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ROBUSTNESS OF NONUNIFORM
POLYNOMIAL DICHOTOMIES
FOR DIFFERENCE EQUATIONS

Luis BARREIRA — MENG FAN — CLAUDIA VALLS — JIMIN ZHANG

ABSTRACT. For a nonautonomous dynamics with discrete time defined by a
sequence of linear operators in a Banach space, we establish the robustness
of polynomial contractions and of polynomial dichotomies under sufficiently
small linear perturbations. In addition, we consider the general case of
nonuniform polynomial behavior.

1. Introduction

We consider in this paper the robustness problem for difference equations
defined by a sequence of linear operators in a Banach space, or equivalently for
a nonautonomous dynamics with discrete time. In loose terms, the problem asks
whether the behavior of a dichotomy does not change much under sufficiently
small linear perturbations. Our main aim is to show that a relatively weak form
of dichotomy, which we call polynomial dichotomy, persists under sufficiently
small perturbations of the original dynamics. We also consider the general case
of nonuniform polynomial behavior.

The notion of exponential dichotomy, essentially introduced in seminal work
of O. Perron [13], plays a central role in a substantial part of the theory of
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differential equations and dynamical systems, particularly in what concerns the
study of stable and unstable invariant manifolds. Although strictly speaking the
notion is not introduced in [13], together with Hadamard’s work on the geodesic
flow on surfaces of negative curvature, the paper can be considered one of main
original sources for the study of hyperbolicity. In particular, it may be considered
the first source for the study of robustness, via the the notion of admissibility.
Due to the role played by the notion of exponential dichotomy, it is not surprising
that the study of robustness has a long history. In particular, the problem was
discussed by J. Massera and J. Schéffer [9] (see also [10]), W. Coppel [7], and in
the case of Banach spaces by Ju. Dalec’kil and M. Krein [8]. For more recent
works we refer to [2], [6], [11], [15], [16] and the references therein.

In this paper we consider a notion of polynomial dichotomy mimicking a cor-
responding notion of contraction introduced in [4], now with rates of expansion
and contraction varying polynomially instead of exponentially. We note that
it follows from results in that paper that the notion of nonuniform polynomial
dichotomy occurs naturally, in fact being related to the nonvanishing of a certain
Lyapunov exponent. To formulate a rigorous statement we first introduce the
notion of polynomial dichotomy in a particular case.

Let B(X) be the space of bounded linear operators in a Banach space X. For
simplicity of the exposition, we assume that there is a decomposition X = EH F.
Moreover, given a sequence (A, )men C B(X) of invertible operators we assume

that B 0
A, = m
(5 )

with respect to the above decomposition. We say that the sequence (A4,)men
admits a nonuniform polynomial dichotomy if there exist constants a < 0, ¢ > 0
and K > 0 such that

(L.1) [Bm—1---Bull < K(m/n)*n®, m>n,
' |CL. . Col | < K(n/m)*nf, m < n.
We also introduce a natural notion of Lyapunov exponent in the present context.

Namely, the polynomial Lyapunov exponent of a vector v € X (with respect to
the sequence (A, )men) is defined by

log |4, ... A
A(v) = lim sup 08 [12n - - - 2100 147 1] )
n—oo log n
One can easily verify that if the sequence (A,;)men admits a nonuniform poly-
nomial dichotomy, then

(1.2) MEN{0}) <0 and A(F\ {0}) > 0.

On the other hand, it follows from results in [4] that if condition (1.2) holds,
and the Lyapunov exponents of the sequences A,, and (A% )~! are finite for
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nonzero vectors, then the sequence (A;,)men admits a nonuniform polynomial
dichotomy. In a certain sense, this shows that the notion of nonuniform polyno-
mial dichotomy occurs naturally, in the sense that it can be deduced from the
nonvanishing of an appropriate Lyapunov exponent.

We emphasize that we also consider the general case of nonuniform polyno-
mial behavior. Indeed, the constant ¢ in (1.1) may be positive. It turns out that
the classical notion of (uniform) exponential dichotomy is very stringent for the
dynamics and it is of interest to look for more general types of hyperbolic behav-
ior. This is precisely what happens with the notion of nonuniform exponential
behavior. We refer to [1] for a detailed exposition of the theory, which goes back
to the landmark works of V. Oseledets [12] and Pesin [14]. In particular, the
notion of nonuniform hyperbolicity plays an important role in the construction
of stable and unstable invariant manifolds (see [14], [17], [18]). We refer to [1],
[3] for related discussions.

We note that a different notion of nonuniform polynomial dichotomy was
introduced in [5]. It corresponds to replace the terms (m/n)* and (n/m)® in
(1.1), respectively by (1 +m —n)® and (1 4+ n — m)®. However, since

m/n=14+(m—-n)/n<14+m-—n form>n,

and
n/m<l4+n—-m)/m<l4+n—m form<n,

our notion is less restrictive (recall that a < 0). Moreover, as explained above,
the inequalities in (1.1) occur naturally, in the sense that they can be derived
from the nonvanishing of a Lyapunov exponent. To the best of our understanding
the corresponding notion of dichotomy in [5] has no corresponding motivation.

2. Robustness of polynomial contractions

We consider in this section the simpler problem of the robustness of nonuni-
form polynomial contractions, asking whether a nonuniform polynomial contrac-
tion persists under sufficiently small linear perturbations.

Let again B(X) be the space of bounded linear operators in a Banach
space X. Given a sequence (A, )men C B(X), we define

A(m,n) =

Ap_1... A, ifm>n,
id if m=n.

Following [4], the sequence (A,;)men is said to admit a nonuniform polynomial
contraction if there exist constants a < 0, € > 0 and K > 0 such that

(2.1) [ A(m,n)|| < K(m/n)*n®, m >n.



360 L. BARREIRA — M. FAN — C. VALLS — J. ZHANG

We also consider the perturbed dynamics
(2.2) Tm+1 = (Am + Bm)Tm meN,

and we define

. Ay 14+ Bp_1)...(Ay+ B,) ifm>n,
A(m,n):{( 1 1) ( ) ifm>n

id, if m=n.
The following is our robustness result for contractions.

THEOREM 2.1. Assume that (A.,)men admits a nonuniform polynomial con-
traction and that there exist constants n,p > 0 such that ||Bp| < nm™" for
m € N. If p > e+ 1 and n is sufficiently small, then (A, + Bm)men admits
a nonuniform polynomial contraction with

K
— Kn2==¢(p — )

(2.3) A, )]l < < (m/n)n®, m>n,

where C is the zeta function.
PROOF. For each n € N we consider the space
Qo = {A = (A(m,n))mzn : [|A]lo < o0},

with the norm B
-~ A(m,n
[lA]lo := sup IA@m, ]| m>ng.
(m/n)*n=
It is not difficult to verify that 2y is a Banach space. We define an operator T}
in QO by

m—1
(ToA)(m,n) = A(m,n) + > A(m, k + 1) B A(k,n).
k=n
It follows from (2.1) that
m—1
I(ToA)(m,n)|| < [ A@m, )l + Y [AGm, b+ 1] - |1 Byl - || Ak, )|
k=n
m—1 "
< K(m/n)*n® + Kn Y (m/(k+1))*(k + 17k~ (k/n)*n" | Allo
k=n
m—1 .
< K(m/n)*n® + Kn(m/n)*n® Z ECP(k+ 1) Allo
k=n
m—1 _
< K(m/n)*n® + Kn2°~%(m/n)*n® Z kS| Allo,
k=n

and hence

(2.4) IToAllo < K + Kn2°=*¢(p — )| Allo < oo
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This shows that the operator Ty: Qo — g is well-defined. Moreover, for each
A1, Az € Qg and m > n, we have

I(ToAr) (m, n) = (ToAsz) (m,n)|

< 3 1 Alma ke + V) - 1Bell - s (k) — k)]
k=n
< Kn i (m/(k + 1)k + 1)8k_”(k/n)“n8||,11 — ,ZQHO
k=n

m—1
<Knm/naszk+lsakap
k=n

< Kn2°((p — &) (m/n)"ne|| Ay — Az|o,

and hence

|1 ToAr — ToAsllo < Kn2=Clp — &) | Ar — Az|lo-
Provided that 7 is sufficiently small, the operator T} is a contraction. Therefore,
there exists a unique A € Qg such that Ty A = .Z, and one can easily verify that
it is a solution of (2.2). Identity (2.3) follows readily from (2.4). This completes
the proof of the theorem. O

3. Robustness of polynomial dichotomies

We consider in this section the more general case of nonuniform polynomial
dichotomies, and the related robustness problem. In particular, we establish the
continuous dependence with the perturbation of the constants in the notion of
nonuniform polynomial dichotomy.

Given a sequence (A;;)men C B(X) of invertible operators, we define

Apq1... A, ifm>n,
A(m,n) = ¢ id if m = n,
AL ALY ifm <o
We say that the sequence (A, )men admits a nonuniform polynomial dichotomy
if there exist projections P,,: X — X for n € N such that

P A(m,n) = A(m,n)P,, m,n €N,
and there exist constants a < 0 < b, € > 0 and K > 0 such that

[A(m,n) Bof| < K(m/n)*n®,  m >mn,

3.1
oy A, n)Qull < K(n/m)~*n®, m <n,

where @, = id — P, is the complementary projection of P,.
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We also consider the perturbed dynamics (2.2), and we define
(Am-1+ Bm-1)...(An + Byp) if m > n,
A(m,n) ={ id if m =n,
(A + B) (A1 + Byq)™t ifm <,

whenever the inverses are well-defined.

The following is our main robustness result.

THEOREM 3.1. Assume that (A;,)men admits a nonuniform polynomial di-
chotomy and that there exist constants n,p > 0 such that |Bp| < nm~" for
m € N. If

p>2+1, min{—a,b} > e,
and 1 is sufficiently small, then (A, + Bm)men admits a nonuniform polynomial

dichotomy. Namely, there exist projections P, for m € N such that

(3.2) P, A(m,n) = A(m,n)P,, m,n €N,
and
~ ~ 2KK
Il AGm,m)Pa < 2}%(m/n)an2€, m>n,
~ ~ 2K K.
I Atm. m)Qnll < < 2;{(n/m)’bn25, m<n,

where @n =id — ]3n for each n € N, and where

_ K
= 1—2eKn(2=+1)¢(p—¢€)’
(3.3) ~ K
M K= ey
K =2°Kn¢(p - 2¢)(Ky + Ko).

PROOF. We separate the proof into several steps.

Step 1. Construction of bounded solutions of equation (2.2).
For each n € N we consider the spaces

Q1 = {U = U(m,n)msn C B(X) : |U|1 < 0o},
Qy ={V =V(m,n)m<n C B(X) :||[V]l2 < oo},

respectively with the norms

U1 :sup{U(mm)|| tm > n}, 1V l2 :sup{”V(m’n)| :m < n}

(m/n)*ns (n/m)=bns

One can easily verify that ; and € are Banach spaces.
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LEMMA 3.2. For each n € N, equation (2.2) has a unique solution U €
satisfying, for m > n,
m—1
(3.4) U(m,n) = A(m,n)Py + > A(m, k+1)Py1 ByU (k, n)

k=n
o

= > A(m,k +1)Qu1 BrU (k. n).

k=m

PROOF. One can easily verify that any sequence (U(m,n))m,>, satisfying
(3.4) is a solution of equation (2.2). We define an operator 77 in £; by

(ThU)(m,n) = A(m,n)P, + ”f A(m, k + 1)Pyy1BrU(k,n)
k=n
— i A(m, k + 1)Qr+1BrU(k,n).
k=m
It follows from (3.1) that
(3.5) [[A(m,n) Pyl + :Li [A(m, k+ 1) Pyl - | Bill - [U (K, )|

+ > Ak + DQurall - 1Bl - 1U (k)|

k=m
< K(m/n)*n® + Kn( S (m (k + 1) + 1) k2 (k/n)n
k=n

o0

3 (G 1) /m) 1)%P<k/n)an€) TR
k=m

m—1

< K(m/n)*n® + Kn< S (k) (k+ 1) (k+ 1)k
k=n

3 (ke 1) /) e /m)® (k + 1>w> (m/m)n||U s
k=m
< K(m/n)*n® + Kn(mz_: (k+1)s9ko"
k=n

#3054 D) () U
k=m
< K(m/n)*n® +2°Kn(27" + 1)((p — €)(m/n)*n°||U]}
for each m > n. This shows that T1U is well-defined, and that

(3.6) T Uy < K +2°Kn(27" + 1)¢(p — &) [U]lx < oo
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Therefore, we obtain an operator T7: 21 — Q1. Moreover, for each Uy, Us €
and m > n, we have

(T U)(m,n) = (ThUs)(m, |
< > A,k + )Pl - 1Bxll - |Us (k) = Uz (k, n)|

k=n

+ > A,k + 1)Quall - | Bill - U1 (k,n) = Us(k,n)|

k=m
m—1

< Kn< > (m/(k+1))(k + 1)k~ (k/n)*n®

k=n
3 (Ot 1))+ %K) ) [0 Ul
k=m

<2°Km(27% + 1)C(p — ) (m/n)*n®||Uy — Uz||1,
and hence
(3.7) [T Uy — ThUs|ly < 2°Kn(27* + 1)¢(p — €)||Ur — Uz

Provided that 7 is sufficiently small, the operator Tj is a contraction, and there
exists a unique U € €y such that T'U = U. O

LEMMA 3.3. For each n € N, equation (2.2) has a unique solution V € Qg

satisfying, for m <n,

m—1

(3.8) V(m,n) =A(m,n)Qn + Y A(m, k+1)Pe1 BV (k,n)
k=1

n—1

— > Alm,k+ 1) Qi1 BV (k. m).

k=m

PROOF. Again one can easily verify that any sequence (V(m,n))m<n sa-
tisfying (3.8) is a solution of equation (2.2). We define an operator T in s
by

m—1
(ToV)(m,n) = A(m,n)Qn + > A(m, k + 1) Pey1 BV (k,n)
k=1
n—1
= > A(m, k +1)Qu41 BiV (k. n).

k=m
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By (3.1), for each m < n, we have

A, )@ul + 3 1AGm &+ 1) P - |Bell - [V (k)]
k=1
n—1
3 Ak 4 D@ 1Bel - [V ()]
k=m
< Klafm) o + 8 3 (-4 1)+ 1582 k)
k=1

+ ni ((k +1)/m) =" (k + 1)%_’)(”/’6)_"”5) V12

k=m

< K(n/m) ’n® + Kn< 2 (m/(k+1)*(m/k) " (k +1)°k™"
k=1

n—1

3 (G )R+ 1>5w) (n/m)~n| V]2

k=m

m—1
< K(n/m)~ +K77<Z (k+1)°
k=1

n—1

X (4 D) (o) "V
k=m
< K(n/m)~"n® + 2°Kn¢(p — )(n/m)~"n°[|V |2
This shows that ToV is well-defined, and that
(3.9) T2V 2 < K +2°Kn¢(p — )[|V||2 < oo.

Hence, we obtain an operator T5: Q9 — 5. For each Vi, V5 € Q5 and m < n, we
have

(T2V1)(m,n) — (ToVa)(m, n)|

< S lAGm k4 D) Pea |- [Bell - [Va ko) — Valk, )]
k=1
n—1
3 AGn A+ D@ell - 1Bl - [Va (k) — Va(k,n)]|
k=m
< Kn( S (mf (k4 1)°(k + 1)k (n/k)n

+ ) ((k+1)/m)~"(k + 1)%_”(”/%)_"”5) VL = Valls
k=m
<2 KnG(p — €)(n/m)”"nf|[Vi = Vall2,
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and hence,
(3.10) [T2V1 — ToValla < 2°Kn¢(p — &) [|[Vi — Valfo.

For 7 sufficiently small the operator T5 is a contraction, and there exists a unique
V € Q9 such that ToV = V. O

Step 2. Properties of the bounded solutions.
LEMMA 3.4. We have U(m,)U(l,n) = U(m,n) for each m > 1> n.

PrOOF. It follows from (3.4) that

-1
U(m,)U(l,n) =A(m,n)P, + Z A(m, k + 1)Pyy1BrU(k,n)
k=n

m—1
+ ) A(m,k + 1)Pey1 ByU (k, 1)U (1, n)
k=l

- Z A(m, k +1)Qr 1 BrU (k, )U (I, n).
k=m
For a fixed I, writing h(m,l) = U(m,)U(l,n) — U(m,n) for m > [, we obtain
Lih = h, where

m—1 oo
(Ly A(m, k+ 1) Poy1 By H(k 1) — Y A(m, k +1)Qui1 BeH (k,1)
k=l k=m

for each H € Q% and m > [, where Q! is obtained from Q; replacing n by 1. It
follows from (3.5) that L is well-defined. Moreover,

m—1

I(ZaH)(m Dl < Y (| A(m, k + 1) Py BeH (k1)
k=l

+ > A,k + 1)Qp 1 BrH (K, 1))

k=m

m—1

< Kn( > (m/(k+ 1)) (k + 1)k (k/1)"I°
k=l

S (ko 1))tk 1>€w<k/w> Tl
k=m
<2 K2+ 1)¢(p— <) (m /) | ],

that is,
L1 Hlly < 2°Kn(27" +1)¢(p — €)[|H||1 < oo.
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We thus obtain an operator Ly:Q} — Qf. For each Hy, Hy € Q) and m > I, we
have

(Lo Hy)(m, 1) — (Lo Ha)(m, D]

m—1
< I A(m, k + 1) Pyyal - || Bell - [[Hy(k, 1) — Ha(F, )|
k=l
+ 3 A,k + 1D)Qpsall - | Brll - |1 Hy(k, 1) — Ha(k, )|
k=m
m—1
< Kn< > (m/(k+ 1)) (k + 1)k (k/1)"IF
k=l

oo

S (ke 1 /m) b+ 1)%P<k/l>“ﬁ) |y — )l
k=m

<2 Kn(2 + 1)C(p — &) (m/0)*F | Hy — Hylr.

Therefore,

[LiHy — LiHa|ly < 2°Kn(2™" + 1)((p — €)||H1 — Hal|1,

and for 7 sufficiently small there exists a unique H € €} such that L1 H = H.
Since 0 € ) also satisfies this identity, we have H = 0. Moreover, since h € Q}
we conclude that h = 0. |

LEMMA 3.5. We have V(m,)V(l,n) = V(m,n) for each m <1 <mn.

PrOOF. The argument is analogous to that in the proof of Lemma 3.4. By
(3.8), we have

n—1

V(m, DV (l,n) =A(m,n)Qn — Y _ Alm, k + 1)Qp41 BV (k, n)
k=l
m—1

+ Y A(m,k+ 1) Pey1 BeV (k, )V (1, m)
k=1

l
=" A(m, k +1)Qu1 BV (k, )V (1, n).

—1
k=m

Now set h(m,l) = V(m,)V(l,n) — V(m,n) for each m < I. Then Loh = h,
where

m—1 -1
(LoH)(m, 1) = Y A(m, k+ 1) Poy BeH (k1) — Y A(m, k + 1) Qi H (k, 1)
k=1 k=m

for each H € Q) and m < I, where Q) is obtained from ) replacing n by .
Proceeding in a similar manner to that in the proof of Lemma 3.4, one can show
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that 0 is the unique fixed point of Lo in 5, and since h € Q) we conclude that

h=0. |

Step 3. Construction of the projections Py, in (3.2).
Given p € N we define

(311)  Pu=Amp)Up.p)Ap,m). Q= Am,p)V(p,p)Alp,m)
for each m € N. We emphasize that the operators P,, and Q,, may depend
on p. It follows from Lemmas 3.4 and 3.5 that:

(a) P,, and @,, are projections for each m € N;

(b) P A(m,n) = A(m,n)P, and Q,, A(m,n) = A(m,n)Q,, for each m,n

in N.

Moreover, since

(3.12) P, =U(p,p) = By — Y Alp, k +1)Qi1BrU (k, p)
k=p
p—1

(3.13) Q,=V(p.p) =Qp+ > _ Ak +1)Pei1 BV (k,p),
k=1

we obtain:

(¢) PyPp =Py, QpQ, = Qp, Q,(id—P,) = id—P,, P,(id—Q,) = id—Q,,
We also note that U(m,p) = U(m, p) P, satisfies identity (3.4) with n = p. Since
U € 4, it follows from the uniqueness in Lemma 3.2 that U(m, p) P, = U(m, p).

Similarly, V(m,p) = V(m,p)Q, satisfies identity (3.8) and the uniqueness in
Lemma 3.3 implies that V(m,p)Q, = V(m,p). Setting m = p we obtain:

(d) P,P, =P, and Q,Q, = Q.

LEMMA 3.6. If n is sufficiently small, then the operator S, = P, + Gp 18
invertible.

PRrooF. It follows from (c) that
(3.14) P,+Q,—id=Q,P,+ P,Q,.
By (3.12) and (3.13), we obtain

p—1

Pp@p = va(pvp) = ZA(pa k + 1)P/€+1Bkv(k7p)a
k=1
QuPp = QuU(p,p) = =Y Al k + 1)Qr41 BrU (K, p).
k=p

On the other hand, by (3.6) and (3.3), for each m > n we have

(3.15) U (m, )| < Ky (m/n)*n,
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and by (3.9) and (3.3), for each m < n we have
(3.16) IV (m,n)|| < Ka(n/m)~"n®.

It follows from (3.14)—(3.16) that

1Py + @, —id| < Y [P, k+ D)Qpsr]l - | Bill - IU (K, )|

k=p
p—1
+ > AWk + )Pl - |Bell - [V ()|
k=1
<KiKny ((k+1)/p)~"(k + 1)k~ (k/p)"p°
k=p
+ Ko Kny (p/(k+1))"(k+ 1)k~ (p/k)""p°
k=1
<K Ky ((k+1)/p) " (k + 1)k (k/p)"k°
k=p
~ pl
+ KoKy (p/(k+1))*(k+ 1)k~ (p/k) """ (p/k)p°
k=1
SK\Kn» (k+ 1)k + KoKn Y (k+ 1)k "
k=p k=1
<2KnC(p—2¢) (K1 + K3) = K.
This implies that for n sufficiently small, the operator .S, is invertible. ]

Now we set
(317) ﬁm = “Z((map)spppszjl“z((pv m)v @m = “Z((map)SprS;I;((pv m)

for each m € N. It is easy to show that ]3m and @m are projections for each
fixed m € N, and that (3.2) holds. We note that P, + Q,, = id for each m € N.

Step 4. Norm bounds for the evolution operators.
LEMMA 3.7. We have || A(m,n)|ImP,|| < Ki(m/n)*n¢ for m > n.

PrOOF. We first show that if (zp,)m>n is a bounded solution of equation
(2.2), then
m—1
(3.18) Zm =A(m,n)Ppz, + Z A(m, k + 1) Pyy1 Bz

k=n
o)

- Z A(m, k 4+ 1)Qr+1Brzi

k=m
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for each m > n. Note that z,, = Pnzm + Qmzm, where

m—1
Przm = A(m,n)Pp,z, + Z A(m, k + 1)Pyy1 Bz,

k=n

m—1

Q?nan = A(m7 n)ann + Z .A(?’TL, k + 1)Qk+1Bka-

k=n
We rewrite the last identity in the form

m—1

(3.19) Qnzn = A, m)Qmzm — Z A(n, k 4+ 1)Qp+1Br 2.

k=n
On the other hand, we have

D IAMk+ 1)Qur1 Bzl < Kn Yy ((k+1)/n) " (k +1)°k "z

k=n k=n

< Kn2°¢(p —€) sup ||zl
k>n

and
A, m)@Qmzm || < K (m/n)""me||zm| = K(m/n)~" 0| zm]l.

Therefore, letting m — oo in (3.19) yields

ann = — Z A(n, k + 1)Qk+1Bka.

k=n
Consequently,
00 m—1
szm = — Z .A(m, k -+ 1)Qk+1Bkzk =+ Z .A(m, k 4+ ].)QkJrlBkzk
k=n k=n
== > A(m,k+1)Q41 Brzy,
k=m

which yields (3.18).
Now given £ € X we consider the solution z,, = ./Z(m, n)P,¢ of equation (2.2)
for m > n. By (3.11) we have

2 = A(m, p)U(p, p)A(p, n)€ = U(m, p)A(p, n)€.

The last identity follows from the fact that both /T(m,p)U(p,p) and U(m,p) are
solutions of equation (2.2), which coincide for m = p. Since m — U(m,p) is
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bounded, this shows that (2, )m>n is a bounded solution of equation (2.2) with
2n = Pp€&. By (3.18), for each m > n we have
m—1
PrA(m,n)¢ = A(m,n) P, Pné + > A(m, k + 1) Pyy1 BrPrA(k, n)é

k=n
oo

= A(m,k +1)Qus1 BiPrA(k,n)E.
k=m

Then, writing B = (A(m, n)[ImP,,)m>, we obtain
[P A(m, n)¢|| < K (m/n)*n®[|Pud|
m—1
+ Ky (m/(k+1)"(k + 1)k PrA(k, n)€|
k=n

+ K0 Y ((k+1)/m)~"(k + 1)k PrA(k, n)¢]|
k=m
= K (m/n)"n®||Pné|
+En Y (m/(k+1)*(k+ 1)k PrA(k,n)Pyg|

k=n

+Kn Y ((k+1)/m)""(k + 1)k || PrA(k, n)Pud]|

k=m
< K (m/n)"nf||Pré]|

m—1

K0 S (m/( + 1) (k4 Dk (/) n | Bll1 [Pt
k=n

+Kn Y ((k+1)/m) " (k+ 1)k~ (k/n)*n®|| B|1| Pl
k=m

<K(m/n)"n®|| Py

+2°Kn (27" + 1)¢(p — ) (m/n) " n® || B|l1[| Pué]-

Therefore,
1Blly < K + 2 Kn(2~* + 1)¢(p — 2)|1Bl],
and since 7 is sufficiently small (see (3.7)),
K

22Kn(27* +1)¢(p —¢)
This yields the desired inequality. O

1Bl = 1= =K.
LEMMA 3.8. We have || A(m,n)|ImQ, || < Ka(n/m)~"n® for m < n.

PROOF. Since —a > ¢, proceeding in a similar manner to the proof of
Lemma 3.7, we conclude that if (2, )m<s is a bounded solution of equation (2.2),
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then
m—1
(3.20) Zm = A(m,n)Qnzn + > A(m, k+ 1) Pry1 Brz
k=1
n—1
- Z A(m, k +1)Qk+1Br 2y
k=m

Now given £ € X we have
2 = A(m, )@, = V(m,p)A(p,n)¢  for m < n.

Therefore, (2, )m<n is a bounded solution of equation (2.2) with z, = Q,,¢, and
it follows from (3.20) that

m—1
QA(m,n)E = A(m,n)QnQ, 6 + > A(m, k + 1) Pei1 BrQyA(k, n)¢

k=1
n—1

- Z A(m, k + 1)Qry1 BrQ Ak, n)é.
k=m

Therefore, writing C = (A(m, n)[ImQ,,)m<n, we obtain

[QmA(m, n)é|| < K (n/m)~"nf|[Q,¢]
+ Kn Z (m/(k +1))(k + 1)°k || Q. Ak, n)E||
k=1
n—1
+ K0 Y ((k+1)/m) " (k + 1)k Qp Ak, n)E|
k=m
= K(n/m)""n®|Q,¢|
+Kn Y (m/(k+1)*(k+ 1)k QL Ak, n) Q&
k=1
TR S (O + 1) /m) ™+ 0k 0, Ak, )0 £
k=m
< K(n/m)~"n%)|Q,&||
+Kn Y (m/(k+1)"(k + 1)k~ (n/k)""n%||C|12]| Q]|
k=1
+ Kn z_: ((k+1)/m)~"(k+ 1)°k~"(n/k)""n7[|IC||2]| Q..
k=m
< K(n/m)""n®||Q,&ll + 2°Kn¢(p — €)(n/m)~"n®||C|l2]|Q,&ll,
and hence,

ICll2 < K 4 2°Kn¢(p — £)[[Cl|2-
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Since 7 is sufficiently small (see (3.10)), it follows that

K ~
Clls < = Ks.
1 = T Rncio—o)
This yields the desired inequality. |
LEMMA 3.9. We have
(3:21) |A(m,n) Bl < Ki(m/n)*nf|| By, m >n,
(3:22) IA(m, n)Qull < Ka(n/m)™nf(|Qull, m <n.

PROOF. By property (d), we have

SpPp = (Pp+Qp)Pp =Py,  S,Qp = (Pp+Q,)Qp = Q-
Setting S,, = .Z(m,p)Sp,Z(p, m) for m € N, we can show that
PpSm="Pn and QmSm =Q,,.
Indeed, by (3.17) we have
PonSm = A(m, p)S, PpA(p,m) = A(m, p) Py A(p, m) = P,

since P, = U(p,p). The other identity can be obtained in a similar manner.
Since S,,, is invertible, we conclude that

Imﬁm =ImP,, and Imém =1ImQ,,.
Thus, by Lemmas 3.7 and 3.8, we obtain
1A(m, n) Poll < | A(m, n) ImP, || - || B |
= [[A(m, n)[ImPy || - [ Pl < Ki(m/n)*n®|| P, ||
for m > n, and

1A, ) Qul| < [|A(m, n)[Im@]| - | Qnl|
= [lA(m, n)[Im@,,[| - [Qn | < Ka(n/m)~"n%||Qn||
for m < n. O

LEMMA 3.10. Provided that n is sufficiently small, for each m € N we have

2K ~ 2K
~m® and [|Qn| < —
1-2K 1-2K

1Pl < me.

PROOF. Given £ € X, we set

A(m, n)?nf for m > n,
/T(m, n)@ng for m < n.

z

1
m
2
m

z
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By Lemma 3.9, (2},)m>n and (22,)m<, are bounded solutions of equation (2.2).
It thus follows from (3.18) and (3.20) that

m—1
P A(m,n) = A(m,n)PyPo& + Y A(m, k + 1) Poy1 Be PrA(k, n)¢

k=n
o0

= >~ A(m, k + 1)Qy1 By PLA(k, n)é,

k=m
and

m—1

QmA(m,n)¢ = A(m,n)QuQné + > A(m, k + 1) Per1 BrQr Ak, n)é
k=1

n—1

= > A(m, k + 1)Quy1 BrQrA(k, n)E.

k=m

Taking m = n, we obtain

QP& == > A(m, k+1)Qps1 BrPu Ak, m)g,

k=m

m—1

PuQmé =y A(m,k + 1) Puy1 BQrA(k, m)é.

k=1

By (3.21) and (3.22), we have

1Qun Pl < K1Kn Y ((k+ 1) /m) ™ (k + 1)k (ke /m) me|| P

k=m

< Ky Kn2°¢(p — 2¢)|| P

and

m—1

1PnQull < KoK Y (m/(k+1)*(k+ 1)k~ (m/k)""m*||Qul|
k=1

< K2 Kn2°C(p — 2)[|Qmll-
Moreover, since ||Pp,|| < Km® and ||Qn|| < Km®, we obtain

1Pl < | P = Prall + || P
= ”ﬁm_Pmﬁm_Pm+Pm13m||+HPm”
= QP = PunQum| + || P
<N1Qum Pl + 1P @[ + 1P|
< K1 Kn2°C(p — 26)|| Pl + K2K12°C(p — 26)|| Q|| + Km*
< K(|Poll + 1Qml) + Em®,
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= 1Pm = Pl + Qmll < K([|1Pn | + [[Qual]) + K=

Summing the two yields

1P| + 1@l < 2K (| Pl + [ Qun]) + 2Km”.

This completes the proof of the lemma. O

(1]
2]
(3]
(4]
(5]
[6]

[7]
(8]

9
[10]
[11]
12
[13
[14
[15]
[16]

(17]

The statement of Theorem 3.1 follows now readily from the above lemmas.(J
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