Behavior of maximal functios in R” for large »

E. M. Stein and J. O. Strémberg

1. Introduction

Let M denote the standard maximal function representing the supremum of
averages taken over balls in R”", that is, '

M) = M©F () = supe, = [\, 1/ Gc=2)] d,
O<r f

where ¢;' is the volume of the unit ball. It has recently been proved (see [2]),
that the L7 bounds for M, p>1, can be taken to be independent of n. Namely
one has

Theorem A. We have
1.1 MO, = 4,0 1, 1<p=es,

with a constant A, independent of n.

What is noteworthy here is that any of the usual covering arguments lead only
to a weak-type (1,1) bound which grows exponentially in 7, and thus by inter-
polation one obtains by this method (1.1) with 4, replaced by a bound which
increases exponentially in #.

Thus the following further questions now present themselves:

(1) Does M™ have a weak-type (1, 1) bound independent of #n?

(2) What can be said when the usual balls are replaced by dilates of more

general sets?

We give here some partial answers to these questions:

(a) First, let B be any bounded, open, convex, and symmetric set in R", and let
B'={x|rx€B}, r>0. Define M =M, by
My()() = sup (m(B)) ™ [, |f x—y)] dy.
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Then Mjp has a weak-type bound majorized by cnlogn. (Here c¢ is a constant
which is of course independent of n and B.) The main idea of the proof of
this result (Theorem 1) is a rather complicated variant of the Vitali covering
idea. One can also obtain by rather simpler arguments an L?P estimate
(Theorem 2); the result is ||Mu(f),<en(p/(p—1))|\fl,- This is optimal as
far as the behaviour of the bound when p-1, but not necessarily best possible
when n—oo.

(b) When B is the usual unit ball in R”, we can show by different arguments
that the weak-type bound can be taken to be c¢n (Theorem 3), and the I*
bound can be taken to be cn*(p/(p—1)) (Theorem 4). Here one relies on
the abstract version of the maximal ergodic theorem, and the maximal theorem
for symmetric diffusion semi-groups.

Finally in an appendix we give the details of the proof of theorem A, since
these have not appeared before.

2. The case of general B

Suppose B is an open, bounded, convex, and symmetric set in R". We
denote by B" its dilate by the factor r ie. B ={x|r"'x€B}. Let

M) = sup s [ 5] .

Theorem 1. There exists a constant ¢, independent of B and n,n>1, so that:

4

@.1) m{x|M(f)x) > i} = -

nlogn{fl., 4=0.

We shall denote by |x|; the norm on R” induced by B, i.e. |x|z=inf {rlr~x€B}.

We shall also need the following terminology. The ball of radius r with center
Xo» B'(xy), is the set {x|x—x,€B"}. Suppose B is any ball (with radius r and
center x,), then we denote by B* the ball with radius »nr and the same center.
(Later we shall also have occasion to use the balls B** and B***, both having the
same center Xx,, but with radius respectively (n+1)r, and (n+2)r.)

The theorem will be a consequence of the following lemma

Lemma. Let {B,}, be any finite collection of balls. Then we can find a sub-
collection By, B,, ..., By with the following properties. If we denote by I, the
“increment” of B, with respect to Byu...UB,_,, ie. L=B\(Byv...UB; .y,
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then:
N
¢ : m(UB,) =eym ('U1 Bj)
a J=
m(l;
2 JN=1 7((Bj—’3‘))XB; = cynlogn.
Let us first show how the lemma implies the theorem. We shall assume that
S=0. Instead of M we consider M defined by (Mf )(x)—sup B*) [ f(¥) dy.

It is obvious that #f(x)=Mf(x) (and in fact it is also easy to see that Mf(x)=
eMf(x)), and we shall prove (2.1) with M in place of M.

We let E,={x|Mf(x)>1}, and K any compact set so that KCE,. For each
x€K, there exists a ball B(x) with x€B(x), so that

1
nB ) fB*(x) S(»dy = A

By compactness of K we can select a finite collection (call it {B,},) of balls B(x)
which cover K. Now let B,,...,B, be the sub-collection whose existence is
guaranteed by the Lemma. We have

N
m(K) =m(UB,) =cym ('U1 Bj];
a Jj=
however
N N
m(.U Bj]=m(UIj)= _im(Ip,
Jj=1 Jj=1
since the I; are mutually disjoint. Moreover

m(ly) = (B*)) m(BY), and m(B}) < (1/1)/’3; FO) dy.

Thus 3L, m0) = 7 [ 3 ta; (V) dy = S nlognf () dy.

This proves the inequality m(K)é—l—nlognllf l.» with c=c,c,. If we take the

supremum over all KCE, we get (2.1).

Proof of lemma. We describe the method of picking By, ..., By. Pick B, to
have maximal radius. Assume now B, ..., B,_, are already picked (this of course
defines the increment sets I, ..., [;_;). Pick B, to have the maximal radius among
all balls whose centers y, satisfy.

I;
22 1 T o0 S L
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Recall that B}* is the ball with the same center as B; but whose radius is
expanded by the factor n+41.

First we prove conclusion (1) of the lemma.

Suppose B, is a ball not in the collection picked. We claim that

(2.3) ;11_;"(—(% Xspre(x) =1, for xEB,.

In comparing (2.3) with (2.2) we should recall that B** is the ball with the
same center as B;, but whose radius is expanded by the factor n-+2. To see (2.3)
let r, be the radius of B,, and y, its center, and consider those balls B; (with
radius r;), for which r;=r,. Observe that if y,£B}*, and x€B,, then x€B}™.
(Because |y,~y;ls<(n+1)r;, and |x—y,lz<r, implies |[x—yp;|<(n+2)r;.) There-
fore since

2r1>ru Z((l[}% XB**(yzx) =1

(because the ball B, was not picked) we get

er>r¢ ,:ln((;*)) XB***(x) >1

for all x€B,, and (2.3) is proved. By integrating both sides of (2.3) over the union
of the balls not picked we get

m(B** *)
" (anotgcked B ) Em( ) (B*)

n+2Y)"
(Z‘m(lj))[ - ] = e!Zm(I) = e*m(UB)).
Thus conclusion (2) is proved with c¢;=e2+1.
We next turn to conclusion (2) of the lemma. Suppose x€R" is such that

3 1y ) = O

Then there is a smallest radius r;, (which we denote by r,), so that x8*(x)=0
(i.e. where x€Bj). Now after suitable translation and dilations we may assume
that x=0, and r,=1. So we have r;=1, for all radii that matter, and

) OEB;:, ie. |yl <n.
(2.9 YEBY* & ye—yls < (n+1) Ty
0€B} <« |yjlp < nr;.
We write
m(1;)

515 +(0) = I+11
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where

m(l))
1= ergn%(T%)—XB;(o)’ and II= Zl_s_r_,<n‘

Observe that the jth term in I is non-zero, only when O€Bj, which by (2.4)
implies that y,€BY*. (This is because |yi—y;ls=|latlyjlz<n+nr;=@n+br;,
if r;=1.) Since

21 m(B*)) X3+ () =1

(the ball B, was picked), we get

@) L= 3,y 100 =
We next estimate
(26) Zasrj<b %XBJ ( )s

where 1=a<b.

Observe that in the sum m(B})=m(B)(na)", where m(B) is the measure of
the unit ball. Also the sets I; are mutually disjoint and are each contained in a ball
with radius <b, with center y;, and therefore their union is contained in the ball
of radius (n+1)b, (centered at the origin). Thus by (2.4),

Dy M) (0) = m(B)((n+1) b

Hence we get (1+1/n)"(b/a)"=e(b/a)", as an estimate for (2.6). Finally we write

= Zlgrjq = 2o 1L,

where II, is the sum taken over radii », with (1+1/m)~'=r;<(1+1/n)’. So we
use the estimate just gotten for (2.6) with a=(14+1/n)'"%, b=(1+1/n)}, giving

I, =e(l+1/n)" = e

To conclude the proof of the lemma note that for appropriate c¢,>0, the inequality
(1+1/n)" "=y holds, and so with m=cynlogn we have

II= 3", 1= e*cynlogn.

Since the lemma is now established, so'is Theorem 1.

We now turn to LP estimates for M, in a general setting. Here B will be
an open, bounded, and radial set; it can be written as B= {x[x=10 with 0=t<g(f),
0€S"'}, where S"~' denotes the unit sphere in R”, and ¢ is a positive: bounded
function on S™1.
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Theorem 2. With B as above,
IMs(NN, = en(p/(p—DY)| fl,, 1<p=ee

where c¢ is independent of n and B.

Proof. We use the method of “rotations”. For any ¢S ' denote by M°
the maximal function in the direction 6 given by

f;]f(x—t())]t"’l dt

f oLy
We assume now that f=0. Then

SofG=dy = [, [P f—i0)rrdd0 = v [ MO [} dildo.
Thus

(M%) f(x) = sup

sup iz [ S50 dy = oo [ MO [ 0= dih .

r>0
The crucial point is that
2.7 ' 18N, = en(p/(p— D) f1,,

which follows from the one-dimensional maximal theorem since

T
[l fe-nerar 1 rr
sup 2 = nsup — x—1)dt.
T>I:(>) th"“ldt T>I:()) Tfo I )
0

With (2.7) we get
I3l = en(plo— D) Ty s fons [ £ 170 dt 0

but since [, f§@¢"~'dt dB=m(B), the proof of the theorem is complete.

3. The case when B is the standard ball in R”

We now return to the special case when B is the standard unit ball in R”,
and show how the results in Theorems 1 and 2 can then be improved.

Theorem 3. m{x| M(f)(x) = A} = % Ifll, A= 0.
To prove this consider the heat-diffusion semi-group on R"* given by T'(f)=

Sxhy, with ,
he(x) = (4mr)~"2e 1514,
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We observe that [T/, =] fll, |Tfll=|fllw, T*(1)=1, with T"f=0, for f=0.
So the semi-group satisfies all the assumptions at the Hopf abstract maximal ergodic
theorem (see [1], VIIL. 6 and 7), and hence we see that

nls

(The bound here is of course independent of n.) We take f=0, and we shall prove

s %f , NG dt = l} = 1Alfly, A=0.

>0

1
the theorem by comparing Mf(x) with a,sup— [ (T*f)(x)dt, for suitable a,.
s>0 §

To do this it suffices to find an appropriate s, so that

(3.1) m(B)yp(x) = a,,—;;- f * hy() dt.

Dilating both sides of (3.1) would then give the majorization

M/ () = a,sup sl f " T(f) () dr.

If we observe that both xz(x) and h,(x) are decreasing functions of |x|, it is
clear that (3.1) is equivalent to

-1 = 1 So )
(3.2) m(B) = g, < fo h, dt

with h,=(4nt)~"/%¢~1/*. 1t turns out that an optimal choice in (3.2) can be made
if we take s, slightly larger than 1/2n. To simplify the calculation it would suffice
for us to make the cruder choice s,=1/n. Now

—n/2

4

n—-n/2

r@p2-1.

[ hedr = nre [ @py-rme=vs gy = [T wrterqu ="
0o ¢ 0 0

However

o T2 L)
f h,dt = 7) fo * wlt=2e=u gy = ="t (4m)~"2n2-1,  (n large).
Sg

This last quantity is o (n~™"*I'(n/2—1)), as n—oo, by Stirling’s formula and so
[oh.dt=cn="*T(n/2—1). However m(B) *=1/2n""*n['(n/2), and thus (3.2)
is proved with a,=c’n which implies Theorem 3.

In the same spirit we shall obtain an L? estimate.

Theorem 4. |M(f)l, = C(pp—D)n'?|fl,, 1<p=c.

Several remarks about this result are in order. The theorem is of no interest
for p fixed, when compared with Theorem A. However the theorem gives the
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right behaviour in p as p—1, with however a sacrifice resulting from a growth
in n; but this growth is smaller than that given by Theorem 2 (valid for more
general “balls”). The result is also befter than one would obtain by applying the
Marcinkiewicz interpolation theorem to Theorem 3.

To prove Theorem 4 we shall use the maximal theorem for symmetric diffusion
semi-groups (see [4], and p. 73). In fact, the heat semi-group T°(f)=f+h, satisfies
all the conditions for such semigroups (axions I, II, 111, and 1V in [4]), so we obtain

Ilfug Tf||, = 4,1 fl,, 1=<p=es,

with a bound 4, of course independent of n. Now the second proof of this maximal
theorem (given in [4], Chapter 4) reduces matters to the martingale maximal theorem,
leading to the bound 4,=C(p/(p—1)). Thus in analogy to the previous theorem
we need only determine suitable b, and 7, so that

(3.3) m(B)1yp(x) = b,h,,(x)
which, as before, is equivalent to
349 m(B)~1 = b, (4nty)~"2e~1/t),

Now take #,=1/2n. Then the right side of (3.4) equals b,(2n/n)~"%~"2, while
the left-side equals 1/2r~"%nI'(n/2). So by Stirling’s formula we have (3.4) if
b,=cn'?, for some suitably large constant c. Theorem 4 is therefore proved.

4, Appendix

We shall now give a detailed proof of Theorem A. The result was initially
given in [2], but there only a bare outline of the argument was presented.

The idea of the proof can be understood by examining the reasoning of Theorem
2. We observe that if there were a weak point in that proof (the introduction of the
factor n) it would have come when one used the essentially one-dimensional result
(2.7). The utilization of the k-dimensional spherical maximal function will over-
come this difficulty.

Proof of Theorem A. We shall obtain the theorem as a consequence of a series
of assertions. First we let .#, denote the spherical maximal function in R¥, i.e.

NG =supo— [ [fx=ey)ldo ()

Wy -1

where do is the usual measure on $*~1 (the unit sphere in R¥), and ., is its
total mass.
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Proposition 1. .4, (), = 4,1 fll,
for p=kf(k—1), and k=3.

This is just Theorem 1 of [3]. Next, we define the weighted maximal function
M, k,m on Rk by

M, (f) (%) = SUP{

r=0

i1z S GE= DIy dy’
flylér ly]"" dy

mtk

= Sup mﬁf[ylé, [fx=yI"dy, m=0.

Propeosition 2. One has the pointwise majorization

Mk,m(f)(x) = e/ﬂk(.f)(x)’
for all k=1, m=0.

Proof. Using polar coordinates we can write

Sz FG=DN I dy = foou [T1f(x— 0yl @™+ do do(y)

. r k rm+k
= AN Wiy [, @1 do = MDD D41

and the result follows.
Proposition 3. If k=3, and k>p/(p—1), then
I]Mk,m(f)']p = Ak,p”f”ps

with the constant 4, , independent of m.

This follows immediately from Propositions 1 and 2. We now consider R”,
with n=3, and write it as R"=R*XR""*. So we shall denote an xcR” as a pair
x=(x1, X;) with x,€R¥ x,€ R"*; similarly for y=(y, ;)€R", with y,€R
.6 R"*, We let T denote an arbitrary element of O(n), a rotation of R" about
the origin. For each such t we define M/, (acting on functions defined in R") as

—2(3,, 0 mg
MEP ) — sup Lz VE200 Obildy,
e f|y1]§r yi™ dn

with m=n—=k.
Proposition 4. | M(NIl, = 4, ,| 1], where

k=3, and k=pj(p—1).
By rotation invariance it suffices to prove this when < 'is the identity rotation.
In that case we use the decomposition R"=RFXR"*, with x=(x;, x,). For
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each fixed x,¢R"~* one applies Proposition 3 and then an additional integration
in x, (after raising both sides to the pth power) gives the result.

Finally, we let dr denote the Haar measure on the group O (n), normalized
so that its total measure is 1.

Proposition 5. We have

sup—o [y TGy = [y MEN G

The proposition depends on the following integration formula (valid for
non-negative measurable functions on R”)

Joiar SO Lo 1< FEO1 )i * dpy de

flylér dy f|y,]<, Wl =* dyy

Here y=(y;, y5)ER*=R*XR** with y,€R* To verify (4.1) it suffices to do
so for f of the form f(»)=f(l¥)fi(y), where y'€S"~1, and y=|y|)y’, since
linear combinations of such functions are dense. Then for such f the left-side of
(4.1) is cleurly

(CA))

[ f@e-tae f fi0)do () -nr- 074

To evaluate the right-side, write y,=|y,|y;, where y;€S**. Then f(t(y,,0))=
Slly1)Ai(x(yy) and the quotient on the right-side of (4.1) equals

[l r@erar [y fon fGOD) do() do-nr o,
So matters are reduced to checking that
4.2 f s o) do () = fo(,,) [ser Fo(z (D) do () dr.
In fact (4.2) holds because do(y”) is up to a constant multiple the unique measure
on S"! which is rotation invariant, and clearly the right-side of (4.2) induces

such an invariant measure on S”~!; moreover both sides of (4.2) are normalized
so as to agree on constants. With (4.1) now established we have (Jf(x—y)| re-

places f(y))
W(IIT'-)—‘/' - fx—)dy = fO(n) f]yl|§r [f(x—r(yl, 0))“)’]""‘ dydt

+ [iq=e il dy = [, 0 MEH @) dr,
A (¢

with m=n—k, and the proposition is proved.
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We can now prove the theorem. Suppose p is given, l<p=ocs, and keep
p fixed. When n=p/(p—1), or n=2, we use the usual estimates to prove (1.1)
for that range. Now when n=>p/(p—1) and »n=3, then write n as n=k+m,
where k is the smallest integer greater than p/(p—1) and 2. Then our theorem
follows from Propositions 4 and 5.
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