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1. Introduction

1. Let U be the upper half plane. A normalized Fuchsian group @ is a discontinuous
group of conformal self-mappings of U with limit points at 0, 1, and co. All Fuchsian groups
in this paper are normalized. G is of the first (second) kind if its limit set is dense (nowhere
dense) on the real axis.

Let f be a normalized quasiconformal self-mapping of U. (Throughout this paper, a
normalized mapping is one that leaves 0, 1, and oo fixed.) f is compatible with the group
G if foAof~1is conformal for all 4 in G. The set of mappings compatible with @ is denoted
by 2(G).

Each f in 2(G) induces an isomorphism of @ onto foGof-1. The mappings f and ¢
induce the same isomorphism if fo4of1=goAdog-! for all 4 in G. This is an equivalence
relation on 2(@). The set of equivalence classes is denoted by S(G).

It is easy to see that f and g are equivalent if and only if f =¢ on the limit set of G.
Hence, for groups of the first kind, S(&) equals the space T(G) defined in 111, If G is of the
second kind, however, T(G) and S(G) are unequal. Thus, T'(G) and S(G) are different
generalizations of the notion of Teichmiiller space to groups of ‘the second kind. Following
the terminology of Bers in [4], we shall call 7(G) the Teichmiiller space of G. Our purpose
here is to study the space S(G).

Bers [4] has recently proved that T(() always carries a complex analytic structure.
By contrast, if G is of the second kind, the natural structure on S(G) is real analytic.

Indeed, the region of discontinuity D of @ is symmetric about the real axis. If one represents
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D|@ in the form U/H for some group H of the first kind, the symmetry of D induces a
symmetry in H. Roughly speaking, one expects S(G) to correspond to a symmetric part
of S(H)=T(H).

This idea is developed here in a precise way. In the following section we record the
necessary facts about the universal Teichmiiller space 7. In II and III the symmetric
parts of 7 and T(G) are defined and shown to have real analytic structures. In IV the
space S(G) of a group of the second kind is mapped on the symmetric part of a suitable
T(H). This mapping induces a natural real analytic structure on S(G).

2. Let T be the set of mappings & : R—>R which are boundary values of normalized
quasiconformal self-mappings of U. T is the universal Teichmiiller space of Bers.

There is a natural map of the open unit ball M in L. (U) onto 7. For each u in M let
* be the unique normalized self-mapping of U which satisfies the Beltrami equation

1z =,ufz' (1)

We map M onto T by sending u to the boundary mapping of /. T is given the quotient
topology induced by the L., topology on M. The right translations, of the form A—>hoh,,
are homeomorphisms of 7.

We next associate to each g in M a function ¢* holomorphic in the lower half plane
U*. For each u, let w* be the unique normalized quasiconformal mapping of the plane onto
itself which is conformal in U* and satisfies (1) in U. ¢" is the Schwarzian derivative
{w*, 2} of w* in U* By Nehari [6], ¢* belongs to the complex Banach space B of holo-
morphic functions y on U* which satisfy ‘

llll =sup |(z —2*)2p(z) | < oo.

It is easy to see that ¢* =¢" if and only if /=" on R. A much deeper theorem of Bers
[4] states that the mapping u—>¢" is open and continuous. 7' may therefore be mapped
homeomorphically on the image of M in B. We shall identify 7' with its image under this
mapping. (Ahlfors [1] gave the first proof that T' is an open subset of B. Formula (13) of
[1} implies that the map u—>¢* is open.)

II. The symmetric parts of T and B

3. The symmetric part of B is the real Banach space B’ consisting of the y in B
which are real on the y-axis. Let J be the reflection in the y-axis; that is, Jz= —2*. Then
ypE€B' if and only if € B and y(Jz) =yp(z)*. By elementary properties of the Schwarzian
derivative, {w, 2}€ B’ if and only if woJow1 is the conjugate of a linear transformation
in w(U*).
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The symmetric part of 7, denoted by 7", is the set of boundary mappings A in T

which are odd functions of x. We shall identify 7" with its image in B.
TrEOREM 1. T"=Tn B

Proof. First, suppose ¢"€T N B'. Let w=w", D=w(U), and D*=w(U*). Let @ be the
anticonformal involution of the plane which agrees with woJow=1in D*. Evidently Qow =
wodJ on the real axis.

We must prove that f=/* is an odd function of z. Since g=wof~! maps U conformally
on D, the function g-loQog is an anticonformal involution of U. Since g and ¢ leave 0
and oo fixed, gtoQog=J in the closure of U. Therefore, f commutes with J on the real
axis, as required.

Conversely, suppose ¢"€7". Then f is an odd function on the real axis. According
to Ahlfors and Beuiling ([2], formula (14)), there is a quasiconformal mapping f* of U on
itself which agrees with f* on R and commutes with J in U.

Let w=w". Since g =wo(f*)! is conformal in U, woJow1=goJog! is anticonformal
in w(U). Therefore woJow™! is anticonformal in the entire plane, and its conjugate is a
linear transformation. Hence {w, z} € B’, and the theorem is proved.

4. Let M’ be the set of 4 in M such that f* commutes with J. It is easy to prove:

THEOREM 2. The image of M’ under the map u—¢* is T'. Moreover, u € M’ if and only

if u€EM and
wlT2) =), @)

Proof. We observed in the proof of Theorem 1 that each ¢ in 7" has the form ¢* where
f* commutes with J. This proves the first part of the theorem. As for the rest, it is clear
that each p in M’ satisfies (2). Conversely, if x4 in M satisfies (2), then f“oJo(f*)1 is an
anticonformal involution of U leaving 0 and oo fixed. Therefore f* commutes with J and

pEM’. This completes the proof.

IIl. T(G) and its symmetric part

5. Let @ be a Fuchsian group. We denote by M(() the set of u in M such that f* is
compatible with G. u € M(G) if and only if y €M and

U(Az)=u(z) A'(z)/A’(z)* for all 4 in G. (3)

The Teichmiiller space T'(G) is the image of M(G) under the natural map y—¢" of M onto 7.
B(@), the space of quadratic differentials, is the set of y in B such that (yoAd)(4')2=y
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for all 4 in G. If f* is compatible with @, then w*oAo(w")~! is a linear transformation for
every A in G. Therefore T(G) is a subset of B(G).

Let M'(@)=M(G)n M’'. The symmetric part of T(G), denoted by T"(®), is the image
of M'(@) in T under the natural map. Since the image of M’ is 1", T"(@) is contained in
the real Banach space B'(G)=B'N B(G). Our purpose is to prove:

TarEorEM 3. T'(G) is an open subset of B'(Q).

6. Let A(G)=B'(GYNn T=B(G)Nn T". The function ¢(z) = {w, z} in 7" belongs to A(G)

if and only if for each 4 in @, the restriction of wo A ow! to w(U*) is a linear transformation.

LemMa 1. A(G) is open in B'(G). T/(G)= A(G). If $€ B'(G) and ||| <2, then $ ET'(G).

Proof. Since T is open in B, A(Q) is open in B'(G). It is obvious that T'(G)<A(@).
TFinally, it is well-known ([1], pp. 297-299) that every ¢ in B with ||¢|| <2 has the form
¢ for

p(z)=4(z —2*)p(z*).
By (2) and (3), if € B'(G), then u € M'(G) and ¢ € T'(G) as required. This proves the lemma.

Now let » be an arbitrary member of M’(G) and let « : 7—T be the right translation
of T which carries ¢” to zero. We recall from I that « is a homeomorphism. Since ¢” belongs
to T, « maps 7" on itself.

Let Gy =foGo(f’)-1. Since f’ is compatible with G, G, is a Fuchsian group.

LeuMma 2. «(T'(@))=T'(G4).

Proof. For each ¢* in T, a(¢*) =¢* where 1 is such that f*=f'of". Obviously, /* com-
mutes with J if and only if /* does. Moreover, f* is compatible with G if and only if f* is
compatible with &,. This completes the proof.

LeMMa 3. «(A(Q)=A(G)).

Proof. Tt is enough to show that & maps A(G) into A(G,), for by the same token a~!
maps A(G,) into A(G).

Let f be the quasiconformal extension of f* to the whole plane by f(z*)=f(z)*. Let
4" belong to A(®) and let ¢* =u(¢") with 4 as in Lemma 2. Since ¢* belongs to 7, it suf-
fices to find for each A,=foAdof-! in @, a linear transformation A* which agrees with
w'o A 0w~ in wH(U*).

Let A* be the linear transformation that agrees with w”odo(w")=! in w*(U*). Let
g=w'ofo(wt)-1. g is quasiconformal and maps w*(U) conformally on w*(U). We define
A*=goA*og-!. Then A* agrees with w'0o4,0(w')~! in w*(U*). Moreover, A* is conformal
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in w*(U). Since a quasiconformal map which is conformal almost everywhere is conformal,
A% is everywhere conformal, and the lemma is proved.

7. We can now prove the theorem. By Lemma 3, « maps A(G) homeomorphically on
A(G,). Let N be the set of ¢ in B'(G) with ||¢|| <2. By Lemmas 1 and 2, «~}(X) is contained
in T"(@). But N is open in A(G,), so «~1(XN) is open in A(G) and hence in B’(G). Therefore
T"(@) contains a neighborhood of ¢*. Since » was arbitrary in M’(G), this completes the proof.

CoroLLARY. T"(() inherits a real analytic structure from B'(G). The mapping o of
T(Q) on T'(G,) is real analytic.

In fact, o is a holomorphic mapping of T on itself (see [4]).

IV. The real analytic structure of S(G)

8. Let G be a Fuchsian group of the second kind with the region of discontinuity D.
We choose a holomorphic function ¢ : U—D which represents U as a regular covering
surface of D and satisfies p(J2) =g(2)*. (By [3], p. 99, there must be an involution @ of U
such that o(Qz) =p(z)*. Replacing ¢ by goA if necessary, we can put the real fixed points
of @ at 0 and oo, so that @=.J.)

Let H be the group of linear transformations 4 : U—U such that go4 =Cop for some
Cin G. Let H, be the group of 4 such that g0 4 =p. Both H and H, are Fuchsian groups of
the first kind. By [3], p. 99, for each C in & there exists 4 in H such that go4 =Cop.

The existence of a real analytic structure on S(G) is a consequence of:

TEEOREM 4. The mapping o induces a bijection g, between S(G) and T'(H).

The proof is again preceded by several lemmas.
9. Let each u in M(G) be extended to D so that u(z*) =u(z)*. The function gy in M

is defined by

(- p) () =ple(2))@'(2)* /o' (2)- 4)
‘We record the obvious

Lemma 4. The map u—>p-u is a bijection from M(G) to M'(H).

If f is compatible with G, we extend it to D by f(z*)=f(z)*. We denote by g#(f) the
normalized self-mapping of U such that fop 09# (/)71 is holomorphic. Evidently g# ="
Therefore, of (f) is compatible with H and commutes with the mapping J. The map g¥ is

injective.

LeMmma 5. If g#(f) commutes with H, then | commutes with G, and fog =g°g# (.
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Proof. Let g : D—D be defined by gop :QOQ#(f). g is quasiconformal, and g(z*) =g(2)*.
Moreover, ¢ commutes with Q. Therefore, ¢ is a normalized self-mapping of U, and g=f.

This completes the proof.

LeMMA 6. If f commules with G, then g§(f) commutes with H, and fop =gog#(;‘).

Remark. For a geometric interpretation of Lemma 6 when G contains no elliptic

transformations, see [5], Theorems 1 and 2.

Proof. Since f leaves every limit point of & fixed, it maps each component of DN R
onto itself. Hence, for each z in D the line segment joining z to f(z) is in D, and f is homo-
topic to the identity.

By a familiar theorem ([3], p. 99), there exists g : U—U such that fop=pog and ¢

commutes with H,. Since H, is of the first kind, g leaves every real x fixed. Therefore, g

commutes with H, g is normalized, and ¢ =g# (f). This completes the proof.

LemmMa 7. f and g are equivalent if and only if g# (f) and g# (9) are equivalent.

Proof. We recall from the introduction that f and g are equivalent if and only if A=
ftog commutes with G. If A commutes with G, then hop =QOQ# (k). Therefore,

o' (g) =of (foh) =¢" () oo (h).

Since o (h) commutes with H, o (f) and o (9) are equivalent. The converse is proved simi-
larly.

10. The proof of Theorem 4 is immediate. Let g, map the equivalence class of f on the
equivalence class of g# (). By Lemma 7, g, is a one-to-one mapping into T(H). By Lemma 4,
the image is 7"(H), and the theorem is proved.

11. The real analytic structure of 7"(H) induces via g, a real analytic structure on
S(G) which we call the natural structure. We must show that this structure does not
depend on the function g.

We may replace ¢ by 0=goA4, where 4 is a linear transformation of U onto itself
such that o(A4Jz) =g(42)*. The map o, has the form Hop,, where

0 (§*%) =47

By (4), (0-p)(2)=(0-p)(42) A'(2)*[ A’ (2).

Therefore, 0(¢) =(¢oA4)(A’)?, and 6 is a norm-preserving automorphism of B. We conclude
that ¢, induces the natural structure on S(G).

12. Finally, suppose f, is compatible with @. The group G, =f,0Gofi! is a Fuchsian
group of the second kind discontinuous on D, =f,(D). If { is compatible with @, then fofi!
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is compatible with G;. The mapping f—fof;! induces a natural map of S(@) onto S(@,). It

is important to prove that the natural map is analytic.

Let g#( f1)=1*, and let 0 =f;000(f*)~1. Then ¢ represents U as a regular covering surface

of D,, and o(Jz) =0(z)*. Hence, ¢ induces a mapping o, from S(G,) into T". Let « be the

right translation of 7" which carries ¢* to zero. The natural map of S(G) on S(G,) is given

by o5 oxop,. Since « is real analytic, we have proved:

THEOREM 5. S(G) has a natural analytic structure such that the map g, : S(G)—~>T'(H)

is analytic. This structure depends only on Q. If G =f,0Gofi", where f, is compatible with
G, then the natural map from S(G) to S(G,) is analytic.

[1].
[2].

[3].
[4].
[5].
[6).
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