 20
Define the operator B(1) by

BN x) = f @, (x—y[A) w(x, y) e***VK(x—y) f(y) dy.
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Then
IBM)lop < AC1+[2) ™2 (3.9)

as long as m<n. Moreover the bound A depends only on finitely many of the A,, a
lower bound for the determinant of the Hessian of ®, and upper bounds on finitely
many derivatives of ®, @,, and .

Proof. The operator B(A) is clearly bounded for each A. It suffices to compute the
operator norm ||B(4) B*(4)|| since this equals [|[B(1)||>. Now the operator B(4) B*(4) has
kernel L;(x,y) given by

Lix,y)= f @,(x,y, 2) Y(x,y, 2) 4P =20 K(x—7) K(z—y) dz (3.10)

with @, =@ (jx—2z?2) @:1(lz—y[2); w(x,y, 2)=y(x,2)¥(z,y). Note that g; is supported
where |x—z|=cA™"? and |z—y|=cA™"?, while y(x,y,z) has compact support; thus
B(A)=0 for small 4, and we need to prove (3.9) only when |A|=c;>0. For the kernel
L;(x, y) we shall make the following estimate

nf2—m

Vs
ILix, )| <A
i N(Mll/z |x—y|)N

(3.11)

whenever N=0, and N>2m—n.
We prove (3.11) first when N is an integer N=0, N>2m-n. For this purpose we
introduce the differential operator D=X%7, q; a/azj, and observe that

D(®(x, 2)—-D(y, 7)) = Z a; [azlaxk 3z, 0(y, )] (x,~y)+0K—y*.

ik
Thus for appropriate a; smooth in z, with |g]<1

D(®(x,2)-®(,2)) = Alx,y,2), With |Ax,y,2)|=Ax—y]|

for |x—y| sufficiently small.(*) Since

[(Cﬂ.A)_ID]N ei).((b(x,z)—-<b(y,z)) = M, 2)-D0, z))’

the N corresponding integrations by parts in (3.10) give the bound

(") If we assume, as we may, that the support of  is sufficiently small.
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|Li &, )| < AQA ey~ Z LBh_zlzcw_mlx—-zl’"*’”"‘|z—y|"‘+”‘"dz (3.12)
O<k+l<N o 2lemslmeli 12

However each integral in the sum above is actually majorized by

—2n+2m—k~1
f |ZI n+2m—k dz,
A" <l=c,

and each of these integrals is in turn majorized by
A(A") ™2 =N as long as —n+2m—N<0.

Substituting this in (3.12) gives (3.11) when N is an integer satisfying N=0, and
N>2m—n. To drop the integrality condition on N we can use a simple convexity
argument. More precisely, we first establish the analogue of (3.11) for
m=m; N, integers satisfying N;=0, N>2mj—n, j=0,1, and K(z) replaced by
|2l ™™ K(z). Then whenever 0<6<1, N=(1—6) N,+6N,, m=(1—0)my,+6m,, we have
that (3.11) holds as a consequence for N, and m. Therefore (3.11) is completely proved.
From (3.11) we get as a result that the norm of B(A)B*(2) is majorized by

ANl IMn/Z—mf (Mlllzlxl)‘Nl dx+ANz Mlnlz—mf (M|1/2lxl)"N2 dx
W <1 )2 =1
where we take 2m—n<N;<n (which is permissible since m<n), and N;>n. It follows
that ||BB*||<A|[A|™", and (3.9) is proved.

We turn to the proof of Lemma 2 and the inequality (3.8). Looking back at the
formula (3.6) for the kernel of the operator ai(t, A) we see that the required estimates
(3.8) can be reduced to those of the operators of the type B(4), using the same device as
was used in the proof of Lemma 1 when writing K(x, t, x—y) as a Fourier transform.
The relevant operators B(4) that occur have m=k+I—2Re(y), thus the restriction m<n
yields the restriction k+I<n-+2Re(y) of Proposition 1, and its conclusions give the proof
of (3.8).

We shall need the following consequence of Lemma 2.

CoROLLARY 1. Suppose aﬁ(t, A)is as in Lemma 2; assume that k and | are integers
with k+I<n+2 Re (y). Fix two functions @, y € C;(R), such that y is 1 for |x|<1, while

@ vanishes near the origin and equals 1 near |x}=1. For any u, 0<us<l, write
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Clit, 4y = (%)k <i)’(a§ (ut, u™'3) glud)). (3.132)
c, /1)_< ) a2 (t, ) p(d). (3.13b)

Then
G wSA, j=1,2 (3.14)

with the constant A independent of u, 0<u<l.

This is merely a simple rewording of inequality (3.8). Note that Cﬁ does not depend

on yu; its only role is to handle small frequencies.

COROLLARY 2. Suppose ai (¢t,2) and C, (¢, A) are as in the above corollary (where

the upper index j has been dropped for convenience). Assume we are given
my, my, with 0<m <1, 0<m,=<1, and so that k+l+m,+m,<n+2Re(y). Then in addi-

tion to (3.14) we have
|C, t+hy, H)=C, (2, )|, < Aly[™ (3.15)
IC, (¢, A+h)—C, 1, W) < Alhy)|™ (3.16)

|C, (t+hy, A+h)—=C, (t+hy, )= C (1, A+h)+C (8, M)||op S AlRy ||| B.17)
with A independent of u, 0<u<l1.
Proof. Let vy,, y,, v,, be such that

Re(yy) = Re(y)—(m;+m,)/2,
Re(y;) = Re(y)—(m+m,)2+1,

Re(y,) = Re(y)—(m, +m,)2+1.

Then ”Cy()(t, 1)”0P$A, by the previous corollary. Similarly

=A.
op

The first inequality gives

91868285 Acta Mathematica 157. Imprimé le 15 octobre 1986
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||Cy, t+hy, Ath)=C, (1R, D=C, (1, A+R)+C, @, || =4
while the second yields

||Cy2(t+h,,/1+h2)—Cy2(t+hl,,1)—Cy2(t,A+h2)+CYZ(t,A) < Alh||h,).

op

By similar reasoning one can show that
||Cyl(t+h1,,1)—Cyl(t, /1)||OPSA|h,|,
||Cyl(t, A+h2)—Cyl(t, A)||0p < Alhy,

and thus

Alhy|

IC, (¢+hy, A+ k)~ C, (t+h,, )~C, (t, A+ h,)+C, (1, M, < {Alhzi'

A combination of these inequalities via complex interpolation then gives (3.15) to
(3.17), proving the corollary.

We now invoke a version of the Calderén-Vaillancourt theorem for boundedness
of pseudo-differential operators with symbols of the class S(l)/2,1/2' What is important
here is that there is a version where the symbol a(t, A) is operator-valued, (a(t, 1) takes
its values as bounded operators from % to ); moreover we need to be careful about
the degree of smoothness required for the symbol. Notice that here the variables ¢ and A
range over R!.

PROPOSITION. Suppose a(t, X) is given, and write

C't, ) = (%)l(a(ut, D eud), 0<us<l, CXti)= (%)la(t, Dy

with ¢ and y as in Corollary 1. Suppose 1=0, or 1; m;>1/2, m,>0 and C(t, A) satisfies

the conditions (3.15) to (3.17), uniformly in u, 0<u<l, j=1,2. Then the operator

(= —217; e*a(t, 1) f(A)dA

-

extends to a bounded operator from L*(R, ¥,) to LR, 3,).

(For a proof see the Appendix.)
In applying the proposition note that k+I+m;+m,=1+m;+m, and so it applies



HILBERT INTEGRALS, SINGULAR INTEGRALS, AND RADON TRANSFORMS I 139

whenever (3/2—n)/2<Re(y); and in particular when n=2 we get a strip which includes
the origin in its interior. The result is

N, Ol <A 1l (3.18)

when
Re (y) > (312—n)/2, (3.19)

where the constants A(y) depend on only finitely many of the bounds A, ,,and A, 4

appearing in (3.3) and (3.4), and are of at most polynomial growth in y for y in any strip
of the form y,<Re(y)<y,, with y,>(3/2—n)/2. These conclusions are arrived at by

combining Lemma 1, Lemma 2 and its second corollary.
We shall now consider the operator T, y=a+i8, with a=Re (y)>0. We shall write
T, in its kernel expression with

T (P) = [ K(P, Q) f(Q)dQ

where K, is a singular kernel on R™"'xR™*!, with dQ the Euclidean measure on R

Going back to the definitions (see (¥), (**), (3.5) and (3.6)) we see that we can write

K(P,Q)= |x—y|‘2<by( s+t ) K(t, x;x~y)
=]
where
cpy(u)=<~1—) f Tat (3.20)
27/ J,

Here we have used the notation {7 to indicate that ™" has been modified near A=0
so as to be smooth here; also P=(t, x), 0=(s,y).

It will be natural to take P as the center of a coordinate system, with Q the variable
point. Thus we define this coordinate system by assigning Q the coordinates [0, z], with
0€ER, zER", where

o=s5s+S5(,x,y)—t
(3.21)
z=y—x.

This assignment of coordinates for Q varies smoothly with P. Also it is to be noted
that we can think of Q as the fixed point (i.e coordinate center), with P varying near Q;
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then [o, z] also give coordinates for P near Q0. When we do this, and integrate with
respect to P, it will be useful to observe that dP~=dzdo.

Now the coordinate systems we have introduced define a family of ‘‘balls’’ (and a
resulting quasi-distance) which will be controlling in what follows. Thus with P=(¢, x),
Q=(s,y) we write d(P, Q) <6 (with d<1), if

x—y| <4, i.e |z]<0 and |t—s5—S(, x,y)| < ie. |o]<6® (3.22)

Keep P fixed, and let Q,, Q> be two points with coordinates (centered at P) given
by [0, z1] and [0, z5] respectively. Then it is not difficult to prove (see the analogous
argument e.g. in Folland-Stein [14], p. 475-6) that

|21—22| < cd(Q1, Q)
lo1—0,| < c{d(Qy, 0’ +d(P, Q1) d(Qy, 02)}-
From this it can be seen without difficulty that d(Q,, Q;)=d(Q,, Q;), and the

quasi-triangle inequality holds.
We shall temporarily write

(3.23)

K,(P,Q)=M(P;0,2)

where [0, 7] are the coordinates of Q with respect to P. We observe the following
differential estimates for M:

LeEMMA 3. Let a=Re ()>0. Then
(i) for |o]<|z?

(@ |MP;o0,2)|<clz|™" |0+

(b) ’aM (P;0,2)| Sclz "o, j=1,...,n. .24
9z;

© 'ﬂ(P;a, 2)| Scle o] 724
do

(ii) for |0|>|z|2

(@ |M(P;o,z)|=<cl|o|™"*!
oM

(b) ‘ > (P;0,2)| <clo]"*3? (3.25)
J
© 'ﬂ(ﬂ-a,z) <clo| "2,
do
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Proof. These estimates follow directly from the definition (3.20) viz.
K, (P, Q) = M(P, 0,2) = || *®@,(0/|z]") K(P, 2),
the property (3.3) of K(P, ), and the fact that
D (0)=f; e "2 7VdA

is O(u|™'*), and ®;(u) is O(u|™>*%) as u—0, while @, is rapidly decreasing with its
derivatives as |u|—.

At this stage the basic fact about the kernel K, (P, Q) will be contained in the
following lemma:

LEMMA 4. Assume K (P, Q)=M(P, 0, 2) satisfies the conclusions (3.29) and (3.25)
of the previous lemma. Then

f K, (P, 0)-K,(P,0)|dP<A (3.26)

where the integral is taken over the region where d(P, Q1)=¢d(Q1, Q2), and ¢>>1.

To prove the lemma we begin by considering £.”, ¢ («)=1, a standard partition of
unity of R, with yqu)=1 for |u[>2, and yu) supported where |u|~ 27/, with [y](u)|<c?.
Write K{(P, Q)=K(P, Q)y (ol lzP)=M(P; 0, z)wj(a/|zzl). We are going to estimate
Ki(P, Q,)-K'(P, Q,), when j=1 first. We fix Q,, O, so that d(Q,, @)<a, and P will vary
where d(P, Q,)=¢a. Here ¢ will be a constant (which will be fixed later as large) and a is
to take all values in (0,1].

We shall write [yp, o5l K(P, @)~ K'(P, Q)| dP as;+[y;, where the region I is
defined (for each j) to be the set of P where d(Q,, Q,)=a>c27d(P, Q,), and II the set of
P where d(Q,, Q,)<c27d(P, Q,). Here ¢ is a positive constant, which will be fixed later
to be small.

Let us consider first [;. We shall write

f |K(P, Q,)|dP < f |K(P, Q)|+ f |K(P, Q,)|dP.
I I 1

Now d(P, Q))=~|z,|+|o,["?, but |o,|2’=|z,* on the support of K’ (because of the cut-

10—868285 Acta Mathematica 157. Imprimé le 15 octobre 1986
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off function y(o/|z[)) thus |z,|~d(P, Q,)<c2d(Q,, Q)=c2a, since we are in the region
1. Hence by (3.24) (a),

|Zl|—"_2dzl do 209,

cla<|zl< 022ia

f{l |K'P, Q)| dP<c f{

d(P,Ql);ca |Zl|2,=|al|2i
But
T < “dz, 27
¢ {coa<|zl|<cz2’alzl| dz,do CJ’ca<]z|<02’a|ZII ‘ZI
i ~ oy e
< ¢ (log j+c3)2'j .

Thus,

J’ ; |K(P, Q,)| dP < c(logj+c)2™. (3.27)

{d(P,Ql)aéa

The integral of |[K(P, Q,)| taken over the same region is handled similarly. In fact
since d(P, Q))=cd=d(Q,, Q;) where ¢ is large, then by the triangle inequality
d(P, Qx)=ca. Also d(P, Q;)<c{d(P, Q))+d(Q;, Q»)}<c"2?’a in region I. Thus we can
apply the same argument that worked for K(P, Q,) giving

f , |K(P, 0y)| dP < c(logj+c)27. (3.27)
{d(P, Q) =ca

In making the estimates for the region II, we shall consider Q, as fixed; then we
can think of [0y, z;] as coordinates specifying the point P. Also [02, z2] (Which were
originally the coordinates of Q, in the coordinate system centered at P), can be thought
of as functions of P, and hence of [0}, 71].

Let us observe that if we are in the region II, then whenever
0,/|z)*=27, then also 0,/|z,’~27. In fact |z,—z,|<cd(Q,, @,) (see (3.23)), so

|2, 25| < ca<cc27d(P, Q) < ¢'c27z|.

Thus if ¢ is sufficiently small, then |z,|=|z,|. Next, again by (3.23), lo,~0,|<c(@*+|z,]a),
and since as we have seen ascc27/|z,|, with ¢ small, we get |o,|=27z,|. The same
argument shows that if [0, z] are the points in the line segments joining [0y, z/] to [0, 2]
and [0,, z,] to [0,, ;] then |o]/|z]*~27 throughout.



HILBERT INTEGRALS, SINGULAR INTEGRALS, AND RADON TRANSFORMS I 143

Now
K(P, Q)—K/(P, Q) = M(P, 6,, 2)y{0,/}2) )~ M(P, 05, ) (0,/|7,]") = A+B
where
A=M(P,0,,2)) Y[0,/|z,)—M(P, 63, 2,) Y{0y/|z,[")

and B has a similar definition.
However (3.24) (c) allows us to make the following estimate:

Al < clzy| ™" oy _02|2(2-ay¢j(|01!/|21|2) (3.28)
when 9, is the characteristic function of the set ¢, 27/<|a,|/|z,|*<c,2for two appropri-

ate constants ¢, and c,.

Also by (3.24)(a) we can say that
lA| < clz,) 220"V (|, [z, D) (3.28")
Combining these two yields
A < clz,| ™2 % (0, ~ 0,220~V (lo |z, ), O<e<]. (3.29)
However |0,—0,| < c(a’+alz,|), by (3.23) as we have already remarked, therefore, since
|z,|=ca, we get
IA| < clzy| " *a 292"~V (a2, D). (3.30)

Thus

-f{u |A|dP = [|A|dz, do, <c2927%, ife>0.

d(P,Q)=éa

The same estimate holds for the contribution of B (here we use (3.24)(b) instead of

(3.24)(c), and things are even a littler simpler). Altogether then (taking into account
(3.27)), we have

f |Ki(P, Q)-K/(P, Q,)|dP< c(logj-2 % +2927%) (3.31)
AP, 0))=2d(©@,, ;)

whenever 0<e<1. Now we merely need to take 0<e<a and sum in j (the term j=0 is
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dealt with separately via inequalities (3.25); the argument is the same as before, but is
now in its simplest form). The conclusion is (3.26) and Lemma 4 is proved.

We can now invoke the theory of singular integrals in the setting for which there is
a quasi-metric d(P, Q) of the type we have used (see e.g. Coifman and Weiss [8],
Chapter ITII). We observe that our proof of (3.26) showed that A=A, grows only
linearly in S=Im (y), as f—=, when Re (¥)>0, and by (3.18), (3.19) the operator T, is
bounded on L? for Re(y)>0, with bounds growing at most polynomially in 8. The
conclusion is that T, is bounded in L?, 1<p=<2, Re (y)>0, again with bounds growing at
most polynomially with 8. Invoking (3.18) (3.19) this time with Re (y)<0 we get that
R=T,is bounded on L?, 1<p<2. The case 2<p<c is handled by duality. That this can
be done is an immediate consequence of the Observations 2 and 3 of Section 1. The
proof of Theorem 3 is complete.

We can now give the

Proof of Theorem A (case (b)): Let €,c=%, be small neighborhoods of the
diagnonal in ¢, and y(P, Q) a C~ function which is 1 in %, and 0 outside 6,. Then Rf
may be decomposed as

R )(P)= j x(P, Q) K(P, Q) f(Q) dop(Q)+ f [1—x(P, DI K(P, Q) f(Q) dop(Q)
Qp Q,

=R, /) (P)+R, ))(P).

The density (1—x(P, 0)) K(P, Q) is smooth with C° norms bounded by c||K]||>°. Thus
we may write using the fact that the support of « is included in the compact set Q,

14
f R, fP)fdv< Cy f [ f Lf(Q)ldap(Q)] av(P)
Q, Q, Qp

<a|]

<Cq.x f f |F(@Pdoy(Q) dv(P)
s-22 QP

pl
do, (Q)] ’ ( f F(Q)Pdo, (Q)) a(P)
Qp

'Pn{supp u)

= Co,x f IFQPd,P, Q)
eNn(Q,xQ)

= Co, x f lf(Q)I"( f daQ(P)) dQ
Q 30,

= CQI,QZ,K lmlip(gl)’
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Turning to R, we may assume that Q,=Q,, and by use of a partition of unity, that
they are contained in coordinate patches. If the support of x is narrow enough, the
coordinate patches may be taken as in the Corollary in Section 1, with condition (1.8)
holding uniformly in the sense that det (82S/ax,6yk) is bounded away from 0 by a fixed
constant. In terms of these coordinates, the density X on € can be written as a C*
function K(¢, x; z) and its seminorms as an admissible density are routinely checked to
be equivalent to the best constants A, g,y satisfying (3.3) and (3.4). Thus R, reduces to
an operator of the form (*) defined at the beginning of this section, the desired
hypotheses hold, and Theorem 3 applies. This proves part (b) of Theorem A. Part (a)
follows from part (b) by standard approximation procedurs. Q.E.D.

4. The maximal function

Our setting is as before in § 2, but now at each P we consider the ball of radius £>0, on
Mp centered at P. We let A, (f) denote the “‘average’ of f over this ball and we are
-concerned with lim,_,oA, (f) and sup.~o|A:(f)|.
Following the localization we have used in § 3, we define (on R"*!), the operator
A, as follows

AN, x)= [0(t—s—S(, x, )y, (x—y) n(t, x) f(s, y) ds dy. 4.1

Here vy, (w)=y(u/e)e™", where vy is a fixed Cy function on R" supported in |u|=1,
¥=0,[ pdx=1; and # is a fixed cut-off function of compact support.

We shall have to compare the averages A,, with others which can be handled by
more standard methods. Thus we define

B(f)(t,x) = [@(t—s=S@, x, )y(x, y)n(t, x) f (s, y)dsdy 4.2)

where @, (u)=¢ 2p(u/e?), with ¢ a fixed C* function in R', =0, [*_@@)du=1.

The averages (4.2) correspond essentially to mean-values taken over the balls used
in §3 above and defined by (3.22).

The basic estimate we shall make will be in terms of a square function G, defined
by

1 de 12
G(f)(e,X)=< f lAE(f)—Bg(f)Iz—‘e—> . 4.3)
0 .



146 D. H. PHONG AND E. M. STEIN

THEOREM 4. Assume n=2, then

GO <Apllfll,, 1<p=2.

The way to deal with the function G is to consider a closely related linear operator
T from LP(R"*Y), to LP(R"*!,¥) where ¥ is the Hilbert space L*(dele,(0,1)). T is
defined by

(TF) (2, x, &) = [(O(t—5—S(t, x, ¥))—@(t—5s—S(, x, Y)W (x—y)n(t, x)f(s, y)dsdy (4.4)

where we consider the right side of (4.4) as a function on the (¢, x) space (i.e.R™)
with values in L%(de/e, (0, 1)).

We shall also use the ‘‘pseudo-differntial’’ version of (4.4), in analogy with §3,
where

(TF) (@) = 51; eMat, 1) FA)dA (4.5)

—~00

where fiA) is a function which for each 1 takes its values in the Hilbert space L*(R"),
with fil)=fA,y). Also a(t,4) is for each (t,A) an operator from L*R") to
LXR™) X L*(dele, (0, 1)); a(t, A) has as its kernel representation:

a(t, Vf(x) = (1-§(*4)) j M=y (x, y)n(t, x)f )dy. (4.6)
R’l

Together with the operator T, we shall consider an analytic family of operators T,,
such that Ty=T. The operator T, will be defined in analogy with T (see (4.5)). However
now its symbol a,(z,4) will be the operator from LAR") to LX(R™)xL*(dele), (0, 1)
which has as its kernel representation

a(t, )= (1+22)""a(, 4). @.7)

In analogy with Section 3 and in particular with (3.8) we shall prove for a,(z, 4) the
estimate '

3 "( 3 )’ K2-112
—) = t,A <A (1+|A 4.8)
“(ar) a7) )”op A1+
when k+I<n+2Re(y).
For this it will suffice (using the notation of Proposition 1) to consider the

operators B,(A) (from L*(R") to LA(R")xL*(dels, (0, 1)) given by
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B, WS (x, &) = (1=() (£7A) (1+£2H) 7 f ey (x, ) f)dy

R"

where ¥, (x,y) is supported in |x—y|<¢, with 0<e<1,y, satisfies the estimates

3\¢( 8\ el —
BN yy)<a era-lrs
<8x> <3y) v y)‘ @b®

Under these assumptions we shall show that
1B, )], < AU1+[A) ™2, (4.9)
when

—1<d<n+2Re(y).

Writing out

1 . d
f j 1B,() (x, &)'dx =
o Jr* €

shows that it equals
f j L] (x, N f () f () dx dy,

R"xR"
where the kernel L} is given by

1

Li(xy)= f 1= @) (1+e4) "L (x, , s)%
0
where
I (x,y,e)= J eHE@I-2@IYy, (7, x) (2, y) dz.
R'l

Now in view of our assumptions on ¥, it is obvious that

| < Ae™"* %y (x—y)

where y.(u) is the characteristic function of the ball ju|<2¢. Invoking the integration-by-
parts argument preceeding (3.12) then shows that

I (x,y, &)| <Ay e~ " (1 +ed| e—y) Ny (x—¥) 4.10)
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for every N=0. Thus since

412
1-¢ef<sa—2—,
[1-@(*A)| YT
(recall that @ € Cy, and ¢(0)=1), we have
1
ILYx, )| < Ay f e 214692 R (L gl [x—y|) N de. @.11)
x—yl2
Observe that if |A|<1, this shows that |L}(x, y)|<A|x—y|™"*2*? since the function L(u)
which is O(ju|™"*?**), |uj<1 and vanishes when |u|>2 is integrable when 6>—1, we get
||By(1)llopsA, when |A|<1, and 6>—1.
To consider what happens when |1|=1, make the change of variables replacing & by
€A™, Then the right side if (4.11) is majorized by A\A"?>~°L*(|A|"*(x—y)), with

L'(u) = 71+ "R N+ gluf) N de,
[eel/2
and L"(u) is O(|u|""*****¥)) when |u|-0 and is O(u|™"")if N is sufficiently large, and
this gives an integrable function over R" when —1<d<n+2Re(y). This proves
IB,(A)lo;<AIA|~¥%f |21 under those conditions, and therefore (4.9) is proved.

As a consequence of this and in parallel with the argument leading to (3.18) (using
pseudo-differential operators of class S, ;,,) we obtain the L’ estimates for our opera-

tor Ty, namely

T, (Ol < AW If I, 4.12)
whenever
Re(y)>(1-n)/2.

We now pass to L? estimates for T, when Re (y)>0, y=a+if. To do this we write .
T, in its kernel expression

Tf)(P, &) = [K,(P, Q, &)f (Q)dQ,

where K, is a function on R IxR"!x(0,1), and dQ euclidean measure on
R"*!. (Recall we are viewing T, as an operator from scalar-valued functions on
R™! to L? (dele, (0, 1))-valued functions on R"*'.) Going back to the definitions ((4.4),
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(4.5), (4.7)) used in (3.21) and the notation o=s+5(¢, x, y)—t, z=y—x, we see that we
can write

K(P, 0, 8) = £ K (01€)  (2) 1i(3, 2). @.13)

Here

K (u)= f e M1+ A" (1- @A) dA,

-

with y,(z)=¢""y(z/e), and y a C” function with support in |z|<1, and #(o, 2)=n(t, x).
Now for K,(u) we make the following estimates

K, (@) < Alu| %", u—0, K. (u)rapidly decreasing as |uj—o 4.14)

aKy(u)
Ju

3K (u
< Alu| R0 40, a"( )rapidly decreasing as |uj»>». (4.14")
u

In fact K, equals a function in the space ¥ plus a Bessel function for which the above
estimates are well known (see e.g. [47], pp. 130-134).

Following closely the argument in Section 3 and using the parallel notation
M(P; o, 7) for K(P, Q, ), we claim

LeMMA. The analogues of (3.24) and (3.25) hold for M(P; 0, z). It is understood
that in the present context |M(P; 0, )| stands for

1 d 172
( f (P, 0, €)|2_8> ,
0 £

with similar definitions for |0M/dz; (P; 0, z)| and |0M/30(P; 0, 2)|.
Let us consider
pde.
£

1
f K,(P, Q. ¢)
0

By (4.13), the fact that y.(z) is supported in |z|]<e, and using (4.14) we see that

1 <o
f K (P, 0, - < c f K (ole)LE
0 € ¢

[2f

— c|a|‘"‘21(|z|/0”2),
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with

Vu de
J(ll) — f 82"+4|Ky(82)|2_8_'
0

Now J(u) remains bounded as u—0, since KY(u) is rapidly decreasing as u— . More-
over J(u)yscu™*""*, a=Re(y), since |K (u)|<|u|"'**. Thus the analogues of (3.24) (a),
and (3.25) (a) are proved. The other inequalities are shown similarly, if one uses also
(4.14"), and the lemma is proved.

If we then apply Lemma 4 of Section 3, and the theory of singular integrals as used
above, one proves that 7, is bounded on L?, 1<p<2, when Re(y)>0.(") Arguing as
near the end of Section 3, one can then prove using complex interpolation that To=T is
bounded on L7, 1<p=2.

This completes the proof of Theorem 4, giving the L” inequality for the square
function.

COROLLARY 1. Suppose 1<p<ow, and M(f)(t, x)=5UPy..; |A(f)(t,%)|. Then
MU, <A,IIfl,-

Proof. Since this result is clear when p=c, it suffices to prove it for 1<p=2. We
may also assume that f=0.
Let

[
M(f)= sup % A(f)de.

12650 0 J,

But
1 [° 1 [ 1 [°
= f A(f)de=— f (A ) -Bf))de+— f B(f)de.
6 0 6 0 6 0

The second term on the right is majorized by the usual maximal function associated to
the balls corresponding to the metric d given by (3.22). For it the Vitali covering
arguments hold (see [8]), therefore

sup
126>0

1 [
—6_ J(; B e(f)ds

() Notice that all constants depending on y are at most of polynomial growth in Im(y) as long as Re(y) is
restricted to compact subintervals.
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is bounded in I”, 1<p. However if 0<d<1

4
1 J' A(f)-Bf)de
6 0

1 de \ 2
= ( f lAf )—Be(f)lzT) = 8(f).
0

Thus by Theorem 4, f>M(f) is bounded on L?, 1<p<2. On the other hand
A(f)zcAs(f) if 0se<26, so that
1 e
55 X AE(f)de?Z—(SJ; cAy(f)de =c'Af).
Thus sup,.s.;,A4(f) is bounded on L”. Finally, sup,,.s<;As(f)<cA(f), and this is

easily seen to be bounded on L”. Therefore the corollary is proved.

COROLLARY 2. Suppose f€EL?, i<p<». Then
lin(} AN =1
This follows from the previous corollary in the usual way.

Proof of Theorem B. With Theorems 3 and 4, the proof of Theorem B is immedi-
ate. In fact, the same arguments used to handle R, in the proof of Theorem A shows
that the operator M, f defined by

M, f)(P)= sup

TR S d
a<é<l |B(p, 6)| 5.6 |f(Q)l Up(Q)

will send LP(Q) to LP(RQ,) for fixéd a>>0. Taking a small enough and using a partition of
unity the problem reduces to the study of averages over balls which are contained in
coordinate patches of the type introduced in the Corollary of Section 1. We are brought
back then to the setting of Theorems 3 and 4 (with a C* extra factor y(x, t;y, s) under
each integral which is due to changes of variables; such factors obviously do not affect
the arguments there). The desired estimates follow. Q.E.D.

Appendix: Pseudo-differential operators of class Sy, 12

In this appendix we describe a proposition giving the L? boundedness for pseudo-
differential operators with operator-valued symbols of the class Sy, 12, Which is used
in §§ 3 and 4 above. Part of the complication of the formulation and proof of the result
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below is due to the fact that we need to be conservative in the degree of smoothness
required of our symbols.

First some preliminary definitions. %, and , are two separable Hilbert spaces;
B(3,, ¥,) denotes the bounded linear operators from ¥, to ¥,, with norm ||-||. The
space LYR", ¥) consists of the usual square-integrable -valued functions on
R". When 0<m,<1, and 0<m,<1 we define A™"™ to be the Banach space of functions
a: R"XR">B(¥,, #,) so that

latx, <4, ||Arat, | <Al ™,

(A1)
|afac, & <Aln)™ and

AN A ax, B)|| < Alky™h,™.

Here Af‘(b(x, E)=b(x+h,, §)—b(x, ), etc. We take the norm of A™"™t0 be the smallest
A for which the inequalities (A.1) hold. When m,, m, are non-integral positive numbers

we extend the definition of A™ ™ by requiring that
& 3talx, £) €A™, A2)

for all @, B, so that |a|<[m,], [B|<[m,] with [m] denoting the largest integer in m. We
take the norm of @ to be the sum of the norms (in A™ ™7™l of 56 dga(x, &), with
Bi<[my], lal<[m,].

Next with m; and m, fixed we define the symbol class S, yto consist of those a, for
which a € A™™. In addition we define the symbol class S, ,, as follows. Fix scalar-
valued functions @, y € Cy (R"), so that @(£§)=1 for [§| near 1, =0, and y=1 near the
origin. Then a€S,, , if for each O<u<1, a(ux, u“§)<p(u§)€So,0 uniformly (i.e. uni-

my,my

formly with respect to the A norm) in u, 0<u<1, and a(x, &) Y(§) € S, ¢. It is not
difficult to see that the definition given for S, ,, is in fact independent of the particular
¢ and y used. We are interested in the operator.

T W=—— | €~ a(, & F () de, (A.3)

Qr)" Jor

defined for appropriate functions f which take their values in ¢,. Then, of course, If
will take its values in %.

ProrosiTiON 1. Suppose a €Sy o, with m>n/2, my>n. Then T defined by (A.3)
extends to a bounded operator from L*(R", %) to L*(R", ).
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ProrosiTION 2. Suppose a €Sy, 1, with mi>n/2, my>n. Then T defined by
(A.3) extends to a bounded operator from L*(R", %) to L*(R", %,).

In the case a is scalar-valued (i.e. %, and %, are one-dimensional) then a sharper
result, requiring only m;>n/2, m,>n/2 holds, and this is essentially contained in
Coifman and Meyer (see [7], Théoréme 7, p. 30). However there is a difficulty in
passing  from the scalar case to the case of operator-valued symbols. It is this:
Plancherel’s theorem holds for vector-valued (more precisely, Hilbert-space valued)
functions; but it fails for opefétor—valued functions, (unless one would substitute the
Hilbert-Schmidt norm for the operator norm, which is inappropriate here). However
given this cavear one can follow the broad lines of the argument in [7] to prove the
above propositions. This we shall now outline.

For simplicity of presentation we shall restrict ourselves to the one-dimensional
case, n=1, since anyway this is the case we apply above. The general case requires
only slight changes. We can then take m,>1/2, and m,>1. For any non-negative m we

define Lf,,(R, %) to consist of those f€ L*(R, ¥) for which
. 12
( Jaskpriera)” i, <=
R m

When 0<m<1 an equivalent norm is given by

172
{ f |f ) dx+ f f If(x—y)—f(x)lzs—ljf%} : (A4
R RJR

(See [47], p. 139-140 in the scalar case; the proof is the same if f takes its values in
a Hilbert space.)

LemMA 1. Suppose x—a(x) takes its values in B(¥,, %) and |ax)||<A,
laGx+h)—ax)||<A|h|™, x,hER. If fEL*(3) and g(x)=a(x)-f(x), the g€L2(¥,),
whenever 0<m<1 and m<m,. Moreover, |igl,<A'||fl|...

Proof. According to (A.4) it suffices to estimate
dxd
f|g(x)|2dx and ff|g(x—y)—g(x)|2——)f+2);.
R RJR [y

We have g(x—y)—g(x)=alx—y):[f(x—y)—f(0)]+(a(x—y)—a(x))-f(x). Thus

le(x—u)—g(®)| < A|f(x—y)—f ()| +Amin [1, [y ]| f ().
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Also |g(x)|<A|f(x)|, and so the required estimates follow from the corresponding ones
for f, in view of the fact that m;>m.

LemMA 2. Suppose f, € L} (%), m>1/2 and L||f|}, <. Then f defined by

f®= fiwe™ (A.5)
k

belongs to LX), and

1/2
k
This is the ‘‘almost-orthogonality’’ lemma of {7, p. 13]. The proof in the Hilbert

space case is the same as in the scalar-valued case.

LEMMA 3. Suppose a€ S, (i.e. a EA™™) with m,>1/2, m,>1. Also assume that
a(x, &) is supported in |E|l<1. Then T defined by (A.3) maps L*R, #,) to Lfn(R, ), if

m<my,; the bound depends only on m and the norm of a.

We follow in part the proof in [7, p. 17]. Write
a(x, &) = D alx, E+2km) = D, a,(x) €
k X

with a,(x)=(1/27) (¥ a(x, &) e ™M d&. Also a(x, E)=d(x, ) p(§) where @ is a suitable Cj
function. Then T(f)=T(g), with g(&)=@(&) f(&), and T(g)=L,a,(x)-g(x+k). Clearly g
belongs to Lf,,, for every m, and so do the g(x+k), k€Z all with the same norm.

However
1 (5 ~
ika,(x) = Efo G_f;'d(x’ £) e ™ dg,
and

o1 ¢ ikh _ 1 = 3 . 3 . —ikE
lk(e —l)ak(x) ——Ej <—£a(x, §+h)——a—§a(x, E)) € d&
0

Therefore  |k(e*"—1)|||la,(x)||<A|h|™, for all k€EZ, h€ER. It follows that
lla,|l<A(k|+1)"™, if we take h=1/k. Similarly
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.o ikh h 1 [* hy By O i
ik(e Z—I)Ax‘ak(x)=g I) A, AEZ(EEa(x,E))e “ dg

from which we see that ||AMa,(x)||<Alh,|™(k|+1)™, because a€A™™. Since
Z 1/(jk|+1)™ converges (m,>1), our conclusion follows from Lemma 1.

Proof of Proposition 1. (See [7], p. 15.) Fix a real Cy function ¢, supported in
|]<1, so that I, (p(E—k))*=1. Write b,(x, &)=a(x, E+k) p(£), and T, the operator with
symbol b,. Define f, by ﬂ(§)=<p(§) f(E+k). Then

TF) @) = D Tf) () e,

and the proposition follows from Lemmas 2 and 3, if we choose m so that 12<m<m;,
and observe that

DD f 1f@Pde=, f (@E—k) |f O dE
k
={IA1E..

Proposition 2 follows from Proposition 1 exactly as in the argument given in [7, pp.
35-36].
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