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LIFTING ERGODICITY IN (G,0)-EXTENSIONS

MAHESH NERURKAR

ABSTRACT. Given a compact dynamical system (X, T, m) and a pair (G, o)
consisting of a compact group G and a continuous group automorphism o
of G, we consider the twisted skew-product transformation on G x X given
by
To(g,2) = (al(e(x)g), Tz),

where ¢: X — G is a continuous map. If (X, T, m) is ergodic and aperiodic,
we develop a new technique to show that for a large class of groups G, the
set of ¢’s for which the map T, is ergodic (with respect to the product
measure v X m, where v is the normalized Haar measure on G) is residual
in the space of continuous maps from X to G. The class of groups for which
the result holds contains the class of all connected abelian and the class of
all connected Lie groups. For the class of non-abelian fiber groups, this
result is the only one of its kind.

1. Introduction

By a dynamical system we mean a triple (X,T,m) where X is a compact
metric space, m is a Borel probability measure on X, and T  is an m-preserving
homeomorphism of X. Let G be a compact metric topological group and let o
be a continuous group automorphism of G. Given a continuous map ¢: X — G,
define a o-skew-product transformation T,: G x X — G x X by the rule

Ty(9,7) = (o[p(x)g], Ty), (9,7) € G x X.
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Let v denote the Haar measure on G, normalized so that v(G) = 1. Then v x m
is invariant under T,. The dynamical system (G x X,T,,v x m) is called a
(G, o)-extension or an affine extension of (X, T, m). The more commonly studied
“group extension” is a special case when ¢ = I — the identity automorphism
of G.

Such skew-product extensions have been extensively studied in ergodic theory
and topological dynamics. However, inspite of the vast literature on the subject,
several basic questions remain unanswered, particularly when the fiber group G
is non-abelian. One such question is: Is the set

Cerg(X,G)={p € C(X,G) : (G x X,Ty,,v x m) is ergodic}

non-empty? and if so, how “big” is it? In this paper we shall show that for large
class of compact groups G, this set residual in C'(X,G) — the metric space of
continuous maps from X to G with the supremum metric.

Before starting with the proof, we briefly describe related results and tech-
niques known so far. In the class of group extensions, there are basically two
main techniques to prove such generic lifting of minimality and ergodicity. The
first one is due to R. Ellis which proves generic lifting of minimality in compact,
connected Lie group extensions (cf. [1]). Later H. Keynes and D. Newton (cf. [3])
extended this technique to lift minimality in affine extensions as well. The sec-
ond technique is what is now called the “conjugation approximation technique”.
This method first appeared in the works of D. Anosov and A. Katok, then used
by A. Fathi and M. Herman and the subsequently refined by S. Glasner and
B. Weiss. This technique allows one to lift minimality as well as ergodicity but
in a rather special class of “closures of coboundaries” (and not in the class of
all cocycles). Using a version of this technique we proved a generic ergodicity
lifting result in the class of “closures of g-coboundaries” when the fiber group is
the n-torus (cf. [2]). Still a proper “ergodic analog” of Ellis’s technique to lift
minimality was not yet known even for group extensions. For group extensions,
this was developed in a joint work with H. Sussmann (cf. [7]) and in the present
paper we extend that method to lift ergodicity in affine extensions. We remark
that a “smooth version” of Ellis’s technique and (ours as well) is yet to be de-
veloped and it seems there are some fundamental obstructions to doing this in
general.

Now we shall begin by describing the conditions we need to impose on the
pair (G, o).

DEFINITION 1.1. Consider a pair (G, o), where G is a compact metric group
with metric d and o is a continuous group automorphism of G.

(a) The pair (G,o) has Property A if given a neighbourhood W of the
identity eq, there exist a positive integer x such that, if Wy, ... , We_4



LIFTING ERGODICITY IN (G, 0)-EXTENSIONS 195

are any k right translates of W, then
k—1
[1 o' W) & o(Wiit) - 0*(Wiaz) - ... - 0™(Wp) = G.
i=0

(b) The pair (G, o) has Property B if given a compact metric space X and
a @€ C(X,G) and € > 0, there exists a 6 > 0 such that if F' is a finite
subset of X and ¢: F' — G is a function that satisfies d(p(z),¥(x)) < &
for all x € F, then ¢ can be extended to a continuous map on X such
that d(p(x),¢¥(z)) <eforall z € X.

Following [5], we shall call the pair (G, o) admissible if it satisfies both Proper-
ties A and B.
We refer to [3] and [5] for the proof of the following.

ProprosITION 1.2. If G is either

(a) a compact, metric connected abelian group or
(b) a compact, connected Lie group or
(¢) a compact connected metric group with finite center.

Then (G, o) is admissible for any continuous automorphism o.
Before stating the main theorem, we recall that (X, T, m) aperiodic if
m({x € X : T"x = x for some k € N}) =0

and ergodic if every T-invariant Borel subset of X has m measure either zero

or one.
THEOREM 1.3. Let (X,T,m) be a dynamical system and (G,o) be a pair
where G is a compact group and o its continuous automorphism. Suppose that

(a) (X,T,m) is a ergodic and aperiodic, and
(b) (G, o) is admissible.

Then the set
Corg(X,G) ={p € C(X,G) : (G x X,T,,vg x m) is ergodic},

is a residual subset of C(X,G).

2. Reduction of the proof

First we describe a crucial result (Proposition 2.2, which is Corollary 2.4 in
[4]) that reduces the problem of lifting ergodicity from the case of a general o to
the case when o is equicontinuous. (An automorphism o is equicontinuous if the
family of map {¢* : i € N} is an equicontinuous family of maps from G to G.)
First we begin with some notation.
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DEFINITION 2.1. Consider a given pair (G, o) with G compact.

(a)

Let G denote the “dual object” i.e. the set of equivalence classes of
finite dimensional irreducible representations of G. A typical element
of G will be denoted by [v] where v denotes a representative of the
class [v].

Let 5: G — G be the map induced by o, i.e. 3[y] = [y 0 o).

Given a [y] € G, let Zry denote the stabilizer subgroup of [y]. More
precisely,

def ~\n
Ziy) = {n€Z: (@)"[y] = hi}-
Let
(A;cq ={eqG: Z1) has finite index in Z},

and let Goq be the annihilator of Gy, i.c.

Geq 4f Ann éeq df ﬂ ker 7.
Ve

Then the set Gq is in fact a closed normal ¢ invariant subgroup of G.
The subgroup Gq is the obstruction to o being equicontinuous, (hence
the suffix “eq”).

Set G* = G/Geq and o* denote the automorphism induced by o on G*.
Let m: G — G* = G/Geq be the canonical homomorphism (which is a
continuous and open map). A typical element of G* will be denoted
by g* def 7m(g). In the language of topological dynamics, (G*,0*) is a
mazimal equicontinuous factor of the dynamical system (G, o) under
the factor map .

Let v* denote the normalized Haar measure on G*. Observe that
(V) = v*.

Given a ¢ € C(X, G), set ¢* = mop. Thus ¢ — ¢* defines a continuous
map from C(X,G) — C(X,G*).

For a given ¢ € C(X,G), define transformation T, on G* x X by
setting

T (9" @) = (o7 [¢" (2)g], Tx) .
Metrics on all the underlying spaces (such as X, G and G*) will be
denoted by d.

The following theorem essentially allows one to reduce the proof to the case

when o is equicontinuous (cf. [4]).

PROPOSITION 2.2. With the notation as above, given ¢ € C(X,G), the dy-
namical system (G x X,T,,v x m) is ergodic if and only if the system (G* x

X, Typx,v* x m) is ergodic.
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This proposition implies that
Cog(X,G) ={p € C(X,G) : (G" x X,T~,v* x m) is ergodic}.

We will in fact prove a slightly stronger result, of which Theorem 1.3 is a di-
rect consequence. We begin by introducing some notation. If f € L?(G*,v*),
we use (f) to denote the average of f over G* with respect to v*, so (f) =
fG* f(g)dv*(g). If f belongs to L?(G* x X,v* x m) and € X, we use f% to
denote the function G* > g* — f(g*,2) € C. Then f* € L*(G*,v*) for almost
all z € X and [y [|f%||72 dm(z) < [|f[|32. For f € L*(G* x X,v* x m) set

flgta) ) S | 1eh ) dv ().

Then fis in fact the orthogonal projection of f on the space of square-integrable
functions on G* x X that are functions of = only. We let

H =L*G* x X,v* xm),
Ho{fEH: fd(l/*xm)O},
G*xX
Hoay ={f €H: f =0}
Given ¢ € C(X,G), define a unitary operator U,+ on H by setting
Up-f=foTp = fol,on.
Furthermore, let
Wi o = Til Ug-.
We will then prove the following. -

THEOREM 2.3. Let (X, T, m) be a discrete dynamical system and G be a com-
pact metric group. Suppose that

(a) (X,T,m) is ergodic and aperiodic, and
(b) (G,0) is admissible.

Then the set
1
Corg,av(X,G) = {go € C(X,G): lim EWn#,*f =0 forall f € HO,av}a

is a residual subset of C(X,G).

PrROOF OF THEOREM 1.3. The assumptions of Theorem 1.3 allow us to
apply Theorem 2.3. Let ¢ € Cergav(X, G). If f € Hy, then f def f—Ff€Hoav
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Hence (1/n)WnW*fH 0 as n — oo0. Let h(x) Lef (f*), then [y h(z)dm(x) = 0.
Since T is ergodic,

n—1
1

1 def 1
—W,h = — hoT"— 0.
AW S LY e

Observe that W,h = Wn,wf. Therefore
1
n
Since this is true for all f € Hy, it follows that (G* x X, T,,»,v* x m) is ergodic.

Thus Proposition 2.2 shows that Cerg av(X,G) € Cerg(X, G) and consequently
Cerg(X, G) is residual. O

1 ~ ~
Wi oo f = E(Wn#,*f +Whe+f) =0 asn— oo.

3. Proof of Theorem 2.3

Given f € Hpav, € > 0 and @ € N, define a set E(f,e,n) as follows:
1
B(7.m) = { € CLX.G): 2| Wap Sl <

for some n € N such that n > n}

LEMMA 3.1. Let ¢ € C(X,G), and let F be a dense subset of Hoay. If
pe E(f,(1/n),n) forall fe F,ne N, neN, then ¢ € Cergav(X,G).

ProOF. Fixan f€F. By the L? ergodic theorem, the sequence (1/n)W,, .- f
converges in H as n — oo to some f* € H. Since ¢ € E(f,(1/n),7) for all
n,m € N, f* must be the zero function. So (1/n)W, ,-f — 0 for every f € F.
Since F is dense in Ho.av, and |(1/n)W, e-|| < 1 for all n, it follows that
(1/n)Wy o« f — 0 as n — oo for all f € Hp av, 50 ¢ € Corg,av(X, G). O

In view of Lemma 3.1, Theorem 1.3 will follow from the Baire category
theorem — together with the facts that
(a) C(X,@) is a complete metric space, because G is a compact metric
group,
(b) C(G* x X)NHo,ay is dense Ho av, and
(¢) C(G* x X) is separable,
if we prove following lemma.

LEMMA 3.2. Let f € C(G* x X) NHo,av. Then E(f,(1/n),7) is open and
dense in C(X, Q).

The openness of the set E(f,e,7) is easily checked and we shall establish its
density. The proof of density involves a series of constructions begining with an
application of the following general result about approximating the integral of a
function over a compact group by average of its translates. For the proof of next
lemma we refer to Proposition 6.1 of [7].
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LEMMA 3.3. Let G be a compact metric group. If K C C(X,G) is compact

and 1 > 0, then there exists a positive integer P, and members vy1,... ,vp of G,
such that
1 E
H<h> -5 ZT%h B <n forall hek,

where (Tyh)(x) = h(gx) is the isometry on C(G) generated by the left translation
on the group.

Density of E(f,e,7). So we turn to the proof of the density of E(f,e,7).
First, a word about notation. For this purpose, we fix the following objects:
(a) an f € C(G* x X)NHo.av;
(b) ap e C(X,G);
(c) a positive number ¢;
(d) U-a symmetric neighbourhood of e-the identity of G;
(e) a positive integer 7.

In a series of steps we shall construct a function ¢ € E(f,e, ) such that
P(x)p(x)~t € U for all z € X. While going through these steps, for clarity, the
reader may also refer to the outline of the procedure summarized at the end of
the paper.

Step 1. For the given ¢ and ¢, let § be as in Property B and without loss of

generality we shall assume that Bs def {9 €G:d(g,eq) <} CU. Set

V(p,U) = {¢ € C(X,G) : y(x)p(x)"t € U for all z € X}.

We shall construct a map ¥ € V(p,U)NE(f,e,7) which shows that the later set
is non-empty. It follows that F(f,e,7) is dense in C(X, G), concluding our proof.
Before starting with the construction of ¥, we introduce some more notation and
make a few observations.

For ¢ € C(X,G), the iterates of T, are given by

T f(g,2) = fe(x, )0’ (9), T'2),

where by the abuse of notation we use the same letter ¢ to denote the map (i.e.
the cocycle): X x Z — G generated by . Note that,

(3.1 w(z.g) =o(p(T ) - o (p(T72x)) ... - o' (p(x))  for j >0,
and we let ¢(z,0) = e. Note that ¢ satisfies the following “o-cocycle identity”
(3.2) olx,m+n) =@(T"z,n)o"[p(x,m)], m,neN.

Note that identities (3.1) and (3.2) remain valid when ¢ and o are replaced by
@* and o*, respectively.



200 M. NERURKAR
For h € C(G*) and g* € G* define functions 7+ (h) and 7,-(h) by setting

(Tg=h)y™ =h(g"y"),
(Zo-h)(y*) = h(o™(y")) y" €G".

As before 7, is an isometry on C(G*) and since ¢* is equicontinuous on G*,
without loss of generality we can assume that 7,+ is an isometry as well. Now
we continue with the construction of a map ¥ € V(p,U) N E(f,e,7) in a series
of steps.

Step 2. Let K to be the closed convex hull (in C(G*)) of the set of all
functions given by

{TE (T ) 1 g* € G*, i e NU{0}, x € X}.

(We recall that f*(h*) = f(h*,z).) Since o* is equicontinuous on G*, K is a
compact, convex subset of C(G*). Moreover, K is invariant under 7,- and 7
for all g* € G*, furthermore (h) = [. hdv* =0 for every h € K.

Next, we fix a finite subset Ky of K such that every h € K satisfies the
following inequality

€
1h = hollsup < 74
for some hg € Kg. We let & be the cardinality of Ky. We let
5
3.3 = —.
(3.3) b=c=

Next, let §; > 0 be such that
(34) ifg1*,92" € G* and d(¢17, g2") < 01,
then |H(¢1*) — H(g2")| < g, for all H € K.

Step 8. Now applying Lemma 3.3 to the group G*, with K as above and with
n = 0, we get a positive integer P and 11*,... ,vp* € G* such that

P
1

(3.5) ‘P > T,.h| <p forallheKk.

r=1 sup

Step 4. For the given neighbourhood U of e, using Property A, we get a

positive integer x such that for any s right translates Uy,... ,Usx—1 of U we
have,
(3.6) o0(Us1)0?(Uy_2)...0"(Up) = G.

Step 5. Next, we want to apply Rokhlin’s lemma to get a Rokhlin stack of
height N. We want to have this N large and of the form N = (k + p)A, where
K is as in the previous step and g and A\ are chosen as follows. Recall that we
need to produce a positive integer n, (n > 7) so that the function ¢ that we
are going to construct satisfies ||W,, ¢+ f|l2/n < €, (where ¢* = 7w o). This n
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will be of the form n = (k 4 u)p, where p is another large positive integer (but
much smaller than A) to be chosen. Now we describe how (and in what order)
the choice of these integers is made.

First select p so that

(3.7) |[f]lsup < £ and PE||f|lsup <&
’ p 16 p -8
Next, select A so that
2
P2 ¢
(38) XHstup = @7

Finally choose u so that

K[| f]]sup

(3.9) n =

and
(3.10) d(o* "t (g*),g%) < 61, forall g¢* € G* and all i € {1,... A},

where 07 is as in Step 2 (see equation (3.4)). By the equicontinuity of o* such
choice of pu is possible. Let
N = (k+ p)A.
Step 6. For this N, Using Rokhlin’s lemma, pick a Borel subset E of X with
the property that the sets E, TE, . ,TN_1E are pairwise disjoint, and

m(EUTEU...UTN"'E) > 1 — ¢,

where ¢ is a positive constant such that

2

2 e
(311) cl||f||sup < 674

Next, we need to partition each E into “small pieces” (see Step 10). The

next three steps describe how fine this partition must be.
Step 7. Using uniformly continuity of f on G* x X, choose
(a) a positive number ¢y such that |f(g*,y) — f(g*,2)] < ¢/8 whenever
g €G* y,z€ X, and d(y, z) < cq,
(b) aneighbourhood V' of the identity e* of G* such that | f(¢g*, ) — f(h*, x)|
< &/8 whenever g*, h* € G*, x € X, and g*(h*)"t € V.
Step 8. Let ®V be the subset of C(X, ) consisting of all functions 7: X — G
of the form

(3.12)  n(z) =g, o(@(T"x)) - gro1 - > (@(T" " 2)) - -+ - 0" (@()) - go,

as r ranges over {0,... ,N — 1} and (go, ... ,gr) ranges over the set of all r + 1-
tuples of members of G. Then ®% is compact, because the right-hand side of
(3.12), regarded as a function of x, depends continuously on the r + 1-tuple
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(90,--- ,gr), which takes values in the compact space G"™!. It follows that
the family ®V is equicontinuous, so corresponding to the neighborhood V of
e* chosen in Step 7, there exists a constant w(N,V) with the property that
7(n(y)n(z)~1) € V whenever n € ®V, y, 2 € X, and d(y, z) < w(N, V).

Step 9. Write J = {0,... , N —1}. Using the continuity of maps 77, (j € J),
pick a positive c3 such that

(a) d(T7y,T72) < cg whenever d(y,z) < cz and j € J,

(b) ¢z <w(N,V).

Step 10. We partition X into finitely many Borel-measurable sets X1, ..., Xg
of diameter less than c3, and let El =En X, fori =1,...,s. Write [ =
{1,...,s}. Using the fact that m is regular, pick compact sets F; such that
E; C E; and m(E; \ E;) < (¢c1/sN). Write Ej; = T/E; fori € 1, j € J (so
Eio = E;). Then the sets E;; are pairwise disjoint, and

m(U U E3> >1-2¢.

i€l jeJ

We discard any E;’s that have measure zero, so m(E;;) >0 forallie I, je J.
Step 11. We pick points x; € E; for each i € I, and then let z; ; = Tiz;, so
255 € Eyj.
Step 12. Now we are going to define the map 1 belonging to V(¢,U). For
this purpose, we begin by dividing the integer interval J = [0,2,... , N — 1] into
A blocks Ji, ... ,Jy of length k + i, given by

(313) Jr={(l—-1)(k+p),l—1)(k+p) +1,... ,0k+p)—1} forlelL,

where L = {1,...,A}. We then split each block J; into two blocks J}, JZ, of
lengths k and p, by letting

Jr={l-D)(k+p),l—D)(k+p) +1,... s+ (£—1)u—1},
JP={tk+ (- Dp, b+ —Dp+1,... £(k+p)—1}.

The map ¢ will satisfy

(3.14) Y(xig) = @(wiy) i j e Jz,
(3.15) U(xij) = gijelxiy) if j e,

where the g;; are members of U whose choice will be described later. By Property
B there exists a continuous map 6: X — U such that 6(z; ;) = g;; for j € J} and
0(z; ;) = e for j € J?. If we then define ¢ (x) = 0(z)p(x), then 1 satisfies (3.14)
and (3.15) and furthermore ¥ € V(p, U).
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Estimating (1/n)||W,, 4« f||z,. Now we are now going to estimate the norm
[|Wi = || L, where n is chosen as in (3.9). We let

N—-n—1 s

A= U UE”
j=0 =1

Since m(U;V:_]\Ln Ui, Bij) < (n/N) = (p/A), (because m(J;_; Ei;) < (1/N)

for each j), the set A satisfies

m(A) > 1 - 2¢; —g.

Outside G* x A, the function (1/n)W,, 4« f is bounded pointwise by || f|lsup, SO
using (3.11) and the estimate on m(A) obtained above, we have

B16) [ W S (0 < 1R (20 5) < 2

. — Wy < su 1+5) S =
Grx(x\A) T v P A 64

If (g%, 2) € G* x A, then there exists unique ¢ € I, j € J, such that j < N—n—1

and x € E;;. Write

n—1

(3.17) Wiy f(g") & Wage F(g" 20) = Y F* (@i, k)0 (g7), Th ey ).
k=0

Since both x and x; ; belong to E;;, the distance d(x, xi,j) is not larger than cs.
Then d(T*z, T*x; ;) < cp for all 0 < k < n — 1. Therefore (by (b) of Steps 7
and 9),

(3.18) |f(* (2, k)R, TRx) — (" (a2, k)h*, Tra, 5)| < g,

forall 0 < k < n—1and h* € G*. Now notice that for each 0 < k < n,
the function  — (z, k) restricted to set A “belongs to ®V” (i.e. equals the
restriction to A of some member of ®). Since c3 < w(N, V), we conclude that

m((x, k)h(P(@i 5, k)R) 1) = * (2, k)¢* (25, k) €V,
forallz € A, h € G and 0 < k <n — 1. Therefore

(3.19) |f@" (2, kW™ TRa; 5) — f(0* (i, kYA, TF s 5)| <

| ™

By taking h* = ¢*¥(¢*), and using (3.18) and (3.19) we have:
(3200 Wiy f(g") = Wawe fg%, )] <

Now fix an ¢ € I and j € J such that j < N —n — 1. Then for each
ke{0,...,n—1}, Tk:ci,j = Zij+k € Eij+r. As k varies from 0 to n — 1, the
index j + k takes all values in the integer interval 'y (5) = {j,... ,j +n — 1},
which is a subset of J = {0,... ,N — 1} because j < N —n — 1. We can then
write T',,(j) = TS (j) UTS (5), where the “central” part T'¢(j) is a disjoint union

whenever g* € G*,z € Ej;.

=] m
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of intervals Jy (see (3.13)) with £ such that J, C T',,(j), and the “bad” (or the
“end”) part I'® (j) which has at most 2(x + 1) members. Thus,

Wn,w*;i,jf(g*) = Wﬁ,w*;i,jf(g*) + Wr?.,d;*;i,jf(g*)v
where W¢

g f(g7) and Wb’w* .i.;f(g") are the contributions to the right-hand
side of (3.17) by the terms for which k+j € T'¢(j) and k+j € T'% (5), respectively.
Thus,

g f 0 = D fW (i, k)o” "(97), i jr)-
k+j€ers (5)

W’Z;?w*?ivjf(g*) = Z fW* (i 5, k)o" (g*)axi,j—i-k)-

k+3€T% (5)
Since I'? (j) has at most 2(k + ) indices, we get the bound
2+ 10l _ 20l
n p
Now let us analyze the term W .., . f(g%). Let A, (j) ={¢ € J, CT',(j)}, then
We i Fla) = > > F@ (@ig k)™ (g"), i 1k)-

e, (§) k+iede

(3.21) \ W s f(gh)] <

This expression allows us to write W ey f(g*) as a sum of contributions from
ni/)*zj[f( ) (KGA (])), defined by

the individual terms W¢
Wi peiigief (07 = D F@ @iy, k)0 (97) wi k)
k+j€Je

—Zf (zij,u—j)o (U7j)(g*),$i,u).

ueJy

Let Jo={ag,ar+1,... ,ap+x+u—1}. Rewriting the summation with u=a,+v
and using the cocycle identity (3.2) we get

Kt+p—1
Wy RUSIVE oS (g Z f@* (i v+ ar—j)o (UJrarj)(g*)a Ti,ap+v)
rt+p—1
- Z f xl ags U UW’ (zmvaé ])] +(vtae J)(g ) xi,az-&-v)
rt+p—1

= Z F@* @0 0)0™ [0 (@15, a0 =)0 T (g7)], @0, 0)-
We now split the above sum once more, by separating out the first x terms from
the remaining p ones. We get

Wﬁ,w*;i,j;lf(g*) =W, 1/1* i, of(g) + 77j;ef(g*)7
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where

Wi g g (9" Z FO* @isap )0 [0 (@i 5, a0 =)0 g, Tiart0),

WC:Z* . j;zf(g*>

p—1
—Zf (Tisaps ki + W) T (@ 5, a0 = 10T (0], @i ) -

Clearly, each function W ., ., f is pointwise bounded by | f||sup. More-
over, it is clear that the number of members of A, (j) is at most p. Therefore

S Wb ()| < 20 e S Ny,

(3.22) S
" e, (4) K Rt p

We now turn to the crucial estimate, namely, the bound for the functions

WC;* i jof- Recall that z; ; = T7z; then the cocycle identity (3.2) yields

(i, ag)o* D [ (4, )7V

Now, consider the expression for W,/ et i f, using the cocycle identity we obtain

¥ (24,5, a0 — )

V(a0 6+ W) T (@45, a0 — §)o* T ()]
=" (Ti,ap s W) [ (@0, )]0 T [ (@1, a0 — ) ()
=" (@0 ) (Y (1,0, ) [ (1.5, a0 — )]0 T (g))
=" (Tiaptrs W)™ (V" (Ti,0,, K)T"

[ (@i, ag) o™ (0 (24, 7)) "o ) (g4))

=" (@0t w0 (0™ T (% (24,9)) 1 g")),

where

oi = V" (Tiap, K)o [" (24, a0)].
It is at this point that we will describe the choice of g;;’s. For this purpose, we will
want to assign to each index ¢ € L and each ¢ € I an integer r(¢,%) € {1,..., P}.
We let F; ¢ be the function on G* defined by

15

Fi’f(g*) = - Z f(W (wi,aﬁLm w)o*w(g*)7 mi,aerHer)‘

K w=0
Our first observation is that the functions F; ; do not depend on 7 at all, i.e. on
the choice of g;;’s, in fact

1h

Fial(g*) = ; Z f(‘p*(xi,ar‘rmw)a*w(g*)vxi7az+'€+w)'

w=0
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Next, observe that

Wb (97) = uFo(Eeio™ " (24, 5) 7 ).

Clearly, each F;, is a convex combination of elements of the set
(7). 0Ty ) f*: 9" € G*, i e NU{0}, = € X}.

Hence F;; belong to K. So for each i, £ we can choose H;, € Ky such that
|Fi e — Hirllsup < (¢/8). We fix one such choice from now on.

For each ¢ € I, H € Ky, let A(i, H) be the set of those indices ¢ € L such
that H; , = H. Enumerate the members of A(i, H), from left to right, so

A(i, H) ={oim1,- % HAGH)

with a; g1 < ;e <...<a;gaum)- Then for each i € I, £ € L, there exists
a unique k = k(i,£) € {1,... ,A(i, H; ¢)} such that £ = o, g, , k. We then define
r(i,£) to be the remainder of k(i,¢) modulo P, so k(i,¢) = E(i,E)P + (i, 4),
where k(i, £) and (i, £) are nonnegative integers and 0 < r(i, ) < P.

We now define the g;; for i € I, j € J. As explained above, we let g;; = e if
j €U, J? We then define the family {gij}iej,jejel for each j € J}, inductively
with respect to £.

Fix an ¢, and assume that the g;; have already been chosen for j € J}, for all
¢" such that ¢/ < ¢, but not yet for j € J}. Then the g;; are in fact determined
for all j such that j < a,. For any ¢ € I, we have

w*(fi,a“/‘é) : U*HW*(%‘, az)]
= 0" [V (@i tn )]0 [ (Tiagan—2)] - 0[P (@00 [ (0, a0)]

2 k
=09 aprn—1 - Za—al - 077(G5 “lia, 207,

Giap+k—2" 22—2] et O
where 2z, = ©(2;,4,+%) for 0 < k < k, 20 = ¢(T4,0,) - Y (x;,ar), (and recall that
z* =m(z), ¥* =pom). Note that z, is determined, because the g;; have already
been selected for j < a;. Now (3.6) guarantees that o[Uz,_1] - 0?[Uzx_2] -
0"[Uz] = G. Since the map m:G — G* = G/Geq is onto, we can choose
9i0s - - - » Gi,x—1 such that

Y (Ti,a, ) 0 [ (0, a0)] = Ve,
Then, for any i, 7,

ST OWEh s f @) = S Furia ot T [t (@) L))

LEAL () eeA 16))

=L Z Z f]jy:(ewj)Fi)e(J*(m-&-ae—j)[w*(xi’j)flg*]).

HeKo €AGH)NAL(G)
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Now let,

o %y def * *
n,Y*5i,g (97) = Z Z TY:(Z,i)H(O— “ (97))-
HEKo LeA(i, H)NA (5)
Now fix a g* € G* and set t7; = oD [* (2, ) g*]. Since ||Hip — F tllsup <
€/16 whenever ¢ € A(i, H), we have the bound

7 * e+ * pE
‘Wn,w*;i,j(tij)— > W9 < e

Len,(j)

using the fact that A, (j) has at most p members. Observing that (up/n) <1,
we get

(3.23) %

wesid ) = Y Wi 50 (97)
e, (5)

g
< )
16

because n = (k + p)p.

We now turn to the final task of estimating W ¢

i - First, notice that when

o = I-the identity automorphism, we have

W,

g G =Y > T, HY.

HeKo LeA(i,H)NA, (5)

Let us also write
(3.24)
o sy def *Qp  k
i (97) = > Ty, H(0™g") and
CEA(i,H)NAL ()
(3.25)
«\ def *
Wi i (97) = > Iy, H(g")-
LeA(L,H)NAL ()

Then we have

(3.26) g,w*;i,j(g*) =/ Z Wg,w*;i,j;H(g*)v
HeKy

(3.27) Wit (97) =10 D Waesigin (97).
HeKo

Since A, (j) has at most p members and a; = ¢(k + p), our choice of k + p in
Step 5 (see (3.10)) gives

|WT‘L7,’L/)*,1,],H(g*) - WT{,’L‘Z)*,l,],H(g*)| < % fOr all g* S G* and H S IC

Since the cardinality of Ky is R, using (3.3) we have

pkpB _ epp

|W7<;7w*§i7j (g*) - Wé,w*’l’](g*)l < ) 8 fOI“ all g* S G*.
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Combining this with (3.23) and recalling that (up/n) <1 yields,

S W f ) = W ()| <

e, (J)

(3.28) 1

<
8’
(recall that ¢}; = o* =D [* (24, 7)"Lg*]). Now we estimate W, e i(g%). Recall

that
Wlw*u g") = Z Z (IY:(LOH)(Q*)'
HeKo Le A(i, H)NAL (5)

Now suppose that A(i, H) N A, (j) has ¢, ; uP + p; jm members, where ¢; ; g
and p; j g are integers such that ¢; j g > 0 and 0 < p; ; g < P. Then the sum of

the first ¢; ; g P terms of the above expression is equal to ¢; j u Er 1T, H(gY),

whose absolute value is bounded by P3¢; ; i, because fG* Hdv* = 0.The sum
of the remaining p; ; y terms is bounded by p; j # || f||sup. Thus

|WI,1Z1 6,9 H ( *)| < Pﬁqi,j,H +pi,j,HHf||sup-
Each number g¢; ; g is bounded by p/P, and p; j g < P. So
(W wesisin (0] < 0B+ Pl fllsup-
Therefore
(3.29) 1w, w*,z,jnsup < ukpB + .UHPHf”sup

If we combine (3.29) and (3.28) we find

> Wl sef@)

ZEAn(J)

1

pEpB ;mP
< 1 llsup>

4
s

sup

We now use (3.22) and get

Z w 36,554

EGAH(])

kIl f RpfB wrP
< Wloww & 1EOD ( BRP, gy,

| wmﬁw—" k+p 8 n

sup

Then (3.21) implies

2||f||sup _|_ KHf”sup + E /’Lk\pﬁ IuK:P”fH
sup-

1
n|” g (7)) < p K+ 1 3

Finally, we use (3.20) and get the pointwise estimate

2[1f llsu K| fsu € ,LL,/?Epﬂ ,UKJP
+ ” ” er H ” P+7+ ”ngup’

1
—|Whpe fg", 2)| <
A Why- f(g7,2)] < p ity 8

PR

valid whenever g* € G* and = € A. Note that each term on the right hand side
of above inequality except the first one is less than or equal to £/8 (this follows
from equations (3.3) (3.7), (3.8) and (3.10)). Futhermore n > 7. Thus we have
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shown that depending on the initial given data (i.e. f, &, ¢, U and 7 we have
found n such that

W f(g"5, )] < % whenever g* € G* and z € A.

This, together with (3.16), implies that

49¢2 3e?
W f2dv* <—+(2 — ) <&
/G*XX\ e fI7dv™ xm < ol +(61+64> €

and we conclude that ||W, 4« fl|2 < €. Since n > 7, we have proved that
Y € E(f,e,m). We have already checked that ¢ € E(f,e,n)NV(p,U), concluding
the proof of Lemma 3.2 and subsequently the proof of Theorem 2.3 as well. O

Finally, for the readers convinience we briefly outline the steps taken in
getting a pointwise estimate for Wy, 4« f. First, we remark that the levels of our
Rokhlin tower (of height N and with base |J,.; £;) are grouped into A blocks
Jg, (1 < £ < A). Levels in each A block Jy are further grouped into first k steps
and later p steps, (where N = (k + p)\). After fixing a g* € G* and x € E;; we
begin by:

(a) approximating (pointwise) W, 4« f by the quantity Wy, +.; ; f (see (3.17)
and (3.20)).

(b) Contribution to each Wi, y+;,; comes from the “central terms” Wy ., . f
and the “end terms” or the “bad terms” Wf;,w*;i,jf' Since n is much larger than
K + p, the term \Wg’w*;mﬂ/n is small (see (3.21)).

(¢) Next, we write W 4+, as a sum of contributions from the individual
terms We .o f, (0 € Ap(j)) and each sum W .. ., f(g") is then further split
as a sum of terms W ., ., f(g*) and W£:$*;i7j;zf(g*) corresponding to the first
K terms and the remaining p ones, respectively. Since k is small compared to n,
(W e e f (97)|/m is small, (see (3.22)).

(d) For each i, £ we think of Wi:i*;i,j;zf as a function on G*, namely pFjy. For
each i, £, we approximate each Fyy by H;y € Ky. Then the sum of Wﬁ::lf*;i’j;gf(g*),
as { varies over A, (j), can be approximated by the quantity W, .. ; - (see (3.23)).
Next, W7 .., ; itself is a sum of terms W7 .. 5 as H varies over Ko (see

(3.26)-(3.27)). Now the term W7 ., . 5 involves sum of the translates 7y« H of
H = H, 4, for each H in Ky, (see (3.24)). (Here we remark that the functions Fj,’s
and hence H;,’s themselves do not depend on the choice of g;;’s, their translates
involve g;;’s.) Our choice of the g;;’s was such that the average (over P terms) of
these translates of H’s in I, has small supremum norm, uniformly for H € K
(see (3.5)). Since P is much smaller than n we can make ||W,, y- f||£2/n as small
as we desire.

(e) The only problem left now is that the sum W7 ., .
of H € Ky at 0**(g*) rather an at g*. But again the equicontinuity of ¢* has

p involves translates
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allowed us to choose a;’s in such a way (see (3.10)) that W7 .., .. ;;(g%) is close
to Wéﬂ/)*;i,j;H(g*)'
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