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SOME PAIRS OF MANIFOLDS
WITH INFINITE UNCOUNTABLE p-CATEGORY

CORNEL PINTEA

ABSTRACT. In this paper we will improve some results previously obtained,
showing that the so called yp-category of a pair of manifolds is infinte un-
countable under certain topological conditions on the two given manifolds.

1. Introduction

The @-category of a pair (M, N) of differentiable (smooth) manifolds and the
algebraic p-category of a pair (G, H) of groups are defined as

(M, N) =min{#C(f) | f € C*(M,N)},
©alg(G, H) =min{[H : Im f] | f € Hom (G, H)},

where C(f) is the critical set of f € C*°(M, N). Observe that the set of regular
points R(f) = M \ C(f) of f is open, which means that the critical set C(f)
is closed. Therefore when f is closed, the bifurcation set B(f) = f(C(f)) of f
is also closed. Using the Lusternik—Schnirelman multiplicity theorem (see for
instance [2, p. 190]) it follows, for a compact manifold M, that ¢(M,R) >
cat (M) where cat (M) is the Lusternik—Schnirelman category of M.
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In the previous papers [3], [4] we have shown that the p-category of the
pair (M, N) of differentiable manifolds is infinite, that is any differentiable map-
ping f: M — N has infinitely many critical points, under one of the following
conditions:

(i) dim M = dim N > 3 and 71 (M) cannot be embedded as a subgroup in

71—1(‘]\[)7
(i) dmM = dimN > 4 and 7 (M) # my(N) for some ¢ € {2,...,
dim M — 2},

(ili) dim M > dim N > 2 and @qig(m1(M), 71 (N)) > No.

In this paper we will improve these results proving that in all these cases the
(p-category is infinite uncountable, that is any differentiable mapping f: M — N
has an infinite uncountable number of critical points.

Finally, in the last section, we observe that the p-category of the pair (M™, S™)
is a lower bound for the minimum number of points of zero Gauss—Kronecker
curvature of an orientable manifold M™ immersible in R™*!, with respect to all
of these immersions.

2. A useful homotopy associated to a finite family of charts

For 7 > 0 and n € N* denote by D? and S”~! the open disk and the sphere
respectively, both of them having the center at the origin of the space R™ and
radius r. D} and S{‘*l will be simply denoted by D™ and S™~! respectively.

For xzy € D", consider the mapping h,,: R™ \ {xo} — R™ \ {x0} given by

x if x € R*\ D",
hwo (l‘) = . =N
zo + az)(x —xz9) ifxeD \{xo},

where

2
T To—T T To— T 1— || zo ||2
a(m):< 0 , 0 >+ < 0 , 0 > + I 0”2.
|z =o' [l — o | |2 —zo||" [ 2 — o | |z — o |

Let us show that hy, is well defined and continuous. To prove that, it’s enough
to show that zo + a(z)(z — x) = =, for all z € S~ 1.
First of all let us mention that «(x) is the positive solution of the equation

lzo + t(x — x0)||* = 1.

This means that for 2 € S”~! we have successively

[zo+a(z)(z — 20)[|? = 1 & [[(1 — a(z))zo + a(z)z|® =1
& (1—a(@))?[lzo|® + 2a(2)(1 — a(x))(zo, ) + a(2)?|lz|* = 1
& (1= a(@))?||zo|* + 2a(x) (1 — a(x)){zo, ) = (1 — a(2))(1 + a(x))
< (1 —a(x)) [(1 — Oé(l‘))”l‘oHZ + 2a(x)(xg,x) — 1 — a(m)] =0.
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But
(1 = a(@))[zol? + 2a(x)(zo, 2) = 1 — () = [[zo||* = 1 = a(x)[|z — @o[* < 0.

Therefore o(z) = 1, namely hy, := 2o + a(z)(z — z9) = @.
The mapping h,, acts on R™ \ {z¢} like in Figure 1.

hag (@1)

L] wQZhIO (wz)

Sn—l

FIGURE 1

Let M be an n-dimensional manifold and ¢ = (U, ) be a local chart of M
such that D" C (U). Denote by D, and by S,, the sets o~ (D") and =1 (5" 1)
respectively. For g € D, the mapping h¢ z,: M \ {xo} — M \ {zo} given by

T e e (9(@) i@ € U\ {mo).

is well defined and continuous.

ProroOSITION 2.1.

(i) heo(x) =2, for all z € S"! and hyy (D™ \ {z0}) = S~ L.
(i) hzo ~m,, Idre\ (2o} (telR™ \ D"), where Hyo: R™ \ {zo} x [0,1] — R™\
{zo} is given by Hy,(x,t) = (1 — t)z + thy, ().
(iil) hewo(Dy \ {zo}) =Sy and he 4y (z) =z, for allz € S,.
(iv) hewy ~pgeo id A\ a0}, where HEO: (M \ {zo}) x [0,1] — M{zo},

x ifeeM \ DW
¢_1(Hw($o)(‘p(x)’t)) fo € ﬁs@ \ {xO}

(v) Letey = (Ui, 1)y .- ¢k = (U, or) be local charts in M such that i # j
implies U; NU; = 0 and D™ C ﬂle 0i(Ui). If x; € Dy, i €{1,... Kk},
then

Hgo(xat) - {

o

Ger,wy © -+ - O Ger,ae = Yery,@ay O © JenyTa(ny

where 7 is an arbitrary element of the group Sk of permutations of the
set {1,...,k} and ge;z;: M\{21,... , 26} = M\{z1,... ,2} are given
bY Ge; w;(T) = he, w; (), for alli e {1,... k}.
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(vi) Under the conditions of the statement (v), it is also true that

k
Ger,xy © - O Gop,z =GEEL Tk id M\{z1,... ,x1} (relM\ U Dw)

cl...cp
i=1

where GZZk: (M \ {x1,... ,2p}) x [0,1] — M\ {z1,... 21} is given
by

k
T ifee M\ | JD,,

i=1

Gzlg;kk (l‘,t) = Qol_l(Htpl(xl)(Qpl(x)at)) fo € bkpl \{xl}’

90];1(Htpk($k)(<pk(x)vt)) if v € EWk \{xk}

PROOF. (i) The equality h,,(z) =z for x € S"~! follows immediately from
the definition of h,,. To prove the equality hy, (D" \ {z¢}) = S"~! take z €
D™\ {zo} and observe that ||hy,(z)|| = ||xo + a(z)(x — zo)|| = 1, because a(x)
is a solution of the equation ||z¢ + t(x — x0)||> = 1. Consequently the inclusion
hao (D™ \{z0}) € S™ ! is proved. To prove the inclusion S"~! C h, (D" \ {zo})
we will firstly show that, for z € S~ and t € (0,1), g +t(x — 1) € D™\ {x0}.
Indeed, on the one hand xg + t(z — x¢) cannot be equal to z¢ and on the other
hand the function 8: R — R, B3(t) = ||z¢ + t(z — z0)]||? is convex because 3 (t) =
2||x — x0||? > 0, for all t € R. Therefore, for any ¢ € (0,1) we have successively:

Bt)=B((1—1)-0+1t-1) < (1=1)B(0) +t6(1) = (1 — t)[|lzo|* + t]2]* < 1.

Let us observe that the arguments presented before are also working for z € ﬁn,
that is [|Jzo + t(x — 20)|| < 1 for any 2 € D" and any ¢ € (0,1).

Making very easy computations one can deduce that a(zg + t(z — x¢)) =
a(x)/t which leads us to the conclusion that hy, (2o + t(z — z¢)) = hg,(z) = z,
and the inclusion S"~! C h,, (D™ \ {z¢}) is completely proved.

(ii) It is enough to prove that the homotopy

Hayo: (R \{zo}) x [0,1] = R™" \ {20},  Hay(z,1) = (1 — )7 + the, (2)

is well defined, namely H,(x,t) # xo for any ¢ € [0,1] and any « € R"™ \ {xo}.
If € R™\ D", then Hy,(z,t) = v € R™\ {x¢} for any t € [0,1]. Otherwise,
assuming that there exists € D™\ {z¢} and t € [0, 1] such that H, (z,t) = zo
one can be easily seen that

(1) t1 - alx) =1,

meaning that ¢ cannot be zero. Because a(x) > 0 it implies on the one hand that ¢
cannot be one, and on the other hand that «(z) > 1 for any € D™\ {z¢}, since
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we have alredy seen that ||zg + t(x — z¢)||? < 1 for x € D™\ {20} and t € (0,1),
such that the relation (1) fails to be true.

(iii) Follows immediately from the definition of h. ., and from (i).

(iv) It is enough to prove that H¥° is well defined, namely Hy,, (z,t) € D"\
{zo} for all z € D" \ {zo} and all ¢ € [0,1]. For this purpose, let us firstly
observe that

lzo +t(x — zo)|| <1 for all t € [/ (z), a(x)],

where () is the negative solution of the equation ||xg + t(x — zo)|? = 1.
Because Hy,(x,t) = o + [1 + t(a(z) — 1)](x — x¢) and

0<1+t(a(x)—1) <afx) foralltel0,1] and all z € D"\ {zo},

we conclude that ||H,, (z,t)| < 1, for all (z,t) € (D" \ {zo}) x [0,1].

(v) Ifz e M\ Ule D,,, then z is a fixed point both for ge, z, ©...0 ge, ay
and ge, yz,(1) O - - © Ger(1y,mnqry SIIPLy because z is a fixed point for each of ge, -
Otherwise there exists a unique ig € {1,...,k} such that x € Dy, \ {zi,}.
Because z is a fixed point for

90i0+1,zio+1 yorr v Yep, o gcﬂ(wfl(io)Jrl)’Iw(w*1(10)+1)’ e 9l (k) T h)
and Geiywig 1S @ fixed point for
gCi0_1,:E710_1 ge ey gcl,ml ) gcﬂ_(ﬂ_,l(i0)71)7mﬂ_(ﬂ_71(i0)71) geee gcﬂ(1>7$w(1) s

it follows that

(9017931 O"'Ogckyl'k)(x):(gchﬂnO"'Ogci(),Jquo)('r):g in T
= (gcw(l)ﬂiwu) ©---0 gcmwio)(x)
)

= (gcw(1)7m7r(1) O O GeninyTr(i) (i)

(vi) It is enough to observe that G%!:Z* is well defind, the fact that it is

a homotopy (relM\Uf:1 D,,) between g, z,0...09c; 2, and id yp\ (¢, ... o} Deing
obvious. We also observe that (GZl:7¢); = (GZl)io...0(GEF)s = (Gz:((ll)))t o...0
(Geri)y, for all t € [0,1] and all € S, where GZi: (M \{z1,... ,2,})x[0,1] —
M\ A{xy,... ,xp}, GZi(x,t) = HE (). O

[

If we give up the condition U; NU; = 0 for i # j of (v), we can ask ourselves
if the mappings ge, z, © - - © gey,zp, id M\ {ay,... 2} are still homotopic. Of course
the best candidate for a homotopy between the two of them whould be (G%1), o
..o (GZF),, t €[0,1]. Althought the intersections U; N Uy, i # j are not empty
anymore we are forced to work with families of charts ¢; = (U1, ¢1),...,¢1 =
(Uk, k) and points #1 € D,,... ,z, € Dy, such that z; & D, for j # i,
just to be sure that the mappings ge, z, © ... 0 g, and (GZ1), o...0 (GZ¥),,
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t € [0,1] are well defined. With such a choice of the charts ¢y, ... ,¢; and the
points x1, ... ,x, the homotopy

(GEr) M {r . ax) — M\ {2,
(GeLoie), = (Gih), 0. 0 (GEr),,  te[0,1]

9

is well defined and it joins indeed g¢, 4, © ... 0 gey 2, With id ap\ (o1, 2y} -

The difference between the situations of empty and nonempty intersections
is that any two mappings ge,,z; ©- - ey 25 Jer1yma) O - - © Gen(ny zary A€ €qual
and

(Garmar), = (Geh), 00 (GEr),y (Gef)elil)). = (Ger)), oo (Gel)),

are also equal for all ¢ € [0, 1] if the open sets Uy, ... ,Uy are distincte to each
other, not being the case otherwise. But in [4] we never used neither the commu-
tativity of the mappings g., », nor that of the homotopies (G%?),, such that we
can fortunately give up to the condition of empty intersections of certain charts
domains.

3. Improved results

In this section the results of [3], [4] will be improved by justifing the existence
of an infinite uncountable number of critical points for all the mappings acting
between the manifolds of all the pairs appearing in the papers [3], [4].

THEOREM 3.1. Let M be an n-dimensional differentiable manifold (OM = 0)
and A be a closed countable subset of M. If P is a compact differentiable
k-dimensional manifold (k < n, OP # Q) and f: P — M is a continuous map
such that f(OP) C M \ A, then there exists a continuous map g: P — M such
that g(P) € M\ A, glap = flop and f ~ g(rel OP). If M is connected, then
one particularly gets, using the particular case P = [0,1], that M \ A is also
connected.

PROOF. According to [4, Lemma 2.1] there exists a homotopy H: Px[0,1] —
M such that f = Hy, g1 = H; is a differentiable mapping and H;(0P) C M \ A
for all t € [0,1].

Because g1 (P) N A is compact and A is countable, it follows that there exist
the local charts ¢; = (U1, ¢1),...,cx = (U, 1) such that D" C ﬂé:l 0i(U;),
g(PYNACUi_, D, and S, NA=0,5, NgdP =0, forallie{l,.., 1}
We can assume that i # j = Dy, \ Dy, # 0. In these conditions it can be easily
seen that Dy, \ Dy, # 0 for all i, € {1,... 1}, i # j.

Using Sard theorem (see for instance [5, Theorem VII.28, p. 263]) for the
mapppings g1 |int p:int P — M, g1|op: OP — M we get that g; (int P) and g1 (0P)
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have measure zero, namely g1 (P) = g1 (int PUIP) = gy (int P) U g, (OP) has also
measure zero.

Because A is countable it obviously has measure zero, meaning that AUg; (P)
has also measure zero. We conclude that, for each i € {1,...,1}, the set

D, \ (AUgl(P) U leJlD%) = (D% \QDW) \ (AU g1(P))

i#i i#i
is not empty, because AU g1(P) has measure zero and the non-empty set D\
Uézl ij doesn’t, being open. For i € {1,... 1}, let us consider
J#i

~

yi € Dy, \ <AUg1(P) U D¢j>

1

7

i

3
J

and the mappings

o MLy, k= M\ {yr, - uid
hi P — M, h(x) = (j © ger1 © -+ © Ger,) (9())

where j: M \ {y1,...,y1} — M is the inclusion. Obviously, h(P) C M \ A4,
hlop = gqilop and h ~g ¢1 (reldP), where G": P x [0,1] — M is given by
G'(x,t) = G Y (g1 (x),t).

Cc1...C|
By the transitivity of the relation “~”, one can conclude that f ~p/ h where

H(x,2t) 0<t<1/2,

H':Px[0,1] - M, H (z,t) =
G/x,2t—1) 1/2<t<1.

Consider the following two homotopies ¢: P x [0,1] — P and G: P x [0,1] —
M given by:

x if z € P\ Q(90 x [0,2)),
Q((m1 0 Q7)(2), (2/(2—1))

(moQ V(@) +2t/(t—2)) if z € QIO x [0,2)),
(m1 0 Q7 1)(x) if 2 € QA0 x [0,2)),

P(,t) =

o g { H @00 iz e PAQ@P x[0.1),
1) = o'(Q '(z)) ifzeQPx]0,2),

where Q: OP x [0,00) — U C P is a collar neighbourhood of 9P and
m1: 0P x [0,00) — OP, me:0P x [0,00) — OP

are the projections.
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Denoting G(-,1) by g and observing that G(-,0) = f it can be easily seen
that

~. g(rel0P) and that g¢(P)C M\ A4,

and the theorem is completely proved. O

COROLLARY 3.2. Let M, N be connected differentiable manifolds such that
dimM > dimN. If f: M — N is a non-surjective closed differentiable map-
ping, then either C(f) = M or f has an infinite uncountable number of critical
values. Therefore, in any case, f has an infinite uncountable number of criti-

cal points. If M is compact and N is non-compact, then one particularly gets
that o(M,N) = N;.

PROOF. Let us firstly prove that f~!(0Im f) C C(f), which implies that
Olm f C B(f). Indeed, otherwise f~1(0Im f) N R(f) # 0 and f is locally open
around any point of the set f~*(0Im f) N R(f). If z € f~1(0Im f) N R(f) is
a fixed point and U is an open neighbourhood of z such that the restriction
fly:U — N is open, then f(U) is particularly open. But this is a contradiction
with the fact that f(x) € Olm f.

If C(f) # M it follows, by Sard’s theorem, that Im f \ B(f) # 0. In what
follows we shall show that N\ B(f) is not connected. Indeed, if y € Im f\ B(f),
y’ € N\Im f then obviously y,y’ € N\ B(f). Consider 7: [0,1] — N a continuous
path joining y to 3. Because y € Im f and y’ € N \ Im f it follows that v([0, 1])
intersects the border 9Im f and hence the set B(f). Consequently B(f) cannot
be finite or infinite countable because in both cases N\ B(f) would be connected.
Therefore B(f) must be infinite uncountable meaning that C(f) is also infinite
uncountable. O

Further on, using Theorem 3.1 and the homotopy sequence of the pair (M,
M\ A) we have, in a completely similar manner with the proof of [4, Proposi-
tion 2.3], the following:

COROLLARY 3.3. Let M be an n-dimensional differentiable manifold (n > 2,
OM = 0) and A be a closed countable subset of M. If M is connected, then
M\ A is also connected, and the inclusion i: M\ A — M is (n — 1)-connected,
that is, the homomorphism induced by inclusion i, mq(M \ A) — my(M) is an
isomorphism for ¢ < n — 2 and it is an epimorphism for g =n — 1.

THEOREM 3.4. Let M, N be compact connected differentiable manifolds of

the same dimension m.
(i) If m > 3 and m (M) can’t be embedded as a subgroup in w1 (N), then
(M, N) =Ny,
(i) If mg(M) 2 w1 (N) for some g € {2,... ,m — 2}, then (M, N) = N;.
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PROOF. Assume that o(M, N) = Ry, that is there exists a mapping f: M —
N with an infinite countable number of critical points. Because C(f) is also
closed it follows that it will be enough to treat only the case when f is surjective.
In this case the restriction

M\ f7H(B(f)) > N\ B(f), p— f(p)

is proper and has not critical points. This means that for ¢ € N \ B(f) the
pre-image g~ !(q) is compact and discrete, that is finite. It can be easily seen,
following a similar argument to that one from the proof of [4, Theorem 1.2],
that #g~1(q) doesn’t depend on ¢ € N \ B(f), that is g is a finite-fold covering
mapping. This means that

gum(M\ fTHB(f))) — m (N \ B(f))

is a monomorphism and

9a: (M \ fTHB(f))) = mg(N \ B(f))

is isomorphism for all ¢ > 2. On the other hand the set f~*(B(f)) can be repre-
sented as the union C(f)U(f~1(B(f))NR(f)), where R(f) C M is the set of reg-
ular points of f. For any ¢ € N theset f~1(q) = (f~(¢)NC(fN)N(f~1(g)NR(f))
is countable at most because both f~1(¢) N C(f) and f~1(q) N R(f) are count-
able at most, the last one being like this because it is discrete. In particu-
lar the closed set f~'(B(f)) = Usen(r) f~1(q) is also countable at most, be-
ing a finite or countable union of countable sets at most. Because the sets
M\ f~YB(f)), N\ B(f) are closed and countable at most it follows that
the inclusions i: M \ f=Y(B(f)) — M, j:N \ B(f) — N induces the isomor-
phisms iq: (M \ f7H(B(f))) — m(M), jgme(N \ B(f)) — mg(N) for all
q €{0,... ,m—2}. From the commutative diagram

M\ f7HUB(f) —— N\B(/)
{ lj jog=foi
M T) N
we get the following commutative diagram
m(M\ f7H(B(f))) —— m(N\B(f))
iql qu Jq©9q = fq©lq
mq(M) T Tg(V)
(i) For ¢ = 1, because f1 04y = ji 0 ¢y and iy, j; are isomorphisms, it follows
that fi = jiog1 0 il_l is a monomorphism, that is a contradiction with the
hypothesis of statement (i).
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(ii) For ¢ € {2,... ,m —2}, 44, jq, g4 are isomorphisms which combined with
the equality j,0g4 = f40%4 one can deduce that f, = jqoqui(;l are isomorphisms
for all ¢ € {2,...,m — 2}, which is a contradiction with the hypothesis of the
statement (ii). O

THEOREM 3.5. Let M™, N™ be compact connected differentiable manifolds
such that m >n > 2. If paq(M,N) > N, then p(M,N) = X;.

The proof of Theorem 3.5 uses Corollary 3.2 and it is the same with that of
[3, Theorem 3.3], except that in any point of the proof where some critical set is
infinite there, here it will be infinite uncountable.

COROLLARY 3.6.

(i) If m, n, k are natural numbers such that1 < k <m and k+n >m > 2,
then o(T*F x S™, T™) = ;.
(ii) If X4 is a compact connected orientable surface of genus g and g < ¢,
then p(X4,24) = Ny.
(iii) If Py is a compact connected surface having the same topological type with
a connected sum of g projective spaces, and g < ¢’, then p(Py, Py) = Ny.

The proof follows easily using Theorem 3.5 and the fact that the algebraic
p-category g1y of each mentioned pair is infinite as it was argued in the proof
[3, Proposition 4.1].

4. Application

Let M™ be an orientable manifold immersible in R™*!, f: M — R™*! be
an immersion and Ny: M — S™ its associated Gauss mapping. The Gauss—

Kronecker curvature of f is defined as Kf(p) = det(dNy),. Consequently
K¢(p) = 0 if and only if p € C(Ny), that is

C(Nyg)={pe M| Ky(p) = 0}.
Therefore if we define the G-category of M as
G(M) = min{#C(Ny) | f € Imm (M, R™*1)},
where Imm (M, R™*1) is the set of all immersions of M into R™*! observe that
(2) o(M,S5™) < G(M).
According to Theorem 3.1 and the inequality (2) we have:

PROPOSITION 4.1. If M is an m dimensional manifold immersible in R™+1,
then we have:

(i) If m > 3 and M is not simply connected, then G(M) = N;.
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(i) If m > 4 and 7y(M) is not trivial for some q € {2,... ,m — 2}, then

G(M) =N;.
COROLLARY 4.2. If k, n1,... ,ng are natural numbers such that k > 2 and
ny+ ...+ ng >3, then S™ x ... x 8" is obviously orientable and immersible

in Rt-Fnetl gnd

G(S8™ x ... x 8™) =1.
In other words any immersion f:S™ x ...x S™ — R+ -+t has an infinite
uncountable number of points of zero Gauss—Kronecker curvature.

Proor. If 1 € {ny,... ,nk}, that is n; = 1 for some ¢ € {1,... ,k}, then
T (S™ X ..o x S™) = (8™) x Lo x mp(S™) x X mp (STF)

has the infinite cyclic subgroup 7 (S™) = 71 (S') ~ Z. Therefore, according to
Proposition 4.1(i) we have G(S™ x ... x S™) =Xy, If ny,... ,n; > 2 it follows
that

T, (S™ X oo x S™F) =, (S™) XL X g, (S™) X X g, (S™F)

has the infinite cyclic subgroup m,,(S™) ~ Z for all i € {1,... ,k}. Therefore,
according to Proposition 4.1(ii) we have G(S™ X ... x S™) =R;. O

So far we didn’t obtain any information on the p-category of the pair (M, 5?),
where M, is a compact orientable surface of genus g > 1. Consequently we will
study it and the G-category of M, in what follows.

Let us first observe that any differentiable mapping from M, to S? has one
critical point at least. Indeed, if f: M, — 52 would be a mapping without
critical points, then f would be a covering mapping and fi:m (My) — m1(5?)
a monomorphism. But 71(S?) is trivial and m(M,) is certainly non trivial,
M, having the same topological type like the connected sum of g tori. This
argument shows that ¢(M,, S?) > 1.

THEOREM 4.3. ¢(M,,S?) > 3.

PROOF. We will treat firstly the case g > 2. Assuming that p(M,, S?) < 3
it follows, taking into account the inequality ¢(M,, S?) > 1, that (M, S?) €
{1,2}. Therefore there exists a smooth mapping f: M, — S? such that #C(f) €
{1,2} and of course #B(f) € {1,2}. The mapping

_ h
Mg\ f7HB(f)) — S*\ B(f), p+ f(p)

is obviously a finite-fold covering mapping, meaning that

hizmi (Mg \ f7H(B(f))) — m(S* \ B(f))
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is injective and finaly that the fundamental group w1 (M, \ f~'(B(f))) is iso-
morphic with a subgroup of 71(S?\ B(f)). If #B(f) = 1 or #B(f) = 2, then
S2\ B(f) is topologically equivalent with R? or with R?\ {one point}, respec-
tively. In the first case 1 (S?\ B(f)) is trivial and in the second case 71 (S?\ B(f))
is isomorphic with Z. We can therefore conclude that 7y (M, \ f~1(B(f))) is iso-
morphic with a subgroup of Z. On the other hand, according to [4, Theorem 1.2]
and a particular case of [4, Proposition 2.3], the group homomorphism

i:m (Mg \ f7HB(f))) — m(My)
is surjecive. Because the canonical projection
prm(Mg) — mi(My)/[m (M), m1(My)]
is also surjective it follows that the homomorphism

poirim(My\ f_l(B(f))) — m1(My)/[m1 (M), 71 (M)

is surjective too. Because, according to [1, p. 135], m1(My)/[m1 (M), m1(My)] is
a free abelian group with 2¢g generators it implies that po; is a surjective group
homomorphism from a subgroup of Z to Z29 which is impossible because such
a homomorphism doesn’t exists. Therefore our first assumption is false so that
#C(f) > 3. The case g = 1 can be treated in a completely analogous manner,
following the same steps, and we will finaly get a surjective group homomorphism
of type p o i; from a subgroup of Z to Z? which doesn’t again exists. O

Let S be a regular surface embedded in R and N: S — S? its Gauss mapping.
Recall that a point p € S is called parabolic if det(dN), = 0 but (dN), # 0 and
p € S is called planar if (dN), = 0.

COROLLARY 4.4. G(M,) > 3. In particular if M, is embedded in R® and P,
P, are the sets of parabolic and planar points of My then #(PyUPy) > 3. There-
fore if M, has not planar/parabolic points, then it has three parabolic/planar
points at least.
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