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§ 1. Introduction

We give a new proof of several basic properties of plurisubharmonic functions on C" by
making a systematic use of the notion of Dirichlet forms associated with closed positive
currents of l;idegrec (n—1, n—1). We further extend some of the properties stochastical-
ly and also exhibit some specific sample path behaviours of the related conformal
diffusions. In the classical case that n=1, there are notions of the Lapiace operator, the
Green function, the Dirichlet integral and the Brownian motion, each of which is
known to play an equivalent role to the subharmonic function in classical potential
theory. In higher complex dimensions, we may think of the family of the above
mentioned Dirichlet forms and the family of the conformal diffusions as the counter-
parts of the Dirichlet integral and Brownian motion respectively. Thus we may well
expect that the Dirichlet space theory initiated by Beurling and Deny ([4], [8]) should
work intrinsically in understanding and developing the theory related to the plurisub-
harmonic function.

First of all we describe the preliminary notions and notations. Let D be a bounded
open set in the complex n-space C"." A function « on D taking values in [—%®, + %) is
called plurisubharmonic (psh in abbreviation) if « is locally integrable on D with respect
to the Lebesgue measure (denoted by V),

n 82 _
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is a positive distribution for any £€C" and

u(z) = inf V-esssup u(z'), z€D,
Uz) 2’€U(2)
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U(z) ranging over all neighbourhoods of z. The real L? space based on the Lebesgue
measure V is denoted by L?(D). /(D) will stand for the set of all psh functions on D and
we let P,(D)=PD)NL*(D). We use the notations d=3+3 and d°=i(3—3). Thus

» - 3*u
ddu=2 Y, —idz,ndZ,
57102,02 p

sends u € (D) into the space of closed positive currents of bidegree (1, 1) (see Lelong
[16] for the latter notion). Given u € AD)N L, (D) and a closed positive current 6 of

bidegree (r, r) (1<rsn-1), the formula

fdd“u/\a/\tp=fu0/\dd°w

for test forms p of bidegree (n—r—1, n—r—1) defines a closed positive current dding
of bidegree (r+1,r+1). Thus dd°Add u, n... Add u, is well defined as a closed positive
current of bidegree (r,r) for any Uy, uy, ..., u, € AD)NLy (D), 1<r<n. For EcD, we
denote by u; the upper envelope

up(z) = sup {v(z): vEPAD), v<0on D, v<—1onE}

and by uf its upper regularization:

ufz)= lim ug(z’), z€D.

-z
We then introduce the set function Cy; on D by

C#(E)=—f uXz)dV(z), EcD.
D

This type of set function was considered by Cegrell [5], Bedford-Taylor [3] and also in
[10], [11]). A set NcD is said to be pluri-negligible if there exists a locally uniformly
bounded family of psh functions such that, denoting the upper envelope of the family
by u and the upper regularization of u by u*, N is contained in the set {z€D:
u(z)<u*(z)}. A set NcC" is called pluripolar if each z € N admits a neighbourhood U(z)
and a function p € AU(z)) such that NnU(z)cp '(—=). We shall write EccD to
indicate that E is a compact subset of D.
Given a closed positive current 8 of bidegree (n—1,rn—1), we let
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o, w)=fd¢AfwA0, @, WECF(D). 1.1

b

&? is then a non-negative definite real symmetric bilinear form on Cy(D) satisfying a

specific Markovian property and local property (see Appendix (§9) for these proper-
ties). In accordance with the authors’ previous paper [12], we use the following term. If
€° is closable on L*(D; m) for some positive Radon measure m on D with supp [m]=D,
then we say that (6, m) is an admissible pair. In this case the closure of € is denoted by
&° again and the domain of the closure is designated by %°. %° (resp. €%) is then a
Dirichlet space (resp. Dirichlet form) on L*(D;m) possessing Cg (D) as its core. The

terms “‘%%polar”’ and **&°%-quasi-continuous’’ will be used in relation to the capacity
defined by the metric €/(p, p)=€%g, P)+(@, ¢) 2, OD-

From §3 to §6 of the present paper, we make use of the Dirichlet forms %" for
suitably chosen currents € to prove the five properties of psh functions listed below
which have played quite 1mportant roles in resolvmg complex Monge-Ampere equa-
tions ([1], [3], {71, [11]), in developing the relevant potential theory ([3], [18], [19}, [20],
[21]) and also in the study of conformal diffusions ([10], [11], [12]):

(P.1) continuity of the measure v'¥ddvV A... Add°v"™ under monotone (increasing
or decreasmg) limits of v@, v, ..., v € AD)N L (D).

(P.2) comparison theorem:

loc

u,v€ P (D), liminfu()-v()=0 = j (ddu)" = f (dd°v)".
{-»aoD {u<v} {u<v} .

(P.3) minimum principle:

u,v€P(D), (dd°w)"<(ddv)", liminfu(Q)—-v()=0 = u(@®=v(@), zED.
&—aD

" (P.4) pluripolarity of pluri-negligible sets.
(P.5) Cy-quasi-continuity of psh functions.
The first four properties were obtained in Bedford-Taylor [3] by using the property
(P.6) Cgr-quasi-continuity of psh functions,
where the set function Cgr (Which we call the Bedford-Taylor capacity) is defined by

Cyr(E) = sup {f ddp)y: pEPD), 0<sp=< 1}
E
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for compact sets E<D. The property (P.5) was derived in [10} also from (P.6). But our
present method of proving the listed five properties does not require (P.6). As we see in
§4 the notions of quasi-continuity in Cgr and C are actually equivalent.

Given an admissible pair (6, m), we show in § 2 that any u € AD)n L, (D) is an &-
quasi-continuous function in %f_ and that this correspondence into %P_ is continuous

under the monotone (increasing or decreasing) limit. We next consider the family
P.(D)={p€PD): p(z)=q)+9|z*, zED for g€EP,(D) and 6>0}. (1.2)

It will be seen in §2 that, if 0 is given by
0=ddpVa...anddp™ ", pV, ... p"VeP (D), (1.3

then the pair (8, V) is admissible. This choice of the underlying measure (rather than
6 Add®|z]) will be crucial in later applications.

In § 3, we give a new proof of the property (P.1) as a straightforward application of
the analytical results of § 2. We further present a variant of (P.1) by generalizing the
factor v and thereby prove the right directedness of the space of subsolutions of a
Monge-Ampere equation.

From §4 however, we add probabilistic considerations in terms of the diffusion
process M°=(Z,, ¢, P?) associated with the Dirichlet space (#°,%°%. M’ is called
conformal because the stochastic process (Z,, P;’) is a conformal martingale for each z
(10, 11, 12)).

A stochastic extension of the minimum principle (P.3) has been given in [11] by

employing the stochastic boundary limits along sample paths of the conformal diffusion
M? for 0 given by

0= (dd°u)" ' +(dd°u)" 2 Addv+...+(dd“v)""', u€ P(D), vEP (D). (1.4

We show in §4 that an analogous extension of the comparison theorem (P.2) is
possible. But this time we take, as an underlying measure, the Lebesgue measure V
rather than 6 Add®|z|>. Our result of § 4 will imply yet another version of Theorem 2 of
(11, |
Turning to the proof of (P.4) and (P.5), we denote by &% the Dirichlet form on
LXD) for 6=(dd°p)"~!, p € P.(D). The associated conformal diffusion is denoted by
M®=(Z,,¢, P*). In §6, we shall prove the properties (P.4) and (P.5) along with the

expression
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C.(E)= " sup f PPo, < +x) V(dz) (1.5)
D

pPEP (D)

holding for a strongly pseudo-convex domain D and any Borel EcD. A Key step is in
§5, where we prove (1.5) for compact E by estimating C(E) from above probabilisti-
cally. At this stage, we use the fact that (dd°u})"=0 on D—K for compact K (Lemma
4.4). Lemma 4.4 was proven in [3; Proposition 5.3(i)] and the proof required three
things: properties (P.1), (P.3) and an existence theorem for the Monge-Ampére equa-
tion (dd°u)"=0 on a ball with smooth boundary data [1: Theorem 8.1]. The last theorem
is the only fact we need to employ which is not directly linked to our Dirichlet forms &°.

In § 6, we prove (P.4) and (P.5) as direct applications of the upper estimate of § 5
and the continuity property (P.1). Cy then becomes a Choquet capacity by (P.4), and
(1.5) extends from compact sets to Borel sets. The expression (1.5) for compact E has
been shown in [12] for a slightly different family of diffusions M® but the very validity
of the property (P.4) was presupposed in [12]. We emphasize that the probabilistic
argument in §5 involves only an elementary principle in the diffusion theory-—the
stochastic super-mean-valued property of -superharmonic functions, which is formu-
lated in the appendix (§ 9) in the framework of the general Dirichlet space theory for the
sake of convenience for reference. This principle was also utilized in the direct proof of
(P.3) in [11]. The probabilistic argument in §4 to prove (P.2) is even simpler in that it
only involves computations of resolvents.

The expression (1.5) means that a set is pluripolar iff it is unattainable by the
diffusion M® for any p € ?.(D). In §7, we consider a simple example where

D= {z€C" |z, +]z,f <3}

(1.6)
E={z€C% y,=y,=0, x| <1, |x|<1}.

E is not pluripolar but polar with respect to the Newtonian capacity of R*. We can see
that the conformal diffusion M® associated with p(z2)=4(y,|+|y,D+1zf* (€ 2, (D)) is
actually attainable to the set E. We explain how the typical sample path of M® behaves
differently from R*Brownian motion.

Up to § 7, we deal with the minimum Dirichlet space %° in the sense that Cg(D)is a
core of #°. § 8 concerns the behaviours of €(¢, y) for ¢, y € C*(D). We study a related
closability and related inequalities involving a surface integral.

The authors would like to express their gratitude to professor P. Malliavin who
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first called their attention to the relation between Dirichlet forms and psh functions.

They also owe to Professor C. O. Kiselman for stimulating discussions on the subject
of §8.

§ 2. Basic relations between % and (D)

Given a closed positive current 0 of bidegree (n—1, n—1), we define the bilinear form &°
on C;(D) by (1.1). An integration by parts yields

&, ) = — f @dd*y A0, @, pEC(D). Q.1

D
which implies (cf. [12; Lemma 1))
&’ is closable on L*(D; GA‘dd°lz|2). (2.2)

Together with this, we shall utilize the following Schwarz inequality and Poincaré type
inequality, which are found in [18]:

’ 2
(f,énd¢Af¢A0> $j§2d<p/\d°<p/\ofnzdtp/\d°w/\0, E,nECTD), @,YECD),
D D D

2.3)
f @'dd°qn0<8|lq|l.. €(p.9), qEPD), @ECD), 2.4)
D
(2.3) particularly implies
&, np) < ZJ ﬂqu)/\dc(p/\0+2f @’dnadnnl, n€ C, (D), @€CT(D). 2.5)
D D

LEMMA 2.1. Consider an open set D,ccD and a sequence {v,} of functions on D
such that v € ADYNC*(D)) and {v;} is decreasing and locally uniformly bounded on
D,. Then, for any n€ Cy(D) with supp [nl=D,. {nu} is a Cauchy sequence with respect
to &°.

Proof. We may assume 0<y,<M on K=supp[n] for some positive constant M.
Since

dd (W) A0 =2dv, Ad°v,AO+2v,dd v, AO = 2dv, A d°v, A O
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on K, we have

jnzdvk/\dcvk/\asfnzdd9(vi)/\0=f viddC(ryz)/\OSMZCf dd|z|' n6
D D D K

where C depends only on # and n. Hence, if we let a;=€4(nu;, nuy), then we have from
(2.5) and the Schwarz inequality (2.3)

supa, <o, lim fn(v,—vk)dn/\ka/\0=0. (2.6)
k. k, I—w D

Now, for k<,

ge(ﬂvk_”vl’ nue—nv) = a;—a+2{a;— %70(77”1’ nu}

Since
f n*(v;—v,) ddv A0 <0,
D
we have
a,—€°(qv, vy = J n(v,—v) dd°(pu I A0 < b, |
>
where
b, = ( n(,—v,) vkddcr]/\0+2J’ n(,—v) dnadv, A0.
D D
Hence

&mu—nv, nu—mu) <a—a,+2b,,, k<l 2.7

In view of (2.6), {dk} is bounded and b, ;,—0 as &, [—> . Therefore (2.7) means first that
the finite limit lim,_, a, exists and secondly that {u,} is €°-Cauchy. g.e.d.

For v€ #(D), denote by v’ the function uxas with the mollifier as. On each open
set D,e=D, v° then belongs to A(D;)NC*(D,) and decreases to v on D, as o 0 ([16]).
Therefore the next theorem is immediate from Lemma 2.1 and (2.1).

THEOREM 2.2. Let (F°, €%) be the Dirichlet space for an admissible pair (6, m).
Then any v€E PID)NL}, (D) is an &’-quasicontinuous function in J@,ic. nv’ is €-conver-

gent to nu as 6 | 0 for any € Cy(D). Further
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&(Ev, @)=~ f @ddvn8, @€EC(D) (2.8)
D

whenever £E€ Cy(D) and £=1 on supp [¢].
We now turn to the proof of the following theorem.

THEOREM 2.3. Let (%9, €%) be the Dirichlet space for an admissible pair (8, m).
Consider v, € AD)NLy (D), k=1,2,...,and v€ AD)N Ly, (D) such that {v,} is mono-

tone (increasing or decreasing), locally uniformly bounded and lim_, . vi(z)=uv(z) for

loc

m-a.e. ZED. Then nu, is €-convergent to nu as k— for any € C5(D).

Proof. The assertion being local, it suffices to prove that each point z € D admits a
neighbourhood U such that nu, is an €°-Cauchy sequence for any 5 € Cj(D) with

supp [p]lcU. Therefore the following reduction is possible. Take open sets U and D,
such that UccD,c=D and D, is a strongly pseudo-convex domain with a determining
smooth psh function g: D;={0<0}. According to [3; p. 5], there exist then a compact
set K with UcKcD), constants A=0, B and a sequence {0;} of uniformly bounded
monotone (increasing or decreasing) psh functions on D; such that d,=v; on U and
0,=Ap+B on D,—K. Take next an open set E with Kc EccD, and a function & € Cy (D)

such that £=1 on E and supp [£]lcD;.
We see from (2.5) and Theorem 2.2 that, for n€Cy(D) with 0=sy<1 and

supp [7l<U,
igo(n(vk_l)[)’ ﬂ(vk_vz)) = %o(ﬂg(ﬁk_ﬁl), 775(01(_61))

<2 f E(v,—v)’dn Ad°n AO+2E0(ED,—D), E6,—D)).
D

Hence it is enough to show that {£6,} is ¥°-Cauchy. To this end, we first assume that
is increasing.
By (2.1), we have for k<!

— &0, E0d) = f E02 dd(EO0)NO = f 08 dd°0% A O+ f E02 dd(E02) O
which is not greater than

f 02 dd°09 A O+ f E00 dd (E02) A0 = — B (E0?, E0D)
E D-E
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because 0 is increasing in k and £6¢ is independent of kK on D—E for sufficiently small

0>0. Consequently
(&0}~ E07, E07—E0)) < B°(50}, 60D — €807, EOY).
By letting 6 | 0, we get on account of Theorem 2.2,
€50, —ED), £E0,—E0) < €°(&0,, ED)— E°(&D,, ED), k<,

which means first that €°(£0,, £0,) is decreasing and secondly that {£6,} is &°-Cauchy.

Assume next that 0, is decreasing. Then
&°(&0,— &0, E0,—E0) < (D), £0)— E°(E0,, ED)), k<,

and €°(&6,, £6,) is increasing this time. Let 0=lim,_,, §,, thend€ P, (D,) and we can see
as above

&(&0y, £07) < BU(E0°, £0p) < B°(E0°, £0%) and  E%(ED,, £0)) < E°(ED, £0)
by letting 6 | 0. Therefore {£d,} is €°-Cauchy again. q.e.d.

By virtue of Theorem 2.2, the functions v, and v in Theorem 2.3 are &’-quasi-
continuous. Further the function v, defined by vy(z)=lim,_,,v,(z), zED, is also &%
quasi-continuous because v, converges to v, in the topology of 97,0“. But v=v, m-a.c.

by assumption and consequently v=v, up to an &-polar set.

THEOREM 2.4. Let (¥°, €% be the Dirichlet space for an admissible pair (8, m). If
m is absolutely continuous with respect to the Lebesgue measure V, then any pluri-
negligible set is €%-polar.

Proof. By Choquet’s lemma, any pluri-negligible set is contained in the set
N={vy<v}, where v, is the limit function of some increasing sequence {uv;} of locally
uniformly bounded psh functions and v is the upper regularization of vq. In particular, v
is psh. Since V(N)=0, we have m(N)=0 by the assumption. Hence we are in the
situation of Theorem 2.3 and we get Cap®(N)=0 by the preceding observation. gq.e.d.

As our next task in this section, we consider the family %,(D) of psh functions and
the closed positive current 6 of bidegree (n—1, n—1) defined by (1.2) and (1.3) respec-
tively.
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THEOREM 2.5. If 6 is defined by (1.3), then (6, V) is admissible. In other words, &€°
is closable on LX(D).

Proof. We can write p?, ..., p"" V€ P (D) as
pU=q"+87, ..., PO V=g"V+0z, ¢©,...,a" VEPD), 5>0.

We then have

n—1
ddcp(l)/\.../\dde("_l) - 6n_l(ddc|2|2)"—1+z 6"_1_] 2 0!]...:,

I=] 1si<...<i<n—1
where
6" = dd°q™ n... ndd°q" A(dd®|z)r

and accordingly

n—1 . .
e p)=0""8%, )+ 2,0 D € gy 2.9

I=1 Isi <., <ign—1

with

Q) — C ¢l 12yn—1
%, y) quw\d Y A(dd |z]?) 2.10)

ghm,}(w' w)z g&i'mil((p, ,‘/))

Suppose that a sequence ¢, € C;(D) constitutes an &°-Cauchy sequence and con-
verges to zero in LXD). Then {g,} is €®-Cauchy and €" " "-Cauchy as well. But £? is

a constant multiple of the usual Dirichlet integral which is closable on L(D). Hence we
have €%(¢, @1)—0, k—o. On the other hand, the Poincaré type inequality (2.4) with
g=¢" and 0=(dd"|z]")""" reads

f 20" Add®|z> <8|lg"||. €%, ), 1<i,<n-1.
D

Therefore @,—0 in LX(D; 6" Add°|z]?) and consequently €@ 9)—0 as k—>+x in

view of (2.2) for 0=Bi‘, 1<i;<n-1. Inequality (2.4) again reads

f(pzﬂi‘ 2 add|zf <8¢ €%, @), 1<i <i,<n-—1,
D
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which, together with (2.2) for #=6"", means

lim €"%(g,, ¢,) =0.

k—»

Using (2.2) and (2.4) repeatedly this way, we see that

lim €' g, @) =0 for 1<i<..<ij<n-1,1<l<n-1,

k—o

as was to be proved. q.e.d.

As a corollary of Theorem 2.4 and Theorem 2.5, we get the following property
apparently weaker than (P.4):

COROLLARY 2.6. If 8 is given by (1.3), then any plurinegligible set is €°-polar, €’
being considered on LXD).

If 0 of (1.3) is expressed as in the proof of Theorem 2.5, then mequahty (2.4) for
g=|z|* and 6=(dd®|z])*"! implies

| ¢*dv< ——12— (@, 9), @ECID), .11
D 4" 16" 1
where y=sup,. |z|*. The same inequality for g=¢® € #,(D) and present 6 give

f @’dd°qOnddqVn...ndd°q" " <8||qO.. %, 9), @ECFD).  (2.12)
D

§ 3. Continuity of the measure v%dd°vIV ... Add*v'™ under monotone limits

The first half of this section is devoted to the proof of the property (P.1). We only use
Lemma 2.1, Theorem 2.2, Theorem 2.3 and Theorem 2.5 of §2.

LEMMA 3.1. For any vV, ..., v™ € #,(D)
ddVOAddVO A ... AddV™ = ddV Add VP A... Add V"
where (i, iy, ...,i,) is any permutation of (1,2, ...,n).
Proof. We first show

ddvVPAddVP A0 = ddvP AddvV A O 3.1
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where @ is a closed positive current of bidegree (n—2,n—2). It suffices to prove

lim lim [ nddvV° Addv? % AQ =lim f ndd vV ° Addv®° A0 (3.2)
si0s' o Jp sie Jp

for any 7 € C5(D), because the left hand side of (3.2) equals the integral of 7 against the

@:3 in the integral of

left hand side of (3.1) and, on the other hand, we can interchange v
the right hand side of (3.2).

Take a function & € C; (D) such that £=1 on supp[]. Take A large enough so that
0=Alz’~n € Py(D). Rewriting 7 as n=A|z’—¢ and introducing the closed positive

currents 6;, 8, of bidegree (n—1,n—1) by 6,=Add"|z|> A0, 6,=dd o A0, we have

[ nddcv(l),éAddC(v(Z),é'_v(Z),é)Aa
D

f dEP )AL ED Y ~E> ) Addy A
D

<[, 8@~ PO+ E 4, 50 -8

which tends to zero as ¢', 6 | 0 by virtue of Lemma 2.1, proving (3.2). Lemma 3.1is a
consequence of (3.1). For instance, denoting by 8 a closed positive current of bidegree
(n—3,n—3), we have

f 1dd vV Addv® AddvP A0 = j ndd°v® Addv'"V Add v A9
D D

=lim j ndd°v® Add°v® A O Addv®?
840 )p

= limf nddv® Addv™® A Addv®-°

=j nddv® Addv® Addv'® A 0. q.e.d.
D

Now, for each choice of ¢V, ...,g" "€ P, (D), we may consider the associated

(n—1,n—1) current
0=dd°qVA...Add°q" (3.3)

and the associated bilinear form %° on C;(D). However g¥’s are not necessarily

belonging to 2.(D) and it is convenient to consider a perturbed current



ON DIRICHLET FORMS FOR PLURISUBHARMONIC FUNCTIONS 183

6 = dd(q"+6,)z) A ... Add(q" "+, |z (3.4)

for a fixed 8,>0. On account of Theorem 2.5, we may consider the corresponding
Dirichlet space (%° €%) on L¥D). Since

&, )< Ep. ), PECTD), 3.5

€% also extends to FPand, in the remainder of this section, €° will denote this specific

extension. Applying Theorem 2.2 to (4, V), &’ is seen to be well defined on the linear
span of

{nv; n€CZ(D), vE AD)n Ly (D)}

and

&%(yv, nv) = liin &0(nv°, nv°). (3.6)
810
Further, if £, 7€ C;(D) and £=1 on supp [y], then we have for u, v€ PD)N L;(D)

&(qu, Ev) = — f nuddva®, n€CyD) (3.7)

D

because the left side equals

lim lim €%, £0%)
s3lodlo

and (2.1) applies. We next apply Theorem 2.3 to (4, V) in getting

lim €%(yv,—nv, nu,—nv) =0, n€CFD), (3.8)
k—

‘whenever v, k=1,2, ..., and v belong to AD)n L (D), {v,} is monotone (increasing or
decreasing) and lim,_ v (z)=v(z) for V-a.e. z€D. Keeping these in mind, let us
proceed to the proof of property (P.1).

THEOREM 3.2. Suppose that v{°, v? € PD)N Ly (D), 0<i<n, k=1,2, ..., satisfy the
Jollowing conditions:

@) either v are locally uniformly bounded in k with lim_,, v{(2)=v®(2), zED, or
v are increasing in k with lim,_,, vY=v® V-a.e.

(ii) either vf? 1<<i<n, are simultaneously decreasing in k with lim,_, U}?(z)=v(‘)(z),
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2ED, or VP, 1<i<n, are simultaneously increasing in k with lim,_, , v?=v? V-a.e. Then

we have

VOdd U AddVD A ... AddVY — vVdd v AddVP A Add V™

as the vague limit of Radon measures.

Proof. It is enough to show for n € Cj(D)

lim f nulddvVA... Addv™ = f nv@ddvVA... Addv™ (3.9)
b

k—o D

and, for each m=0,1,...,n—1 and n € C; (D),

lim f nu0dd vV a... Add°v\™ AddV™ D Add VP A .. Add V™
k— D

(3.10)
=lim J n0dd v A Add V™ AddV™D Add VI AL Add V™.
D

k—x

(3.9) is evident when v{? and v satisfy the former condition of (i) and it is also clear in
k

the latter case because the difference of the integrals of the both sides of (3.9) equals, in
view of (3.7),

gﬂ(nv;?) _ nv(ﬂ) , §v(l))

for 6 = ddvV®A...addv™, EEC, =1 on supp 7], and then (3.8) applies.

As for the proof of (3.10), we can make the same reduction as in the proof of
Theorem 2.3, since the assertion is local. In particular, we may assume that D is a
strongly pseudo-convex domain with a determining smooth strictly psh function
¢: D={p<0}. For open UccD, we can choose compact K with UcKc<D, constants
A>0, B and 6, 67 € P,(D), 1i<n, k=1,2, ..., such that {6’} is monotone (increasing

or decreasing) in k, lim, _ 0¥=¢? V-a.e., 1<<i<n, and
k— k ’

P=0vd, 9=0" onU, Isisn, k=1,2,..,

00 =Ao+B, 09=A0+B onD-K, l<isn, k=1,2,....

Take an open set E with Kc EccD and a non-negative function & € Cj (D) with =1
on E. Fix any # € Cy(D) with supp[nlcU. We then see from Lemma 3.1 and the



ON DIRICHLET FORMS FOR PLURISUBHARMONIC FUNCTIONS 185

identities (3.7) and (3.8) that the difference of the integrals of the both sides of (3.10) is
equal to

_ %gem_k(”vg)), §ﬁ£m+l)_§ﬁ(m+l)) = _hm gsm, k(nv;‘o), Eﬁim+])_§ﬁ;m+1))

[
where
0,1 = ddCL A ... Add°O™ AT ™D A... AddD™. (3.11)

For simplicity we denote 6{"*" and 9™"*" by 6, and 0 respectively. Thus what we must

show 1is

lim lim € *(u®, £0,~&0) = 0. (3.12)

ks 5w
By Schwarz’ inequality, we have
Erru?, E0,~E6Y' <b,, ,- € ™H(E0,—&0), E0,—E0), (3.13)

where b, =& (v, nu?). In order to estimate the right hand side of (3.13), we

proceed essentially on the same line as in the proof of Theorem 2.3. To get a bound of
b,, \» we first note from the proof of Lemma 2.1 that

b, i = lim &+ v ?, %) < CM? f 0, N2’
oslo v

for M=sup, sup, ¢, [v(z)] and C=C(1)>0. Let g,=p+B’ for sufficiently large B’ so that

@,=1 on D. By assuming that {#{’} is increasing in k for each i, it then holds that
f Bm’kx\dd°|z|2sf £@y 0, Add°|2]
U D

= j 00dd oy Add 0P A ... Add°|2|*+ f 0 dd(Epy) Add DD A ... ndd®|z|
E

D-E

which is not greater than

f 00dd @y ndd 0P A ... Add°|z*+ f 0Vdd Ep) Add GO A ... AddC|z]*
E

D~E

= f Epydd 0V Add TP A ... Add (2]
D

13—878283 Acta Mathematica 159. Imprimé le 23 octobre 1987
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because 0{"<i? everywhere and 8"=6"=Ap+B on D—E. Using Lemma 3.1 and the

above argument repeatedly, we get

sup b, < CM? j E@odd0V A ... Add0"™ AddD"™ P ... ndd [ (3.14)
In case that {6{’} is decreasing in k, we have in the same way
sup b,, , < CM? f E@ddOP A ... Add O Add O™ DA ... AddC2] . (3.14)
k

In view of (3.13), (3.14) and (3.14)', it only remains to show

lim €~4v,—&v, Ev,—Ev) =0. (3.15)

k, l>»

Assume first that {v{’} is increasing in k. Then we have already seen in the proof of

Theorem 2.3 the inequality
&gl —E0?, EvP—Evd) < Em KB, D) - E i, &), k<L (3.16)

But this time we go on further in performing a similar computation:

~&nh(Ed?, E0%) = — J’ dEO)ADEC) A 0P A ... Add D™
D

f 0(dd 0}y’ Add 0P A... Add*H™
E

+f ;‘1){ddc(§ﬁ6)}2/\dd° A(Z) /\ddcl?("),
D-E

which is not greater than
f 0(dd (E0?)2 Add 0P A ... Add“0™ = — J d(EDP) Ad(EOP) A A0’ Add DD A ... Add O™
D D :
by the same reason as in the preceding computation. Using Lemma 3.1 and the above
argument repeatedly, we see that the right hand side of (3.16) is dominated by
€ Eoy, S0 - &g, £0)), k<L
Now let 6 | 0. Then by (3.6), we get

G mH(ED, —~ED), EO,—ED) < EmH(ED,, £0)—E™(ED, EB), k<,
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which means first that %0”'*(§0k, £0,) is decreasing in k and secondly that (3.15) is valid.

When {6{"} is decreasing, it holds on the contrary that
#m’k(gﬁk‘gég; §5k*§ﬁ;) = gbm'l(gﬁ;, Eég)‘ %‘Bm'k(gék» ‘fﬁk)’ k< l,
which means that %9"'"‘(56,(, £0,) is increasing. But the same computation as above gives

&nhEo,, £0,) < E(ED,, ED,)

for

0= dd0VA...Add D™ Add DDA ... Add D,

and we have also &°(£0,, £6,)<%°(50, £6) from the proof of Theorem 2.3 and equality
(3.6). Hence we get (3.15) in this case too. q.e.d.

Although we do not state it explicitly, our method of the proof of Lemma 2.1,
Theorem 2.2, Theorem 2.3 and Theorem 3.2 suggests the possibility of extending these
assertions by replacing the local boundedness condition for psh functions with certain
local integrability conditions. However the monotonicity assumption for the sequences
of psh functions in these statements is essential. See Cegrell [6] in this connection.

It is also possible to extend Theorem 3.2 by generalizing the factors v{¥ and v in
the following manner:;

ProPosITION 3.3. Let v, v, I<i<n, k=1,2,..., be as in Theorem 3.2. Consider
further functions ug), W€ PD)NL, (D), 1sisr, k=1,2, ..., such that uﬁf’ are locally
uniformly bounded in k and lim,_,, u(2)=u®3z), zED. Then, for any bounded continu-

ously differentiable function f on R” with bounded derivatives,
F@, o, u) ddo6 n... AddOP — f@®, ..., u")dd VY ... dd°v®™

as the vague limit of Radon measures.

Proof. Consider 6 (resp. 6) of the type (3.3) (resp. (3.4)) and #, 5, € C*(D) with
n,=1 on supp[y). For any w®,...,w”€ F_, we see from (2.3), (2.5) and (3.5) that
nfw®, ..., w") € F°

loc

and

Eofw?, ..., w?), nfw", ..., w")

<21Re gy 2 ISR B 1 00, 0y w2 ). B
I=1
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Now, in order to prove Proposition 3.3, it suffices to show (3.10) with v being
replaced by f(u{", ..., u{"). Hence, in view of the proof of Theorem 3.2, it is enough to
show the bound

& f U, ..., u?D), D, ..., i <C f 8, ,Add°|2f,
U
for 0=sm=n—1, € C5(D) with supp (#]c U and for some constant C independent of k.
Here 6, , is given by (3.11). But this bound can be achieved by virtue of the inequality
(3.17) holding for 6=6,, ,, w®=u, 1<i<r, and for 5, € C5(D) such that supp [n,]<U
and 7,=1 on supp [#]. g.e.d.

Proposition 3.3 enables us to establish the next theorem.

THEOREM 3.4. Let u be a po&itive Radon measure on D. For u, v€ HD)n L, (D),
we let w=uvv. If (ddu)"zu and (dd°v)"=u, then (dd*w)"=u.

Proof. Take any 5 € Cy(D), =0 and a sequence {u,} of continuous psh functions
decreasing to « on an open set G such that supp [7lcGccD. We let w,=u, vv. Then, by
virtue of Theorem 3.2, the measures n(dd“w,)" converge weakly to n(dd‘w)" on G as
k— . In particular, #(dd‘w,)" are uniformly bounded on G.

On the other hand, we have from Proposition 3.3 that, for any f€ Cj R,

lim J flu—vyn(ddw)" = f flu—v)n(ddwy",

G G

k—>

which can be written as

zl_)rg j ) S dF (x) = j ) Six)dF(x) (3.18)
with |

Fux)= L I u—v)n(ddw,)"
and

F(x)=fI(_W’X](u—v)?](ddcw)".
G
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Since u—v is bounded on G, the supports of the one dimensional measures dF, and dF
are concentrated on a common finite interval. Hence we see from (3.18) that dF,
converge weakly to dF as k— .

Choose positive ¢, | 0 so that each ¢, is a continuous point of the measure dF. Then

lim,_,, Fi(e)=F(e) and hence

lim f n(ddw,)" = f n(dd°w)", (3.19)
r1

k— r[

where I';={z€ G: u>v+¢,;}. Applying the same argument to u, and u, we may further

assume

lim J n(ddu,)" = f n(ddu)". (3.20)
k— l.,[ rl

Now T, is contained in each open set {z€G:u,>v+¢} on which w,=u, and
(dd‘w)"=(dd‘u,)". We get therefore from (3.19) and (3.20),

f n(dd“w)" = j n(dduy* = J nu.
r, r, T,

By letting [, we have {|,.,, n(dd‘w)"={ {usv) M4, and by symmetry,

f n(dd*w)"< f nu-
{u<v} {u<v}

Thus the desired inequality f, 7(dd“w)"=[, nu is achieved provided that w(u=v)=0.
In general, choose positive 8, | 0, k=1, 2, ..., such that u(u=v+0)=0, k=1,2, ...
Since (dd°u)"zu and [dd‘(v+9,)]"=(ddv)"=u, we have [dd*{uv(v+d,)}]"=u by the

preceding observation. Now let k— o and use Theorem 3.2. q.e.d.

As far as bounded continuous psh functions u, v are concerned, this theorem was
proven in [1; Proposition 2.9). [1] also contains a counterexample for locally unbound-
ed psh functions.

To illustrate a use of Theorem 3.4, let us consider a strongly pseudo-convex
domain D and a Monge-Ampére equation

u€ P D), (dduw)"=fdvV onD 3.2DH
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with boundary condition

lim w(l)=¢(z), z€AD, (3.22)
t—z,5€ED

for given data f€ L™(D), =0, ¢ €EC(ED). The associated Perron Bremermann family is

B(f, @) = {vE P,(D): (dd°v)" = fdV on D, limv(Z) < ¢(z), zE 3D}.
-z

This family is non-empty, uniformly upper bounded and, by virtue of Theorem 3.4,
right directed. Therefore the upper regularization of the upper envelope of the family
B(f, ) satisfies the equation (3.21) by [11; Theorem 6]. A similar statement holds for a
weakly pseudo-convex domain with a boundary data being assigned on the Silov
boundary.

§ 4. Stochastic extensions of the comparison theorem and the minimum principle

LeEMMA 4.1. Let 8 be given by (1.4) for u€ P,(D) and v€ P (D). Then (0,V) is
admissible.
Proof. Put §=dd(u+v))""'. Then
C, 8%, )< €%, 9)<C,€%w, 9), PECID), @.1)

for constants C,, C,>0. But (§, V) is admissible by Theorem 2.5. q.e.d.

Given u € ? (D) and v € ?_(D), we define §=6“" by (1.4) and denote the associated
Dirichlet space (%%, €% on L*D) and the conformal diffusion M°=(Z, ¢, P?) by
(F*°, €*") and M*°=(Z,, ¢, P?") respectively. Because of the inequalities (4.1) and
(2.11), the life time of M*" has a finite expectation

Ep ()<, &“’-q.e.z€D 4.2)

in view of Theorem 9.4 of the appendix. It also follows from Theorem 2.2 and Lemma
9.2 that, for any g€ AD)nL; (D), —q is €*'-quasi-continuous, dd°qA6“" charges no

loc

&" " -polar set and

&“%q, @)= —f @ddqne"®, @€EF¢Y, 4.3)
D
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for any open Ge=D, where #¢V is defined by (9.1) for #“* and ¢ is an &*"-quasi-
continuous version of g. ’
Since M is a conformal diffusion and D is bounded, we have that Z,_=lim,,,Z,

exists and Z,_€03D, P;"-a.s. on {&<=} for each z€D. Moreover for any w€ P.(D),
w(Z)) is a P} °-submartingale and hence lim,T cW(Z) exists P;"-a.s. for zED. See [11;

§2] for more details. Accordingly the following theorem immediately implies the
comparison theorem (P.2).

THEOREM 4.2. Suppose that u, v€ P, (D) satisfy for any $>0

limu(z) =limv(z) P*"*%as. V-ae. zED. (4.4)
e e
Then
j (ddv)" < f (dd°u)". (4.5)
{u<v} {u<v} .

Proof. Fix 0>0 and set 6(z)=v(z)+9|z]>—dy, zE D, where y=sup,¢, |z|*. By (4.4),

the function w=u—0 satisfies

limw(Z) =0, P“"*%.as. Vae z€D. 4.6)
e

Note that P>+ = p“? because 6" does not change if we add a constant to v. On the
other hand, (4.3) and the identity

dd°w A 6" ° = (dd°u)"—(dd°0)"
implies that w is €“ ’-quasi-continuous and

—&“Nw, p) = f (ﬁ{(ddcu)"—(ddcﬁ)"}, pEFL’, 4.7
D

for any open Ge=D. ‘
Consider now the set S={z€D:w(z)<0}. Choose a sequence {G,} of open sets

such that G,ccG,,,cD and G, 1 D, k—. We let §,=SNG, and denote by R% and H*
the resolvent and the a-order hitting measure defined as (9.2) for the Borel set D—S,.
Then we have from (9.3) that, for non-negative f€ LD), R fis an €“ ’quasi-continu-

ous element of F§° (c %) and
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€e'(w, R f)=(w—Hw, f)g, a>0, (4.8)

for any &*’-quasi-continuous w€ 97;‘(;5. Here (, )Sk denotes the inner product of
LS, V).

Since R’; 1(z)=0 for €“’%-q.e. Z€D-S, by [9; Theorem 4.2.3], we have from (4.7)
and (4.8)

a f R 1{(dd°u)"~(dd 0)"} = —a&“*(w, R 1)
Sk

=—a%" °(w,R’; D+a*(w, Rg g,

=—a(l—aR 1, w)sk+aj H* w(z)dV(z)

Sk
f(ddcu)" =a J
s s

lim HY w(z) = E“ (""" lim w(Z,))

k— o0 k— oo

and

Rt 1(ddv)*+a f HY w(z)dV(2). 4.9)
sk

k

Now

= E¢%e” " w(Z, ); 13 < O+ Ey (e limw(Z); 75 = ).
e

The first term of the last expression vanishes for V-a.e. zED because w is €*’-quasi-
continuous and so w(Z,) is continuous at 75 Py %a.s. on {rg<{} for V-a.e. zED. The

second term also vanishes for V-a.e. zED on account of (4.6). We let k— in (4.9) and
use the monotone convergence theorem to the first member of the right hand side and
the bounded convergence theorem to the second one (at this stage the finiteness of
V(D) is used), we arrive at

f(ddcu)" = oszfz 1(dd*v)".

A S

w being M* ’finely. continuous, S is M*’fine open and aR31(z) 1 1, a1 «, for any
Z€S. Moreover S increases to {u<v} as 6 | 0. (4.5) is proven. g.e.d.

Just as (P.3) follows from (P.2) (see Corollary 4.4 of [3]), the next theorem can be
derived from Theorem 4.2.
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THEOREM 4.3. Suppose that u, v€ P(D) satisfy (dd‘u)"<(dd°v)" on D and (4.4) for
any 0>0. Then u(z)=v(z) for any z€D.

This is essentially the same as Theorem 2 of [11] except that the underlying
measure O Add°®|z]? for the Dirichlet forms % in [11] is now replaced by the Lebesgue
measure V. Of course Theorem 4.3 implies the minimum principle (P.3).

In the remainder of this section, we state some applications of properties (P.2) and
(P.3). The minimum principle (P.3) is useful not only in proving the uniqueness of the
solutions of Monge-Ambére equations but also in constructing them by the method of
the spherical modification ([1]). Especially the following lemma was proven in [3;
Proposition 5.3] by using (P.1), (P.3) and the existence theorem of the solution of
(dd°uw)"=0 on a ball with a smooth boundary function {1, Theorem 8.1].

LLEMMA 4.4. Suppose D be a bounded strongly pseudo-convex domain, then for
any compact KcD, (dd°u¥)"=0 on D—-K.

In the same proposition of [3], Bedford and Taylor made use of Lemma 4.4 and the
properties (P.1) and (P.2) to get the representation of the Bedford-Taylor capacity

Cyr(E) = f (ddeuty (4.10)
D

holding for a bounded strongly pseudo-convex domain D and any compact or open set
EccD.

We now mention an application of (4.10) and (P.3). A function u defined on an
open set EcD is said to be Cyy-quasi-continuous on E if, for any £>0, there exists an

open set OcD with Cy(0)<¢ such that the restriction of u to the set E-O is a
continuous function. Since Cy; is countably subadditive, the Cg-quasi-continuity is a
local property: a function # on D is Cyy-quasi-continuous on D iff, for any point zED,
there exists an open set E with z€ EcD and u is Cyr-quasi-continuous on E.

The C,-quasi-continuity is defined analogously. It is also a local property owing to
Lemma 6.1 of §6. Let us denote Cyr and C,, by C5; and Cj, respectively to indicate

their dependence on the bounded open set D.

ProrosITioN 4.5. Let D be bounded open and f be a function defined on an open
subset of D. Then the following conditions are equivalent:
(i) f is Cp-quasi-continuous

(ii) f is CB-quasi-continuous.
#
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Furthermore each of these conditions is independent of the choice of the reference
set D,

Proof. Suppose first that D is a bounded strongly pseudo-convex domain. Let {O,}
be a sequence of decreasing open sets with O,c==D. Then, by (4.10), (P.1) and (P.3), we

readily see the equivalence
lig Cor(0)=0 < llgr; C0) =0. (4.11)

Since the quasi-continuity is a local property, we get the equivalence of (i) and (ii) from
this.
Observe now that the set function Cp; is decreasing in D, while C2 is increasing.

Hence we can conclude that (i) and (ii) are equivalent for any bounded open D and that
the conditions are irrelevant to the choice of D. ‘ g.e.d.

From the next section, we shall be exclusively concerned with the set function C,,
because it is more directly linked to the probabilistic notion than Cy;. Lemma 4.4 will

be used in the next section. But otherwise no result of this section will be utilized in the
rest of this paper.

§ 5. Upper estimates of C,,

For p € ? (D), the pair ((ddp)"~!, V) is admissible by Theorem 2.5. The corre-

sponding Dirichlet space on L*D) and the conformal diffusion are denoted by
(FP, €%) and MP'=(Z,, ¢, P”) respectively. The next proposltion has been shown in

[10; Proposition 2] for any conformal diffusion (cf. [12; Lemma 4)).

ProprosiTION 5.1. For a Borel set EccD

C#(E)BJP?”(UE< ©)dV(z), p€P.(D),

D

where oy denotes the first hitting time of E.

In order to get an estimate of C,, in the opposite direction, we now consider a

compact set KD and a function

p(@) = ul(2)+0)z’, zED, 5.1
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for 6>0. The associated objects €%, ¥, Cap®, and P’ with this specific p € 2, (D)
will be denoted by &&:9 FXK-0 Cap®9 and P& respectively.

THEOREM 5.2. If D is a bounded strongly pseudo-convex domain and K is a
compact subset of D, then

Cu(K) = J P& g, < ®)dV(2)+2(n—1)ydV(D), (5.2)

D

where y=y(D)=sup,, |z/".

Proof. By Theorem 2.2, u¥ is an €*9.quasi-continuous element of X and
gx ‘”(u}';, Q)= —j (pdd°u,";/\(dd°p)"'1, for ¢ € Cy (D).
D
Since
dd®ut A (dd°py'" < (dduly'+(n—1) ddd*[zl A(dd°p)"",
we conclude using Lemma 4.4 that the function
w=ut—(n—1) 6|z 5.3)

is €% 9_superharmonic on D—K in the sense of the Appendix. Since €%? has the
property (2.11), Theorem 9.4 applies and

w(z) = EXw(Z, ,,)) for V-ae.z€D,
and hence we have
~u}(z) < ~EFOHZ, ,,N+2n—1)yd for V-ae. zED. (5.9

Because of the strong pseudo-convexity of D, lim__,,uz)=0 and consequently

70,

E‘ZK"”(u,";(Z,GMl)) approaches E& ‘”(u,"}(Za’); 0,<w)as we let G increase to D. Obviously
~E* Y2, ); 0x<)<PF(gp<x), V-a.e. 2€D, and (5.2) follows from (5.4). g.e.d.

Since Theorem 5.2 holds for any >0, we get from it and Propositidn 5.1 the
following.

ProrosiTioN 5.3. The equality (1.5) holds if D is a bounded strongly pseudo-
convex domain and E is compact.
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This proposition implies the validity of property (P.4) for compact sets. In fact, if E
is bounded, D>E is bounded open and C,(E)=0 relative to D, then u}=0 on D and, as

is easily seen, E is pluripolar. On the other hand, a Borel set EcD is €P-polar iff
PP(g<®)=0 V-a.e. zED. Hence we get from the above proposition and Corollary 2.6

ProrosiTioN 5.4. If E is a compact pluri-negligible subset of a strongly peudo-
convex domain D, then E is pluripolar.

Finally we rewrite Theorem 5.2 in a way convenient for the next section.

Prorosition 5.5. Under the hypothesis of Theorem 5.2,

2V(D)
4r1pn1

C#(K)s< )”2 Cap® O(K) "2+ 2(n—1) ydV(D)

for any 0>0 with yo<1.
Proof. Let ex(z)=P% ? (0 <), zED. Then Theorem 5.2 reads
Co(K)<(ex, D) 1 +2n—1)yd V(D).

Since €X9 satisfies the bound (2.11), we can use formulae (9.7) and (9.11) of the
Appendix to get

(e, )= €5 (ef, G <V Cap® P (K) V €5I(G1, GY).

But the second factor of the last expression is dominated by

< 2'}/V(D) )1/2

4 ptor!

according to the bound (2.11). q.e.d.

§ 6. C,-quasi-continuity, pluri-negligibility and pluripolarity

The next lemma follows easily from the definition of the set function C,, on D. We shall
denote C,, by C2 whenever it is necessary to indicate its relevance to the bounded open
set D.

LEMMA 6.1. (i) For any open set EcD,
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C.(E) =sup {C,(K): K is compact, KcE}.
(ii) For any set EcD,
C.(F)=inf {C,(0): O is open, O>E).

(iii) For E,E,,...cD, C, (U E)<L C(E).
(iv) If D,,D, are bounded open and D,cD,, then Cﬁ‘(E)ngz(E) for any EcD,.

Proof. (i) For an open set EcD, choose compact sets K; increasing to E. Then u}
J

decreases to a psh function v. Since v=~1 V-a.e. on the open set E, v=—1 identically
on E. Hence vsug<u} and we have v=uj.

(ii) It suffices to find, for any set EcD, a decreasing sequence of open sets OoF
such that U, CONVErges to Uy V-a.e. By Choquet’s lemma, there is an increasing
sequence of @€ PD)nL*(D) such that glz)<sugz), Z€D, and lim;_, @ (D)=ug2) for
V-a.e. zED. We let 0,={z€D: (1+1/j) ¢;<—1}. Then the O;’s are open sets containing
E and (1+1/) <iju0jSuE.

(iii) When the E;’s are open, ug=-1 identically on E, and .
uijl Zuyp = 2 uEl.
(iv) trivial. q.e.d.

We are now ready to prove properties (P.4) and (P.5). The proof is based on the
upper estimate of C,, in Proposition 5.5 and the continuity property (P.1). Let us first

give the proof of (P.5). See the latter half of §4 for the precise definition of quasi--
continuity. Because of the countable subadditivity of C,, shown above, the C,-quasi-

continuity is a local property.

THEOREM 6.2. Any function of P(D) is Cﬂ-quasi-continuous on D.

Proof. For any u € (D), consider open sets O,={z€D: u(z)<-, j}. Then C,(0)—0
as j— because Oauoja(u/ﬁ v(-1)and uoj—>0 V-a.e. as j— =, Therefore, replacing u by

uv(—j) if necessary, we may assume that u is locally bounded.
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Take any v€ P(D)nL;: (D) and open EccD. In proving the C2-quasi-continuity of
v on E, we may assume that D is a strongly pseudo-convex domain {p<0} with a
smooth psh function ¢ by replacing D with a larger ball if necessary owing to Lemma
6.1 (iv). We may further assume that there exist a compact set K with EcKcD and
functions v, € AD)NC(D) such that v, |v as k—x and vy =v=Ap+B on D-K,

k=1,2,...,for some constants A>0 and B (cf. [3; p. 5]).
We then let, for >0 and k<,

0= {v—v>1), K= {uk—vjau%}.

K,; is compact and increasing to the open set O, as j—~. Hence
Cu(K, )—C,(0), j>= and ”;kfk,,» decreases to u;’;k as j—o by virtue of Lemma 6.1 (i).

Denote u,"}k’j+6|z|2 by p, ;. Choose a non-negative §€ Cy(D) with §=1 on K. Then
v,—v;=8u,—&v; belongs to the Dirichlet space Fo? by Theorem 2.2. Therefore we can

combine Proposition 5.5 with the identity (9.10) of the Appendix to get the bound, for
k<j,

1 )
C.(K, ;) < C(o) FEITE &7 (v,—v;, v,—v) "+ R(S), (6.1)
where
172
C() = (L(D)_) and R(0)=2(n—1)y6V(D).
4"t nto"!

By Theorem 2.2. we have
Al (v,—v; Uk‘”j)sj (Ev,—Ev) dd" v, A (dd" P, )", k<),
D

and the right hand side converges as j—® to [, (§v,—&v) dd°v A (dd* pk)"'l by virtue of

Theorem 3.2 where p,=u} +0|z|’. Hence we have from (6.1)
C C(é) c C n—1 "
(0 ST (Ev,—Ev)dd°v A\ (dd°p, +R(5). 6.2)
D

Let p* be the upper regularization of the function p=lim,_,, p,. Since p, is increas-
iflg in k, p=p* V-a.e. and v, decreases to v. Theorem 3.2 implies that the integral in (6.2)

tends to zero as k— . Therefore by letting k— in (6.2) and then é | 0, we arrive at
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lim C,(0,)=0. 6.3)

k—

which means that v is a Cy-quasi-uniform limit of continuous functions v, and

hence v is C,-quasi-continuous on D. q.e.d.

Only a slight modification of the above proof leads us also to the property (P.4).
Let NcD be pluri-negligible. In order to get the pluripolarity of N, it suffices to show
C.(N)=0. By Lemma 6.1, we may assume that D={0o<0} with a smooth strict psh

function ¢ and NccD. Take u, € #,(D) such that , increases as k— to a bounded
function u and Nc{u<u*}. We can then choose u, ;,v,€ Z2(D)NCD), j=1,2, ...,' such
that u, <v; and y, ; (resp. v) decreases to u, (resp. u*) as j»>». As in the preceding
proof, we may further assume that u, ; and v; are equal to Ag+B outside some common
compact set.

Now let O,={v,—~u,>4} for 1>0. Since {u*—u>1}=0,, it is enough to show (6.3)
for the present open sets O,. Since K, ={v,—u, =A+1/j}, j>k, is compact and in-
creases to O, as j—%, we proceed exactly in the same way as in the preceding proof to
obtain the inequality (6.2) with v in the right hand side being replaced now by u,. We
then let k—. Since u, increases to u* V-a.e. and v, decreases to u*, we again achieve
(6.3) by Theorem 3.2. Thus we have proven (P.4):

THEOREM 6.3. Any pluri-negligible set is pluripolar.

Remark. (P.4) can also be derived from Proposition 5.4 (validity of (P.4) for
compact sets) and Theorem 6.2 (property (P.5)) in the same way as in the proof of
Proposition 5.1 of Bedford-Taylor [3].

C,, is an outer capacity by Lemma 6.1 (ii). To prove that C,, is a Choquet capacity, it
is therefore enough to show
E,TE = CuE)=supCyE). 6.4)
J

THEOREM 6.4. C,, is a Choquet capacity. In particular. C,(E)=sup{C4(K): K
compact <E} for any Borel set EcD.

Proof. This theorem is contained in Proposition 8.4 of [3]. Indeed, as was pointed
out in [3], we get (6.4) from Theorem 6.3 as follows: we let v =lim, “Z‘j . Then v € (D)
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because v is a decreasing limit of functions in P(D). If we put E'={z€E: v(z)=-1},
then E—E’ is pluri-negligible and C,(E—E’)=0 by Theorem 6.3. Hence C,(E)<C.(E")

by Lemma 6.1 (iii). On the other hand, v<u, and consequently,
lim C(E) = C(E") = C(E).
j-;oo
The converse inequality is clear. q.e.d.
From Proposition 5.3 and Theorem 6.4, we have

THEOREM 6.5. Suppose D be bounded strongly pseudo-convex, then the identity
(1.5) holds for any Borel set EcD:

C.(E)= sup J'P‘z")(aE< ) dV(2).
€2, D) Jp

Remark. Obviously this is valid in a more general form: for any non-negative
bounded Borel f on D, we have

- f ug(z)flz)dV(z)= sup f PP oy <) fiz) dV(2)
D D

pEP (D)

which is the present version of our previous result [12; Lemma 8].

THEOREM 6.6. Let E be a bounded set. Take a bounded open set DoE. Then the
Sfollowing conditions are equivalent for E: /

(i) C2(E)=0.

(ii) Cap”(E)=0 for any p € P (D).

(iii) There exists a Boret set E' OF such that
PP o, <®)=0 V-a.e.zED for any p€ P (D).

Moreover, each of the above conditions for E is independent of the choice of the
reference set D which is bounded open.

Proof. Denote the above three conditions by (i), (ii), and (iii), respectively to
indicate their relevance to D. By Theorem 6.5, (i), and (iii), are equivalent when D is a
bounded strongly pseudo-convex domain. (i), and (iii),, are equivalent for any bound-
ed open DoE ([9)).
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Consider two bounded open sets D,D with EcDcD. If p€® (D), then
pE P, (D) and €9 equals the part of €2 on D (see Appendix), and consequently,
Cap})(E)=Cap¥!(E). This means the implication (ii),=>(ii)5. By Lemma 6.1(iv), we have
the converse implication for (i): (i)5=>(i),. Therefore, taking the countable subadditivity
of Cap® also into account, we conclude that (i), and (i), are equivalent for any

bounded open DoE and they are independent of the choice of D. q.e.d.

Remark. The independence on D of the condition (i) of Theorem 6.6 enables us to
prove the following fact due to Josefson [15] exactly in the same way as the proof of [3;
Theorem 6.8]: A set EcC" is pluripolar if and only if there exists a psh function p on
C" such that Ecp~!(—=). In particular, each of the conditions of Theorem 6.6 is
equivalent to the pluripolarity of E.

The next lemma will be refered to in §7.

LEMMA 6.7. If E is a Borel subset of D and (dd°q)"(E)>0 for some q € P (D), then
E is not pluripolar and for p=q+9|z|*, >0, we have Cap® (E)>0 and P¥ (0 <»)>0 for

Z€D of positive Lebesque measure.

Proof. This is a consequence of Theorem 6.6 and the bound
| (dd°q)"<8||q||., Cap®(E), which follows from (2.12) and (9.9). q.e.d.

§7. An example
Let us consider the domain D<C? and its subset E defined by (1.6), where the
coordinates of z€C? are denoted by z=(z,, z,), z=x+iy; j=1,2. The 4-dimensional
Newtonian capacity of E is zero because the codimension of E is 2. We consider the
function g(z,, z,)=4({y,|+[y,]), (z,,2,) ED. Then

82|y2|
2,92,

idz, A dz,

and hence g € (D). Moreover we see that

(ddCQ)Z =2dx, 6o(dyl) dxz 50(d}’2)a (ddc‘I)z(E) =8. 7.1)

14—878283 Acta Mathematica 159. Imprimé le 23 octobre 1987
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E is therefore not pluripolar by Lemma 6.7.
By virtue of Lemma 6.7, Cap?(E)>0 for

1 1
P(Zl,22)=7(ly1|+|)’2l)+’z‘ |Z|2, ZED’

and E is attainable by the associated conformal diffusion (Z,, P?) on D. The Dirichlet
form ' '

E9(u, u) = —;—f du Nd°uNdd’p, u€CyD),
D
has the expression
EPu, u) = %D(u, u)+—;- f (4 +u; ) dx, dy, dx,+ fr (4 +u;) dx, dxydy, (1.2)
r, 1

where D denotes the usual 4-dimensional Dirichlet integral on D and

[;={z€D:y;=0}, j=1,2."

This expression gives us an intuitive picture how the sample paths
Z, under the law P? are attainable to the set E: Z, starting at z€ D—TI',—T, is governed

by the form }D(u, 1) and behaves as a 4-dimensional Brownian motion. It can not attain

directly the 2-dimensional set E but can hit any non-empty open subset of the 3-
dimensional set I, (and of ;). Upon the arrival of Z atIl, at some point

(3,9, x3,0) ET, with |x)|<1, an additional diffusion on T, governed by the second term

of the right hand side of (7.2) is superposed to the 4-dimensional Brownian motion. The
typical sample path of this diffusion on I, behaves as the 2-dimensional Brownian

motion on the plane domain {x,=x,y,=0} ND starting at (x{,?, x2,0). Therefore it can

attain the one-dimensional segment {|x;|<1,y,=0, x,=x3,y,=0} which is a part of E.
The above intuitive description could be made rigorous if one constructs the

diffusion (Z,, P®) by the method of skew products as in Ikeda-Watanabe [14].

§8. €%¢q, y) for @, Y€ C*(D)

In this section, we deal with the symmetric form (g, ) for functions @, ¥ belonging
to the space C”(D) instead of Cy(D). We study the closability of % and give some
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formulae involving % and a surface integral on 3D. A Hartogs’ type property of 6 will
be presented as an application.
We first show a natural extension of the property (2.2) from Cj(D) to C*(D).

Given a closed positive current 6 of bidegree (n—1,n—1), we consider &g, v)=
fpdeAd*wNG fore,y € € where

€= {p€EC”(D): pELXAD; 8 A dd°|z|2),j dpNd*@NO< o}, 8.1

D

THEOREM 8.1. Suppose m is a positive Radon measure satisfying m=f-0Add° |z}2
for some strictly positive continuous function f on D, then E® defined on C is closable
on L}(D; m).

Proof. Let ¢, € € be an &-Cauchy sequence such that ¢,—0, k—x, in LXD;m).
First we note lim €%(n¢,, n@,)=0 for any 7 € C;(D) with 0<zn<1. To see this, it suffices

to show, on account of (2.2), that {ng,} is €-Cauchy, which is however a consequence
of (2.5):
Enp—n9, 19— 19) <2 €@~ 9, 0= @) 2CO| P D12, 0 Ko boe.

For any £>0, choose N such that %"(qpk— Pn P—PN)<e, k=N, and a compact set K
such that [,_, dp Ad°pyAO<e. Taken€ Cy(D) with 0<p<1on D and n=1on K. Then

@ 90 <2€0@,, 19)+28(1-1g,, 1—1)@y)

and the second term of the right hand side is dominated by

4[ (1—n)2d<pk/\d°<pk/\0+4f @idp Ndn N\ O
D-K D

= SJ' doyANd°py A\ 0+8 %o((pk_(pN’ P~ @N+4C(n) ll‘pklliz(b;m)
D-K

<16 .s+4C(17)||<p,‘||2

LAD;m)’

Hence

lim €(g,, ¢,) < 16¢. q.e.d.
k-—>o0 .
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Suppose m in Theorem 8.1 further satisfies m(D)<® and supp[m]=D, then
%=C"(D) and the €’-closure of C*(D) on L%(D;m) gives rise to a regular Dirichlet
form on L%(D;m) (we set m(3D)=0), whose part on D is identical, on account of
Proposition 9.1 of the Appendix, just with the &’-closure of Cj (D).

As an application, let us consider an open set D,ccDand a closed positive current

0 of bidegree (n—1, n—1) defined on a neighbourhood of D,. We then let

- [0 onD, 82
~ |0 onD-D, -2)
so that
fd(p/\dctp/\é=f dp Ndp N0, @,y ECHD). (8.3)
D D

1

Thus 4 is a positive current on D but not closed as we shall see presently.
Nevertheless 6 gives us a Dirichlet form. Denote the left (resp. right) hand side of
(8.3) by %f,((p, ) (resp. %}’,l (@, v)) indicating the domain of integration. Let

m= 0 A dd° |2+ 6,(dd |z

for a fixed 0,>0. Then we see from Theorem 8.1 applied to %f,l on

C.(D,) that €9 on Cq (D) is closable on LX(D; m). The resulting Dirichlet space (%°, €%
on LD;m) has a special property that associated semigroup {If_, t=0} makes
the set D—D, invariant:

Ty p)=1Ip_p T, u€L*D;m)

(actually Tfu(x) =u(x) m-a.e.x€ED—D, in the present case). By symmetry, the set
D, is also TZinvariant.

We next establish a Poincaré type inequality and a trace inequality involving &’
and an integral on dD. First of all, we assume that D is a bounded domain defined as
D={r<1} by a non-negative smooth psh function r on a neighbourhood of D such that
dr+0 on 8D and 6 is a smooth closed positive differential form on D of bidegree
(n—1,n—1). d°rA0 then induces a non-negative surface element on 8D (denoted by
d°r A@ again) and we may consider the following three integrals of ¢ for ¢ € C*(D) with
respect to three non-negative measures:
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S(p) = J- @d°rhe, I((p)=f @eddrAN0, A(p)= f @drANdrAg.
aD D D
LemMa 8.2. Suppose S(¢%), I(¢?) and A(¢?) are finite for ¢ € C*(D), then
S@) <8 €9, )+ 1) (8.4)

(@) <4 €(p, p)+S(g) (8.5)

Proof. Let us write S, I, A and E for the above three integrals of ¢* and (g, ¢)
respectively. Using the positivity of dd°r A8, Stokes’ theorem and finally Schwarz
inequality (2.3), we then have

A= f @ d(rdr A §) = j (d@?rd°r A 0)-—] rdg* Ndr A6
D D D

=f <p2rdcr/\0—2J @rdp ANdr A9 < S+2VEA.
D

D

Hence VA<V E+V E+S. On the other hand, we have analogously

S=fd(¢2d°rA0)=Jdtpz/\dcr/\0+f @*dd’rNO<2VEA+I.
D D D

Consequently S<I+2E+2V E*+ES, from which we can derive the desired inequality
(8.4): S<8E+31. (8.5) can be derived similarly and the proof is omitted. q.e.d.

Suppose that [, dd°rA@ and [, (1—r)dd®|z|* A8 are finite. Then, for ¢ € C*(D)
f d(p/\dcr/\0=j dr A dp NG = —f d(l——r)/\d°<p/\0=J (1-Pdd°p A 6.
D D D D
Since
S((p)=f @dd°r A 0+f dpANd°rA6,
D D

we have

S((p)=f<pdd°r/\9+f (1-nNdd°p ANB, @€EC (D). (8.6)
D D
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Note that the right hand side still makes sense even when r and € are not smooth. This
suggests the way of defining the surface integral S(¢) for general r and 6.

THEOREM 8.3. Suppose that D is a bounded domain defined as D={r<l1} by a
non-negative continuous psh function r on a neighbourhood of D and that 0 is a closed
positive current on D of bidegree (n—1,n—1) satisfying

jddcr/\0<oo, J(l—r)dd°|z[2/\0<oo. ®8.7)
D D

Then there exists a unique positive measure s on 3D such that

f <p(z)ds(z)=f<pdd°r/\9+f (- dd°p A8, @€C(D). (8.8)
aD D D

Further the inequalities (8.4) and (8.5) persist to hold if we interpret S(¢?)
as the integral of ¢* by the measure s on 3D.

Proof. For ¢ € C*(D), we define S(¢) by the right hand side of (8.8). By (8.7), S(¢)
is finite and linear in @. So if we can show the implication

PEC(D), =0 on 3D = S(g)=0. 8.9

Then S(¢) is uniquely determined by the restriction of ¢ to the boundary 3D and S can
be extended to a unique positive linear functional on C(8D) proving the first assertion
of Theorem 8.3.

To prove (8.9), we let r,,=a,,,%r, 0,,=a,,, %6 by a mollifier a, and consider the sets
D, s={r,<1-0},D;={r<1-0}, 6>0, m=12,....

By Sard’s theorem, we can find a sequence 6J. 1 0 such that D, =D, s, has a regular

boundary and Stokes' theorem is applicable, m=1,2,..., j=1,2,.... We may also
assume that the sets D, ;and D;=D; are continuous with respect to the measures
dd°r A@ and dd° |z 6.

We now have from (8.6) that, for ¢ € C*(D).

j edr, N0, = f pddr, \ 0m+j (1-06;,-r,)dd°p A 0,
oD D

- m.j D,,;
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Since r, decreases to r and dd°r, NG, (resp. dd°eA@,) vaguely converges to

dd®rA\@ (resp.dd‘ p/A\@) as m—, we see that the right hand side of the above equation
is convergent, as m—», to )

Jtpdd°r/\0+j (1-6;—r)dd°p N 6.
D D.

J i

Hence

lim limj edr, NO,=S(@), EC D). (8.10)
oo msw aD,,,,,-

(8.9) follows immediately from (8.‘10). We have already seen that

lim lim J' edd’r, A6, = I(p).
Jr® ms® D,

An analogous relation holds for #%(g, @). Therefore we get the second assertion of
Theorem 8.3 from Lemma 8.2. g.e.d.

As an application of Theorem 8.3, we have the following property of Hartogs’ type,
which is contained in Bedford-Taylor [3; Lemma 2.5] however:

THEOREM 8.4. Suppose that D is a bounded domain defined as D={r<1} by a
non-negative continuous psh function r belonging to ?,(D). Suppose a closed positive

current 0 on D of bidegree (n—1,n—1) vanishes on {1-0<r<1} for some 0>0, then 0
vanishes identically on D. ‘

Proof. Take 9, such that 0<d,<dé and use formula (8.8) for the subdomain
D, ={r<1-0¢}=(r((1-3)<1}. First choose a function @€ C"(D;)) such that p=1
on 8D, and =0 on {r<1-6} to get s=0 on 3D, . Next choose ¢ identically equal to 1

on D, to conclude that

f dd°rAG =0 and consequently 8 =0 on D(,o
Dy, q.e.d.

This theorem particularly means that the positive current of the type (8.2) is not
closed.
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§9. Appendix: superharmonic functions for general Dirichlet forms
Let X be a locally compact separable metric space and m be a positive Radon measure
on X with supp [m]=X. Consider a dense subalgebra & of Cy(X) satisfying the following
two properties:

(2.1) For any compact K and open G with KcGccX, 9 contains a non-negative
function taking value 1 on K and 0 on X—G.

(%.2) For any £>0, there exists a real function 8,(¢) satisfying that §,=¢ on [0,1],
—e<f,<1+¢ everywhere and 0<p,(¢')—B,()<t'—t for t<t', and that B,(¢)€ P when-
ever p € 9.

For instance, if X is an Euclidean domain D, then Cj(D) and Cy (D) have those
properties.

Let € with domain % be a Dirichlet form on L%(X; m) possessing @ as its core: P is
dense in %. Thus € on 9 has the Markovian property:

- EBA9). 8@ <8, 9), PED, forp, of (2.2).

We assume further a specific local property: u, v € 9, = constant on a neighbourhood
of supp [p]=>¢(u, v)=0. The associated diffusion process M=(X,, P, {) on X then admits

no killing inside X ([9; Theorem 4.5.3]):
P X, €X;{<=)=0, x€X,

¢ being the killing time. In what follows, the terms ‘‘quasi-continuous’’ and ‘‘q.e.”” are
used in relation to this Dirichlet form €. For a function u on X, we write as u € %, if for

any open set GocX there exists w € % such that u=w on G.
We now recall a few facts from §4.4 of [9]. For a Borel set EcX, we let

F={p€EF: =0 q.e;onX—E}. 9.1)
¢ being a quasi-continuous version of ¢. Using the hitting time
.og=inf{t>0:X,EE},
we define, for x€X and a >0.

REf(x)=E, ( f Femas fX,) ds), Hip(x) = E, (e " p(X,)). 9.2
0
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For non-negative f€ L%(X; m), REfis a quasi-continuous function in %,_, and satisfies

for any g € F
,(9,REf)=(p—H.,f). 9.3)

Here (,) is the inner product of L*X;m) and (o, v)=%@,y)+alp, y). When
X—EccX, (9.3) holds for any ¢ € %,

For an open set GcX, denote by M; and & the parts on G of the diffusion M and
the Dirichlet form & respectively. M,; is obtained from M by shortening the life time
from £ to Az (rs=inf{r>0X,+G}) and & is the restriction of € to the space .
According to Theorem 4.4.2 of [9]. & is a regular Dirichlet form on LYG;m) and
possesses M,; as its associated process. A subset of G (resp. a function on G) is polar

(resp. quasi-continuous) with respect to & if and only if it is so with respect to &.

ProrosiTION 9.1. For an open set G, B;={p€ . supp[go]c:G} is a core of the
Dirichlet space (%, €;) on LXG; m).

This is a consequence of the spectral synthesis [9; Theorem 3.3.4 and Problem
3.3.4]. For instance, if X=R¢, %=H'(R?, then this proposition implies F,=Hy(G).
A function w € %, is said to be &-superharmonic on an open set GeX if w, ¢)=0

for any non-negative ¢ € 9.

LEeEmMA 9.2. The next conditions are equivalent for w€ %, :

(i) w is &-superharmonic (on X).

(i) Ew, )=0 for any non-negative @ € Fn Cy(X).

(ili) There exists a positive Radon measure y charging no set of zero capacity such
that

Ew, @)= f Fxyu(dx), p€F;, (9.4)
X
holds for any open set GecX.

Proof. (i)=>(ii): Take @ € C(X)N & with 0<@=1 and choose % satisfying the condi-
tion of (£.1) for K=supp[¢] and open G with KcGccX. Choose ¢,€ P which
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converges to @ in & Then, as in the proof of Theorem 2.1.2 of [9], we see that
¢,=Bu.(@,) n is weakly convergent in % to ¢. (i) now follows from
Ew, ¢,)=—(1/n) Ew, n).

(ii)=(iii): (ii) implies the existence of a unique positive Radon measure u with the
property (9.4) holding for ¢ € #NCy(X). Let GecD and take £€ P with £=1 on G.
Then, for any ¢ € #n C(X) with supp [¢p]<G,

f |l du = EEw, lp))< V €¢w, Ew) Vg, ¢),

which means that y|; is of finite energy integral with respect to &;. Hence y;

charges no set of &;-capacity zero and the validity of (9.4) for the %;-quasi-continuous

version ¢ of @€ %, follows just as in the proof of Theorem 3.2.2 of [9]. |
(iii)=-(i): trivial. q.e.d.

THEOREM 9.3. Consider an open set Gy<X and let w € %, be quasi-continuous on

X and &-superharmonic on G,. Then
Ex(w(X,G apsSwlx) qe.x€X ) (9.5)

for any open Gec G, and T>0.

Proof. First consider the case that Gy=X. Let u be the positive Radon measure on

X associated with w by the preceding lemma. Let A be the positive continuous additive
functional of M corresponding to the smooth measure . Then it holds that

PwX)-wX)=M"-A,1<0)=1, qe.x

where M™! is the local martingale additive functional associated with w. The optional
sampling theorem for the martingale then yields (9.5) for any open GccX and T>0.
See the proof of Lemma 1 of {11} for more details.

For a general open set G,, it suffices to replace € and M by their parts %Go and Mg,

respectively and observe that
Pt NT< LA TG,) = 1, q.e. x€G,

for open Ge<=G, and T>0. q.e.d.
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Next we consider the Poincaré type inequality for &:
Iy SC €@, @), QED, (9.6)

which means the transience of € and more than that the existence of a bounded linear
operator G from L*(X;, m) into & such that

&y, GN=W.f), fELYX;m), YEF. 9.7

THEOREM 9.4. Assume that & has the property (9.6).

(i) E(zp)<> q.e. xEX for any open GecX. If m(X)<w in addition, then
E()<x g.e. xEX.

(ii) Let K be compact. If w€ F NL(X; m) be quasi-continuous on X and &-

superharmonic on Gy=X—K, then
E(wX; p, ) Sw(x) q.e. xEX. 9.8

for any open G such that KcGccX.

Proof. (i) For non-negative Borel f€LX(X;m), RAx)=E (] f, fAX,)ds) is a quasi-
continuous version of Gf and consequently finite q.e. In particular E (r5)<RI;(x)<o
g.e. for open GecX. The second statement is clear from E (§)=R1(x).

(ii) We take an open H with KcHccG. Then we have

Ex(w(X,G_ﬂ)) sw(x) q.e. xEX.

by letting 71 « in (9.5). w is, being quasi-continuous, continuous along the sample path
X, (I9; $4.3)). Hence we get (9.8) by making H | K. q.e.d.

We mention an additional remark on (9.6). It means that € and &, define the

equivalent norms and accordingly the potential theory and its probabilistic interpreta-
tion in [9] can be formulated in terms of & instead of &,. In particular, the associated

capacity is defined for an open set E by
Cap (E) =inf {&(p, ¢): p€ F, ¢ =1m-a.e.onE} 9.9

and is extended to.any set as an outer capacity. For a compact set KcX, we then have
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Cap(K) = inf {&(p, 9): p€ FN Cy(X),p =10nK} 9.10)
and further the function e (x)=P (0,<x), xEX, belongs to ¥ and
Cap (K) = é(eg, ex). 9.11)

(cf. [9; Theorem 3.3.1, Problem 3.3.2 and Theorem 4.3.5]).
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