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Abstract
Using different types of absolute continuity, we characterize additive
interval functions which are the primitives of Pettis or strongly McShane
integrable functions.

1 Introduction and Preliminaries

There are known characterizations of additive interval functions which are
the primitives of Pettis or strongly McShane integrable functions in terms of
their scalar derivatives or derivatives, respectively, see Theorem 5.1 in [14] and
Theorem 7.4.14 in [15]. Here, we characterize these additive interval functions
in terms of their average ranges, Theorem 6 and Theorem 8.

Throughout this paper X denotes a real Banach space with its norm ||.||.
We denote by B(x,¢) the open ball with center x and radius € > 0 and by X*
the topological dual to X.

We denote by Z the family of all non-degenerate closed subintervals of
[0,1], by A the Lebesgue measure on [0, 1] and by £ the family of all Lebesgue
measurable subsets of [0,1]. We will identify an interval function F:IT—X
with the point function F(t) = F([0,#]),t € [0,1]; and conversely, we will
identify a point function F : [0,1] — X with the interval function F([u,v]) =
F(v) — F(u), [u,v] € Z. An interval function F : T — X is said to be additive
if for each nonoverlapping interval I, J € Z with I U J € Z, we have

F(IUJ)=F(I)+ F(J).
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The intervals I and J are said to be nonoverlapping if int(I) Nint(J) = 0,
where int(I) denotes the interior of I.

Let F' : [0,1] — X be a function. The function is said to be strongly
absolutely continuous (sAC) if for every € > 0 there exists 7 > 0 such that for
every finite collection {I; : i =1,2,...,p} of nonoverlapping subintervals in Z,

we have

P p
DALY <n= Y IF@)]] < (1.1)
i=1 =1
Replacing (1.1) by
p P _
SOAIL) <n =Y FL)| <e,
=1 =1

we obtain the definition of absolute continuity (AC).
Let us consider ¢ € [0, 1]. We put

AF(t,h) =

w7 Ap(t,8) = {AF(t,h) : 0 < |h| < 8}

and

Ap(t) = () Ar(t,9),

>0

where Ap(t,0) is the closure of Ap(t,5). The set Ap(t) is said to be the
average range of F' at t.

The function F' is said to be differentiable at the point t if there is a vector
x € X such that

lim [|AF(t, h) — z|| = 0.
h—0

We denote = F'(t) the derivative of F at t.

We say that F' has a scalar derivative on [0, 1] if there exists a function
f:10,1] — X such that for each 2* € X*, (z*o F')'(t) exists and (z*o F)'(t) =
(x* o f)(t) a.e. on [0,1] (the exceptional set may vary with z*). The function
f is said to be a scalar derivative of F' on [0, 1].

A finite collection of interval-point pairs {(I;, ;) : ¢ = 1,2,...,m} is said
to be an M-partition of [0,1] if ¢; € [0,1], for all i = 1,2,...,m, and {I; : i =
1,2,...,m} is a finite collection of pairwise nonoverlapping intervals of Z such
that

I, = [0,1].

—:

i=1
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A function 6 : [0,1] — (0, 400) is said to be a gauge on [0,1]. An M-partition
7 is said to be -fine if for each interval-point pair (I,t) € m, we have

IC(t—5(t),t+6(t)).

Definition 1. A function f : [0,1] — X is said to be McShane integrable on
[0, 1] if there is a vector w € X such that for every e > 0, there a gauge § on
[0, 1], such that for every d-fine M-partition 7 of [0, 1], we have

Y FOM) —wl| <.
(I,t)em
We denote w = (M) f[o,l} f. A function f : S — X is said to be McShane
integrable on E C [0,1] if the function f.xg : [0,1] — X is McShane integrable
on [0,1], where xg is the characteristic function of the set E. The McShane
integral of f over E will be denoted by (M) [ g [+ If fis McShane integrable

on [0,1] then we obtain by Theorem 4.1.6 in [15] that for every E € L the
function f is McShane integrable on E.

Definition 2. A function f : [0,1] — X is said to be strongly McShane
integrable on [0, 1] if there exists a function F : [0,1] — X such that for every
g > 0, there a gauge d on [0,1], such that for every d-fine M-partition 7 of
[0, 1], we have
> IFOAID) = F(D| < e.
(I,t)em

The function F' is said to be the primitive of f. Clearly, if f is strongly Mc-
Shane integrable on [0, 1] with the primitive F', then f is McShane integrable
on [0,1] and we obtain by Proposition 3.6.16 in [15] that

F(I) = (M)/f for every I €.
I
For more information about the McShane integral we refer to [2], [4], [5],
[6]-[8], [17], [18] and [19].

Definition 3. A function f : [0,1] — X is said to be Pettis integrable, if
x*o f € L1(]0,1]) for all 2* € X* and for any E € L there exists an x5 € X
such that

o (ag) = /E (o F)(B)dA

whenever z* € X*. The vector xg is then called the Pettis integral of f on F
and we set 2p = (P) [, f(t)dX.

We refer to [11], [12], [13], [16] and [14] for Pettis integrability.
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2 Main Results

The main results are Theorem 6 and Theorem 8. Lemma 4 and Example 5
highlight the local relation between the differential and the average range.

Lemma 4. Let F : [0,1] — X be a function and let to € [0,1]. If F is
differentiable at to, then

Ap(to) = {F'(to)}. (2.1)

PRrROOF. First, we will show that F'(tg) € Ar(tg). To see this, we choose a
sequence (hy) of real numbers such that

1
0<|hk|<% for all ke N.

Then
klim [[AF (to, hi) — F'(to)|| = 0
—00

and since 1
AF(to, hk) S AF(to, 5)

for all £ € N such that k > n, it follows that

F(to) € () Arlto %) = () Ar(to,8) = Ar(to).
n=1 >0

Secondly, we will show that Ap(ty) C {F'(to)}. Assume that x € Ap(to)
is given. Then, for each n € N, we have

Bz, ) Ar(to, 1) # 0.

Therefore, there is a sequence (h,) of real numbers such that

1 1
0<\h;\<5 and AF(tO,h;)EB(x,E) for all neN.

Hence
n— oo
and we infer that z = F’(ty). O
The following example shows that there is a function F : [-1,1] — [,

p > 1, such that Ar(0) = {(0)} but F is not differentiable at t = 0.
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Example 5. Let F : [-1,1] = I, be a function given as follows

B (0,...,0,...) if t#1 B B
F(t){ (07.“70’%70,“.) i t:% tel[-1,1] n=1,2,3,..
Since ( ) ;ohd
0,...,0, ... i 1
AF(0,h) = { (0,..,0,1,0,...) if h==
we have o )
diam(Ar(0,9)) =2% for all 6 > 0. (2.2)
We claim that
Ar(0) ={(0,...,0,..)}. (2.3)

Let us consider an arbitrary element xo € Ar(0). Since
Ap(0) = (A7, L)
k=1 'k

then there is a sequence (hy) C R such that for each k € N, we have

1 1
0<|hk|<E and ||AF(0,hy) — xoll1, <

=
Therefore
lim [[AF(0, hy) — 2olf1, = 0.
k—o0
Hence
lim z*(AF(0,h)) = x*(xo) forall z* € (1,)". (2.4)

k—o0

*

Fiz an arbitrary x* € (I,)*. Since (I,)* = lq, there is a sequence (a,) € 4

such that .
z*(z) = Zanazn forall ©=(x,) €lp,
n=1
and since ) )
N 0 = =
saren)={ ) 5Ty wen,
we obtain

lim z*(AF(0,hg)) = 0.

k—o0

Hence, by (2.4), it follows that

z*(zo) =0 forall z* € (Ip)",
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because x* was arbitrary. Therefore, we obtain by Hahn-Banach Theorem that
o = (O, ceey 0, )

and consequently (2.3) holds true.
Assume by contradiction that F' is differentiable at t = 0. Then, we obtain
by Lemma 4 that F'(0) = (0,...,0,...). Hence

1
lim_ [[AF(0,~) = (0,...,0,..)s, = 0.

n—oo

On the other hand

. 1
lim HAF(O, E) - (0, ...70, )Hlp = 17

n—oo

because for each n € N, we have ||AF(0,+) — (0, ...,0,...)||;, = 1. This contra-
diction shows that F is not differentiable at t = 0.

Theorem 6. Let F': [0,1] — X be a function. Then the following statements
are equivalent.

(i) F is the primitive of a Pettis integrable function f, i.e.,
F(I) = (P) / ft)dx  forall IeT,
T

(ii)) F is AC and f is a scalar derivative of F on [0,1],

(iii) F is AC and there exists a function f :[0,1] — X such that for each
x* € X*, we have (z* o f)(t) € Ag=or(t) a.e. on [0,1] (the exceptional
set may vary with z*).

PROOF. (i) < (it) By Theorem 5.1 in [14], this equivalence holds true.

(i1) = (4i7) Assume that F is AC and f is a scalar derivative of F' on [0, 1].
Fix an arbitrary z* € X*. Then, there exists Z(*") c [0,1] with A(Z(*7)) =0
such that (z* o F')'(t) exists and

(z* o F)(t) = (z* o f)(t) forall te0,1]\ 2.
Hence, we obtain by Lemma 4 that

(z* 0 f)(t) € Ageop(t) forall te[0,1]\ 2>

and since x* was arbitrary it follows that (¢é¢) holds.
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(#4i) = (i) Assume that (i74) holds and let z* be an arbitrary element of
X*. Then, there is a subset Z*")  [0,1] with A\(Z*")) = 0 such that

(z* 0 f)(t) € Ageop(t) forall te[0,1]\2*)

Since z* o F' is AC, there exists Z{z*) € [0,1] with )\(ZY*)) = 0, such that
(x* o F)'(t) exists for all ¢ € [0,1] \ ZY: ). Therefore, we obtain by Lemma 4
that

("o FY(t) = (2" o f)(t) forall te€[0,1]\(Z¢uz{™).

Since x* was arbitrary, the last result yields that f is a scalar derivative of F'
on [0,1]. O

The following lemma makes it possible to present clearly Theorem 8. We
refer to [1] for the notions used in this lemma.

Lemma 7. Let F': [0,1] — X be a function. If F is sAC, then there exists an
unique countable additive vector measure Fr : L — X of bounded variation,
A-continuous and such that

F(I)=F¢(I) forall I€T. (2.5)

PROOF. Let Zy be the set of all subintervals I C [0, 1] having one of two forms
[0,b] or (a,b] where 0 < a < b < 1. For such intervals, place

Fo([0,8]) = F([0,]) and  Fo((a,b]) = F([a,b)).

Let o/ consist of all finite unions of such intervals. It is clear that < is an
algebra and that if a set £ € o/ has the form

E=LUlLU..UI,
where I; are disjoint intervals of type described, then
Fo(I) + Fo(L) + ... + F(I,,),

is independent of the particular family of disjoint intervals Iy, I, ..., I,,, whose
union is F. Thus, we may define the vector F\y (E) by the equation

F(E) = Fo(I1) + Fo(I3) + ... + Fo(I,).
Clearly, F : & — X is a unique vector measure such that

F (1) =Fo(I) = F(I) forall Ie€Iy, (2.6)
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where I is the closure of I. Since F is sAC, it easy to see that F; is of bounded
variation and
lim Fy(A)=0. (2.7)
MA)—0:Acet
Let us consider a sequence (4,) of pairwise disjoint members of &7 such
that US2 A, € &/ . Denote A = U2 A,,. Since

lim A(A\ U™, A;) =0

n—roo

we obtain by (2.7) that

Tim[|For(A) = Uiy P (AD)]| = T [[Fup (A4\ Uly 4] = 0.

Thus, F, is a countable additive measure on 4, and since it is of bounded
variation we obtain by Proposition 1.1.15 in [1] that F, is also strongly ad-
ditive. Consequently, by Caratheodory-Hahn-Kluvanek extension theorem in
[10] or by Theorem 1.5.2 in [1], Fiy has a unique countable additive extension
Fog: B — X.

Claim 1. The vector measure Fg is A-continuous. To see this, let us
consider the semimetric space %(\) consisting of members of % equipped
with the semimetric

p(B1, B2) = A\(B1ABa),

where BiABy = (B1\B2)U(B2\By). By Lemma II1.7.1 in [3], o7 (\) consisting
of elements of <7 is dense in (). By (2.7) and

Foy(B1) — 9o (B2) = Foy(B1 \ B1 N Bz) — Foy (B \ By N By),

the function Foy : &/ — X is uniformly continuous. Consequently, Fip is the
unique uniformly continuous extension of F,. Hence

li Fx(B)|| =0.
A(BA@)liHO:BEQBH »(B)

Therefore, by Theorem 1.2.1 in [1], it follows that Fg is A-continuous.

Claim 2. The vector measure Fip is of bounded variation. Let {B; : i =
1,2,...,m} be a finite collection of pairwise disjoint members of Z and let
g > 0 be given. Since &/ is dense in %()\) and Fg is uniformly continuous, for
each B; there is an A; such that for each i = 1,2, ..., m, we have

€
2.-m?2

1P (Bi) = For (Ai)]] <
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and since Fy is of bounded variation there exists M > 0 such that

m

- 9
D FaBll < D |IFw (Al + 5 <M+e
=1

=1

This means that Fg is of bounded variation.
It is known that

L={BUZ :Be€Pand Z' C Z for some Z € Z},

where 2 ={Z € #: \(Z) = 0}.

Claim 3. The vector measure Fz has a countable additive extension F :
L — X that is of bounded variation and A-continuous. Indeed, let us define
Fr: L — X as follows

F(BUZ')=Fy(B) forall BUZ € L.

This is well defined, since if BjUZ] = BaUZ), then A(B1\Bz2) = A(B2\B1) =0
and from this it follows that

Fg(B1) = Fg(B1\ B2) + Fg(B1 N Bz) =
F@(Bl N Bg) =
Fo(Bs \ By) + Fg(B1 N By) = Fg(Bs).

Clearly, F is of bounded variation, A-continuous and a countable additive
vector measure such that Fp(B) = Fg(B) for all B € A.

Claim 4. The vector measure F is unique. Suppose that there is another
vector measure G, : £ — X that is of bounded variation, A-continuous and a
countable additive extension of Fg to L. Let BU Z’ be an arbitrary element
of £. We can assume that BN Z' = () (otherwise, replace Z’' by Z’\ B). Since
the vector measure G is A-continuous and A(Z’) = 0, we obtain

Gg(B @] Z/) = GL(B) + GL(ZI) = GE(B) = F@(B) = Fﬁ(B @] Z’).

Hence, we infer that F is unique.
Claim 5. The vector measure F satisfies (2.5). Indeed, since T C %, we
obtain by (2.6) that

Fy(I)=F(I) forall €T,

and since F is an extension of Fg to L, it follows that F satisfies (2.5) and
the proof is finished. O
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Theorem 8. Let F : [0,1] = X be a function. Then the following statements
are equivalent.

(i) F is the primitive of a strongly McShane integrable function f, i.e.,
F(I) = (M) / f forall I€T, (2.8)
I

(ii) F is sAC, F'(t) exists and F'(t) = f(t) a.e. on [0,1],

(iii) F is sAC and there exists a function f : [0,1] — X such that f(t) €
Ap(t) a.e. on [0,1].

PROOF. (i) < (ii) By Theorem 7.4.14 in [15], this equivalence holds true.
(#7) = (4i7) Assume that (i7) holds. Then, there is a subset Z C [0, 1] with
AZ) = 0 such that F’(t) exists and F'(t) = f(t) for all t € [0,1] \ Z. Hence,
by Lemma 4, f(t) € Ap(t) for all t € [0,1] \ Z.
(791) = (i1) Assume that F' is sSAC and f(t) € Ap(t) for all t € [0,1] \ Z,
where Z C [0,1] with A(Z) = 0. Since

T*(Ap(t)) C Agrop(t) forall z*e€ X* and t€][0,1]\ Z,

we obtain by Theorem 6 that f is Pettis integrable on [0, 1] and
F(I) = (P) / f(t)dt forall IeL.
I

Claim 1. The function f is strongly measurable. Since F' is sAC the
function F is continuous on [0, 1], and because this the set {F'(¢) : t € [0,1]} C
X is compact and therefore separable. If Y C X is the closed linear subspace
spanned by the set {F(¢) : t € [0,1]}, then Y is separable. Since AF(t,h) € Y
for all t € [0,1] and h # 0, we obtain that Ap(¢t) C Y for all ¢ € [0,1] \ Z.
Thus, we have f(t) € Y for all t € [0,1] \ Z. This means that f is almost
everywhere separable valued, and since f is Pettis integrable on [0, 1], we
obtain by the Pettis measurability theorem, Theorem II.1.2 in [1], that f is
strongly measurable.

Claim 2. The function f is Bochner integrable on [0,1]. We set

v(E) = (P)/Ef(t)dt forall E e L.

Since v is a countable additive vector measure such that

v(I)=F(I) forall Ie€Z,
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and since F' is sAC, we obtain by Lemma 7 that v is of bounded variation.
Hence, if (Ej) is a sequence of pairwise disjoint members of £ such that
Uy 2 Ey, = [0, 1], then

/ 1£(s)lldt < [1](S) < 400 forall n €N,
UzzlEk

By the Monotone Convergence Theorem, the last result yields that the function
[|£()]] is Lebesgue integrable on [0, 1]. Therefore, we obtain by Theorem 11.2.2
in [1] that f is Bochner integrable. Since the Bochner and Pettis integrals
coincide whenever they coexist, we have

v(E) = (B)/ f(&)d\ for every E € L,
E
and consequently
F(I) = (B) / f(t)d\ for every I € T.
I

Hence, by Theorem 7.4.15 in [15], F'(t) exists and F'(t) = f(¢) a.e. on [0, 1].
O
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