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ON VECTOR FIELDS HAVING PROPERTIES OF REEB FIELDS

Bogus law Hajduk — Rafa l Walczak

Abstract. We study constructions of vector fields with properties which

are characteristic to Reeb vector fields of contact forms. In particular, we
prove that all closed oriented odd-dimensional manifold have geodesible

vector fields.

1. Introduction

One of the major open questions in contact topology can be formulated as
follows.

Conjecture 1.1. Does any closed, oriented, odd-dimensional smooth man-
ifold M having a non-degenerate two-form admit a contact form?

Here non-degeneracy means that the rank of the form is maximal at each
point, hence it is 2n if dim M = 2n + 1. A non-degenerate two form ω exists
if and only if the structure group of the tangent bundle TM has a reduction to
the group U(n) ⊂ SO(2n + 1). The kernel of such a form is a 1-dimensional
subbundle R of TM , hence it gives a 1-dimensional foliation R of M . Properties
of Reeb fields are studied intensively in contact topology and some sophisticated
analytical techniques are used for this purpose, as for instance symplectic field
theory (SFT) or contact homology. In the present note we deal with properties
of Reeb foliations which can be detected by topological methods. The general
question, which is our motivation, is the following: given a structure on M which
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arises in the presence of a contact form on M , find constructive methods to build
such a structure, at least on some classes of manifolds.

In the paper we consider the following two properties which are satisfied by
the Reeb foliation R of any contact form:

Property A. R admits a connection (equivalently, it is geodesible).

Property B. The basic cohomology class of exterior derivative of a con-
nection on R is non-zero.

In the next section we show that in fact these properties are valid for Reeb
fields (hence for foliations they define) of contact forms. Our main result is that
on any closed oriented odd-dimensional manifold M a vector field having both
properties can be constructed starting from an open book decomposition of M.

Dennis Sullivan [13] found obstructions for a foliation to have Property A.
However, Herman Gluck announced [7] that any closed manifold of odd dimen-
sion admits a foliation with Property A, but according to our knowledge, the
proof was never published. In this paper, we give a simple proof of this hypoth-
esis, based on existence of open book decompositions, cf. Theorem 3.4.

We give also an example showing that a presymplectic form (i.e. non-dege-
nerate and closed) does not need to satisfy neither A nor B.

2. Properties of Reeb vector fields

Throughout this paper we assume all manifolds to be smooth, closed and
oriented. Non-zero vector fields are denoted by V,R, . . . , and the 1-dimensional
foliations generated by the fields will be denoted by the corresponding Gothic
letter V,R, . . . The contraction of a form η with a vector field V will be denoted
by ιV η.

A contact form on M2n+1 is a one-form α such that α ∧ (dα)n > 0. With
every contact form we associate a vector field called its Reeb field R. It is uniquely
defined by two conditions α(R) = 1 and ιRdα = 0. The condition that defines
a contact form implies that dα is non-degenerate (i.e. it has rank 2n).

A closed 2-form ω such that ω is non-degenerate is called presymplectic. In
this case we have the Reeb foliation R of ω defined by ιRω = 0. The 2n-form ωn

defines an orientation on any subbundle transverse to R, hence R has non-zero
sections (non-vanishing vector fields tangent to R). All such fields will be called
Reeb fields. By definition, ιRω = 0.

By [9], any non-degenerate two-form can be deformed to a presymplectic
form. Thus Conjecture 1.1 is equivalent to a problem if any presymplectic man-
ifold is contact. So it might be a reasonable strategy to look for a presymplectic
form such that its Reeb foliation has properties of contact forms. We consider
this note as a step in this direction.
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The following theorem gives a property which is shared by all Reeb vector
fields of contact forms. Before stating the theorem, let us recall the notion of
basic cohomology.

Let M be a closed manifold equipped with a foliation F. Consider a cochain
complex (Cn, dn) where Cn is the set of n-forms on M such that

ιY α = 0 and ιY dα = 0

for any vector Y tangent to F and dn is the usual exterior derivative. Then
by n-th basic cohomology group of (M,F) we mean the group Hn

b (M,F) =
ker dn/im dn−1.

Theorem 2.1. Assume that λ is a contact form on a closed manifold M with
its Reeb field R. Then the basic cohomology class [dλ] ∈ H2

b (M,R) is non-zero.

Proof. By the definition of Reeb field, λ(R) ≡ 1. Assume that [dλ]b = 0,
so that there exists α such that α(R) = 0 and dα = dλ. Thus φ0 = α − λ

is closed and equal to 1 on R. By [14], it yields existence of a closed form φ

which is C1-close to φ0 and such that kerφ is integrable with compact leaves.
On each leaf dλ restricts to a symplectic form, so we get a contradiction, since
the cohomology class of a symplectic form on a closed manifold is non-zero. �

Theorem 2.1 is no longer true for presymplectic forms. In fact, one can
have H2

b (M,F) = 0 for a Reeb foliation of a presymplectic form. Consider the
following example studied by Carrière in [4].

Example 2.2. Let T 3
A denote the T 2-bundle over the circle whose mon-

odromy is given by matrix A ∈ SL(2, Z) such that trA > 2,

T 3
A = T 2 × R \ (x, t) ∼ (Ax, t + 1).

Then both eigenvalues λ, 1/λ of A are real and irrational. Let µ1, µ2 be corre-
sponding eigenvectors. Define 1-forms v1, v2 on T 2 by v1(µ1) = 1, v1(µ2) = 0
and v2(µ1) = 0, v2(µ2) = 1. Extend v1, v2 to T 2 × R by setting

α1 = λtv1, α2 =
1
λt

v2.

Now the forms α1, α2 are also well defined on T 3
A. By direct calculation, dα1 =

ln(λ)dt ∧ α1 and dα2 = − ln(λ)dt ∧ α2. Thus dα1 is a presymplectic form on
T 3

A with associated Reeb field R = µ2 (and dα2 is presymplectic with the Reeb
field µ1). Furthermore, α1(µ2) = 0, hence by definition [dα1] = 0 in H2

b (T 3
A,R).

Carrière also shows that the group H2
b (T 3

A,R) vanishes.

Consider now Property A. Let V be a 1-dimensional foliation on M .
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Definition 2.3. A 1-form η is a connection on V if ιV dη = 0 and η(V ) ≡ 1
for a vector field V tangent to V.

The corresponding notion for vector fields is the following.

Definition 2.4. Let V be a nowhere vanishing vector field on a manifold M .
We say that a 1-form η is a connection form on V if ιV dη = 0 and η(V ) ≡ 1.

Thus a 1-dimensional foliation has a connection if a vector field tangent to
the foliation has one. Note that any connection form on V is V -invariant, since
LV η = ιV dη + dιV η = 0. If V generates a (locally) free circle action, then
what we have defined becomes the standard notion of a connection of a principal
bundle.

As we mentioned earlier, Dennis Sullivan [13] found obstructions for a non-
vanishing vector field V to have a connection form. Those are certain currents
on M that can be arbitrarily well approximated by the boundary of a two-chain
tangent to V .

Vector fields described in Example 2.2 have no connection forms. To show
this, we will use the following observation.

Lemma 2.5. If dφ is a presymplectic form on a manifold M , R is the Reeb
field of dφ such that φ(R) ≥ 0 and η is a connection form for R, then β =
Kφ + η is a contact form provided that K is large enough. Its Reeb vector field
is (Kφ(R) + 1)−1R.

Proof. To prove that β is contact, it is enough to show that d(Kφ + η) =
Kdφ + dη is non-degenerated on a subbundle R⊥ transverse to R and that
(Kφ + η)(R) > 0. Since the second property is obvious, we only show the first.
Non-degeneracy is an open condition, thus dφ + 1

K dη is non-degenerated if K is
large enough. By assumptions, ιR(Kdφ + dη) = 0, so R is the Reeb field of dβ.
Finally, β(R) ≥ η(R) > 0. �

Lemma 2.5 implies that if the vector field R described in Example 2.2 had
a connection form, then R would be the Reeb field of a contact form and by
Theorem 2.1 the basic cohomology class would be non-zero. This is not possible,
as H2

b (T 3
A,R) is trivial. This contradicts also the Taubes theorem about exis-

tence of closed orbits of a contact Reeb field (the Weinstein conjecture) since
trajectories of R are irrational lines in T 2.

Sullivan proved also that a vector field V admits a connection if and only if
it is geodesible, i.e. there exists a Riemannian metric g that makes the orbits of
V geodesics. For the proof that every closed, oriented odd-dimensional manifold
has such field we will use open book decompositions.

Definition 2.6. An open book decomposition of M is given by

(a) a codimension two submanifold B ⊂ M ,
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(b) a fibration π:M \B → S1 with fibre P ,
(c) a tubular neighborhood U of B diffeomorphic to B ×D2

such that the monodromy of the fibration π is equal to the identity in P ∩U and
π|U can be identified with the standard projection B × (D2 \ {0}) → S1.

The submanifold B is called the binding and the closure of P is the page.
The existence of an open book decomposition for an odd-dimensional closed

and oriented manifold was proved by Frank Quinn [11]. See also the discussion
in Chapter 29 and in Appendix of [12].

3. Existence of vector fields with Properties A and B

By the preceding section, any Reeb field V of a contact form has Properties
A and B. In this section we prove that vector fields having both properties exist
on every closed oriented odd-dimensional manifold.

Theorem 3.1. Any closed oriented odd-dimensional manifold M2n+1 admits
a vector field with connection (hence a geodesible vector field).

The proof is based on the following lemma.

Lemma 3.2. Consider an open book decomposition of a closed manifold N .
Then any vector field with connection on the binding extends to a vector field
with connection on N .

Proof. By assumptions, we have a vector field XB on B tangent to B

together with a connection form α for XB . The mapping π:B× (D2 \{0}) → S1

can be given in polar coordinates by π(b, (r, ϕ)) = ϕ, hence we set a connection
form π∗dϕ for the vector field ∂

∂ϕ on the boundary of B × D2. This pair can
easily be extended to N \ (B×D2) by taking any lift of ∂

∂ϕ that coincides on the
boundary ∂(B×D2) with ∂

∂ϕ , while the connection form for ∂
∂ϕ on N \ (B×D2)

remains the same and is equal to π∗ dϕ. The proof is completed by showing
that for suitably chosen functions f, g: [0; 1] → [0; 1] (f, g = 0 for r ∈ [0; ε) and
f, g = 1 for r ∈ (1− ε; 1]) the form

η = f(r) dϕ + (1− f(r))α

is a connection form for

V = g(r)
∂

∂ϕ
+ (1− g(r))XB .

We have
η(X) = f(r)g(r) + (1− f(r))(1− g(r)) > 0,

and, furthermore,

dη = f ′(r) dr dϕ− f ′(r) dr ∧ α + (1− f(r)) dα,
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hence

ιV dη = (−f ′(r)g(r) + f ′(r)(1− g(r))) dr = f ′(r)(1− 2g(r)) dr.

Condition f ′(r)(1−2g(r)) = 0 implies that if g(r) = 1
2 on some interval I ⊂ [0; 1],

then f ′(r) on I can be chosen arbitrarily. Such functions, together with boundary
conditions, are easy to construct. �

Proof of Theorem 3.1. The proof is by induction on n. For n = 1 this
follows from the fact that every closed oriented 3-manifold is contact (c.f. [15],
[8]), and it is trivial for n = 0. In general, M has an open book decomposition
(see [11]) and we apply Lemma 3.2 to complete the proof. �

Now we deal with Property B. The following lemma will be useful for recog-
nizing whether, for a connection form η on a vector field V , the class [dη]b ∈
H2

b (M,V) is non-zero.

Lemma 3.3. Let η be a connection form for a vector field V . If V has
a closed orbit γ which is homologically trivial and

∫
γ

η 6= 0, then [dη]b 6= 0. The
same is true if there are two closed orbits γ, γ′ of V field representing the same
homology class and

∫
γ

η 6=
∫

γ′ η.

Proof. If [dη]b =0, then we have 1-form φ such that dφ=dη and φ(R)=0.
Consequently, η − φ is closed and

∫
γ
(η − φ) 6= 0, contrary to homological trivi-

ality of γ. This argument works also for two closed orbits with different values
of

∫
γ

η. �

Theorem 3.4. Every closed oriented odd-dimensional manifold M2n−1 has
a geodesible vector field V with such a connection form η that [dη]b 6= 0 in
H2

b (M,V).

Proof. By Theorem 3.1, it is sufficient to prove that for a vector field V

constructed in Theorem 3.1 we can choose η such that [dη]b 6= 0. Observe that
near the boundary ∂(B×D2) we have V = ∂

∂φ , hence it has a contractible closed
orbit γ. The connection form η given by Lemma 3.2 in this subset is dt, hence∫

γ
η 6= 0. Lemma 3.3 completes the proof. �

Remark 3.5. For presymplectic manifolds M2n+1 Theorem 3.4 can be de-
rived directly from [10], where the authors proved that M has an open book
decomposition with presymplectic binding. As in Theorem 3.4, we proceed with
induction on n.

4. Presymplectic confoliation

Assume that a codimension one subbundle ξ on M2n+1 is equal to the kernel
of a 1-form α. If α∧(dα)n≥0, then ξ is called a (positive) confoliation on M . The
form is determined by ξ up to a positive function and is contact if α∧ (dα)n > 0.
A form defining a confoliation will be called confoliation form.
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Example 4.1. Let S1 → M2n+1 → B be a principal S1 fibration and η

an invariant connection such that its curvature defines a symplectic form on B.
Then η is the Boothby–Wang contact form [3]. If we assume only that (dη)n ≥ 0,
then we get a confoliation form.

Of course, any closed nowhere vanishing 1-form α is confoliation form, but
then ξ is integrable and if M is closed, then it fibers over a circle. More exactly,
there is a nowhere vanishing 1-form α′ which is closed, C1-close to α and ξ′ =
ker α is tangent to fibers of the fibration over S1 (see [14]).

Some methods to deform a confoliation form to a contact form were found,
see for example second chapter of [5] for dimension 3 case and [2] for the general
case. Generally, there are two types of obstacles for a confoliation form α to be
contact. First of all the rank of dα can be strictly less then 2n. Even if the rank
of dα is maximal (hence dα is presymplectic), then its Reeb field R might lie in
ker α (thus α ∧ (dα)n = 0) at some points.

Definition 4.2. A 1-form α is a presymplectic confoliation form if α is
a (positive) confoliation form and dα is presymplectic.

Direct calculation shows that conditions defining presymplectic confoliation
form are equivalent to the following properties of α: dα is presymplectic and
α(R) ≥ 0. Under the assumption that the Reeb field admits a connection, one
can deform a presymplectic confoliation form into a contact form by Lemma 2.5.

Proposition 4.3. Assume that α is a presymplectic confoliation form and
the Reeb field of dα has a connection form η. Then for ε small enough the form
α + εη is contact.

Example 4.4. The forms α1, α2 defined in Example 2.2 are presymplectic
confoliation forms, but their Reeb fields have no connections. However, α1 can
be C1-approximated by contact forms. In fact, the form φε = α1+εα2 is contact
for ε > 0 since φε ∧ dφε = 2ε ln(λ)α1 ∧ α2 ∧ dt > 0. Recall that exactly one of
eigenvalues λ, 1

λ of A is greater than 1, thus we must choose suitable αi to have
that φε ∧ dφε is positive; therefore we take α1 from Example 2.2 and perturb it
linearly in the direction of α2.
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